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ON ALMOST-PRIMES IN ARITHMETIC PROGRESSIONS

By

Hiroshi MIKAWA

1. Introdnction.

Let P, denote integers with at most r prime factors counted according to
multiplicity. In 1975, Y, Motohashi showed that there exists a P, such that

P,=a (modg), P, <q(log g)"°

for any fixed non-zero integer a and almost-all moduli ¢ with (¢, a)=1. His
argument based upon the weighted linear sieve and the Brun-Titchmarsh theo-
rem on average, which are due to H. E. Richert and C. Hooley [4], respec-
tively. H. Iwaniec’s fundamental works [6, 7], therefore, suggest possibilities
of an improvement upon the above result. In this paper we present an estima-
tion for P,. We shall prove the following

THEOREM. Let Q be a large parameter and a be any fixed integer, 0<|a|
=Q. Then, except possibly for O(Q/log Q) moduli q with (g, a)=1 and Q<q¢g=20Q,
there exists a P, such that

P,=a (mod q), P,=t(a)q(log g)"

where the implied O-constant is absolute and t denotes the divisor function.

Our proof of [Theorem| is performed by a simple modification of the argu-
ment in our previous paper [8], in which the dual problem is considered. In
fact, the numerical work in the main term from sieve estimate is identical.
Succeeding to Hooley’s investigation [4] we treat the remainder terms with the
same manner as in [8]. Our main lemma (see below) is weaker than
E. Fouvry’s works [1-3] in its scope; however, it will be found to be suitable
for an application to the weighted sieve.

We use the standard notation in number theory. Especially, 7, used in either

r/s or congruence (mod ¢), means that 7»=1 (mod s). §y_‘,* stands for the sum-
r=1

mation with restriction (x, y)=1. n~N means NN, <n<N,<2N for some N,
and N,. ¢ denotes a small positive constant and the constants implied in the
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symbols € and O may depend only on e.

I would like to thank Professor S. Uchiyama for valuable comments and
careful reading the original manuscript.

2. Proof of

Firstly we state the inequality for P,. This follows from Richert-Chen-
Iwaniec’s work, see [6]. For ¢=x and (¢, a)=1, put

A={n:n<x, n=a (modyg), (n, a)=1},

J¢={n tneEd, n=0 (mOd d)}r

p 1, d, a)=1
e={p:ptqt, o )={
0, (d,a)>1,
and
KA, dy=| Ay | — BB ZAL) @.1)
g d
Let @, @, v be the parameters such that
l<u<v, 3gvéi, u<3. 2.2)
a a u
Write
D=x=, y=x'*, z=x'".
Then the following inequality is valid.
I x:q, a)=|{P:: ,=<x, P,=a (mod g)}|
ST (1-2)E (@, u, )—El+ 5 drh, d— 35 31
p<z P /q d.p=1 5Py nEA
pta p2]n
=II+E.(q)+E\q),  say, (2.3)

where C(a, u, v) is some constant, £ is a very small quantity and the sequence
(A4)=(24(D)) has the properties :

Aa=0 if d=D.

| ¢l =p*(d).
and for any M>y, N>1, MN=D,
A= 2 > 3 axl, M, N)b,({, M, N) (2.4)

Isog D)2 msM nsN
mn=d

with |anl, [b.]=1.
We next choose a=11/20—6¢, 1/u=1/2—8e, 1/v=a/4+11/80—2¢, then the
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condition is satisfied and, for sufficiently large x and small e,

ve "{C(a, u, v)——E}>2%,
which is caluculated in [8]. Hence
1 x
1> 206 gtog = @5

We turn to E,(q). We use the following lemma:

LEMMA 1. Let 2Q<x, QY*x 5>x°. If M<Q'*x~** and NSQ"*x~'/°, then

PR

I S <el@)xllog )+ x(a)Q+ 5

We postpone the proof of lemma 1 until the final sectien. Now we set x=
(a)Qlog Q)7, M=x"?"%> y=yx1¥=x1/2-8 gnd N=x'"/2""¢, then M<Q'*x~** and
NZQVAx~1s, yields

2-¢€/2

2 4 2 X
g | B Cr(@llog 1) He(afQ+ 75

<<( > r(a)Q(logQ)“ +( )Ql 2

<(%) Quog . 2.6)

Moreover we have

|El(0)!<2 2 > 1

9 r2egpszl/2 a.<nfqz)
p2in

= 2 2 t(n—a)
z28spsz1/2 a<n$r
2in

L x®

pzx2¢ pz
L xime <<(bx—)Q(log o). @.7)

In conjunction with (2.3), [2.5), [2.6) and [2.7) we obtain

Me(@)Qog Qs g, a)> 3+ Bg+Edo) 2.9

where C is a positive absolute constant and E(¢) (=1, 2) satisfy [2.7)] and 2.6),
respectively.

We proceed to the proof of [Theoreml Put x(¢)=t(a)t(logt)’ and &=
{g: Q<q=2Q, (g, a)=1, Il1(x(q):q, a)=0}. We shall deduce |[&]|<KQ(log @)},
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from which our will follow. Now, by [2.8), we have
3Cx

Iy (x(q): q, a)=1I(x(Q): q, a)> ”"m—‘g_"+E‘(4)+E2(q>'
For all g=& we then see that
Cx Cx
| Eg)| > Jlog = or |E\g)|> Jlog % °
Hence
ECe Ve, , (2.9)
Cx

where 8,~:{q:Q<q§ZQ, (g, a)=1, |E{q)|>- } Furthermore,

glog x

)<ZEf@ls 3 IE@).

qa)l

1€; l<2Q log x
Combining this with [2.6), [2.7) and [2.9)] we get

15,3, (259 () ouog 0

<Q(log @)1,

as required.

3. Proof of Lemma 1.

In this section we follow the argument of with a minor modification.
We use the following elementary lemma: If (¢, d)=1, then

¢(c) B A

2 —— +0(z(c)). (3.1)

5&1

(d
=1

§

By the definition of r(A, d) we have

5 A, = 3 (2 1)-EDIZL( 5 ).

By [3.1
S | 3 a4 d)
(g,a)=11¢( =
Q<a52Q
Aa 2 .
<315 (26-(,3 %) 51+
(g,a)=1la<nszx din d,aq)=1 a<n 1:
Q<gs2Q n=a(q) (d,q)=1 =a(qQ)
(n,a)=1 (n a)=1
=W-=-2V+U+1(a)Q, say. 3.2)

Firstly we consider W.
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W= 3 (2 2) 2 (2 ,)
(@ a)=1 a<n1€.r dying a<lngsx dgling
Q<gs2Q ni=a(g (di, =1 ne=a(q) (do/@ =1

(ni,a)=1 (ng,aj)=1
= 3 33 A, 31 3 140(Z 3 o(n))
(g, a)=1 (d1dg,ag) =1 alni=sxr a<ngsr q a< nsz
Q<g=s2Q ni=a(Q) ng=a(Q n=a(qQ)

n1=0(d1) ng=0(dyp)
(ny,a)=1 (ng,a)=t
n1¥Fny

We express the congruent condition n,=a(q), n.=a(q) as ny,=a-+ql,, ny=a-+qls.
Then, the condition for /, and [, is
a { a+ql,=0 (d,)

11:'&12<___—; ’ (1112’ a):l .
a+ql.=0 (d,)

q

Since ({y/l,, a)=1, (,, d,)=(,, d,)=1. Changing the order of summation, we have

W= 55 dade = 3 by 140(_ 3 tn)r(n—a))
(d1dg, a)=1 Lﬁtzs—Q— Q<qsmin(2@, 3% 5 alnsz
ilg, a)= q=—all(d1)
i ey g=—aly(dp)
(lg,d2=1) (g,adjdg)=1

We write L=(x—a)/Q and Q'=Q’({;, l,)=min2Q, (x—a)/l,, (x—a)/l;). The
congruences are soluble iff [,=/[, ((d,, d;)) and expressed as one congruence

bE‘;‘azl(d1) )
q=b ([d,, d.]), ] o ' , (3.3)
‘ b=—alyd,*), d.*=d,/(dy, do).
This congruence then absorbs fhe condition (cj,' d.,d,)=1. Hehce
W= 55 L, T3 3. H40( 3 rmnrn—a)
(didg, a)=1 l1#lgsL =Q’ alnsx

Q
l3=la((dy,dg)) 9= b<Ed1 d23>
(1lp, a)=1 (g, a)=

(g, dl) (lg dg)=1

It is expected, by that the innermost sum is approximately equal to

¢la) Q'—Q
a Edly :]
Thus,
W=W,+ R+0(x(log x)*) 3.4)
where
_ Aa Aa, P(a) . x—a x—a
Wo_—(dldz.a-)=l [dl, dzj_ a . 119&125; (m1n<2Q’ 11 ’ lg )—Q) (3.5)
<L1L1a521§f—=d&2d3);2) =1
and v
= _9(a) Q'—0Q
R—<d§z.§>=lxdlzd2 Izmz;'L ( Q<q25%23)1 a [d,, dzj)' (3.6)

11=1g((d1,dg)) q=b(ldy,
(l1.adp=(lg, adg)=1 Q. a
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In section 5 we shall estimate R. We proceed to consider W,. We perform
the summation over /, and /,. Write

2 =2+ 3.

Li#ly  Li<ly 1Dl

Then,
27 5 (n(0.55)-0) 2 1.
g, adg) 1 (lllzsz(gllldz))
By the inner sum is equal to
d(ad*) I, %
llglz 1= d * (dly 2) +O(T(ad >)
li=la((dy,dg))
(1, ad®=1
1
N — 1+0 dy),
¢((d1, d,)) @ Ll§i2)=l +0(e(ady))
whence
1 x—
. in(20Q, 14+0(x(ad,)x) (3.7)
ll%lz ¢((d" ds)) (ly l&?ﬁ)ﬂ (mm< ¢ ) Q>(11 El) =1 (
Similarly,
1 x—a
- i z_C)— 0 d .(3.8
Bowa B l(mm(ZQ, ) Q)u 3, 1roce )x).(3.8)
1pady))= . 2.ad

In conjunction with (3.5), (3.7) and (3.8) we have

_ A4, Aq, Pla) (d,, ds) . x—a x—a\
VT BB o $dn )| T (min(20. 5% 55)-Q)

lj,adg)=(lg,adg)=1

+O(r(a)x(log x)*)
=W+ 0(z(a)x(log x)*), say.
Combining this with we get

W=W,+R+0(r(a)x(log x)*). 3.9)
We turn to V.

Aa
V= (2 2)(, 2 % 51
(g,a)=1 a<n15z dilng (dg, apd=1 dz a<lnaszx
Q<Lgs2Q ny=a(@ (dy, Q=1 ng=a(q)
(ny,a)=1 (ng, a)=1
Aa,
= 2 22 A2 21 3 140(ogx) 3 r(n)r(n—a)).
=1 (didg, ag)=1 dz alnisx alngsx alnsx
=2Q ni=a(@ na=alg

n3=0(djy) (nz,a)=1
(ny,a)=1 ni#ng
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As before we write n,==a-+g¢l, and n,=a-+ql,. Then the condition for /, and
l, is
(lids, a)=1

L#l< =% atql=0(d)), { :
q (11; dl):]-

Changing the order of summation we have

Aa
V= 213 A¢,—5* > 1+0(x(log x)°).
(didg, a)=1 dg l1#lgsSL Q<gsQ’
(lqlg, a)=1 g=—ai1(dy)
(l1,dp=1 (g,adyidg)=1

By the innermost sum is equal to
1= ¢(ad,*) (Q'—Q)

<es9Q ad,* d
qEQ—au(dx) 2 !
@, adgs®=1

+0(z(ads™)),

whence

Aa,Aq ¢(adz
V j— 1 2 ’__
@i &= did, ad,* llz*fzﬁzf Q=)
((lllll.zd;z))-;-‘ll

| +0((a) <%>2D(log %)+ x(log x)") (3.10)

Next we carry out the summation over [, and .

o(d,*) —a x—a

d:;‘— Lzstl;L ln(?.Q, T )—Q)
(l1%2,02,)=1 . . 2
Iy, dp=1

= 2 (min(ZQ, x——a)_Q\gb(dz*) >3 1

losL lg } dz* 1<l
Ug, @) =1 (1, adp=1
¢(d2 a 1
zlg (mln(ZQ, ) ) L2<1 L. 311
(3, ady)=1 1, a)=1
yields
*
¢(d2 ) 2 1_¢([dly 2]) 2 1+0(T(ad1))
d.* 1<ty [d,, d.] 1<ip
Ay, adp=1 y,a)=1
and '
*
$(d:") 1=_{8ud) o1 0e(ady)log x).
d, (L212§§1= ¢((d1, 2)) l2§l11)=1

Thus (3.11) is equal to

40d,, 41D o Wt
[d,, d.] zf\_‘Z'ngL Q=)+ ¢((d1, d,)) 12%12—‘ (Q'—0Q)+0(z(ad,)log x)

(tylz, a) =1 dp=1
(lg adz) 1

Combining this with we have
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V= Aa 2:12 ¢(a) (¢([dn d.])

didz =1 d,d, @

(dl) 2)
¢((dn z)) 12<11 L

dy)=1
(lz adg)=1

+o 2 S S (Q'-Q)
+ 0(z(a)x(log x)‘+r(a)(%)2D(log x)) (3.12)

Interchanging the role of (d,, {,) with that of (d,, {,), we may obtain the corre-
sponding expression to Hence

2V=U1+W1+O(r(a)x(log x)‘—l—r(a)(%—)zD(log 9 (3.13)

where

— 'zdl'zdz ¢(a[dl, d,]) ,
Ul_(dlzdz'gﬂ d.d, ald,, d,] (Ll;;t%%l(Q Q.

Finaly we consider U. By the same argument as above, we have

Aq A
d
U= (3 M) 5 ) 5 1 5
(g, a)=1\(dy, aq)= ldl (dg.ag)=1 dg a<nisxr a<ngsr
e<es2Q ni=a(@ ny=alQ
(n1,a)=1 (ng,a)=1

A A
=3 (3. 2. S8, 140 2y 3 w(n—a)
81<.¢¢11$)=Q (d1,agd=1 (d2.a@d=1 Q2 l;flzls(:z:):g.x elnsx
lyl2, @

Aa,Aq
= 2 -2 > 1+ 0(x(log x)%)
(dids. =1 d,d; {12lssL Q<qsQ’
ylg, a)=1 (q,aldy, dad)=1

Zdlzdg (¢(a[du d.])
T dide =1 d,d, ll*lzsL ald,, d,]

(Q'—Q)+0O(z(ald,, d.]))
+O0(x(log x)*)
—U,+0(z(a) (5)2(105; %)+ x(log x)) (3.14)

In conjunction with (3.2), [(3.9), [3.13) and [(3.14) we get

S | S d)\2<<W,+R—<U1+W1>+U1+r<a>x<logx>4
%gsg | ol

+(a)(3) Dllog x+2(a)Q

< R+2(a)x(log x)‘-}-z‘(a)zQ—l—(g)sz‘ . (3.15)
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4. Auxiliary results.

In the next section we use the following lemmas, see [5].

LEMMA 2. Let ¢(t)=[t]—t+1/2. For H>2, we have

ht)
)= o<,%%§ﬁ‘eé(;;t‘;;+0( (1, ﬁTllTn))

where e(x)=e**** and IleI:mi?|x~n]. Moreover,
ne

. 1
mll’l(l, Hm): 2 Cre(ht),

hez

with
. (log H H
|Crl < min T ’/’LZ)

LEMMA 3. We have, for any >0,

s, e(l—?) <X, d)‘/2d1’2+‘(1+ A—/{) )

Mmoo d
m=x(mod y)
(m,cdd)=1

5. Proof of Lemma 1, continued.

In this section we shall estimate R by appealing to lemmas 3 and 4. We
begin with treating the condition (¢, a)=1 by Moebius function.

R= 35 35 a3 ue)
U1#lgsL  (d1,dg) l1—lg <

lg, a)=1 (d1,al1)=1 q=d [ ])
(dg,alz)=l *0(

e[dl, 2]>

=>ua) 22 22 Ayl
ela li#lgsL (d1,d2) ll1—-1g
l1lg, @) =1 (d1,alp)=1
(dg,alg)=1

be Q bz
{‘b(em, d.] [dl,edzj)“‘/’(e[dl, d.] [dl,edzj ) SR

We consider the argument in ¢-function. By the definition (3.3) of b (mod [d,, d.])
and the relalation, for (m, n)=1,

ol hedD), (5.2)
mn

n
n m

we have
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be ___bdg*e_ bd,e
[dn 2] d, d,*
— alldz*e alzdlA?,
- dl + dg*
_agdsl | dil
=+ dz*)
ar 1 di | did,
=7 - 1. 5.3
e <dld2*ll d.*l, T dg*) (mod 1) (5.3)
We write 1,*=1,/(l, l,), {s*=1/(l, I,). When
(ll, lz):plal prar
[ *¥= lbl prbrprﬂarﬂ Psas
pi#p; G#5), ai=1, b;=0,
we define
L=, 0T+ e psas
11#.-—-1)1"‘1”’1 prar*’br )
Then it follows ([,**, [,*)=1 and (d,d,*, [,¥)=1. By [5.2)
Jl == .. ,,‘_a_l__ - d ll d dz ll .
'dz*ll =d2*11**'l1# - d;‘l'*;+ — (mod 1)
Moreover,
diE | di_ k
—gapw e = g (modD)
where k:—m*ﬂﬁz\gz,** with d/l\lzdllel (mod d,*). We then have, with a cer-
tain integer n,

— PN
d;llﬁlz*k:'—‘dll1#d111#12*—{“dllzdllZ*ll#ll**
N
=—1l*+d l.di Ll *

=—l*+(1+nd*)*
Ell*—'12* (mod dz*ll**) .
Since (dl.*l,*, d,*,**)=1,

k=(l*—1%)d !, *1,* (mod d,*!,**) .

The condition (d,, d,)|

11—12 implles (dl, dz)‘ll*_lz* Since ((dl’

k_% ))d *[ F[* (mod d *,**),
1 Z

d»), l,l;)=1, whence
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or
G ddy Ll I
d.* ¥ do* T (dy, do)  do*MF

In conjunction with (5.4) and we finaly obtain

(mod1).

be _a 1 4, dils
[d,, da] @ (dldz*ll a0 d2*>
_a 1 _ d.d.* B d.d.***  did,
- e (dldg*ll dzl1** ll# + dﬁ*)
:i( 1 . d d ¥ ** ¥ —1p* a:;ll—ﬁ;*)
- e d]dz*ll 11# (dl,v dZ) dz*ll**
__ale  geds*
= Zd +0<d2*)’ say.
We write
I —1*
a’zef’ (dl; dZ):ay dj*:yjy 5 ~ :l
fQ | f _ fQ  f _
a5 T T as e o

By (5.6) and (5.1) is reduced to the following :

R= ;2|-Ja#<-]_) 171,51 allxz—tg Rl(f’ by b 0)
Uily, a)=1 3, alily) =1

where

Rl’-:Rl(f’ ll) 121 5)

. &, Vi) __ & Yy

_(y1,§=l xavllavg{sb(ylu-z +0()’;)) (/)(”1”2 +0(U2)>}

e

with

0(2)=6(%: 1, 1 1o, 9

Vo

5”1U211**
l,*#

il fl*
vl F*

=—f

and &;’s are defined by [(5.7)
Next we decompose (4s,). » Since p*(dyv)=1, we may write

+fl

A= 2 2 2 awm(k, M, N)ban(k, M, N).
Esclog D)2 bd=§,_ mn=y
bmsM ‘udz?né)l\;l

Thus,

(mod 1)

177

(5.5)

(5.6)

6.7

(5.8)

(5.9
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R, <(log D)‘r(5)2%“1 % % szsulezl

M1, Mas M
My, NosM

where M,, N,, M,, Ny’s run through prowers of 2;

R2=R2(er le MZ’ Nz; al) ‘Bl) aZ; ‘82)

& myn,
=5 53 S am)funam)pun{p(-— +6(111))
mi~My mo~My ﬁ IB ¢ myn,msn. maeNn,

ni~Ny mng~Ny

(mini, mong)=1

(mini,all)=(ngng, alg)=1
p2(niny)=1

ex mn, .
_¢(m1n1m2n2 +0(m2n2))}’ (5.10)
and the supremum is taken over all sequences (a,), (8.), (a:), (B:) such that
la,l, 1B:1l, laal, |B:] =1. Moreover

R,<(log D)*r(8)*{ sup | R | +Qx 7%}, (5.11)
MlIf’iﬂszg)QﬁI -2&

We shall show
sup| R,| € Qx~%/?

from which follows. Actually, by we then have
R« 33 X (log Dy*t()*Qx %/

fla l1¢l2$L 81l1-1g
<<(%) erx—se/Z
2-3¢/2

Combining this with we get Lemma 1.
Now we estimate R, defined by (5.10). By we have

x
<

R2=R3+R4
where

=SS a(m)B(n,)ax(ms)BAn,) 51 ( mx"x))g ( ) ‘)
§1 \munmen,

my ny; Mg ng min,mqn, 0 IhISH msen,
(miny, mang)=1
(miny,aly)= (ngng aly)=1

#inyng= (5.12)

R« 3, 232 2 minfl,
j=T'2 my n1 my ny H” §; +0(m1n1)

(n1n1, ngng)=1
(mint,aly =1 M MM, men,

(mang, alz)=1

Firstly we consider R,. By
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(k,1)=1
(k,all)=(r,alg)=1

R4<<xcj§2 k~M§JxN1 r~%:N2min (1, HH(SJ:—0<_/2—)|)
kr e

23 )e(n0()]

[Crl ISR, say. (5,13)

Lx* |Chrl

>
Jj=1,2 heZ
2

—
J=1,2 heZ

We proceed to estimate S(A4). Trivially,
S(h)X M\N,M,N, . (5.14)

For h+0, we get, by partial summation and the definition of 4,

he b
S(hy< ::szﬁa<1+ i A’,lr) (,’:7,%511e<h0(7>)l
hQ o, Shrl;F PYRIR
<(+ sz i, | re(—hs rl S s, o(hit= )|
(r,aly =

(k,Tali¥*)=1

yields

suo«(L+

hQ zl#* ’El'?ﬁ;‘*
MlNleNz) 7‘~MzzN2 bzl k"']VZZNg e(hfl 7’11** >i
(r,alg)=1 (k,kf%iif)Ll

hQ - # *k)1/2 *k)1/2 MlNl
MlNleNz)u S Lre(@)AfL, X)) (1+rll**)
_hQ
M.N.M,N,

<xerr(14

)l E(h[ 7)1/2( 1/2+M:;]:/'1)

(_h_[_r) 1/2{($ r2)1/2+M1N1(§T]1>1/2}

<<r(a)x”2<1+

<<T(a)x£/2(1+M,N,M2N2)Z (==

<e(@)rt (14 g e ALN - M NN ), (5.15)
14V1 24V2
since

> <L1(A). (5.16)

m~M

In conjunction with (5.13), [(5.14 and we obtain
R4<<st1N1M2N2(lCo|+ P ICnI)

1RI>HM9Ng

(4, m)
m

h
+7(a) %%, {(MyN,)* 2+ M Ny(M, N,)'/?} > |Cn|?(h)(l+m%l_21v;)

O0LIhISHM9N
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log H )
H n>HMaNg h?

HQ 1, Q
M1N1M2N2)+Il<h§§N2M2Hr(h)(h2+ hMlNleNz)}

<st1N1M2N2 +T(a)x2el {(M2N2)3/2+MlNl(MgNg)l/Z}

log H

o<hsH

logH 1
< x¢ MINMzNz( O-i +M‘N)
2 2

HQ

2¢ 2 1/2 2 M N M N
+7(a)x ¥ {(MoN,)* + M, Ny(M, N,) ) (log H) (H_M,NleNz)'
Now, we choose

M ,N,M,N, X **
Q ’
then H>2 since M,N,M,N,>Qx"* in [5.1I). Thus,

H=

R Lx*(Qx**+M,N)+7(a)x™ {(M,N,)*' >+ M,N,(M;N,)"/?}
or

sup | R,| € Qx4+ z‘(a)x"(Q )(MN)S/z

<<Qx—Zs_}_xss(%)(QSMx—1/5—45)3/2

x1/5)7/2

Q1/4
LQx3ez, (5.17)

<<Qx-2l+Qx2t

We turn to R, defined by (5.12).

1 Eg/mime
Ry= 5 5 amasmo) S 2 2 AlnBuny
Nlng my mgy §1/mime 0\ hiSH n1 ng
(n1, mo) =1 (ming, M2n2) =1
(my1,aly)=1 (ny, all)=(n2 alg)=1
(mg, alg)=1 r2(ning)=1
N, N, myn
e Ye(no(5n) )t
niNn, nn, Moty
1 1Q/0M M,
<y 23 S S S BBl
NN, m1 mp Jo o<hs H n1  ng
(m1, mg)=1 (migm, mgng)=1

(my,l1)=1 (ny,alp=(ng,aly)=1
(mg, flg)=1

.N!,Nze(__’l_t_> (ha("""‘ \dt

nn. nin, myng
Q myn
h, n,, ho(-—— 5.18
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where the suprenum is taken over all sequences |c(h, n,, ny)| =1.
In the next section we shall prove the following :

LEMMA 4. For any sequence (¢) with |c| <1, we have

s=3 5|5 55 n, nge(ho(T2))

mi~My mo~Ma | 0<hsH ni~Ni ng~Ng MaN g
(my, ma)=1 (miny, mgng)=1
(mi1,11)=1 (ny,all)=(ng,alg)=1
(mg, flg)=1 #2(ningd)=1

Lx*HM N, M,N,+ x|, HX(M,+ M,)M,**N.®*N,?* .
We apply to (5.18).

R, sup (M, M)"/*(S)"?

Q
*< 5M,N,M;N,
L7 {er(Mle)leNz“i" x511H2(M1+M2)M1M23/2N12N23} 1/2

<<x95/2{Qx“z;aM]Mg—{—[l(Ml+M2)M1M23/2N12N23} 172
or
sup| Ry| € x%/2{Q 22 M1,/ M7/4 N*/?)

X

< x9‘/2{Qx“65+(6>1/2(Q1/2 —4e>7/4(21: )5/2}
LQx%e2,

Combining this with [5.17) we get

sup| R.| =sup| R,|+sup| R,| <Qx~**/%,
as required.

6. Proof of

It remains to establish Lemma 4. By expanding the square and changing
the order of summation, we have

S= > 2 > C(h,, ny, no)c((ha, ng, ny) ﬂzg = e(h 0(7711711) h,0 m1n3>>

0<hy, hosH n_,(] =1, 3, m2n4
(ny, ng)= (n3 n4) =1 (mini, ngng)=1
(ning,aly)=(ngny, alz) 1 (ning, nany) =1
pERing=p2(ngn p=1 (my, Lp=(mg, flgd=1
0¥ manl #l* myngl #l.*
176161 2 1/egb1 2
=53535:0 5 e(fi(n Ty, )
n1 Ry nmj mg b=1 mi~My MaNaly Manil,

(M1, MaNonygli¥*k)=1

We proceed to treat the argument in the above exponential sums. We have

h mﬂhh”z*_h mlnsll#lz*_ g
1 L 2 L n n
MaNaly MaNyly Mo 2 4
¥(ng, ny) (N4, 714)
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where

1 n, 1 N
1 111#1 * "—h
(o, 7o)y ) b Y = e

with A’A=1 (mod m,n,/,**) and A”A=1 (mod m,n/,**). We then find, with
certain integers k2, and k,, that

(mamgl #1*)”

g=nh,

mlnlnsllnlz*g
=h, (L4 b ymanol ¥*)— hy — (14 Eoman d %)
(na, ny) (nl, m) (n,, ny) (nz, nq) ¢
ng N ny Ny No Ny
=h,, ——— - —h - — ok
oy G iy s i Gy (modma B g )

=7, say.

Since (m,n,, myn,)=(m,n,, men,)=1 and p*(n,n.)=p*n;n,)=1, we have

N, Ny
mn g *l*, m l**)=1
( 1 1 8“1 2 2(7[2, n3) (nl’ n4) 1 s

whence

——— n n
gEmlnlngllﬁlg*r (mOdmz(nz 2}1 ) (n 4n )ll**>'
’ 3 1y 4

Now yields

F] k.
mnn ll lg
SED DD D D R ) e fir IS
h1 hg njG=T,2,3,4) my b mi~M1 dil**
h1n3n4—h2n1n2~r(n2 ng)(ni, ny) my=b(l1#)
m2n2n4—d(7}2) ng) (n1, n4) (my, dli¥*(ng,ngd(ny, nyg)d)=1
=1
€/2 # 1/2 *x)1/2 Ml

<D TTMMtxt BE T LACFLr, dy (14

1 n; hy 2 nj

may
ﬂ1n3n4-—ﬁ’2n1n2 hingng—Rhaning=r(ig, ng)(ny,ny) 70
mangng=d(ng, ng)(ny, ny)
d, fH=1

KMM, 3 rsP+xU D (Z sy (k7 d)> { 22(12)”2_'_1\41 ss)”

$SS4HN Ny hi, hg\njmg njmy nj mg

L2 HM N \M,N,+x*"*l, 2] (2 L(kr d))”z

hi. he nj mgy
{((MyN.2 N, 2)Y 2+ M (Mo N2 N *) %}
Here we easily see

(kr d)

=22 " <Kx N

nj my

In fact, if we write
0:=(ny, ns), 0:=(nsy, ny)

n,=o,ny, ny=0,n;, ng=0sn3, n,=ong,
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and

7=(ns3, ny), ny=7n,, ni=rny,
then we have

k(hinsn,—hynin,), ms¥neng)
D=3 5 5 nxyy Ehmnc i, min,
ny ng di1ing ?zxns Mg ¥ Mg nyg Mol NNy
k(hymgn ~hyn ny)#0 (ng, mg)=1

<22222222@mwaﬂwmamm>

ny ng 51 3z mg ny Mmp ms T Ne Un

where B=Fk(h,njn,—h,n{n,)#0. Since (n,, n,)=1,

(B, n)=(khinsn,, n,)=(kh,ng, ny)
and
(B, n)=(khsni, n,).

2<<(xs/5)22 2 E 2 2 (khlns; nz)z(khznn nt)

ny ng 61lny dzing ng Ng ny Ny

L (xe15)4 nE nZ (n)r(n,)

Lx ‘le .
Therefore we get

SKx*HM N, M, N,+ x I, H2{ M,*2 N, N,*+ M, M,* 2 N;2 N, }

<<x‘HM1N1M2N2+xelle(M1+M2)M21/2N12N23,
as required.
This conpletes the proof of our [Theoreml
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