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ON DOI-NAGANUMA LIFTING

By

Balesh Kumar and Murugesan Manickam

Abstract. In this paper, we extend the Doi-Naganuma lifting as

suggested by Kudla [4], on the lines of Zagier’s work [6]. For each

fundamental discriminant D associated with a real quadratic field,

we prove that there exists a Hecke-equivarient map iD which maps

the mth Poincare series of weight k, level M and character wD ¼ :
D

� �
into a Hilbert cusp form of weight k, level M=D associated with

the real quadratic field of discriminant D of class number one.

Through this, we get its adjoint i�D with respect to the Petersson inner

product.

1. Introduction

In [6], Don Zagier derived the adjoint of the Doi-Naganuma lift by com-

puting its explicit action on Poincare series. More precisely, he considered the

space SkðD; wDÞ of all cusp forms of weight k, level D, character wD ¼ :
D

� �
; (D > 0

is a fundamental discriminant) and proved that the mth Poincare series in

SkðD; wDÞ maps into an explicit Hilbert cusp form om in SH
k ðSL2ðOÞÞ—the space

of Hilbert cusp forms of weight k, level 1 associated with the real quadratic field

of discriminant D. He proved that Hecke-eigenforms correspond to each other

under the Doi-Naganuma lift.

In this paper, we prove that for each fundamental discriminant D, there

exist a Hecke-equivarient map iD, which maps the space SkðM; wDÞ into

SH
k ð~GG0ðM=DÞÞ—the space of Hilbert cusp forms of weight k, level M=D, where

M is a square-free positive integer divisible by D. We prove that iD takes the

mth Poincare series in SkðM; wDÞ into a similar kind of Hilbert cusp form om in

SH
k ð~GG0ðM=DÞÞ and then we prove that it is an Hecke equivarient map.
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In his paper [4] Kudla mentioned the possibility of an extension lift of

Zagier’s type for arbitrary level and character. We treat the case where the level

is a square free integer M and for each positive squarefree divisor D1 1 ðmod 4Þ
of M, we construct appropriate Hilbert cusp form om and prove our results as

done in [6]. The above results can also be seen in terms of Galois representations.

For this, we refer to E. Ghate [3].

2. Definition and Properties of om

We will use the following notation:

K a real quadratic number field;

D the discriminant of K ;

O the ring of integers of K ;

d the di¤erent of K (the principal ideal (
ffiffiffiffi
D

p
));

x 0 the Galois conjugate over Q of an element x A K ;

NðxÞ the norm of x, NðxÞ ¼ xx 0;

H the upper half plane fz A C j Im z > 0g;
Z the set of integers

k a fixed even integer > 2

For an integer mb 0 and for z1; z2 A H, we define

omðz1; z2Þ ¼
X 0

a; b AZ; l A d�1

NðlÞ�ab¼m=D
Nja

ðaz1z2 þ lz1 þ l 0z2 þ bÞ�k;ð1Þ

where the summation is over all ða; b; lÞ satisfying the given conditions, and the

notation
P 0 indicates that, for m ¼ 0, the triple ð0; 0; 0Þ is to be omitted. It can

be easily checked that, for z1; z2 A H, the expression az1z2 þ lz1 þ l 0z2 þ b never

vanishes. Indeed, az1z2 þ lz1 þ l 0z2 þ b ¼ 0 implies z1 ¼ ð�l 0z2 � bÞ=ðaz2 þ lÞ,

and this is impossible since the determinant of
�l 0 �b

a l

� �
is a 0 and that the

series converges absolutely. Therefore om is a holomorphic function in H�H.

Theorem 1.

(i) For each integer mb 0, omðz1; z2Þ is a Hilbert modular form of weight

k with respect to the congruence subgroup ~GG0ðNÞ of the Hilbert modular group

SL2ðOÞ.
(ii) om is a cusp form for m > 0.

Proof. (i) It is clear from above that om is holomorphic on H�H. Also it

satisfies the modularity condition as follows; for z1; z2 A H,
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omððaz1 þ bÞ=ðgz1 þ dÞ; ða 0z2 þ b 0Þ=ðg 0z2 þ d 0ÞÞð2Þ

¼ ðgz1 þ dÞkðg 0z2 þ d 0Þkomðz1; z2Þ

as follows. For any matrix M ¼ a b

c d

� �
A GL2ðRÞ, let

fMðz1; z2Þ ¼ ðdet MÞ�1 d

dz1
ðz2 �Mz1Þ�1

¼ ðcz1z2 � az1 þ dz2 � bÞ�2

where Mz1 ¼ ðaz1 þ bÞ=ðcz1 þ dÞ;
One easily checks that, for A1 ¼

a1 b1
g1 d1

� �
, A2 ¼

a2 b2
g2 d2

� �
A GL2ðRÞ,

fMðA1z1;A2z2Þ ¼ ðg1z1 þ d1Þ2ðg2z2 þ d2Þ2fA �
2
MA1

ðz1; z2Þ;ð3Þ

where A�
2 ¼ d2 �b2

�g2 a2

� �
¼ ðdet A2ÞA�1

2 is the adjoint of A2. Let

A ¼ M ¼ a b

g d

� �
A M2ðOÞ jN j g;M � ¼ M 0

� �

be the set of matrices whose adjoint equal their conjugates over Q. A typical

matrix of A has the form
y b

ffiffiffiffi
D

p

�a
ffiffiffiffi
D

p
y 0

� �
with a; b A Z and Nja; y A O.

Write y ¼ �l
ffiffiffiffi
D

p
with l A d�1; then fMðz1; z2Þ ¼ D�1ðaz1z2 þ lz1 þ l 0z2 þ bÞ�2.

Hence

omðz1; z2Þ ¼ Dk=2
X 0

M AA
det M¼�m

fMðz1; z2Þk=2;

where
P 0 indicates that, for m ¼ 0, the zero matrix is to be omitted from

the summation. That om satisfies the modularity condition (2) now follows

immediately from Eq. (3). Hence om is automatically holomorphic at the cusps

of ~GG0ðNÞ, by the Götzky-Koecher principle. Therefore, om is a Hilbert

modular form for the congruence subgroup ~GG0ðNÞ of the Hilbert modular group

SL2O.

Since om for m > 0 is a Hilbert modular form for ~GG0ðNÞ, we have om is

invariant with respect to matrices
e m

0 e�1

� �
where e A O�, m A O. That is

omðe2z1 þ em; e 02z2 þ e 0m 0Þ ¼ omðz1; z2Þ
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Therefore, om has a Fourier expansion at the cusp y of the form

omðz1; z2Þ ¼ cm0 þ
X

n A d�1

ng0

cmne
2piðnz1þn 0z2Þð4Þ

by the Götzky-Koecher principle.

Let be W ¼ a b

g d

� �
A SL2ðKÞ then

ðomjWÞðz1; z2Þ ¼ Dk=2ðgz1 þ dÞ�kðg 0z2 þ d 0Þ�k
X 0

M AA
det M¼�m

fMðWz1;W
0z2Þ

¼ Dk=2
X 0

M AA
det M¼�m

fW 0�MW ðz1; z2Þk=2

¼ Dk=2
X 0

M AA1
det M¼�m

fMðz1; z2Þk=2

where

A1 ¼ W 0�AW

¼ W 0�1AW

¼ W 0�1 M ¼ a b

g d

� �
A M2ðOÞ jN j g;M 0 ¼ M �

� �
W

A typical matrix M A A1 has the form

M ¼ y b
ffiffiffiffi
D

p

�a
ffiffiffiffi
D

p
y 0

� �
; y A K ; a; b A Q:

Writing y ¼ l
ffiffiffiffi
D

p
, we obtain

ðomjWÞðz1; z2Þ ¼
X 0

ða;b;lÞ AL;
NðlÞ�ab¼m=D

ðaz1z2 þ lz1 þ l 0z2 þ bÞ�k

where L � Q�Q� K is the lattice (i.e. free Z-module of rank 4) of triples

ða; b; lÞ for which W 0 l
ffiffiffiffi
D

p
b
ffiffiffiffi
D

p

�a
ffiffiffiffi
D

p
�l 0 ffiffiffiffi

D
p

� �
W �1 A M2ðOÞ. To show that om is

a cusp form, enough to show that cm0 ¼ 0 for the cusp at y, because of

the similarity between ðomjWÞðz1; z2Þ and omðz1; z2Þ, it will be clear that the

method used to find the fourier expansion of om can be applied to prove that

ðomjWÞðz1; z2Þ has a Fourier series whose constant term vanishes. The Fourier

coe‰cients of om for the cusp at y will be computed in the next section.

r
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3. The Fourier Coe‰cient of om

Theorem 2. For m > 0, the Fourier coe‰cient of cmn of omðz1; z2Þ defined

by Eq. (4) is given by

cmn ¼ ð2ð2pÞkÞ=ððk � 1Þ!Þ

8<
:ð�1Þk=2

X
r AN; rjn

ffiffiffi
D

p

Nðn
ffiffiffi
D

p
=rÞ¼�m

rk�1 þ 2pDðk=2Þ�1ðNðnÞ=mÞðk�1Þ=2

�
Xy

a¼1;Nja a
�1Jk�1ðð4p=aÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmNðnÞÞ=D

p
ÞGaðm; nÞ

9=
;

if ng 0 and is zero otherwise, where Jk�1 is the Bessel function of order k � 1

defined by

Jk�1ðtÞ ¼
Xy

r¼0
ðð�1Þrðt=2Þ2rþk�1Þ=ðr!ðrþ k � 1Þ!Þ

and Gaðm; nÞ is the finite exponential sum

Gaðm; nÞ ¼
X

l A d�1=aO
ll 01m=Dðmod aZÞ

e2pi TrðnlÞ=a

Proof. For m > 0, write

omðz1; z2Þ ¼
X

a AZ;Nja o
a
mðz1; z2Þ

¼ o0
mðz1; z2Þ þ 2

Xy

a¼1;Nja o
a
mðz1; z2Þ;

where

oa
mðz1; z2Þ ¼

X 0
b AZ;l A d�1

ll 0�ab¼m=D

ðaz1z2 þ lz1 þ l 0z2 þ bÞ�k:ð5Þ

Observe that oa
m satisfies the periodicity property, that is oa

mðz1 þ y; z2 þ y 0Þ ¼
oa

mðz1; z2Þ ðy A OÞ, and hence each oa
m has a Fourier expansion

oa
mðz1; z2Þ ¼

X
n A d�1 c

a
mne

2piðnz1þn 0z2Þð6Þ

The Fourier coe‰cients of om are then given by

cmn ¼ c0mn þ 2
Xy

a¼1
camn

The rest of the proof follows by the following two propositions as done in [6].
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Proposition 1. For m > 0, n A d�1, the Fourier coe‰cient c0mn defined by

(6) is zero unless ng 0 and n ¼ rl with r A N, l A d�1, ll 0 ¼ m=D, in which

case

c0mn ¼ 2ckr
k�1; ck ¼ ð2piÞk=ðk � 1Þ!:

Proposition 2. For m > 0, n A d�1, a > 0, the fourier coe‰cient camn defined

by (6) is zero unless ng 0 and is then given by

camn ¼ ð2pÞkþ1=ððk � 1Þ!ÞðDðk=2Þ�1=aÞðNðnÞ=mÞðk�1Þ=2

� Gaðm; nÞJk�1ðð4p=aÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmNðnÞÞ=D

p
Þ: r

4. Poincare Series for G0ðMÞ

Let M be a square-free positive integer. Let D be the fundamental dis-

criminant of a real quadratic field K such that D1 1 ðmod 4Þ and dividing M.

Let w : G0ðMÞ ! fG1g be such that

w
a b

c d

� �
¼ �ðaÞ ¼ �ðdÞ a b

c d

� �
A G0ðMÞ

� �
:

where � ¼ �D is the fundamental character of K with �ðpÞ ¼ p
D

� �
for pF 2D. The

space SkðG0ðMÞ; wÞ is usually denoted by SðM; k; �Þ. For x=y; x 0=y 0 A Q [ fyg
with ðx 0; y 0Þ ¼ ðx; yÞ ¼ 1, the equation

x 0=y 0 ¼ ðaxþ byÞ=ðcxþ dyÞ; a b

c d

� �
A G0ðMÞ

can be solved if and only if ðy;MÞ ¼ ðy 0;MÞ. The equivalence classes of

Q [ fyg modulo G0ðMÞ are thus described by the positive divisiors of M. Let

D1 be a divisior of D. Let the cusp P be given by D1N, ðN ¼ M=DÞ and write

D2 ¼ D=D1; then ðD1N;D2Þ ¼ 1, since M is square-free, and we can find p; q A Z

such that pD1N þ qD2 ¼ 1; choose

AP ¼ D2 �p

D1N q

� �
A SL2ðZÞð7Þ

The cusp P is easily checked to have width D2. we will denote the cusp simply

by D1N; thus for f A SðM; k; �Þ and D1jD we have the Fourier expansion

ð f jA�1
D1N

ÞðzÞ ¼
Xy

n¼1
aD1N
n ð f Þe2pinz=D2
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The coe‰cients aD1N
n ð f Þ being independent of the choice of p, q in (7) and

given by

aD1N
n ð f Þ ¼ ðð4pnÞk�1=ðk � 2Þ!ÞD�k

2 ð f ;GD1N
n Þð8Þ

where ð f ;GD1N
n Þ denotes the Petersson inner product of f with GD1N

n where GD1N
n

is the nth Poincare series at the cusp D1N defined by

GD1N
n ðzÞ ¼ 2�1

X
A AGD1N

nAD1N
G
wðA�1

D1N
AÞ jðA; zÞ�k

e2pinAz=D2ð9Þ

¼
Xy

m¼1
gD1N
nm e2pimz

where G ¼ G0ðMÞ, GD1N ¼ AD1NGA
�1
D1N

\ 1 Z

0 1

� �
, jðA; zÞ ¼ ðczþ dÞ, where

A ¼ a b

c d

� �
A SL2ðZÞ.

gD1N
nm ¼ dD1N;Mdn;m þ 2pð�1Þk=2ððmD2Þ=nÞðk�1Þ=2Xy

c¼1
ðc;MÞ¼D1N

HD1N
c ðn;mÞ

� Jk�1ðð4p=cÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmnÞ=D2

p
Þ;

HD1N
c ðn;mÞ ¼ c�1

X
dðmod cÞ
ðd; cÞ¼1

w A�1
D1N

a b

c d

� �� �
e2pic

�1ðna=D2þmdÞ:ð10Þ

Let Mb 1 be a square-free integer. Let D be a fundamental discriminant

dividing M, that is, DjM. Let w be the fundamental character which is a

quadratic character of the associated quadratic field K . Write N :¼ M=D.

Proposition 3.

(i)

HD1N
aD1N

ðn;mÞ ¼ ðaD1NÞ�1
X

dðmod aD1NÞ
ðd;aD1NÞ¼1

w A�1
D1N

a b

aD1N d

� �� �
e2piðaD1NÞ�1ðnaD�1

2
þmdÞ

¼ ðaD1NÞ�1 aD1N

D2

� �
N

D2

� �X
dðmod aD1NÞ
ðd;aD1NÞ¼1

�d

D1

� �

� e2piðaD1NÞ�1ðnD�1
2

d�1þmdÞ

(ii) Write

Hbðn;mÞ ¼
X

D¼D1D2

D2jn; ðb;D2Þ¼1

ðcðD2Þ=D2ÞHD1

bD1
ðn=D2;mÞ; as defined in ½6�;ð11Þ
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then

HNaðn;mÞ ¼
X

D¼D1D2

D2jn; ða;D2Þ¼1

N

D2

� �
ðcðD2Þ=D2ÞHD1N

aD1N
ðn=D2;mÞ:

where cðD2Þ is the Gauss sum defined by

cðD2Þ ¼
X

xðmod D2Þ
x

D2

� �
e�2piD1x=D2 ¼

D1

D2

� 	 ffiffiffiffiffiffi
D2

p
if D1 1D2 1 1 ðmod 4Þ

�i D1

D2

� 	 ffiffiffiffiffiffi
D2

p
if D1 1D2 1 3 ðmod 4Þ

8><
>:

¼ �4

D2

� ��1=2
D1

D2

� � ffiffiffiffiffiffi
D2

p

Proof. (i) Since AD1N ¼ D2 �p

D1N q

� �
A SL2ðZÞ, pD1N þ qD2 ¼ 1. There-

fore

A�1
D1N

a b

c d

� �
¼ aqþ pc bqþ dp

�aD1N þ cD2 �bD1N þ dD2

� �
A G0ðMÞ

only if D2ja ðsince c ¼ D1N:Þ

So a is determined by ðmod cD2Þ by ad1 1 ðmod cÞ, D2ja. So

w A�1
D1N

a b

c d

� �� �
¼ �ðaqþ pcÞ ¼ aqþ pc

D

� 	

¼ aqþ pc

D1

� �
aqþ pc

D2

� �

¼ aq

D1

� �
pc

D2

� �

¼ aD�1
2

D1

� �
cðD1NÞ�1

D2

 !

¼ ðdD2Þ�1

D1

 !
cðD1NÞ�1

D2

 !

¼ �d

D1

� �
c

D2

� �
N

D2

� �

where in the last line we have used the quadratic reciprocity and D1D2 1 1

ðmod 4Þ to set D1

D2

� 	
D2

D1

� 	
¼ �1

D1

� 	
. Therefore
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HD1N
aD1N

ððDnn 0Þ=ðr2D2Þ;mÞ ¼ ðaD1NÞ�1 aD1N

D2

� �
N

D2

� �X
dðmod aD1NÞ
ðd;aD1NÞ¼1

�d

D1

� �

� e2piðaD1NÞ�1ððDnn 0Þ=ðr2D2ÞD�1
2

d�1þmdÞ:

(ii) Follows by the definition of Hbðn;mÞ. r

Proposition 4. See [6]. For a;m A Z, n A d�1, a > 0,

ða
ffiffiffiffi
D

p
Þ�1

Gaðm; nÞ ¼
X

rjn; rja Ha=rððDnn 0Þ=r2;mÞ:

where Gaðm; nÞ is the sum defined as in theorem (2), and Hbðn;mÞ is the sum as

defined in eqn (11).

5. The Doi-Naganuma Lifting

Let Mb 1 be a square-free integer. Let D be a fundamental discriminant

dividing M. Let wD be the fundamental quadratic character associated with the

quadratic field K ¼ Q
ffiffiffiffi
D

p
of class number one. Write N :¼ M=D and SH

k ð~GG0ðNÞÞ
denote the space of Hilbert cusp forms of weight k for the congruence subgroup
~GG0ðNÞ for the Hilbert modular group SL2ðOÞ. Let f A SkðM; wDÞ, then the Doi-

Naganuma lifting of f is defined by

iDð f Þ ¼
X

n A d�1

ng0

cððnÞdÞe2piðnz1þn 0z2Þ;

where

cððnÞdÞ ¼
X

rjðnÞd r
k�1
X

D2jðD;NðnÞNðdÞ=r2Þ
N

D2

� �
cðD2ÞDk�1

2 aD1N
ðNðnÞNðdÞÞ=ðr2D2Þð f Þ;

ðD1jDÞ

and where the first sum is over all positive integers r dividing ðnÞd, the second

sum over all positive integers dividing D and NððnÞdÞ=r2, D1 ¼ D=D2 and cðD2Þ
is the Gauss sum defined as in proposition 3.

Theorem 3. Let mb 1 be an integer. Let Gm be the mth Poincare series

for the cusp at y of G0ðMÞ with character wD, then iDðGmÞ ¼ ðk � 1Þ!=
ð2ð2pÞkÞð�1Þk=2om A SH

k ð~GG0ðNÞÞ where om is as defined by (1).
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Proof. It su‰ces to show that cððnÞdÞ ¼ ðk � 1Þ!=ð2ð2pÞkÞð�1Þk=2cmn.

Now

cððnÞdÞ ¼
X

rjðnÞd r
k�1
X

D2jðD; ðNðnÞNðdÞÞ=r2Þ
N

D2

� �
cðD2ÞDk�1

2 aD1N
ðNðnÞNðdÞÞ=ðr2D2ÞðGmÞ

¼
X

rjðnÞ
ffiffiffi
D

p rk�1
X

D2jðD; ðDnn 0Þ=r2Þ
N

D2

� �
cðD2ÞDk�1

2 ð4pðDnn 0Þ=ðr2D2ÞÞk�1

� ððk � 2Þ!Þ�1
D�k

2 ðGm;G
D1N
ðDnn 0Þ=ðr2D2ÞÞ by Eqn ð8Þ

¼
X

rjðnÞ
ffiffiffi
D

p rk�1
X

D2jðD; ðDnn 0Þ=r2Þ
N

D2

� �
cðD2ÞD�1

2 ð4pðDnn 0Þ=ðr2D2ÞÞk�1

� ððk � 2Þ!Þ�1ðk � 2Þ!=ð4pmÞk�1ðm-th coe‰cient of GD1N
ðDnn 0Þ=ðr2D2ÞÞ

¼
X

rjðnÞ
ffiffiffi
D

p rk�1
X

D2jðD; ðDnn 0Þ=r2Þ
N

D2

� �
cðD2ÞD�1

2 ððDnn 0Þ=ðr2D2mÞÞk�1

�
(
dD1N;MdðDnn 0Þ=ðr2D2Þ;m þ 2pð�1Þk=2ðmD2Þðk�1Þ=2ððDnn 0Þ=ðr2D2ÞÞ�ðk�1Þ=2

�
Xy

a¼1
ða;MÞ¼D1N

HD1N
a ððDnn 0Þ=ðr2D2Þ;mÞJk�1ðð4p=aÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmDnn 0Þ=ðr2D2

2Þ
q

Þ
)

¼
X

rjðnÞ
ffiffiffi
D

p rk�1ððDnn 0Þ=ðr2mÞÞk�1dðDnn 0Þ=r2;m

þ
X

rjðnÞ
ffiffiffi
D

p rk�1
X

D2jðD; ðDnn 0Þ=r2Þ
N

D2

� �
cðD2ÞD�1

2 ððDnn 0Þ=ðr2D2mÞÞk�1

�
(
2pð�1Þk=2ðmD2Þðk�1Þ=2ððDnn 0Þ=ðr2D2ÞÞ�ðk�1Þ=2

�
Xy

a¼1
ða;MÞ¼D1N

HD1N
a ððDnn 0Þ=ðr2D2Þ;mÞJk�1ðð4p=aÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmDnn 0Þ=ðr2D2

2Þ
q

Þ
)

¼
X

rjðnÞ
ffiffiffi
D

p

Nðn
ffiffiffi
D

p
=rÞ¼�m

rk�1 þ
X

rjðnÞ
ffiffiffi
D

p ððDnn 0Þ=mÞðk�1Þ=22pð�1Þk=2
X

D2jðD;Dnn 0=r2Þ

� N

D2

� �
cðD2ÞD�1

2

Xy
a¼1

ða;MÞ¼D1N
HD1N

a ððDnn 0Þ=ðr2D2Þ;mÞ

� Jk�1ðð4p=ðarD2ÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mDnn 0

p
Þ
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¼
X

rjðnÞ
ffiffiffi
D

p

Nðn
ffiffiffi
D

p
=rÞ¼�m

rk�1 þ 2pð�1Þk=2ððDnn 0Þ=mÞðk�1Þ=2X
rjðnÞ

ffiffiffi
D

p
Xy

a¼1

�
X

D2jðD;Dnn 0=r2Þ
ða;D2Þ¼1

N

D2

� �
cðD2ÞD�1

2 HD1N
aD1N

ððDnn 0Þ=ðr2D2Þ;mÞ

� Jk�1ðð4p=ðaD1NrD2ÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mDnn 0

p
Þ

¼
X

rjðnÞ
ffiffiffi
D

p

Nðn
ffiffiffi
D

p
=rÞ¼�m

rk�1 þ 2pð�1Þk=2ððDnn 0Þ=mÞðk�1Þ=2X
rjðnÞ

ffiffiffi
D

p
Xy

a¼1

�HaNððDnn 0Þ=r2;mÞJk�1ðð4p=ðaNrÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmnn 0Þ=D

p
Þ by proposition 3ðiiÞ:

¼
X

rjðnÞ
ffiffiffi
D

p

Nðn
ffiffiffi
D

p
=rÞ¼�m

rk�1 þ 2pð�1Þk=2ððDnn 0Þ=mÞðk�1Þ=2Xy
a¼1
Nja

ffiffiffiffi
D

p �1

�
X

rjðnÞ
ffiffiffi
D

p

rja

ffiffiffiffi
D

p
Ha=rððDnn 0Þ=r2;mÞJk�1ðð4p=aÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmnn 0Þ=D

p
Þ

¼
X

rjðnÞ
ffiffiffi
D

p

Nðn
ffiffiffi
D

p
=rÞ¼�m

rk�1 þ 2pð�1Þk=2Dðk=2Þ�1ðNðnÞ=mÞðk�1Þ=2

�
Xy

a¼1
Nja

a�1Gaðm; nÞJk�1ðð4p=aÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmNðnÞÞ=D

p
Þ; by Proposition 4

¼ ððk � 1Þ!Þ=ð2ð2pÞkÞð�1Þk=2cmn

Hence the theorem. r

Theorem 4. iD sends Hecke eigenforms to Hecke eigenforms.

Proof. Follows similar to that given in [2]. r

We now describe the relationship of Theorem 3 to the analogous construction

of K. Doi and H. Naganuma [1] [5]. Let f ðzÞ ¼
Py

n¼1 ane
2pinz A Sk G0ðMÞ; :

D

� �� �
be a cusp form of weight k, where DðDjMÞ is the discriminant of real quadratic

field K ¼ Qð
ffiffiffiffi
D

p
Þ of class number one. We assume that f is an eigen function of

all the Hecke operators Tn, normalized with a1 ¼ 1 then the associated Dirichlet’s

series

Lð f ; sÞ ¼
Xy

n¼1
ann

�s ðRe sg 1Þ
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has an Euler product expansion of the form

Lð f ; sÞ ¼
Y
q

1� aqq
�s þ q

D

� �
N

q

� �2
qk�1�2s

 !�1

(product over all rational primes q, N ¼ M=D). Consider the series

Lð f ; sÞ ¼
Xy

n¼1
ann

�s

whose coe‰cients are the complex conjugates of those of Lð f ; sÞ. More precisely,

an ¼
n

D

� �
an; ðn;MÞ ¼ 1ð12Þ

Consider

FðsÞ ¼ Lð f ; sÞLð f ; sÞð13Þ

¼
Y

qFN
ð1� bðqÞNðqÞ�s þNðqÞk�1�2sÞ�1

Y
qjNð1� bðqÞNðqÞ�sÞ�1

where the product is extended over all prime ideals q of Qð
ffiffiffiffi
D

p
Þ and the

coe‰cients are defined by

bðqÞ ¼ aq if q splits and ðq;MÞ ¼ 1ð14aÞ

bðqÞ ¼ a2q þ 2qk�1 if q inert and ðq;MÞ ¼ 1ð14bÞ

Indeed, for splits primes q, we know by (12) that aq ¼ aq, so the factor

ð1� aqq
�s þ qk�1�2sÞ�1 occurs twice in Lð f ; sÞLð f ; sÞ, and since there are two

prime ideals with norm q, it also occurs twice in the product (13). For inert

primes q, (12) tells us that aq ¼ �aq, so the corresponding local factor in

Lð f ; sÞLð f ; sÞ is

ð1� aqq
�s þ qk�1�2sÞ�1ð1þ aqq

�s þ qk�1�2sÞ�1

¼ ð1� a2qq
�2s � 2qk�1�2s þ q2k�2�4sÞ�1

¼ ð1� bðqÞNðqÞ�s þNðqÞk�1�2sÞ�1

with q ¼ ðqÞ, bðqÞ as in (14b), NðqÞ ¼ q2:

Theorem 5. Let f A Sk G0ðMÞ; :
D

� �� �
be a normalized Hecke eigen function,

where M is a square-free integer and DjM, D1 1 ðmod 4Þ is a fundamental

discriminant of K ¼ Qð
ffiffiffiffi
D

p
Þ of class number one. Let

LðiDð f Þ; sÞ ¼
X

m
cðmÞNðmÞ�s; Re s >

k

2
þ 1
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be the associated Dirichlet’s series to iDð f Þ, where iDð f Þ is as defined in theorem

(3) and the summation is over all integral ideals m of K. Then

LðiDð f Þ; sÞ ¼ Lð f ; sÞLð f ; sÞ:

Proof. As we know, by the definition of cðaÞ, for primes pFN,

cðpÞ ¼
ap if p splits:

a2p þ 2pk�1 if p is inert:

�

Also, using the Euler product of Lð f ; sÞLð f ; sÞ, we find that LðiDð f Þ; sÞ and

Lð f ; sÞLð f ; sÞ agree up to finitely many Euler factors, but they satisfies the same

functional equation. Hence they are equal. r
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