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ON DOI-NAGANUMA LIFTING

By

Balesh KumMar and Murugesan MANICKAM

Abstract. In this paper, we extend the Doi-Naganuma lifting as
suggested by Kudla [4], on the lines of Zagier’s work [6]. For each
fundamental discriminant D associated with a real quadratic field,
we prove that there exists a Hecke-equivarient map 1p which maps
the mth Poincare series of weight k, level M and character yp = (5)
into a Hilbert cusp form of weight k, level M /D associated with
the real quadratic field of discriminant D of class number one.
Through this, we get its adjoint 7}, with respect to the Petersson inner
product.

1. Introduction

In [6], Don Zagier derived the adjoint of the Doi-Naganuma lift by com-
puting its explicit action on Poincare series. More precisely, he considered the
space Sy (D, xp) of all cusp forms of weight k, level D, character y, = (3), (D >0
is a fundamental discriminant) and proved that the mth Poincare series in
Sk(D, xp) maps into an explicit Hilbert cusp form w,, in S/*(SL,(O))—the space
of Hilbert cusp forms of weight &, level 1 associated with the real quadratic field
of discriminant D. He proved that Hecke-eigenforms correspond to each other
under the Doi-Naganuma lift.

In this paper, we prove that for each fundamental discriminant D, there
exist a Hecke-equivarient map i1p, which maps the space Sx(M,yp) into
SZ{(I;O(M /D))—the space of Hilbert cusp forms of weight &, level M /D, where
M 1is a square-free positive integer divisible by D. We prove that 1p takes the
mth Poincare series in Sg(M, xp) into a similar kind of Hilbert cusp form w,, in
S}(To(M/D)) and then we prove that it is an Hecke equivarient map.
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In his paper [4] Kudla mentioned the possibility of an extension lift of
Zagier’s type for arbitrary level and character. We treat the case where the level
is a square free integer M and for each positive squarefree divisor D =1 (mod 4)
of M, we construct appropriate Hilbert cusp form w,, and prove our results as
done in [6]. The above results can also be seen in terms of Galois representations.
For this, we refer to E. Ghate [3].

2. Definition and Properties of w,,

We will use the following notation:
a real quadratic number field;
the discriminant of K;

the different of K (the principal ideal (v/D));

K

D

O  the ring of integers of K;

I\

x' the Galois conjugate over Q of an element x € K;

N(x) the norm of x, N(x) = xx;
H  the upper half plane {ze C|Imz > 0};
V4 the set of integers
k a fixed even integer > 2
For an integer m > 0 and for zy,z; € H, we define
(1) wn(z1,22) = Z; bez,sevt(anzy + Az + X'y + )7,
N(/l)—l\zj‘ba:m/D

where the summation is over all (a,b, ) satisfying the given conditions, and the
notation "' indicates that, for m = 0, the triple (0,0,0) is to be omitted. It can
be easily checked that, for z;,z, € H, the expression az zs + Az; + A'z5 + b never
vanishes. Indeed, azjzy + Az; + A’z +b =0 implies z; = (—A'zy — b)/(az + 1),
2l

- =b

and this is impossible since the determinant of ( p ) is <0 and that the

a
series converges absolutely. Therefore w,, is a holomorphic function in H x H.

THEOREM 1.

(i) For each integer m >0, wy(z1,22) is a Hilbert modular form of weight
k with respect to the congruence subgroup f‘o(N ) of the Hilbert modular group
SL>(O).

(ii) w, is a cusp form for m > 0.

Proor. (i) It is clear from above that w,, is holomorphic on H x H. Also it
satisfies the modularity condition as follows; for z;,z, € H,



Doi-Naganuma lift 127

(2) on((ez1 + B)/(y21 +9), (&' 22+ ')/ (722 +0"))

= (yz1 +0) (Y22 + ") Wm(z1, 22)

b
as follows. For any matrix M = (CCI d) € GL,(R), let
o d .
¢M(Z],Zz) = (det M) d—Zl(Zz—MZ])

= (cz1zy —azy + dz; — b) -2

where Mz, = (az; + b)/(cz1 +d);
. u B o B
One easily checks that, for 4, = ( ), Ay = ( )e GL,(R),

7 01 72 02
(3) $ar(A121, 4222) = (1121 +01) (7272 +02) s pra, (21, 22),
% 52 _ﬁz -1 : o .
where 45 = ) y = (det A42)A4;" is the adjoint of A4,. Let
—7 5

ﬂ:{M:(j g>e‘m2((’))|N|y,M*:M’}

be the set of matrices whose adjoint equal their conjugates over Q. A typical

¢  b/D
—av/D 0
Write 0 = —Av/D with 2ed7!; then ¢,,(z1,22) = D' (aziz + Az + Az + b) 2.
Hence

matrix of .o/ has the form < ) with a,beZ and Nla,0¢€O.

om(z1,22) = D¥? Z;efMA/Ieiim ¢M(21,22)k/2>

where Z/ indicates that, for m = 0, the zero matrix is to be omitted from
the summation. That w, satisfies the modularity condition (2) now follows
immediately from Eq. (3). Hence w,, is automatically holomorphic at the cusps
of Ty(N), by the Gotzky-Koecher principle. Therefore, w, is a Hilbert
modular form for the congruence subgroup I'y(N) of the Hilbert modular group
SL,O.

Since w,, for m >0 is a Hilbert modular form for Ty(N), we have w,, is

. . . . & .
invariant with respect to matrices ( 0 /Jl) where ¢ € O, pe O. That is
&

Om(E?z1 + e, 2y + ') = wp(z1, 22)
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Therefore, w,, has a Fourier expansion at the cusp oo of the form

(4) W (21722) = Cm0 + Zl’ebfl anezm(vzlJr",ZZ)

v>0

by the Gotzky-Koecher principle.

B

o
L =
et be W <y 5

> € SL,(K) then

(@nlW)(z1,22) = D (pzy +0) (Y22 +6") 7 Z; Mew bWz, W'z)

et M\=—m

/
= D*/? Z Med ¢W/*MW(ZI;Z2)k/2

det M=—m
— pk/2 ’M » 21,2 k/2
Zdet ]\;:im ¢M( : 2)
where
oA =WrAW
=wlagw

:W”{M:(Zﬁ)@%&MNWJW:MﬁW'

A typical matrix M € .o/; has the form

(0  b/D
M_(—a\/ﬁ 0

Writing 0 = 2v/D, we obtain

), ek, abeQ.

(wm| W)(Zlyzz) = Z/ (a,b, 7)€L, (612122 +Az1 + /1/22 =+ b) —k
N(i)—ab=m/D
where L C Q x Q x K is the lattice (i.e. free Z-module of rank 4) of triples
D byD
—ayD —)'\/D

a cusp form, enough to show that ¢, =0 for the cusp at oo, because of

(a,b,2) for which W’< >W1 e M>(0). To show that w,, is

the similarity between (w,|W)(zi,z2) and wp(z1,z2), it will be clear that the
method used to find the fourier expansion of w,, can be applied to prove that
(wm|W)(z1,22) has a Fourier series whose constant term vanishes. The Fourier
coefficients of w,, for the cusp at oo will be computed in the next section.

O



Doi-Naganuma lift

3. The Fourier Coefficient of w,,

THEOREM 2. For m > 0, the Fourier coefficient of ¢y of wn(z1,z2) defined

by Eq. (4) is given by

e = 20/ = DD 3 enpp !+ 27D I N G) ) D

N(OWD/r)=—m

x Z:O:LNWa_le,l((4n/a)«/(mN(v)) /D)G,(m, )

if v>0 and is zero otherwise, where Jy_; is the Bessel function of order k — 1

defined by
Jea(t) = 7 (=) /27 [+ k- 1)

and G,(m,v) is the finite exponential sum

Ga (ma V) = Z ).eb’]/a(? eZHi i)/
A" =m/D(mod aZ.)

Proor. For m > 0, write
— a
wm(ZhZZ) = ZanVN\a CUm(Z],Zz)

o0
=’ (z1,22) +2 Za:l,N\a wl(z1,22),

where

/! —
(5) wp(21,22) = E bez.ien (az1zy + Az + Az + b)7F,
22! —ab=m/D

Observe that w? satisfies the periodicity property, that is w?(z; + 0,z + 6') =

wf(z1,22) (0 € O), and hence each ] has a Fourier expansion

<6) w)i(ZleZ) = Zveb’l c}ivezm(vzl+v/22)

The Fourier coefficients of w,, are then given by

_ 0 E O a
Cmy = Cpyyy + 2 a=1 cmv

The rest of the proof follows by the following two propositions as done in [6].
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PROPOSITION 1. For m >0, ved !, the Fourier coefficient 0 defined by
(6) is zero unless v>0 and v=rA with reN, Led™', JA =m/D, in which

case

& =205 e = i)/ (k= 1)

my )

PROPOSITION 2. For m >0, ved ', a >0, the fourier coefficient ¢ defined

my
by (6) is zero unless v> 0 and is then given by

e = 2n) T (k= DY fa) (N (v) /m) <72
X Ga(m,v)Jk_l((47z/a) (WIN(V))/D) 0

4. Poincare Series for T'o(M)

Let M be a square-free positive integer. Let D be the fundamental dis-
criminant of a real quadratic field K such that D =1 (mod 4) and dividing M.
Let y:Ty(M) — {1} be such that

(8 ) =ca=ca ((¢ })enon).

where € = ¢p is the fundamental character of K with €(p) = (5) for p f2D. The
space Sg(T'o(M), ) is usually denoted by S(M,k,¢). For x/y,x'/y' e QU {o0}
with (x', ') = (x, y) = 1, the equation

x'/y" = (ax + by)/(cx + dy), (CCI Z)eFO(M)

can be solved if and only if (y,M)=(y',M). The equivalence classes of
QU {oo} modulo T'o(M) are thus described by the positive divisiors of M. Let
D; be a divisior of D. Let the cusp P be given by DN, (N = M /D) and write
D, = D/Dy; then (D1N, D;) = 1, since M is square-free, and we can find p,q e Z
such that pD|N + gD, = 1; choose

™) Ap= ( oy ! ) € SL,(2)

The cusp P is easily checked to have width D,. we will denote the cusp simply
by D;N; thus for f e S(M,k,e) and D||D we have the Fourier expansion

(f|A511N)(z) = Z:C:I anDlN(f)eZninz/Dz
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The coefficients a?V(f) being independent of the choice of p, ¢ in (7) and
given by
(8) al ™ (f) = ((4nn)*~" )k = 2))D*(f, GP'V)

where (f, GP'V) denotes the Petersson inner product of f with G”*V where G2V
is the nth Poincare series at the cusp DN defined by

- — . —k 2ninAz
(9) G =273 KA AV (A, 2) el

_ o DN 2nimz
- Zm:l g’m}’ ¢
L1z
where I'=To(M), Tpy=Apnx[AplyN , j(A4,z) = (cz+d), where

4 b 0 1
A:<c d)eSLz(Z).
G = O+ 20(=) (D) YT 1 HEN ()
x Ji1((4n/ )/ Tmn) [ D),
10) B2V ) = S (A (4 ) ) e,

(d,c)=1

Let M >1 be a square-free integer. Let D be a fundamental discriminant
dividing M, that is, D|M. Let y be the fundamental character which is a
quadratic character of the associated quadratic field K. Write N := M/D.

PRrROPOSITION 3.

(i)

a b ; -1 -1
HD'N = (aD'N -1 Jomod a A—l 2ri(aDyN) ™" (naD5 " +md)
N (n,m) = (aDiN)™) éil,ull)'ll\lf))livl)x ov\apn a))¢

_1{aD\N\ ( N —d
= ((,ZDlN) ! ( > (_) d(mod aD\N <_)
D, D, Z (Ez,aDIN)I:1> D,

27i(aD\N) ™! (nDy'd =1 +md)

X e
(i) Write

(11)  Hp(n,m) = ZD f):(/?lz?z)fl(W(Dﬁ/Dz)Hb%' (n/Dy,m), as defined in [6],
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then

N
Hyanon) = Y pops (5 (D2)/ D) 1250/ Do),

where (D,) is the Gauss sum defined by

(%)m if Di=Dy=1 (mod 4)

X o
lp(Dz) = (_>8—27UDM/D2 _
Zx(mod D)\ D, —i(ﬁ—;)\/sz if D =D;=3 (mod4)

@) ()

D —
Proor. (i) Since Apy =( > P )eSLy(Z), pDiN + qD> = 1. There-
DlN q
fore
o [a b aq + pc bq +dp
= Co(M
DIN(C d> <—aD1N+CD2 —bD1N+dD2 € 0< )

only if Dj|a (since ¢ = D|N.)

So a is determined by (mod ¢D;) by ad =1 (mod ¢), Dsla. So
4 (a b B _(aq+ pc
X(AD1N<C d)) =e€(aq + pc) = ( D )
+ pc\ (aq + pc
D D,

aq

_(Z\ (N (N

TA\D,/\Dy/\ D,
where in the last line we have used the quadratic reciprocity and DD, =1
(mod 4) to set (%) (g—f) = (5—11) Therefore
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DN\ (N —d
HDIN Dv\)/ }"2D ,m) = aD{N - (a : )(_) mod a (_)
BN@/Dm = @) (B (5) Samesan (5

> eZm'(uDlN) - ((DW')/(r*Dy) Dy d =1 +md)

(ii) Follows by the definition of Hjp(n,m). O
PROPOSITION 4. See [6]. For ameZ, ve !, a>0,
(a\/_D‘)ilGa(m) V) = Zr‘v r‘u Ha/r((va/)/727m)'

where G,(m,v) is the sum defined as in theorem (2), and Hy(n,m) is the sum as
defined in eqn (11).

5. The Doi-Naganuma Lifting

Let M >1 be a square-free integer. Let D be a fundamental discriminant
dividing M. Let y;, be the fundamental quadratic character associated with the
quadratic field K = Qv/D of class number one. Write N := M /D and S (T'o(N))
denote the space of Hilbert cusp forms of weight k& for the congruence subgroup
[o(N) for the Hilbert modular group SLy(0). Let f € Si(M, ), then the Doi-
Naganuma lifting of f is defined by

lD(f) == Z‘,Ebfl C((V)D)ezni(l’21+\z’zz)7

v>>0

where

N
_ k-1 AV k=1 DN ~
((90) =D ZDz(D,N(V)N(D)/m)(Dz)w(Dz)Dz A ) /20s) )
(D1|D)

and where the first sum is over all positive integers r dividing (v)d, the second
sum over all positive integers dividing D and N((v)d)/r?, Dy = D/D, and (D)
is the Gauss sum defined as in proposition 3.

THEOREM 3. Let m > 1 be an integer. Let G, be the mth Poincare series
for the cusp at oo of To(M) with character yp, then i1p(Gy) = (k—1)!/
(2(27z)k)(—1)k/2wm € SZ{(IZ'O(N)) where wy, is as defined by (1).
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Proor. It suffices to show that c¢((v)d) = (k— )!/(227)")(=1)"%¢c,p.
Now

N
_ k-1 k—1_DiN
A= s Do, o (D_z) V(D2) Dy a3y n oy r22) ()

N
_ k—1 k—1 2 k—1
=3 oy (5, HPIDE 4D 72)

x ((k =2)1) "' Dy* (G, G, 12p,)) bY Ean (8)

(Dw")/(r*D5)

:Z e IZD2|D(DW )/r) (l])\])‘//(DZ)Dz (4m(DW')/(*Dy))*""!

_ k— .
x ((k —=2)) "' (k —2)!/(4mm)"* " (m-th coefficient of G%f:})/(ﬂl)z))

= o e () HDIDS (D)D)

x {m,Mé(DWWDZ),m +21(=1)"2(mDy) V2 (W) /(7 D)) V2
1 HPY(DW)/(r2Da), m)Ji (4n/a) <mva'>/<r2D§>>}
=3 s O (Pm) S

Yo Lo (P25 ()07

x {27:(—1)"/2(sz>“1>/2<<va’>/<r2Dz>><“>/2
i HPY((DW)/(PDa),m) i1 (4n/a) <mva/>/<r2D§>>}
=X f0vP A S (€20 V0 R G Vi NN

1 HPN(DW)/ (7 D2)m)
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- k k— ©
= qov D) m) IRy S
N(V\/B/r):—m

N _
%S b0, (D—z)wwz)Dz LR (D) /(2 Da)m)
((1, Dz)ZI

X Ji—1((4n/(aDNrD,))VmDw')

= s P R (0w Y S
N(/D/r)=—m

x Hyn ((DW') /r*, m)Ji_1((4n/(aNr))+/(mw') /D) by proposition 3(ii).

_ 0 -1
=D qovs 2D (D) m) IRy L VD
N(wD/r)=—m Nla

x Zruv) 5 VDH,;,((Dw') /12, m)Ji_1((4n/a)/(mvv') /D)

rla

_ Z r‘(v)\/B Vk_l + 2n(—1)k/2D(k/2)_1 (N(v)/m)(kfl)/z

N(V/D/r)=—m
x Z%J a ' Goy(m,v)Ji_1((4n/a)/(mN(v))/D), by Proposition 4

= ((k — 1))/ ) (=1,

Hence the theorem. |
THEOREM 4. 1p sends Hecke eigenforms to Hecke eigenforms.
Proor. Follows similar to that given in [2]. O

We now describe the relationship of Theorem 3 to the analogous construction
of K. Doi and H. Naganuma [1] [5]. Let f(z) = Y,", a,e®™ € Sk (To(M), (3))
be a cusp form of weight k, where D(D|M) is the discriminant of real quadratic
field K = Q(v/D) of class number one. We assume that f is an eigen function of
all the Hecke operators T, normalized with a; = 1 then the associated Dirichlet’s

series

L(f,s) = Z:;l an (Res>1)
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has an Euler product expansion of the form

=T - (53¢ )

(product over all rational primes ¢, N = M /D). Consider the series
- o0 _ —s
L(f,S) = Zn:l dutt
whose coeflicients are the complex conjugates of those of L(f,s). More precisely,

(12) a, = (%)an, (n, M) = 1
Consider
(13)  ®(s) = L(f,5)L(f,s)
=TI, (1 — N @+ M@ ) T (1 - bV (@) )

where the product is extended over all prime ideals q of Q(v/D) and the
coefficients are defined by

(14a) b(q) =ay if ¢ splits and (¢, M) =1
(14b) b(q) = ag + 24" if ¢ inert and (¢, M) =1

Indeed, for splits primes ¢, we know by (12) that a, =a, so the factor
(1 —a,q +¢*1"2)"" occurs twice in L(f,s)L(f,s), and since there are two
prime ideals with norm ¢, it also occurs twice in the product (13). For inert
primes ¢, (12) tells us that a, = —a,, so the corresponding local factor in

L(f,S)L(f_7S) is
(1 — aqq73‘ -+ qkflflx')*l(l + aqq7S + qkflfzs)fl
= (1 _ azquS _ 2qk7172‘\' +q2k7274‘\')—]
q
= (1 =b(q)N(q) "+ N(@) )"
with q = (¢), b(q) as in (14b), N(q) = ¢°.

THEOREM 5. Let f € Sp(To(M),(3)) be a normalized Hecke eigen function,
where M is a square-free integer and D|\M, D =1 (mod 4) is a fundamental
discriminant of K = Q(v/D) of class number one. Let

L(ip(f),s) = Zm c(m)N(m)™, Res> %—i— 1
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be the associated Dirichlet’s series to ip(f), where ip(f) is as defined in theorem
(3) and the summation is over all integral ideals m of K. Then

L(iD(f)ﬂS) = L(f,S)L(]F,S)

ProoF. As we know, by the definition of c¢(a), for primes pt N,

a, if p splits.
c(p) = ay +2p*=1 if p is inert.
Also, using the Euler product of L(f,s)L(f,s), we find that L(ip(f),s) and
L(f,s)L(f,s) agree up to finitely many Euler factors, but they satisfies the same
functional equation. Hence they are equal. O
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