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THE WEIERSTRASS SEMIGROUPS ON DOUBLE
COVERS OF GENUS TWO CURVES

By

Takeshi Harul, Jiryo KomeDpA and Akira OHBUCHI

Abstract. We show that three numerical semigroups <5,6,7,8>,
{3,7,8) and (3,5) are of double covering type, i.e., the Weierstrass
semigroups of ramification points on double covers of curves. Com-
bining the result with [7] and [4] we can determine the Weierstrass
semigroups of the ramification points on double covers of genus two
curves.

1. Introduction

Let Ny be the additive monoid of non-negative integers. A submonoid H of
Ny is called a numerical semigroup if its complement No\H is a finite set. The
cardinality of No\H is called the genus of H, which is denoted by g(H). For any
positive integers aj, ds, ...,a, we denote by <aj,a,...,a,y the additive monoid
aNo + aNo + - - -+ a,Ny generated by aj,a,...,a,. A numerical semigroup
of genus 2 is either <2,5) or <{3,4,5), which plays an important role in this
article.

Let C be a complete nonsingular irreducible curve over an algebraically
closed field of characteristic 0, which is called a curve in this paper. For a point
P of C, we set

H(P) = {x e Ny |there exists a rational function f on C with (f) = aP},
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which is called the Weierstrass semigroup of P. It is known that the Weierstrass
semigroup of a point on a curve of genus g is a numerical semigroup of
genus g.

For a numerical semigroup H we denote by d>(H) the set consisting of the
elements iz/Z with even 4 e H, which becomes a numerical semigroup. A nu-
merical semigroup H is said to be of double covering type if there exists a double
covering 7: C — C of a curve C with a ramification point P e C over Pe C
satisfying H(P) = H. In this case we have d>(H(P)) = H(P) (for example, see
Lemma 2 in [3]). We are interested in numerical semigroups of double covering
type. Let Hy be a numerical semigroup of genus § with dz(ﬁo) = Ny where the
genus of Ny is 0. Then the semigroup Hj is <2,2§ + 1), which is the Weierstrass
semigroup of a ramification point P on a double cover of the projective line
where the covering curve is of genus §. Hence, Hy is of double covering type.
Let H, be a numerical semigroup of genus § with d>(H;) = <{2,3) where (2,3) is
the only one numerical semigroup of genus 1. Then the semigroup H, is either
{3,4,5> or<3,4> or<4,5,6,7> or <{4,6,2g — 3> with g > 4 or <4,6,2g — 1,2g + 1)
with § > 4. We can show that there is a double covering of an elliptic curve with
a ramification point whose Weierstrass semigroup is any semigroup in the above
ones (for example, see [2], [4]).

Let H, be a numerical semigroup of genus § with g(dy(H)) = 2. Oliveira
and Pimentel [7] studied the semigroup H>, = <6,8,10,n) with an odd number
n > 11. They showed that the semigroup H, is of double covering type. In this
case we have dy(H,) = (3,4,5). Moreover, in [4] we proved that any numerical
semigroup H, with dy(H,) = (3,4,5) except H, = {5,6,7,8>, (3,7,8>, (3,5
and ¢3,5,7) is of double covering type. The semigroup <(3,5,7) is not of double
covering type, because of the fact that ¢(<3,5,7)) =3 < 2-2. Using the result
of Main Theorem in [6] every numerical semigroup H, with dy(H,) = (2,5 is of
double covering type. In this paper we will study the remaining three numerical
semigroups. Namely we prove the following:

THEOREM 1.1. The three numerical semigroups {5,6,7,8>, (3,7,8> and {3,5)
are of double covering type.

Combining this theorem with the results in [7] and [4], we have the following
conclusion:

TueOREM 1.2. Let H be a numerical semigroup with g(ds(H)) =2. If H #
{3,5,7>, then it is of double covering type, and vice versa.
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2. Proof of Theorem 1.1

To prove that the three numerical semigroups are of double covering type
we use the following theorem which is stated in Theorem 2.2 of [5].

THEOREM 2.1. Let H be a numerical semigroup. We set
n=min{he H|h is odd}.
Then we get
g(H) =2g(d2(H)) + (n = 1)/2 = r

with some non-negative integer r (for example, see Lemma 3.1 in [1]). Assume
that H = dy(H) is Weierstrass. Take a pointed curve (C,P) with H(P) = H. Let
Qi,...,0, be points of C different from P with h°(Q; +---+ Q,) = 1. Moreover,
assume that H has an expression

H=2H+n,n+2hL,....,n+2L>
of generators with positive integers Iy, ..., Iy such that
WP+ Q14+ 0) = (= )P+ Q1+ -+ 0)) +1

for all i. If the divisor nP —2Q; — - -+ — 20, is linearly equivalent to some reduced
divisor not containing P, then there is a double covering m:C — C with a
ramification point P over P satisfying H(P) = H, hence H is of double covering
type.

Proor. By seeing the proof of Theorem 2.2 in [5] we may replace the as-
sumption in Theorem 2.2 in [5] that the complete linear system |[nP —2Q; —---
—20,| is base point free by the above assumption that the divisor nP — 20,
—---20Q, is linearly equivalent to some reduced divisor not containing P. O

Now we prove Theorem 1.1 in each case.

Case 1. Let H = (5,6,7,8>. Then we have H = dy(H) = {3,4,5) and g(H)
=5=2.24(5-1)/2—1. Moreover, we have H=2H +{5,54+2-1). Let C
be a curve of genus 2 and : the hyperelliptic involution on C. If we take a general
point P of C with H(P) = (3,4,5), then we may assume that 3(P — i(P)) + 0.
Indeed, assume that 3(P — 1(P)) ~ 0 for all point P with H(P) = <3,4,5). Then
there are distinct points P; and P, with H(P;) =<3,4,5), i=1,2 such that
Py —i(P)) ~ P, —i(P;), because the number of the linearly equivalent classes
of the divisors D of degree 0 satisfying 3D ~ 0 is finite. Hence, we get
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Py +1(P;) ~ P, +1(Py), which implies that P;+i(P;) ~ Py +1(P;). This is a
contradiction. Now we have h°(P+1(P)) =2 = h°(i(P)) + 1. Moreover, if the
complete linear system |SP — 2:(P)| has a base point R, then we have R # P.
Indeed, we assume that R = P. Then we have

(5P —2:(P) — P) = h°(5P —2(P)) =3+1-2=2,
which implies that
4P — 2(P) ~ g3 ~ P+ 1(P).

Hence, we get 3(P—1(P)) ~0. This is a contradiction. We assume that
|SP — 21(P)| has a base point R. Then we get 5P — 2i(P) ~ R+ E, where E is
an effective divisor of degree 2 with projective dimension 1. In this case the
complete linear system |E| is base point free. Therefore, the divisor 5P — 2i(P) is
linearly equivalent to some reduced divisor not containing P. If |SP — 2i(P)| is
base point free, then the divisor 5P — 2i(P) satisfies the above condition. By
Theorem 2.1 the semigroup H = {5,6,7,8) is of double covering type.

Case 2. Let H=(3,7,8). Then we have H =d>(H)=(3,4,5) and
g(H)=4=2-24(3-1)/2—1. Moreover, we have H =2H + (3,3 +2-2).
We may take a pointed curve (C, P) with H(P) = <3,4,5) such that the cover-
ing ¢ : C — P! corresponding to the complete linear system |3P| has a simple
ramification point Q. Then there is another simple ramification point of ¢ by
Riemann-Hurwitz formula. Hence, we may assume that (P # Q, which implies
that P+ Q + gi. Thus, we get h°2P+ Q) =2=h"(P+ Q) + 1. Let R be the
point satisfying 20 + R ~3P. Then we have R# P and 3P—-20Q0 ~ R. By
Theorem 2.1 the semigroup H = ¢3,7,8) is of double covering type.

Case 3. Let H=(3,5). Then we have H =dy(H)=<(3,4,5) and
g(H)=4=2-24(3-1)/2—1. Moreover, we have H =2H +{3,3+2-1).
Let C be a curve whose function field is k(x,y) with an equation y* =
(x — ¢1)(x — &) (x — ¢3)%, where ¢, ¢ and ¢3 are distinct elements of k. Let
n: C — P! be the morphism corresponding to the inclusion k(x) < k(x, y). Then
C is of genus 2 by Riemann-Hurwitz formula. Let P = P}, P, P; and P4 be
the ramification points of 7. Since 7 is a cyclic covering, it induces an auto-
morphism ¢ of C with C/{c) = P'. Let 1 be the hyperelliptic involution on C.
Then we have o1 =100. Indeed, we have

(o'oloo'_l)o(aoloa_l):0010100'_1 =goo ! =id.

1

Hence, the automorphism goiog¢™ is an involution. Moreover, we have a

bijective correspondence between the sets Fix(z) and Fix(cozoc~!) sending Q
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to (Q), where Fix(z) and Fix(co1oc~!) are the sets of the fixed points by 1
and ocozoo~! respectively. Hence, coroc~! is also the hyperelliptic involu-
tion. Thus, we have co10c~! = 1. Since a(1(P)) = 1(a(P)) = 1(P), the point 1(P)
is a fixed point of o. Moreover, we have H(P) > 3, which implies that :P # P.
Hence, we have 1P = P; for some i€ {2,3,4}. Then we obtain hi°(P+ P;) =2 =

h°(P;) + 1. Moreover, we have
3P—-2P;, ~3P;— 2P, =P; # P.

By Theorem 2.1 the semigroup (3,5) is of double covering type. O
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