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0. Introduction.

This paper is concerned with hypersurfaces with harmonic curvature in a
Riemannian manifold of constant curvature. The classification of curvature-
liked tensor fields on a Riemannian manifold has been studied by K. Nomizu
[10], in which the Codazzi equation for the curvature-liked tensor played an

important role. The subject is also treated by S.Y. Cheng and S.T. Yau
from the different point of view. A Riemannian curvature tensor is said to be

harmonic if the Ricci tensor S satisfies the Codazzi equation 6S=0, namely, in
local coordinates

(0'1) Rijk:Rikj’

where R;;, denotes the covariant derivative of the Ricci tensor R;; Although
the concept is closely related to a parallel Ricci tensor, it was shown by A.
Derdzinski and A. Gray that it is essentially weaker than the latter
one. In the Yang-Mills theory the harmonic curvature is also weighty, and
some studies for these topics are made. In particular, J.P. Bourguignon con-
jectured that on a 4-dimensional compact Riemannian manifold with harmonic
curvature the Ricci tensor must be parallel. This is negatively answered by
A. Derdzinski [4], who gave an example of a 4-dimensional compact Riemannian
manifold with harmonic curvature and non-parallel Ricci tensor. Certain kinds
of Riemannian manifolds with harmonic curvature are investigated by J.P.
Bourguignon [1], A. Derdzifiski [5], T. Kashiwada [7], S. Tachibana [13] and
so on. In particular, A. Derdzinski gave also other examples of higher
dimensional Riemannian manifolds.

On the other hand, hypersurfaces with parallel Ricci tensor in a Riemannian
manifold of constant curvature are studied by H.B. Lawson Jr. [8] and 1. Mogi
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and one of the present authors [9], and hypersurfaces with harmonic curvature
in a Riemannian manifold of constant curvature are recently investigated by
E. Omachi and one of the present authors [15], who determined the situ-
ation of the principal curvatures, provided that the mean curvature is constant.
Especially, one of the present authors treated also them without the
assumption that the mean curvature is constant.

In this paper a class of hypersurfaces with harmonic curvature in a
Riemannian manifold of constant curvature will be considered. The purpose is
to classify completely hypersurfaces with harmonic curvature in the case where
a multiplicity of each principal curvature is greater than one, and to show that
there exist infinitely many hypersurfaces with harmonic curvature and non-
parallel Ricci tensor.

1. Preliminaries.

In order to fix the notation, the theory of hypersurfaces in a Riemannian
manifold of constant curvature is prepared for. Let M=M"*(c) be an (n-+1)-
dimensional Riemannian manifold of constant curvature ¢ and let M be an
n-dimensional connected Riemannian manifold. By ¢ the isometric immersion
of M into M is denoted. When the argument is local, M need not be distin-
guished from ¢(M) and therefore, to simplify the discussion a point x in M
may be identified with the point ¢(x) and a tangent vector X at x may be
also identified with the tangent vector d¢(X) at ¢(x) via the differential d¢
of ¢.

To begin with, we choose an orthonormal local frame field {e;, ---, @n, €n+1}
in M in such a way that, restricted to M, the vectors e,, ---, ¢, are tangent to
M and hence the other e,,; is normal to M. With respect to this field of
frames on M, let {@,, ---, @n, @n+1} be the dual field. Here and in the sequel,
the following convention on the range of indices are adopted, unless otherwise
stated :

A, B’ ot :l, e, N, n+1’
i, j’ cee ::1’ e, N
Then, associated with the frame field {e,, -, en, e.+1} there exist differential

1-forms @45 on M, which are called connection forms on M, so that they satisfy
the following structure equations on M :

(1- 1) d54+ EB(BAB/\aB:‘O s @4+ op,=0,

(1.2) ADp+c@Wac NBcp=CcD4N\Bg «
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By restricting these forms @, and @45 to M, they are denoted by w, and w,p
without bar, respectively. Then

(1.3) wn+1:O-

The metric on M induced from the Riemannian metric g on the ambient space
M under the immersion ¢ is given by g=23ww; Then {e;, -+, e,} is an
orthonormal local field with respect to the induced metric and {w;, ‘-, @,} is
the dual field, which consists of real valued, linearly independent l-forms on
M. They are called canonical forms on the hypersurface M. It follows from
and the Cartan lemma that

(1.4) Wns1,i=25he w5,  Rij=hji.
The quadratic form X; ;2;0,Qw; is called a second fundamental form of M.
We call also a form ¢ defined by

o(X,Y)=2, jhijwi(X)wj(Y)en+1

for any vector fields X and Y a second fundamental form on M. A linear trans-
formation A4 on the tangent bundle TM is defined by g(AX, Y)=g(c(X,Y), en+.
Then A is called a shape operator of M. By the structure equations (1.1},
and [(1.3), the following structure equations on the hypersurface M are given:

(1.5) d&)z+21(l}”/\w1———0 B a)ij"l'wjizo ]
1
(1.6) dwij“l'zka)ik/\wkj:ngij, Qij:_—z—zk,lRijklwk/\wl}

where w;; (resp. 2;; and R;j;;,) denotes a connection form (resp. a curvature
form and a curvature tensor) on M. From [1.2) and [1.6) the Gauss equation

(1.7) Rijpi=¢(0:10;—0::07)+hauhjz—hirhjy

is obtained, and the Ricci tensor R;; and the scalar curvature R can be
expressed as follows:

(1.8) Ri;=n—1)cd;;+hhij—Zrhirhe;,
(1.9) R=n(n—1)c+h*—22; ;hishi;,

where h is a function defined by A=3X;hs;, namely, for the mean curvature H
it satisfies h=nH.
Now, the covariant derivative h;;, and R,;;, of h;; and R;; are respectively
defined by
Zkhijkwk:dhij_zkhk;wki_zkhikwkj;

(1.10)
ZkRijkwkzdRij_ZkRkaki_ZkRikwkj .
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Differentiating exteriorly, we have the Codazzi equation on the hyper-
surface M

(1.1D) hijp—h;=0,

since the ambient space M is of constant curvature, and by differentiating
exteriorly the covariant derivative R;;, satisfies

EkRijkwkzzk(hkhij+hhijk—Elhilkhtj_zlhilhljk)wky
where dh=>,h,w,, and hence

(1.12) iR AN0;=25 y(hphij— 2 harhi oy Aw; .

A Riemannian curvature tensor is said to be harmonic if the Ricci tensor
satisfies the Codazzi equation [0.I), namely, R;;, is symmetric with respect
to all indices 7, j and k. It follows from that it is necessary and suffi-
cient for M to be of harmonic curvature that it satisfies

(1.13) hehyy—hihei—2haehj+ 23R 0, =0

for any indices.

2. The gradient of the mean curvature.

Let M be an n-dimensional hypersurface with harmonic curvature in
M™*(¢) and let H be the mean curvature on M. In this section, assume that
the gradient of H is an eigenvector associated with an eigenvalue 0 of the
shape operator A. In other words, we shall assume that it satisfies

(2.1) A grad H=0, namely > h;;h;=0

holds true. In this assumption the case where grad H=0 is included, that is,
the situation that the mean curvature H has critical points is admitted. For
simplification, a tensor h;;” and a function h,, on M for any integer m are
introduced as follows;

hijm':zil,---, im_lhiilhilig him_lj

hm=2ihum ’

(2.2)

where h,=h=nH. By taking account of the second Bianchi identity, it is
easily seen that the scalar curvature is constant, and therefore the function
h®*—h, is constant. This implies

(2.3) dh,=2hdh .

First of all, the generalization of is requested. Namely, the relation
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(2.4) dhp=mhp_dh

is true for any integer m (=2). In fact, the relation is proved by induction
on m. At first, shows that the case where m=2 in holds. By the
property of derivations for the exterior differential, it is easily seen that the
following equation
dhmzzi,jmhijm‘ldhij .
The definition (1.10) of the covariant derivative h;;, and the above equation
imply
Ahm=m ;, 1(hi;20rF+hpj0pi+hip@r)hi™ ™t
=m X, ehijrhi" 0 +2m 3 jhi W .
Hence
(2.5) dhm=m2y j rhijphi;™ '@y,
because h;;™ is symmetric with respect to ¢ and j and the connection form ;;
is skew-symmetric with respect to 7 and j. This yields
Ahm=m34 j p.hijehjhi™ %0,
=m i, 5, (Djhiihjethrhy—hiha)hi™ 2w,
=m(2, ;, k,lhijlhlim_zhjkwk+hm-ldh'—'Zk,lhklm—lhlwk) ’
where we have used (1.10) and By the assumption the last term in

the right hand side vanishes identically. It follows from the case where m—1 in
and the supposition of the induction that we get

1
i hiha™ tw;= %’:Tdhm—l': m-2d N,

which yields
i hihy™ *=hn-2dh(e;) .

This means that the first term in the right hand side of the above equation
vanishes also identically, which completes the proof.
A function H, for any integer m (=2) is next defined by

m
(2.6) Hnp=Spo—D*( ) )hm*he, =L
By making use of it follows from the straightforward calculation that

de=E;2'Ls‘(—1)’*(’Z)(m—k)hm-k-lhkdh+2;:;1<—1)kk(’:)hm-khk_ldh

==~ DH{m—B)()—k+D( [y ) Am*hadh,
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which shows that H,, is constant on M. Thus we have

LEMMA 2.1. Let M be a hypersurface with harmonic curvature in M™*(c).
If the shape operator A of M satisfies A grad H=0, then H, is constant on M
for any integer m (=2).

By rewritting [(2.6), the relation
@7 hn=h"+ SR~ DA ) Hihm*

is true for any integer m=2. In fact, the equation is also verified by induction
on m. At first, the case where m=2 in is considered. Then it shows
that holds for m=2. Next, suppose that holds for integers less than
m. Since the constant H, is expressed as

Hu=( g )hm—(T)nmht Zpi =1 () am* hat (=D ki

the supposition of the induction is applied to the third term in the right hand
side, so it is reduced to

N R
+ 2D ()rmH hr St (] ) Hunr-}
=<—1>’”hm+zz’:ol<-—1>k(’2)hm
R WO

On the other hand, the binomial theorem (l—x)’"zz,ﬁo(—l)"(?)x" and the

derivative of /-order for variable x yield the following relation for the binomial

se-o(7)()=o.

coefficients :

Accordingly we have
Hp=(—D™hn+{Sho=D*(})—(= D"}
+ 25— DR~ D) B )= om ()} ot

= (=)™ hn—(—Dmhm— (DS -] ) Hikmt
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which implies that holds for any integer m=2.

3. No simple roots.

This section is devoted to the study the case where the hypersurfaces with
harmonic curvature in M™*Y(c¢) has principal curvatures all of whose multi-
plicities are greater than one. The second fundamental form may be diagonal-
ized so that X; jh,;0:Q0;=3:2;0;Qw;. A principal curvature A; is called a
simple root at x if the multiplicity at x is equal to 1.

First of all, we prove

LEMMA 3.1. Let M be a hypersurface of M™(c) with harmonic curvature.
If the shape operator has no simple roots on M, then A grad H=0.

PRrROOF. Since we have h;;=2,0;; at a point x on M, then equation [(1.13
says that

(3-1) thkaij—'lkhjaki‘*‘(lk—‘lj)hijkzo
at x, where we have used
(3.2) Eihihijzljhj.

Because of the assumption that the second fundamental form h;; has no simple
roots, for any fixed index ; there is an index & different from ; such that
A;=A:, and therefore reduces to

2j<hk5ij—hj5ki):’0

at the point x, which implies that if x is not a zero point of the principal
curvature 4;, then we have h;=0 at x. From these data, we conclude, using
[3.2), that 33;h;h;;=0. This completes the proof of the lemma.

In the next place, using we are going to prove that the mean
curvature H of M is constant.

By taking account of [2.7), it is easily seen that

RN IR VIS 3 O I () B 0493 A NG VL A

=S4, ) Hehm o,

which is a polynomial of degree n—1 with respect to A with constant coeffi-

cient, because of Since 4;, -+, 2, are the principal curvatures of
the second fundamental form hA;; h, can be written as
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(3-4) h0:1 ’ h1:h:E?=1'2i ’ hm=2?=1li"‘ ’ m=2, 3, e

Now, let f4(2), -+, fa(A) be elementary symmetric functions of A=(1,, ---, 1),
namely,

[1=1A)=(—1) X,
(3.5) f2:f2<2):‘:(—1)22i<j212j y

Fa=faQ)=(—1)" 22, - 2y »

Then it is well known that f,, ---, f, and hy, ---, h,, h,.+, are related by the
Newton formulas (cf. [14]) as follows:

hi+f1=0,
h2+f1h1+2f2=0,
(3.6) :
hotfihnt - faaihi+nfr=0,
hn+1+f1hn+ fn—1h2+h1fn:0 .

When these formulas are regarded as the linear homogeneous simultaneous
equations with respect to (1, f, -, f»), We see, using the principle of elimina-
tion, that the determinant of coefficients vanishes identically. If we take
account of and the Laplace expansion to this determinant, we can get

3.7 (n+1)1V/2)Hph™ ' —((n—1)(n+1)!/3)Hyh"~*+ --- =0.

Therefore, it follows from that h, is the root of the algebraic equation
with constant coefficients unless all H, vanishes. According to Lemma 2.1, we
have

LEMMA 3.2. Let M be a hypersurface with harmonic curvature in M"*'(c).
If the shape operator A of M satisfies A grad H=O0, then the mean curvature of
M is constant, provided that there exists a nonzero H, defined by (2.6).

On the other hand, if all H,’s are zero and the shape operator of M has
no simple roots, then it is easily derived, by using [2.7), [3.5) and [(3.6), that &
is also constant.

Combining this fact, [Lemma 3.1 and [Lemma 3.2, we have

PROPOSITION 3.3. Let M be a hypersurface with harmonic curvature in
M™¥(c). If the shape operator of M has no simple roots, then the mean cur-

vature of M is constant.
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Under the property of [Proposition 3.3, [2.4) means that each principal
curvature of M is constant and hence, by means of Umehara’s theorem
the number of distinct principal curvatures is at most two, say 4 and g, such

that ¢+4p¢=0, which is applied to the situation where the ambient space is a
sphere, a Euclidean one or a hyperbolic one. So, in the case, the above result
for the number of distinct principal curvatures is simply proved from a different
point of view. In fact, M is an isoparametric hypersurface in the sense of E.
Cartan and the basic identity for principal curvatures shows that the above is
true, provided that ¢<0 [2]. If ¢>0, then it is evident in [11] Moreover,
the second fundamental form of M is parallel.

By the way, we shall here give a model of hypersurfaces with parallel
Ricci tensor in a hyperbolic space H"*!(c¢) (cf. Lawson [8]). H"**(c) is covered
by a coordinate system {x;, ---, Xp+:} such that the Riemannian metric ds? of
H"*(c) is given by

ds’=23dx%—(Eitixadxa)’/(r*+2351x.")

where r?=—1/¢. The space H"*'(¢) is a complete and simply connected
Riemannian manifold of constant negative curvature c¢. A family of hyper-
surfaces M(s) in H"*(¢) is defined by

M(s)={xeH"(c): Zitix =s*—r"}

for s>». Then a hypersurface M(s) for a fixed s is a space of constant
curvature ¢;=1/(s*—#*% in H"*'(c), which is totally umbilic. As another family
of hypersurfaces M(t), the following subject is defined :

M@)={xeH"*(c): x,=t=0} .

The hypersurface M(t) for an arbitrary fixed ¢ is totally umbilic and hence it
is a hyperbolic space of constant curvature ¢,=—1/(z®+¢*). A flat hypersurface
F™ is constructed as follows:

Fr={xeH"Y(¢): 21x=2rx 4.1} .

Then F™ is covered by one coordinate system {xi, .-, x,} such that the Rie-
mannian metric induced from the Riemannian metric in H"**(¢) is given by
ds*=>7%,dx®: Accordingly, F™ is flat. Lastly, a family of product hyper-
surfaces S*(c,)X H" *(¢,) in H™**(¢) is considered. They are defined by

Ske) X H" *e)={x€ H"*(¢) : ZHtixs=1/ci},

where ¢, is positive constant and 1/¢,+1/¢,=1/¢, and 1=<k<n—1. Any hyper-
surface of the family is the product manifold of a sphere of constant curvature
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¢, and a hyperbolic space of constant curvature ¢, and consequently it has
exactly two distinct principal curvatures (¢;—c¢)¥? and (c;—c)"? of multiplicity
k and n—k, respectively.

Combining [Proposition 3.3 together with Umehara’s theorem, we can see

the following

THEOREM 3.4. Let M be an n (=3)-dimensional complete and simply con-
nected Riemannian manifold with harmonic curvature and let ¢ be an isometric
immersion of M into an (n+1)-dimensional complete and simply connected Rieman-
nian manifold of constant curvature c. If the multiplicity of each principal
curvature is greater than one, then ¢(M) is isometric to one of the following
spaces:

(1) The case where ¢>0. The great sphere, the small sphere and S*(c,) X S™ *(c,),
where 2=k<n—2 and 1/c,+1/c,=1/c. In particular, ¢ is an imbedding.

(2) The case where ¢=0. The sphere, the Euclidean space and S* X R™*,

(3) The case where c¢<0. The sphere, the hyperbolic space, the flat space F™ and

S*(c) X H* *(¢,), where 2=k=<n—2 and 1/¢,+1/c,=1/c. In particular, ¢ is

an imbedding.

4. Hypersurfaces with harmonic curvature and non-parallel Ricci tensor.

This section is devoted to the investigation of examples of hypersurfaces
with harmonic curvature and non-parallel Ricci tensor in M™"*!(c). By taking
account of it is seen that at least one principal curvatures ought
to be of multiplicity 1.

Let M be a hypersurface immersed in M™*!(¢), and assume that the principal
curvatures A; on M satisfy

A= =Ap1=A%0,
4.1) {

lnzﬂ ’

such that A u. Without loss of generality, we may suppose that A>0. As is
well known, the distribution of the space of eigenvectors corresponding to the
eigenvalue 4 is completely integrable, because the multiplicity of each principal
curvature is constant. Now, since 4 and g are smooth functions on M, we
have, using the covariant derivative hjj,

(4~2) dz:d'zazhaaawa+2b$ahaabwb+haanwn ’

where indices a, b, --- run over the range {1, ---, n—1}. Because of w,4; o=
Aq.Wg, We have
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dwn+1 a= dlza/\wa"'/‘tadwa
= d'z/\wa"f‘/z(—'waab/\wb"a)an /\wn) .

On the other hand, the structure equation yields

da)n+1 a=—2kWn+1 e A\ Wprgq
=—2205Wp A\ Wpq— UWn N\ Wng .

Combining with above two equations, we have

(43) Ebzybwb/\wa“l‘{(#—"Z)wan”"zynwa} /\wnzo

4

for a fixed index a, where dA=3,4,,wy+4,,@,. This implies
Z:a:():

4.4)
(#_z)wan—zanwazoawn

for any index a, where o, is a function on M. From [4.2) and;[the first
equation of it follows that we have

haaawa"_zbaeahaabwb'l' haanwn:’_‘l: nWnp
and hence

haaa=0, hear=0 (b#a), hean=2,n.
Similarly, for the other ¢ we have
dp=2h @+ Annnn .
Because of @,y n=pw,, by the same argument as that of 1 we have

AWniy n=—2 Dp@np AO»y=dUN@On— pt 2p@ns AWy,
and hence

AdpuNw,+(A— ) Zpwns Awp=0.
This together with implies
(4.5) U,e=0, for any index a.
On the other hand, for distinct indices ¢ and b, we have
(4.6) havr=0.

In the case where M is with harmonic curvature, principal curvatures 4;
satisfy and because of h=(n—1)A+p and dh=3,h,w,, We see

hk:(n_l)zyk—i_,u,k
for any index k. Considering the case where j=a and k=n in [3.I), one gets

thaai_ﬂhaani—(l_#)hanizo
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for any indices a and ;. This means that it follows from the above equation
and (4.5) that

( _2)2—“_ 2)7I.+X 771.:0,
wn { {(n ) “

ﬂha'*"(z_')a)hann:o .

Consequently, making use of the above relations, we have h,=g,,=hgs, and
Ahgnn=0, namely

he=0, 0,=0.
Thus, by [4.4) we have

Rnnn=fn,
4.8) An

wna:—-mwa.

Accordingly, in order for M to be with harmonic curvature, principal curvatures
A2 and g must satisfy and (4.8). Moreover we have dw,=0, which shows
that we may put

4.9) w,=dv.

Thus we have
2/
(4. 10) Wypo=— 2___';(011 ’

where the prime denotes the derivative with respect to v. This means that the
integral submanifold M™-!(v) corresponding to 4 and v is umbilic in M and
hence in M™*!(c).

By the simple calculation the following properties for the Ricci tensor are
obtained :

Ra.bc:O: Rynn=0, Rabn:[{z(n—2)x+#}2;n+xﬂ;n]5ab:
Rnnn:(n_l)(zﬂ:n_F,UX; ) .
Therefore, in order for M to be with parallel Ricci tensor, it is necessary and
sufficient that 4 and g are both constant.
EXAMPLE. M=S""1(c,) X S¥(c,)CR"X R? such that 1/¢,+1/c,=1. The prin-
cipal curvatures A; are given by
A= = =A==%(c,—1)V?,
An=p="F(c,—1"?.

Actually M is with harmonic curvature and parallel Ricci tensor. In particular,
when ¢;=n/(n—2) and c¢,=n/2, 4 and g are given by A==+(2/(n—2))"* and
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p=%F((n—2)/2)"* and moreover they satisfy (n—2)44+p¢=0. In the latter case,
the scalar curvature R is equal to n(n—1).
Now, substituting (4.10) into the structure equation

dWno+260ne AWy =(c+ )0, AW, ,
we have

A A
d(;t—;,g w“>__ i—p 200 AWy +(C+ )0 N0g -

Since the left hand side is reduced to

2 ( 2Wap N Wp—Wgrn NWy) ,

the following equation is obtained :

Y —(c+ =0,

A\ A
(ﬂ) m(l——p 2

and hence we have

(4.11) A=) = A —p")— 22— (c+Ap)A—p)?=0.
Furthermore, under the condition we have
4.12) {(n—2)A+p}2’'+2p'=0.

Thus the distinct principal curvatures 4 and p satisfy a system of ordinary
differential equations [4.11) and [4.12) of order 2. is however equivalent to

{(n—2)2+22u} =0,

which yields
(n—2)A*+22p=c,,

where ¢, is the integral constant. Then the scalar curvature R is given by
R=n(n—1)c+(n—1)¢,, and by taking account of (4.12), the ordinary differential
equation of order 2 for 4 is given by

4AnAP—c )" —4{(n+2)2%+c,} A"®
—(nA*—c)*{2¢+c;—(n—2)A*} =0,

4.13)

where nA*—c¢,#0. Putting w=21"%", (4.13) can be replaced by

(n+cw™ . o o A
D P ) +§;(n c1@ )(2c-{—c1 > )-O.

Integrating the differential equation of degree 2, we obtain

(—— =(n—c,w )2<"+1’/"{c ——rl—l-Sw(n—c ™) ‘"*2)/"(20+cl—£(;72—)dw} s
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where ¢, is the integral constant. In the case where ¢,=0, this is reduced to
dw \2 1
(@) +grs Heat=cs,
which is the differential equation similar to that treated by T. Otsuki [12].
Thus there exist infinitely many hypersurfaces with harmonic curvature in
M™+!(c) corresponding to the constants ¢; and ¢,, and the hypersurfaces have
non-parallel Ricci tensor and the scalar curvatures are equal to n(n—1)c+(n—1)c,.

By the same method as that of Otsuki’s theory, we have the following
construction theorem concerning for hypersurfaces with harmonic curvature.

THEOREM 4.1. Let M be an n (=3)-dimensional hypersurface with scalar
curvature n(n—1)c and the harmonic curvature immersed in M™*'(c). If it has
exactly two distinct principal curvatures, one’s multiplicity of which is equal to 1,
and the other has no zero points, then the following assertions are true:

(1) M is a locus of moving (n—1)-dimensional submanifold M™ *(v) along which
the principal curvature A of multiplicity n—1 is constant and which is umbilic
in M and of constant curvature (d/dv(log(nd®—c,)''™))*+A%*+c¢, where v is the
arc length of an orthogonal trajectory of the family M™-*(v), and A=A(v)
satisfies the ordinary differential equation (4.13) of order 2.

(2) If M=S"*(c)CR"™* then M™'(v) is contained in an (n—1)-dimensional
sphere S™ '(v)=E™W)NS"*! of the intersection of S™* and an n-dimensional
linear subspace E™(v) in R™** which is parallel to a fixed E™. The center q
moves on a plane curve in a plane R* through the origin of R™** and orthog-
onal to E™.

COROLLARY. There exist infinitely many hypersurfaces with harmonic cur-
vature and non-parallel Ricci tensor in M™*'(c), which is not congruent to each

other in it.

In the next place, the condition under which the plane curve figured with
the center ¢ is controlled will be required. Since the matter discussed in [12,
section 4] can be completely applied to this case, the necessary subjects for
the explanation of the statement of the theorem are only quoted from [12],
and the precise argument is omitted. The sphere S™*! is regarded as S**'C R™*?
=R"xX R*? and {¢,, ---, &,} denotes the orthonormal frame in R™ at the origin.
Let C be a plane curve in R? with a given surporting function A(f), then the
generic point ¢(#) of C is given by

(4.14) g(0)=e* P~ (n(0)+ih’(6))



On complete hypersurfaces 75

by considering R? as the complex plane. The Frenet formula of C at ¢() is
given by Z,;,=¢*? and Z,,,=e*?*7/»  Suppose that the curve C is contained
in the unit circle. Then a positive function p can be defined by p*=1-—|ql?
and a hypersurface M is defined in S**'(1) by

(4.15) p=q+pe,.
A unit vector e, is defined by
en=(0"Cn+(h+h")es+1)/((p"V+(h+h")})2.

If the hypersurface M in S™**(1) is with harmonic curvature and R=n(n—1),
then the function A satisfies the following ordinary differential equation

(4.16) nh(l——hz)%-{—2(%—)2—1—(1—/12)(71/12—2):0.

Conversely, if a function A(8) satisfying gives a plane curve by the
equation in R? contained in the unit circle, then a hypersurface M with
harmonic curvature and R=n(n—1) is obtained by The hypersurfaces
depend completely on properties of A(8).

THEOREM 4.2. Any complete hypersurface M with harmonic curvature and
R=n(n—1) in S**'(1) of the type of Theorem 4.1 is given by the following
method.

(1) C is a plane curve in R* given by
q(8)=e* ="/ (n(6)+ih’(8)),

where h(0) is a solution of the differential equation (4.16) with 0<h(0)=(2/n)'/?
and h’(0)=0.
(2) M>3p=~0—h(0)—h'(0)*)"*¢,+q(0), where &, € R", ||g,| =1 and S"*'C R™ X R*.

There exist countable number of compact hypersurfaces of this type, and the
special case S™'(n/(n—2))X S (n/2) corresponds to h(0)=(2/n)? and h’(0)=0.
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