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A METHOD FOR FINDING A MINIMAL POINT

OF THE LATTICE IN CUBIC NUMBER FIELDS

By

Kan Kaneko

Abstract. We give a method for finding a minimal point adjacent

to 1 of the reduced lattice in cubic number fields using an isotropic

vector of the quadratic form and two-dimensional lattice.

1. Introduction

Let K be a cubic algebraic number field of negative discriminant. It is known

that to find all the minimal points of a reduced lattice R of K , it is su‰cient to

know how to find a minimal point adjacent to 1 in any reduced lattice of K (refer

to Definition 1.1 for a rigorous definition). Williams, Cormack and Seah [6]

utilized the two-dimensional lattice obtained from a reduced lattice R to find a

minimal point adjacent to 1 in R (the definition of such a two-dimensional lattice

is forthcoming in Section 2). Moreover, Adam [1] utilized an isotropic vector of

the quadratic form obtained from a basis of reduced lattice R (the definition of

such a quadratic form is forthcoming in Section 4). Later, Lahlou and Farhane

[5] generalise the Adam’s method.

In this paper, we shall prove six theorems which give candidates of a

minimal point adjacent to 1 in a reduced lattice R. In each case of the theorems,

the maximum number of candidates j A R such that we must check whether

FðjÞ < 1 or not is at most four. Also, such six theorems contain all the occuring

cases.

Definition 1.1. (1) Let 1; b; g A K be independent over Q. We say that

R ¼ h1; b; gi ¼ Zþ Z:b þ Z:g is a lattice of K with basis f1; b; gg.
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(2) For a A R we define F ðaÞ ¼ NKðaÞ
a

¼ a 0a 00, where NK denotes the norm

of K over Q, and a 0 and a 00 the conjugates of a.

(3) Let R be a lattice of K , and let jð> 0Þ A R. We say that j is a minimal

point of R if for all a in R such that 0 < a < j we have F ðaÞ > FðjÞ.
(4) Let R be a lattice of K and j;c A R be a minimal point. We

say that c is a minimal point adjacent to j in R if c ¼ minfa A R; j < a;

F ðjÞ > FðaÞg.
(5) If R is a lattice of K in which 1 is a minimal point, we call R a reduced

lattice.

2. Basis of Reduced Lattice (I)

Definition 2.1. Let a A K . We define Ya :¼ Re a 0, Za :¼ Im a 0, Xa :¼
a� Ya. Let l A K , m A KnQ. We define o1ðl; mÞ :¼ �ðZl=ZmÞ, o2ðl; mÞ :¼
�Yl � o1ðl; mÞYm.

Remark. In [6] Ya ¼ Im a 0, Za ¼ Re a 0:

Proposition 2.2. Let a A K , c A Z. Then

(1) F ðaÞ ¼ Y 2
a þ Z2

a .

(2) a B Q ) Ya, Xa A K �Q, Za B Q.

(3) K C 1; l; m are independent over Q ) o1ðl; mÞ B Q.

(4) K C 1; l; m are independent over Q ) 1;Xl;Xm are independent over Q.

(5) K C 1; l; m are independent over Q ) det
Xl Xm

Zl Zm

� �
0 0.

(6) Let a B Q. Then

(i) �1 < Yaþc < 1 , c ¼ ½�Ya� or ½�Ya� þ 1,

(ii) Y½�Ya�þa < 0, Y½�Ya�þ1þa > 0,

(iii) jY½�Ya�þaj < 1=2 or jY½�Ya�þ1þaj < 1=2.

Proof. (3) Let K ¼ QðyÞ and l ¼ a0 þ a1yþ a2y
2 ðai A QÞ, m ¼ b0 þ b1yþ

b2y
2 ðbi A QÞ. Then we have

Zl ¼
1

2i
ðl 0 � l 00Þ ¼ 1

2i
fa1ðy 0 � y 00Þ þ a2ðy 02 � y 002Þg

¼ 1

2i
ðy 0 � y 00Þfa1 þ a2ðy 0 þ y 00Þg ¼ Zyfa1 þ ðTK=QyÞa2 � a2yg ði2 ¼ �1Þ:
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Similarly we have Zm ¼ Zyfb1 þ ðTK=QyÞb2 � b2yg. Suppose that

o1ðl; mÞ ¼ �Zl

Zm
¼ � a1 þ pa2 � a2y

b1 þ pb2 � b2y
¼ r A Q ðp ¼ TK=QyÞ:

Then we have

rðb1 þ pb2 � b2yÞ ¼ �ða1 þ pa2 � a2yÞ; rb1 þ rpb2 þ a1 þ pa2 � ðrb2 þ a2Þy ¼ 0:

Hence rb2 þ a2 ¼ 0, rb1 þ a1 ¼ 0, so a0 þ rb0 � l� rm ¼ 0.

Since 1, l, m are independent over Q, we have reached a contradiction.

Therefore we have o1ðl; mÞ B Q.

(5) Since 1, l, m are independent over Q, by algebraic number theory

det

1 l m

1 l 0 m 0

1 l 00 m 00

0
B@

1
CA0 0. Moreover, det

1 l m

1 l 0 m 0

1 l 00 m 00

0
@

1
A¼ 2iðXlZm � XmZlÞ.

Therefore we have XlZm � XmZl 0 0.

Otheres are easily deduced from definitions. r

Definition 2.3. Let R be a reduced lattice of K . For R C a we define

að1Þ :¼ ½�Ya� þ a; að2Þ :¼ ½�Ya� þ 1þ a; að3Þ :¼
að1Þ if jYað1Þ j < 1=2

að2Þ if jYað2Þ j < 1=2

�
;

að0Þ :¼ a� ½a�, where ½. . .� is the greatest integer function.

Note that jZaj <
ffiffiffi
3

p
=2 ) F ðað3ÞÞ < 1.

Let R ¼ h1; b; gi be a reduced lattice of K . Let t : K ! R2 be the Q-linear

map defined by at ¼ ðXa;ZaÞ. Note that for a1; a2 A R, at
1 ¼ at

2 , there exists

some c A Z such that a2 ¼ cþ a1. Let L :¼ Rt ¼ hbt; gti. By Proposition 2.2,(5)

L is a two-dimensional lattice. Moreover, by Proposition 2.2,(3)(4) L has the

following property ðDÞ:

ðDÞ LV ðf0g � RÞ ¼ LV ðR� f0gÞ ¼ fð0; 0Þg:

Now we prepare two lemmas about the two-dimensional lattice which has

property ðDÞ from Delone’s supplement I in [2].

Definition 2.4. Let LðHR2Þ be a two-dimensional lattice which has

property ðDÞ. (1) For R2 C S ¼ ðSu;SvÞ0 ð0; 0Þ we define CðSÞ :¼ fðu; vÞ A R2;

juj < jSuj; jvj < jSvjg: Then we say that S A L is a minimal point of L if
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LVCðSÞ ¼ fð0; 0Þg. The system of all the minimal points of L we denote by

MðLÞ. We put MðLÞ>0 :¼ fP A MðLÞ;Pu > 0g.
(2) Let SðSu > 0Þ, QðQu > 0Þ A L be a minimal point of L. We say that Q is

a minimal point adjacent to S in L if Qu ¼ minfPu;P A L;Su < Pu; jSvj > jPvjg.

Lemma 2.5. Let LðHR2Þ be a two-dimensional lattice which has property ðDÞ.
Let L C S;Q ðSu > 0;Qu > 0Þ. Then Q is a minimal point adjacent to S in L if and

only if L ¼ hS;Qi, Su < Qu, jSvj > jQvj, SvQv < 0.

Proof. From Theorem XI,XII,XIII in [2, p. 467–469]. (cf. Theorem 4.1 in

[9]). r

Lemma 2.6. Let LðHR2Þ be a two-dimensional lattice which has property ðDÞ
and let E;G;H A L. We assume that G is a minimal point adjacent to E and that

H is a minimal point adjacent to G. Then we have H ¼ E þ ½�Ev=Gv�G.

Proof. From supplement I, Section 3, 34 in [2, p. 470]. r

Proposition 2.7. Let R be a reduced lattice of K , and let L :¼ Rt. Then

there exists a basis f1; l; mg of R such that lt is a minimal point adjacent to mt in

L, 0 < Xl, Fðlð3ÞÞ < 1, Fðmð3ÞÞ > 1.

Proof. Let R ¼ h1; b; gi. For e > 0, we shall consider a rectangular

neighbourhood of ð0; 0Þ, i.e. Wðe;
ffiffiffi
3

p
=2Þ ¼ fðu; vÞ A R2; juj < e; jvj <

ffiffiffi
3

p
=2g. By

Minkowski’s convex body theorem, there exists e > 0 such that LVWðe;
ffiffiffi
3

p
=2Þ0

fð0; 0Þg. We take such a e > 0 and fix it. We put W ¼ Wðe;
ffiffiffi
3

p
=2Þ. Then there

exists Q ¼ ðQu;QvÞ A LVW such that Qu ¼ minfPu;P A LVW ; 0 < Pug. Note

that such a Q A L is uniquely-determined. We have LVCðQÞ ¼ fð0; 0Þg. Hence

Q is a minimal point of L. There exists S A L such that Q is a minimal point

adjacent to S in L. By Lemma 2.5, fS;Qg is a basis of L. Since both fS;Qg

and fbt; gtg are a basis of L, there exists
p q

r s

� �
A GL2ðZÞ such that

ðQ SÞ ¼ ðbt gtÞ p q

r s

� �
. We have Q ¼ pbt þ rgt ¼ ðpb þ rgÞt. Similarly, we

have S ¼ ðqb þ sgÞt. We define l; m A K by ðl mÞ ¼ ðb gÞ p q

r s

� �
. Then we have

R ¼ h1; l; mi, Q ¼ lt, S ¼ mt. Since Q ¼ ðQu;QvÞ ¼ lt ¼ ðXl;ZlÞ, from jZlj <ffiffiffi
3

p
=2, we have F ðlð3ÞÞ < 1. From this, if we put RF :¼ fa A R; at A MðLÞ>0;

F ðað3ÞÞ < 1g, then RF 0q. Let Wðe; 1Þ :¼ fðu; vÞ A R2; juj < e; jvj < 1g. As
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Wðe;
ffiffiffi
3

p
=2ÞHWðe; 1Þ, we have 1 < jRt

F VWðe; 1Þj < y. Hence there exists

lt A Rt
F VWðe; 1Þ such that Xl ¼ minfXa; a

t A Rt
F VWðe; 1Þg. Since Fðað3ÞÞ < 1 )

jZaj < 1, it is easily seen that Xl ¼ minfXa; a
t A Rt

F VWðe; 1Þg ¼ minfXa;

at A Rt
Fg ¼ minfXa; a A RFg. For this l, there exists m A R such that lt is a

minimal point adjacent to mt in L. Moreover, for such a m we have Fðmð3ÞÞ > 1.

r

Remark. Such a basis in Proposition 2.7 is easily found by modified version

of Algorithm (A) in [6, p. 581].

Definition 2.8. Let R be a reduced lattice of K , and let L :¼ Rt. We say

that l A R is a F -point of MðLÞ>0 if l A RF , Xl ¼ minfXa; a A RFg.

Lemma 2.9. Let R be a reduced lattice of K. If 0 < Xl, Fðlð3ÞÞ < 1, then we

have 0 < lð1Þ.

Proof. We assume that 0 < Xl, F ðlð3ÞÞ < 1. From 0 < Xl ¼ Xlð2Þ ¼
lð2Þ � Ylð2Þ , we have lð2Þ > Ylð2Þ > 0. Hence we have lð2Þ > 0. Suppose that

lð1Þ < 0. We have 0 < lð2Þ ¼ lð1Þ þ 1 < 1, so �1 < lð1Þ < 0. Since R is a reduced

lattice of K, we have Fðlð2ÞÞ > 1. Hence we have lð3Þ ¼ lð1Þ, so Fðlð1ÞÞ < 1. From

this, Fð�lð1ÞÞ < 1. Since R is a reduced lattice of K , we have reached a con-

tradiction. Therefore, we have lð1Þ > 0. r

Theorem 2.10. Let R be a reduced lattice of K. Then there exists a basis

f1; l; mg of R such that

(a) 0 < l < 1, �1=2 < m, FðmÞ > 1, 2jYmj < 1, 0 < Xm < Xl, 0 < o1ðl; mÞ < 1,

(b) o2ðl; mÞ > 0,

(c) F ð½o2� þ lÞ < 1 or Fð½o2� þ 1þ lÞ < 1.

Proof. By Proposition 2.7, we can take a basis f1; l; mg of R such that

lt is a minimal point adjacent to mt in L, 0 < Xl, Fðlð3ÞÞ < 1, Fðmð3ÞÞ > 1, l is

a F -point of MðLÞ>0. Clearly, R ¼ h1; lð0Þ; mð3Þi.

(a) Clearly we have 0 < lð0Þ < 1, Fðmð3ÞÞ > 1, 2jYmð3Þ j < 1, 0 < Xmð3Þ ¼ Xm <

Xlð0Þ ¼ Xl. From 0 < Xm ¼ Xmð3Þ ¼ mð3Þ � Ymð3Þ , we have �1=2 < mð3Þ. From Re-

mark 2.11 bellow, we have 0 < o1ðl; mÞ < 1. Since o1ðlð0Þ; mð3ÞÞ ¼ �ðZlð0Þ=Zmð3Þ Þ ¼
�ðZl=ZmÞ ¼ o1ðl; mÞ, we have 0 < o1ðlð0Þ; mð3ÞÞ < 1.

(b) Proof of ‘‘o2ðlð0Þ; mð3ÞÞ > 0’’.
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(i) The case lð1Þ ¼ ½�Yl� þ l > 1. lð1Þ ¼ ½�Yl� þ l ¼ ½�Ylð0Þ � þ lð0Þ > 1.

Hence �Ylð0Þ > 1. From this and from 0 < o1 < 1, jYmð3Þ j < 1=2 we have

o2ðlð0Þ; mð3ÞÞ ¼ �Ylð0Þ � o1ðlð0Þ; mð3ÞÞYmð3Þ > 0.

(ii) The case lð1Þ ¼ ½�Yl� þ l < 1. By Lemma 2.9, we have lð1Þ > 0. From

0 < lð1Þ < 1, we have Fðlð1ÞÞ > 1 because R is a reduced lattice of K . There-

fore we have Fðlð2ÞÞ < 1. Since Fðlð1ÞÞ > 1, we have Ylð1Þ < �1=2. Note that

lð1Þ ¼ lð0Þ. Hence from Ylð0Þ ¼ Ylð1Þ < �1=2 and from 0 < o1 < 1, jYmð3Þ j < 1=2

we have o2ðlð0Þ; mð3ÞÞ ¼ �Ylð0Þ � o1ðlð0Þ; mð3ÞÞYmð3Þ > 0.

(c) Proof of ‘‘Fð½o2� þ lð0ÞÞ < 1 or Fð½o2� þ 1þ lð0ÞÞ < 1’’.

(i) The case Ymð3Þ < 0. Since o2 � ð�Ylð0Þ Þ ¼ �o1Ymð3Þ > 0, we have

�Ylð0Þ < o2. From this and j�o1Ymð3Þ j < 1=2, we have ½o2� ¼ ½�Ylð0Þ � or

½�Ylð0Þ � þ 1. Note that ½o2� ¼ ½�Ylð0Þ � þ 1 ) 0 < ½�Ylð0Þ � þ 1� ð�Ylð0Þ Þ < 1=2 )
0 < Ylð2Þ ¼ ½�Ylð0Þ � þ 1þ Ylð0Þ < 1=2. Hence if ½o2� ¼ ½�Ylð0Þ � þ 1, then we have

lð3Þ ¼ lð2Þ. Therefore, we have ‘‘½o2� þ lð0Þ ¼ ½�Ylð0Þ � þ lð0Þ ¼ lð1Þ, ½o2� þ 1þ lð0Þ
¼ lð2Þ’’ or ‘‘½o2� þ lð0Þ ¼ ½�Ylð0Þ � þ 1þ lð0Þ ¼ lð2Þ, F ðlð2ÞÞ < 1’’.

(ii) The case Ymð3Þ > 0. Since o2 � ð�Ylð0Þ Þ ¼ �o1Ymð3Þ < 0, we have

�Ylð0Þ > o2. From this and j�o1Ymð3Þ j < 1=2, we have ½o2� ¼ ½�Ylð0Þ � or

½�Ylð0Þ � � 1. Note that ½o2� ¼ ½�Ylð0Þ � � 1 ) 0 < �Ylð0Þ � ½�Ylð0Þ � < 1=2 ) �1=2

< Ylð1Þ ¼ ½�Ylð0Þ � þ Ylð0Þ < 0. Hence if ½o2� ¼ ½�Ylð0Þ � � 1, then we have

lð3Þ ¼ lð1Þ. Therefore we have ‘‘½o2� þ lð0Þ ¼ ½�Ylð0Þ � þ lð0Þ ¼ lð1Þ, ½o2� þ 1þ lð0Þ
¼ lð2Þ’’ or ‘‘½o2� þ 1þ lð0Þ ¼ lð1Þ, Fðlð1ÞÞ < 1’’. r

Remark 2.11. Let R ¼ h1; b; gi, 0 < Xg < Xb. Then gt is a minimal point

adjacent to bt in L , 0 < o1ðb; gÞ < 1.

3. Basis of Reduced Lattice (II)

Definition 3.1. Let R be a lattice of K , and let f1;N;Mg be a basis of R.

We say that f1;N;Mg is normalized provided that

0 < XM < XN ; jZM j > 1=2; jZN j < 1=2; ZM � ZN < 0.

We quote Williams [9], Theorem 8.1 as Theorem 3.2 for our conve-

nience.

Theorem 3.2 (Williams [9], Theorem 8.1). Let R be a reduced lattice with

the normalized basis f1;N;Mg. If yg ¼ xþ yN þ zM ðx; y; z A ZÞ is the minimal

point adjacent to 1, then ðy; zÞ A fð1; 0Þ; ð0; 1Þ; ð1; 1Þ; ð1;�1Þ; ð2; 1Þg.
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In this paper, yg denotes the minimal point adjacent to 1 of any reduced

lattice R. We shall consider the relationship between F -point and the normalized

basis.

Theorem 3.3. Let R be a reduced lattice with the normalized basis

f1;N;Mg. If R ¼ h1; l; mi, lt is adjacent to mt, l is a F-point of MðLÞ>0

ðL ¼ RtÞ, then lt must be one of N t, ðN �MÞt, M t. Moreover,

(1) The case lt ¼ ðN �MÞt: N t ¼ ðd þ 1Þlt þ mt, M t ¼ dlt þ mt,

(2) The case lt ¼ M t: N t ¼ dlt þ mt,

where d ¼ dðl; mÞ ¼ ½1=o1ðl; mÞ�.

Proof. Recall that RF ¼ fa A R; at A MðLÞ>0;Fðað3ÞÞ < 1g, Xl ¼ minfXa;

a A RFg. By Lemma 2.5 and Definition 3.1, we have N A RF . Hence, we have

Xl aXN . Since L ¼ hN t;M ti ¼ hlt; mti, there exists a; b A Z such that lt ¼
aN t þ bM t.

(i) The case a < 0. Since Xl > 0, we have b > 0. Moreover, since jZlj ¼
jaZN þ bZM j ¼ jaj � jZN j þ b � jZM j < 1 and 1=2 < jZM j, we have ba 1. There-

fore b ¼ 1. Hence Xl ¼ aXN þ bXM ¼ aXN þ XM ¼ XM � jaj � XN < 0. Therefore

the case (i) is impossible.

(ii) The case a ¼ 0. Since Xl ¼ aXN þ bXM ¼ bXM , we have b > 0. Since

jZlj ¼ bjZM j, we have b ¼ 1. [i.e. ða; bÞ ¼ ð0; 1Þ]
(iii) The case ab 1; ba 0. Since jZlj ¼ ajZN j þ jbj � jZM j < 1, we have

jbja 1.

1) The case b ¼ �1. Since Xl ¼ aXN � XM ¼ ða� 1ÞXN þ ðXN � XMÞ, if

ab 2, then we have Xl > XN , which is impossible. Therefore, we have a ¼ 1. [i.e.

ða; bÞ ¼ ð1;�1Þ]
2) The case b ¼ 0. Since Xl ¼ aXN ¼ ða� 1ÞXN þ XN , if ab 2, then we

have Xl > XN , which is impossible. Therefore, we have a ¼ 1. [i.e. ða; bÞ ¼
ð1; 0Þ]

(iv) The case ab 1, bb 1. We have Xl ¼ aXN þ bXM > XN , which is im-

possible. Therefore, the case (iv) is impossible.

By (i) to (iv), we conclude that lt ¼ aN t þ bM t ¼ M t or ðN �MÞt or N t.

(a) The case jZlj < 1=2. Since jZmj >
ffiffiffi
3

p
=2 > 1=2, we have lt ¼ N t,

mt ¼ M t.

(b) The case jZlj > 1=2. Since lt 0N t, we have 0 < Xl < XN . Hence we

have lt ¼ ðN �MÞt or M t.

(b-1) The case lt ¼ ðN �MÞt. We have

(1.1) Xl ¼ XN�M < XM < XN .
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Because if XM < Xl ¼ XN�M < XN , then from XM < XN�M , jZM j < jZN�M j,
we have LVCððN �MÞtÞ ¼ LV fðu; vÞ A R2; juj < XN�M ; jvj < jZN�M jg C M t 0

ð0; 0Þ. Since lt ¼ ðN �MÞt A L is a minimal point, we have reached a con-

tradiction. Therefore we have Xl ¼ XN�M < XM < XN . By Remark 2.11 we

have 0 < o1ðN;MÞ < 1. Since o1ðM;N �MÞ ¼ 1

o1ðN;MÞ þ 1
, we have 0 <

o1ðM;N �MÞ < 1. From this, if XN�M < XM , then M t is adjacent to

ðN �MÞt. Note that R ¼ h1;M;N �Mi. Hence we have

(1.2) XN�M < XM , M t is adjacent to ðN �MÞt.
Since M t is a minimal point adjacent to lt, and lt is a minimal point

adjacent to mt, by Lemma 2.6 we have M t ¼ mt þ ½�ðZm=ZlÞ�lt. We put

d ¼ ½�ðZm=ZlÞ� ¼ ½1=o1ðl; mÞ�. We have M t ¼ mt þ dlt. From lt ¼ N t �M t,

we have N t ¼ mt þ ðd þ 1Þlt. Therefore we obtain formulas: M t ¼ dlt þ mt,

N t ¼ ðd þ 1Þlt þ mt.

(b-2) The case lt ¼ M t.

Since N t is a minimal point adjacent to lt, and lt is a minimal point

adjacent to mt, by Lemma 2.6 we have N t ¼ mt þ ½�ðZm=ZlÞ�lt ¼ mt þ dlt.

Therefore we obtain formulas: M t ¼ lt, N t ¼ dlt þ mt. r

Corollary 3.4. Let R be a reduced lattice with basis f1; l; mg such that lt

is adjacent to mt, l is a F-point of MðLÞ>0 ðL ¼ RtÞ. If yg ¼ xþ ylþ zm

ðx; y; z A ZÞ, then

the case lt ¼ N t: ðy; zÞ A fð1; 0Þ; ð1; 1Þ; ð1;�1Þ; ð2; 1Þg,
the case lt ¼ ðN �MÞt: ðy;zÞ A fð1;0Þ; ðd;1Þ; ðd þ 1;1Þ; ð2d þ 1;2Þ; ð3d þ 2;3Þg,
the case lt ¼ M t: ðy; zÞ A fð1; 0Þ; ðd; 1Þ; ðd þ 1; 1Þ; ð2d þ 1; 2Þ; ðd � 1; 1Þg,

where d ¼ ½1=o1ðl; mÞ�b 1.

Proof. From Theorem 3.2. r

Remark 3.5. Since 1=ðd þ 1Þ < o1 < 1=d, we have

½do1� ¼ ½ðd � 1Þo1� ¼ 0; ½ðd þ 1Þo1� ¼ 1;

1a ½ð2d þ 1Þo1�a 2; 2a ½ð3d þ 2Þo1�a 4:

Theorem 3.6. Let R be a reduced lattice with basis f1; l; mg such that

F ðmÞ > 1, 2jYmj < 1, 0 < Xm < Xl, 0 < o1ðl; mÞ < 1, Fðlð3ÞÞ < 1.

Then lt must be one of N t, ðN �MÞt, M t. Moreover, if lt ¼ ðN �MÞt or

M t, then l is a F-point of MðLÞ>0 ðL ¼ RtÞ.
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Proof. At first, we note that lt is adjacent to mt. Also l A RF . From

2jYmj < 1, m ¼ mð3Þ.

(a) The case jZlj < 1=2. Since Fðmð3ÞÞ ¼ F ðmÞ > 1, we have jZmj >
ffiffiffi
3

p
=2 >

1=2. Hence we have lt ¼ N t, mt ¼ M t.

(b) The case jZlj > 1=2. Let l� be a F -point of MðLÞ>0. So we have

Xl� aXl. We shall show that l�t ¼ lt. Suppose that l�t 0 lt.

(i) The case lt 0M t. We have

(i-1) Xl � < Xm < Xl < XM < XN .

Since jZl � j > 1=2, by Theorem 3.3, we have l�t ¼ M t or ðN �MÞt. Hence

l�t ¼ ðN �MÞt. By (1.1) in the proof of Theorem 3.3, we have Xl � ¼ XN�M <

XM . From (i-1), we have Xl � ¼ XN�M < Xm < Xl < XM < XN . Since M t is

adjacent to ðN �MÞt, we have reached a contradiction.

(ii) The case lt ¼ M t. Since l�t 0 lt, by Theorem 3.3, we have l�t ¼
ðN �MÞt. By (1.1) in the proof of Theorem 3.3, we have Xl � ¼ XN�M < XM .

Hence we have Xl � ¼ XN�M < Xm < Xl ¼ XM < XN . Since M t is adjacent to

ðN �MÞt, we have reached a contradiction.

By (i)(ii), an assumption l�t 0 lt lead to a contradiction. Therefore we have

l�t ¼ lt.

Finally, if lt ¼ ðN �MÞt or M t, then we must have only the case (b), so l

is a F -point of MðLÞ>0. r

Remark. Fðlð3ÞÞ < 1 , bc A Z; F ðcþ lÞ < 1.

Corollary 3.7. Let R be a reduced lattice with basis f1; l; mg such that

FðmÞ > 1, 2jYmj < 1, 0 < Xm < Xl, 0 < o1ðl; mÞ < 1, F ðlð3ÞÞ < 1. If yg ¼
xþ ylþ zm ðx; y; z A ZÞ, then ðy; zÞ A fð1; 0Þ; ð1; 1Þ; ð1;�1Þ; ð2; 1Þ; ðd; 1Þ; ðd þ 1; 1Þ;
ð2d þ 1; 2Þ; ðd � 1; 1Þ; ð3d þ 2; 3Þg, where d ¼ ½1=o1ðl; mÞ�b 1.

4. Preliminaries (I)

Definition 4.1. Let R be a lattice of K. For a basis f1; l; mg of R, we

define a mapping Fl;m : R
3 ! R by Fl;mðx; y; zÞ ¼ x2 þ ðl 0 þ l 00Þxyþ ðm 0 þ m 00Þxz

þ ðl 0m 00 þ l 00m 0Þyzþ l 0l 00y2 þ m 0m 00z2. For any ðx; y; zÞ A Z3, we have Fl;mðx; y; zÞ
¼ Fðxþ ylþ zmÞ.

Remark. Fl;m is a positive quadratic form with real coe‰cients of rank 2.

ðo2; 1;o1Þ is an isotropic vector of Fl;m.
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We quote Lahlou and Farhane [5], Lemma 2.2 as Lemma 4.2 for our

convenience. (cf. [1], Lemma 2.2)

Lemma 4.2 (Lahlou and Farhane [5], Lemma 2.2). Let R be a lattice of K

and let f1; l; mg be a basis of R. Then we can write

(1) Fl;mðx; y; zÞ ¼ aðz� o1 yÞ2 þ 2bðz� o1 yÞðx� o2 yÞ þ ðx� o2 yÞ2

(2)

Fl;mðx; y; zÞ ¼
1

2
ðx� o2 yÞ2 þ

1

2
ðx� o2 yþ 2bðz� o1 yÞÞ2 þ ða� 2b2Þðz� o1 yÞ2

(3)

Fl;mðx; y; zÞ ¼
a

2
ðz�o1 yÞ2 þ

a

2
z�o1 yþ

2b

a
ðx�o2 yÞ

� �2
þ 1� 2b2

a

� �
ðx�o2 yÞ2

with a ¼ F ðmÞ, b ¼ Ym.

Definition 4.3. Let R be a reduced lattice with basis f1; l; mg such that

m > �1=2, o2ðl; mÞ > 0, 0 < o1ðl; mÞ < 1. Let y A Z. Then we define

c1;y ¼ ½o2 y� � 1þ ylþ ½o1y�m c7;y ¼ ½o2 y� þ 1þ ylþ ð½o1 y� � 1Þm

c2;y ¼ ½o2 y� � 1þ ylþ ð½o1 y� þ 1Þm c8;y ¼ ½o2 y� þ 1þ ylþ ½o1 y�m

c3;y ¼ ½o2 y� þ ylþ ð½o1 y� � 1Þm c9;y ¼ ½o2 y� þ 1þ ylþ ð½o1 y� þ 1Þm

c4;y ¼ ½o2 y� þ ylþ ½o1 y�m c10;y ¼ ½o2 y� þ 1þ ylþ ð½o1 y� þ 2Þm

c5;y ¼ ½o2 y� þ ylþ ð½o1 y� þ 1Þm c11;y ¼ ½o2 y� þ 2þ ylþ ½o1 y�m

c6;y ¼ ½o2 y� þ ylþ ð½o1 y� þ 2Þm c12;y ¼ ½o2 y� þ 2þ ylþ ð½o1 y� þ 1Þm

f1 ¼ c4;1 ¼ ½o2� þ l f5 ¼ c2;1 ¼ ½o2� � 1þ lþ m f9 ¼ 2lþ m

f2 ¼ c5;1 ¼ ½o2� þ lþ m f6 ¼ c8;1 ¼ ½o2� þ 1þ l f10 ¼ 3lþ 2m

f3 ¼ c3;1 ¼ ½o2� þ l� m f7 ¼ c7;1 ¼ ½o2� þ 1þ l� m

f4 ¼ c1;1 ¼ ½o2� � 1þ l f8 ¼ c9;1 ¼ ½o2� þ 1þ lþ m

Remark 4.4. (1) If 0 < m < 1, then we have

94 Kan Kaneko



c1;y < c2;y < c4;y; c1;y < c3;y < c4;y; c4;y < c5;y < c6;y < c9;y

c4;y < c5;y < c8;y < c9;y; c4;y < c7;y < c8;y < c9;y

c9;y < c10;y < c12;y; c9;y < c11;y < c12;y

(2) If m > 1, then we have

c3;y < c1;y < c4;y; c3;y < c7;y < c4;y; c4;y < c2;y < c5;y < c9;y

c4;y < c8;y < c5;y < c9;y; c4;y < c8;y < c11;y < c9;y

c9;y < c6;y < c10;y; c9;y < c12;y < c10;y

Lemma 4.5. Let R be a reduced lattice with basis f1; l; mg such that

m > �1=2, o2ðl; mÞ > 0 and 0 < o1ðl; mÞ < 1. Let a > maxð1; 2b2; 2jbjÞ, where

a ¼ F ðmÞ, b ¼ Ym. Then

(1) yg A fci;y; yð0 0Þ A Z; 1a ia 12g.
(2) l; m > 0 ) ci;1 aci;y ðyb 1Þ.
(3) (i) b < 0 ) F ðc2;yÞ > 1, Fðc6;yÞ > 1, F ðc7;yÞ > 1, Fðc11;yÞ > 1.

(ii) b > 0 ) F ðc1;yÞ > 1, Fðc3;yÞ > 1, F ðc10;yÞ > 1, Fðc12;yÞ > 1.

(4) F ðc3;1Þ > Fðc4;1Þ.
(5) ð0 <Þb < 1=2 ) Fðc7;1Þ > F ðc4;1Þ.
(6) F ðc5;1Þ < Fðc4;1Þ, 0 < b < 1 ) F ðc7;1Þ > F ðc4;1Þ.
(7) b > 1 ) F ðc7;1Þ > 1.

(8) b > 0 or �1=2 < b < 0 ) Fðc1;1Þ > Fðc4;1Þ.
(9) F ðc5;1Þ > Fðc8;1Þ, ð0 <Þb < 1 ) F ðc2;1Þ > F ðc4;1Þ.
(10) F ðc4;1Þ > Fðc8;1Þ, b < 0 ) c2 ¼ ½o2� � o2 < �1=2.

(11) c1 ¼ ½o1� � o1 < �1=2, b < 0 ) Fðc8;1Þ > Fðc9;1Þ.

(12) ½2a� ¼ 2½a� if 0a a� ½a� < 1=2

2½a� þ 1 if 1=2a a� ½a�

�
.

Proof. We put c1 ¼ ½o1� � o1, c2 ¼ ½o2� � o2. Then �1 < c1; c2 < 0.

(1) was proved in Lahlou and Farhane [5], Theorem 2.1.

(2) obvious

(3) by Lemma 4.2,(1)

(4) By Lemma 4.2,(1), Fðc3;1Þ � F ðc4;1Þ ¼ �2ac1 þ a� 2bc2 ¼ �2ac1 þ

a 1� 2b

a
c2

� �
> 0.
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(5) By Lemma 4.2,(1), F ðc7;1Þ � Fðc4;1Þ ¼ �2ac1 þ aþ 2bc1 � 2bc2 � 2bþ
2c2 þ 1 ¼ ð1� 2bÞð1þ c2Þ þ aþ c2 � 2ða� bÞc1 > 0.

(6) By Lemma 4.2,(1) since F ðc5;1Þ < F ðc4;1Þ, Fðc4;1Þ � Fðc5;1Þ ¼ �2ac1 �
a� 2bc2 > 0. So �2bc2 > að1þ 2c1Þ. From this and a > 2b, we have �2bc2 >

2bð1þ 2c1Þ, �c2 > 1þ 2c1. Hence �2c1 > 1þ c2. By this,

Fðc7;1Þ � Fðc4;1Þ ¼ �2ac1 þ aþ 2bc1 � 2bc2 � 2bþ 2c2 þ 1

¼ ð1� 2bÞð1þ c2Þ þ aþ c2 � 2c1ða� bÞ

> ð1� 2bÞð1þ c2Þ þ aþ c2 þ ð1þ c2Þða� bÞ

¼ ð1� 2bÞð1þ c2Þ þ a� 1þ 1þ c2 þ ð1þ c2Þða� bÞ

¼ ð2� 2bÞð1þ c2Þ þ a� 1þ ð1þ c2Þða� bÞ > 0:

(7) If b > 1, then we have a > 2 because a > 2jbj. From this and by Lemma

4.2,(3), we have Fðc7;1Þ > 1.

(8) By Lemma 4.2,(1), F ðc1;1Þ � Fðc4;1Þ ¼ �2bc1 � 2c2 þ 1 > 0.

(9) Since Fðc5;1Þ > F ðc8;1Þ, we have F ðc5;1Þ � Fðc8;1Þ ¼ 2ac1 þ aþ 2bc2 �
2bc1 � 2c2 � 1 > 0. From this, Fðc2;1Þ � F ðc4;1Þ ¼ 2ac1 þ a� 2bc1 þ 2bc2 � 2b�
2c2 þ 1 ¼ ð2ac1 þ aþ 2bc2 � 2bc1 � 2c2 � 1Þ þ 2� 2b > 0.

(10) Since F ðc4;1Þ � F ðc8;1Þ > 0, we have bc1 þ c2 < �1=2. From this and

b < 0, c1 < 0, we have c2 < �1=2.

(11) By Lemma 4.2,(1), F ðc9;1Þ � F ðc8;1Þ ¼ 2ac1 þ aþ 2bðc2 þ 1Þ ¼
að2c1 þ 1Þ þ 2bðc2 þ 1Þ < 0.

(12) is easily deduced from the definitions. r

Some of Lemma 4.5 were proved in Lahlou and Farhane [5], Theorem

2.1.

Remark. a > 1, 2jbj < 1 ) a > maxð1; 4b2Þ ) a > maxð1; 2b2; 2jbjÞ.

5. Preliminaries (II)

In this section, we make the following assumption;

Assumption 5.1. Let R ¼ h1; l; mi be a reduced lattice of K such that

(a) 0 < l < 1, �1=2 < m, F ðmÞ > 1, 2jYmj < 1, 0 < Xm < Xl, 0 < o1ðl; mÞ < 1

(b) o2ðl; mÞ > 0 (c) Fðf1Þ < 1 or F ðf6Þ < 1.
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By Theorem 2.10, we can take such the basis. So in next section, we shall

consider six cases:

ð1AÞ 0 < m < 1; f1 > 1 ð2AÞ m > 1; f1 > 1

ð3AÞ m < 0; f1 > 1

ð1BÞ 0 < m < 1; f1 < 1; Fðf6Þ < 1 ð2BÞ m > 1; f1 < 1; Fðf6Þ < 1

ð3BÞ m < 0; f1 < 1; Fðf6Þ < 1

We note that

(A) f1 ¼ ½o2� þ l > 1 , ½o2�b 1 , o2 > 1,

(B) f1 ¼ ½o2� þ l < 1 , ½o2� ¼ 0 , o2 < 1.

Lemma 5.2. If f1 < 1, then

(1) Yl < �1=2 (2) o2ðl; mÞ > 1=2� o1Ym.

Proof. (1) From f1 ¼ ½o2� þ l < 1, we have ½o2� ¼ 0. By definition lð1Þ ¼
½�Yl� þ l, lð2Þ ¼ ½�Yl� þ 1þ l. Since R is a reduced lattice, from f1 < 1,

we have Fðf1Þ > 1. Hence, by Assumpsion 5.1,(c), we have Fðf6Þ < 1. From

Fðf6Þ ¼ F ð½o2� þ 1þ lÞ ¼ Fð1þ lÞ < 1, we have 1þ l ¼ lð1Þ or lð2Þ.

(i) The case 1þ l ¼ lð1Þ. Since �1 < Yl þ 1 ¼ Ylð1Þ < 0, we have �2 < Yl <

�1.

(ii) The case 1þ l ¼ lð2Þ. We have l ¼ lð1Þ. Since Fðlð2ÞÞ < 1, we have

0 < Ylð2Þ < 1=2. From this, 0 < Yl þ 1 ¼ Ylð2Þ < 1=2, so �1 < Yl < �1=2.

Finally, from (i)(ii), we have Yl < �1=2.

(2) From (1), we have �Yl > 1=2. Hence, o2ðl; mÞ ¼ �Yl � o1Ym >

1=2� o1Ym. r

Corollary 5.3. Ym < 0 ) o2ðl; mÞ > 1=2:

By Corollary 3.7 if yg ¼ xþ ylþ zm ðx; y; z A ZÞ, then ðy; zÞ A fð1; 0Þ;
ð1; 1Þ; ð1;�1Þ; ð2; 1Þ; ðd; 1Þ; ðd þ 1; 1Þ; ð2d þ 1; 2Þ; ðd � 1; 1Þ; ð3d þ 2; 3Þg, where d ¼
½1=o1ðl; mÞ�b 1.

From Remark 3.5 and Corollary 5.3, we make the following tables in which

we deside whether the possibility that yg ¼ ci;y ð1a ia 10; i ¼ 12Þ exists. Note

that yb 1 ) ½yo2�b y½o2�.
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Table 1

ðy; zÞ
c1; y ¼ ½o2 y� � 1þ yl

þ ½o1 y�m
m > 0

o2 > 1

m < 0

o2 > 1

m > 0

o2 < 1

m < 0

o2 < 1 No.

ð1; 0Þ ½o2� � 1þ l < 1 < 1 (1-1)

ð1; 1Þ ½o2� � 1þ l impossible impossible impossible impossible

ð1;�1Þ ½o2� � 1þ l impossible impossible impossible impossible

ð2; 1Þ ½2o2� � 1þ 2lþ ½2o1�m (1-2)

ðd; 1Þ ½do2� � 1þ dl impossible impossible impossible impossible

ðd þ 1; 1Þ ½ðd þ 1Þo2� � 1þ ðd þ 1Þlþ m (1-3)

ð2d þ 1; 2Þ ½ð2d þ 1Þo2� � 1þ ð2d þ 1Þl
þ ½ð2d þ 1Þo1�m

> f6 (1-4)

ðd � 1; 1Þ ½ðd � 1Þo2� � 1þ ðd � 1Þl impossible impossible impossible impossible

ð3d þ 2; 3Þ ½ð3d þ 2Þo2� � 1þ ð3d þ 2Þl
þ ½ð3d þ 2Þo1�m

> f6 > f6 (1-5)

Table 2. ðm > 0Þ

ðy; zÞ c2; y ¼ ½o2 y� � 1þ ylþ ð½o1 y� þ 1Þm
m > 0

o2 > 1

m > 0

o2 < 1 No.

ð1; 0Þ ½o2� � 1þ lþ m impossible impossible

ð1; 1Þ ½o2� � 1þ lþ m (2-1)

ð1;�1Þ ½o2� � 1þ lþ m impossible impossible

ð2; 1Þ ½2o2� � 1þ 2lþ ð½2o1� þ 1Þm (2-2)

ðd; 1Þ ½do2� � 1þ dlþ m (2-3)

ðd þ 1; 1Þ ½ðd þ 1Þo2� � 1þ ðd þ 1Þlþ 2m impossible impossible

ð2d þ 1; 2Þ ½ð2d þ 1Þo2� � 1þ ð2d þ 1Þl
þ ð½ð2d þ 1Þo1� þ 1Þm

> f6 (2-4)

ðd � 1; 1Þ ½ðd � 1Þo2� � 1þ ðd � 1Þlþ m (2-5)

ð3d þ 2; 3Þ ½ð3d þ 2Þo2� � 1þ ð3d þ 2Þl
þ ð½ð3d þ 2Þo1� þ 1Þm

> f6 (2-6)

98 Kan Kaneko



Table 3

ðy; zÞ
c3; y ¼ ½o2 y� þ yl

þ ð½o1 y� � 1Þm
m > 0

o2 > 1

m < 0

o2 > 1

m > 0

o2 < 1

m < 0

o2 < 1 No.

ð1; 0Þ ½o2� þ l� m impossible impossible impossible impossible

ð1; 1Þ ½o2� þ l� m impossible impossible impossible impossible

ð1;�1Þ ½o2� þ l� m < 1 (3-1)

ð2; 1Þ ½2o2� þ 2lþ ð½2o1� � 1Þm impossible impossible impossible impossible

ðd; 1Þ ½do2� þ dl� m impossible impossible impossible impossible

ðd þ 1; 1Þ ½ðd þ 1Þo2� þ ðd þ 1Þl impossible impossible impossible impossible

ð2d þ 1; 2Þ ½ð2d þ 1Þo2� þ ð2d þ 1Þl
þ ð½ð2d þ 1Þo1� � 1Þm

impossible impossible impossible impossible

ðd � 1; 1Þ ½ðd � 1Þo2� þ ðd � 1Þl� m impossible impossible impossible impossible

ð3d þ 2; 3Þ ½ð3d þ 2Þo2� þ ð3d þ 2Þl
þ ð½ð3d þ 2Þo1� � 1Þm

> f6 > f6 (3-2)

Table 4

ðy; zÞ c4; y ¼ ½o2 y� þ ylþ ½o1 y�m
m > 0

o2 > 1

m < 0

o2 > 1

m > 0

o2 < 1

m < 0

o2 < 1 No.

ð1; 0Þ ½o2� þ l < 1 < 1 (4-1)

ð1; 1Þ ½o2� þ l impossible impossible impossible impossible

ð1;�1Þ ½o2� þ l impossible impossible impossible impossible

ð2; 1Þ ½2o2� þ 2lþ ½2o1�m > f6 (4-2)

ðd; 1Þ ½do2� þ dl impossible impossible impossible impossible

ðd þ 1; 1Þ ½ðd þ 1Þo2� þ ðd þ 1Þlþ m > f6 (4-3)

ð2d þ 1; 2Þ ½ð2d þ 1Þo2� þ ð2d þ 1Þl
þ ½ð2d þ 1Þo1�m

> f6 > f6 (4-4)

ðd � 1; 1Þ ½ðd � 1Þo2� þ ðd � 1Þl impossible impossible impossible impossible

ð3d þ 2; 3Þ ½ð3d þ 2Þo2� þ ð3d þ 2Þl
þ ½ð3d þ 2Þo1�m

> f6 > f6 (4-5)
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Table 5

ðy; zÞ
c5; y ¼ ½o2 y� þ yl

þ ð½o1 y� þ 1Þm
m > 0

o2 > 1

m < 0

o2 > 1

m > 0

o2 < 1

m < 0

o2 < 1 No.

ð1; 0Þ ½o2� þ lþ m impossible impossible impossible impossible

ð1; 1Þ ½o2� þ lþ m < 1 (5-1)

ð1;�1Þ ½o2� þ lþ m impossible impossible impossible impossible

ð2; 1Þ ½2o2� þ 2lþ ð½2o1� þ 1Þm > f6 (5-2)

ðd; 1Þ ½do2� þ dlþ m > f6ðdb 2Þ (5-3)

ðd þ 1; 1Þ ½ðd þ 1Þo2� þ ðd þ 1Þlþ 2m impossible impossible impossible impossible

ð2d þ 1; 2Þ ½ð2d þ 1Þo2� þ ð2d þ 1Þl
þ ð½ð2d þ 1Þo1� þ 1Þm

> f6 > f6 (5-4)

ðd � 1; 1Þ ½ðd � 1Þo2� þ ðd � 1Þlþ m > f6ðdb 3Þ (5-5)

ð3d þ 2; 3Þ ½ð3d þ 2Þo2� þ ð3d þ 2Þl
þ ð½ð3d þ 2Þo1� þ 1Þm

> f6 > f6 (5-6)

Table 6. ðm > 0Þ

ðy; zÞ c6; y ¼ ½o2 y� þ ylþ ð½o1 y� þ 2Þm
m > 0

o2 q 1 No.

ð1; 0Þ ½o2� þ lþ 2m impossible

ð1; 1Þ ½o2� þ lþ 2m impossible

ð1;�1Þ ½o2� þ lþ 2m impossible

ð2; 1Þ ½2o2� þ 2lþ ð½2o1� þ 2Þm impossible

ðd; 1Þ ½do2� þ dlþ 2m impossible

ðd þ 1; 1Þ ½ðd þ 1Þo2� þ ðd þ 1Þlþ 3m impossible

ð2d þ 1; 2Þ ½ð2d þ 1Þo2� þ ð2d þ 1Þlþ ð½ð2d þ 1Þo1� þ 2Þm impossible

ðd � 1; 1Þ ½ðd � 1Þo2� þ ðd � 1Þlþ 2m impossible

ð3d þ 2; 3Þ ½ð3d þ 2Þo2� þ ð3d þ 2Þlþ ð½ð3d þ 2Þo1� þ 2Þm impossible
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Table 7. ðm > 0Þ

ðy; zÞ c7; y ¼ ½o2 y� þ 1þ ylþ ð½o1 y� � 1Þm
m > 0

o2 q 1 No.

ð1; 0Þ ½o2� þ 1þ l� m impossible

ð1; 1Þ ½o2� þ 1þ l� m impossible

ð1;�1Þ ½o2� þ 1þ l� m (7-1)

ð2; 1Þ ½2o2� þ 1þ 2lþ ð½2o1� � 1Þm impossible

ðd; 1Þ ½do2� þ 1þ dl� m impossible

ðd þ 1; 1Þ ½ðd þ 1Þo2� þ 1þ ðd þ 1Þl impossible

ð2d þ 1; 2Þ ½ð2d þ 1Þo2� þ 1þ ð2d þ 1Þlþ ð½ð2d þ 1Þo1� � 1Þm impossible

ðd � 1; 1Þ ½ðd � 1Þo2� þ 1þ ðd � 1Þl� m impossible

ð3d þ 2; 3Þ ½ð3d þ 2Þo2� þ 1þ ð3d þ 2Þlþ ð½ð3d þ 2Þo1� � 1Þm > f6

Table 8

ðy; zÞ c8; y ¼ ½o2 y� þ 1þ ylþ ½o1 y�m
mq 0

o2 q 1 No.

ð1; 0Þ ½o2� þ 1þ l (8-1)

ð1; 1Þ ½o2� þ 1þ l impossible

ð1;�1Þ ½o2� þ 1þ l impossible

ð2; 1Þ ½2o2� þ 1þ 2lþ ½2o1�m > f6

ðd; 1Þ ½do2� þ 1þ dl impossible

ðd þ 1; 1Þ ½ðd þ 1Þo2� þ 1þ ðd þ 1Þlþ m > f6

ð2d þ 1; 2Þ ½ð2d þ 1Þo2� þ 1þ ð2d þ 1Þlþ ½ð2d þ 1Þo1�m > f6

ðd � 1; 1Þ ½ðd � 1Þo2� þ 1þ ðd � 1Þl impossible

ð3d þ 2; 3Þ ½ð3d þ 2Þo2� þ 1þ ð3d þ 2Þlþ ½ð3d þ 2Þo1�m > f6
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Table 9. ðm < 0Þ

ðy; zÞ c9; y ¼ ½o2 y� þ 1þ ylþ ð½o1 y� þ 1Þm
m < 0

o2 q 1 No.

ð1; 0Þ ½o2� þ 1þ lþ m impossible

ð1; 1Þ ½o2� þ 1þ lþ m (9-1)

ð1;�1Þ ½o2� þ 1þ lþ m impossible

ð2; 1Þ ½2o2� þ 1þ 2lþ ð½2o1� þ 1Þm > f6

ðd; 1Þ ½do2� þ 1þ dlþ m > f6ðdb 2Þ

ðd þ 1; 1Þ ½ðd þ 1Þo2� þ 1þ ðd þ 1Þlþ 2m impossible

ð2d þ 1; 2Þ ½ð2d þ 1Þo2� þ 1þ ð2d þ 1Þlþ ð½ð2d þ 1Þo1� þ 1Þm > f6

ðd � 1; 1Þ ½ðd � 1Þo2� þ 1þ ðd � 1Þlþ m > f6ðdb 3Þ

ð3d þ 2; 3Þ ½ð3d þ 2Þo2� þ 1þ ð3d þ 2Þlþ ð½ð3d þ 2Þo1� þ 1Þm > f6

Table 10. ðm < 0Þ

ðy; zÞ c10; y ¼ ½o2 y� þ 1þ ylþ ð½o1 y� þ 2Þm
m < 0

o2 q 1 No.

ð1; 0Þ ½o2� þ 1þ lþ 2m impossible

ð1; 1Þ ½o2� þ 1þ lþ 2m impossible

ð1;�1Þ ½o2� þ 1þ lþ 2m impossible

ð2; 1Þ ½2o2� þ 1þ 2lþ ð½2o1� þ 2Þm impossible

ðd; 1Þ ½do2� þ 1þ dlþ 2m impossible

ðd þ 1; 1Þ ½ðd þ 1Þo2� þ 1þ ðd þ 1Þlþ 3m impossible

ð2d þ 1; 2Þ ½ð2d þ 1Þo2� þ 1þ ð2d þ 1Þlþ ð½ð2d þ 1Þo1� þ 2Þm impossible

ðd � 1; 1Þ ½ðd � 1Þo2� þ 1þ ðd � 1Þlþ 2m impossible

ð3d þ 2; 3Þ ½ð3d þ 2Þo2� þ 1þ ð3d þ 2Þlþ ð½ð3d þ 2Þo1� þ 2Þm impossible
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Table 10 (continued)

ðy; zÞ c12; y ¼ ½o2 y� þ 2þ ylþ ð½o1 y� þ 1Þm
m < 0

o2 q 1 No.

ð1; 0Þ ½o2� þ 2þ lþ m impossible

ð1; 1Þ ½o2� þ 2þ lþ m > f6

ð1;�1Þ ½o2� þ 2þ lþ m impossible

ð2; 1Þ ½2o2� þ 2þ 2lþ ð½2o1� þ 1Þm > f6

ðd; 1Þ ½do2� þ 2þ dlþ m > f6

ðd þ 1; 1Þ ½ðd þ 1Þo2� þ 2þ ðd þ 1Þlþ 2m impossible

ð2d þ 1; 2Þ ½ð2d þ 1Þo2� þ 2þ ð2d þ 1Þlþ ð½ð2d þ 1Þo1� þ 1Þm > f6

ðd � 1; 1Þ ½ðd � 1Þo2� þ 2þ ðd � 1Þlþ m > f6ðdb 2Þ

ð3d þ 2; 3Þ ½ð3d þ 2Þo2� þ 2þ ð3d þ 2Þlþ ð½ð3d þ 2Þo1� þ 1Þm > f6

6. Main Theorems

Theorem 6.1A. Let R ¼ h1; l; mi be a reduced lattice of K such that

0 < l < 1, 0 < Xm < Xl, 0 < o1ðl; mÞ < 1, o2ðl; mÞ > 0; a > 1, 2jbj < 1, 0 < m <

1, f1 > 1, where a ¼ FðmÞ, b ¼ Ym. Then

(1) If Fðf1Þ < 1:

(i) if b < 0, then the minimal point adjacent to 1 is f1, f3 or f4;

(ii) if b > 0, then the minimal point adjacent to 1 is f1 or f5.

(2) If Fðf1Þ > 1, Fðf2Þ < 1:

(i) if b < 0, then the minimal point adjacent to 1 is f2;

(ii) if b > 0, then the minimal point adjacent to 1 is f2 or f5.

(3) If Fðf1Þ > 1, Fðf2Þ > 1, Fðf6Þ < 1,

then the minimal point adjacent to 1 is f6.

Proof. Since f1 ¼ ½o2� þ l > 1, we have ½o2�b 1.

(1) was proved in [5], Theorem 2.1.

(2) We assume that F ðc4;1Þ > 1, Fðc5;1Þ < 1.

(i) the case b < 0, by Lemma 4.5,(4), we have f3 ¼ c3;1 0 yg. By Lemma

4.5,(8), we have f4 ¼ c1;1 0 yg. The others were proved in [5], Theorem 2.1;

(ii) The case b > 0. The case were all proved in [5], Theorem 2.1.

(3) We assume that F ðc4;1Þ > 1, Fðc5;1Þ > 1, F ðc8;1Þ < 1.
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By Lemma 4.5,(1)(2) and Remark 4.4,(1), we have yg A fc1;y;c2;y;c3;y;c4;y;

c5;y;c6;y;c7;y;c8;1g.
(i) The case b < 0. By Lemma 4.5,(3), we have yg A fc1;y;c3;y;c4;y;c5;y;

c8;1g.
Also by Lemma 4.5,(10) we have c2 ¼ ½o2� � o2 < �1=2.

(a) In the case of c1;y, based on Table 1,

(1-1) from c1;1 ¼ c8;1 � 2 and Fðc8;1Þ < 1, we have Fðc1;1Þ > 1.

(1-2) by Lemma 4.5,(12), c1;2 ¼ ½2o2� � 1þ 2lþ m ¼ 2½o2� þ 2lþ m or

2½o2� � 1þ 2lþ m. Since c2 < �1=2, c1;2 0 2½o2� � 1þ 2lþ m. Hence c1;2 ¼
2½o2� þ 2lþ m > c8;1.

(1-3) db2) c1;dþ1 > c8;1. If d ¼ 1, then c1;dþ1 ¼ c1;2 ¼ ½2o2� � 1þ 2lþ m.

This case is just the same as (1-2).

(b) In the case of c3;y, based on Table 3,

(3-1) by Lemma 4.5,(4) f3 ¼ c3;1 0 yg.

(c) In the case of c4;y, based on Table 4,

(4-1) by the assumption c4;1 0 yg.

(d) In the case of c5;y, based on Table 5,

(5-1) by the assumption c5;1 0 yg.

As a result, c8;1 remains.

(ii) The case b > 0. By Lemma 4.5,(3), we have yg A fc2;y;c4;y;c5;y;c6;y;

c7;y;c8;1g.
(a) In the case of c2;y, based on Table 2,

(2-1) by Lemma 4.5,(9), c2;1 0 yg.

(2-2) by Lemma 4.5,(12), c2;2 ¼ ½2o2� � 1þ 2lþ m ¼ 2½o2� þ 2lþ mð> c8;1Þ
or 2½o2� � 1þ 2lþ m.

The case c2;2 ¼ 2½o2� � 1þ 2lþ m. If ½o2�b 2, then we have 2½o2� � 1þ
2lþ m > c8;1. If ½o2� ¼ 1, then c2;2 ¼ 1þ 2lþ m. We shall show that

F ð1þ 2lþ mÞ > 1. Since F ðf6Þ ¼ F ð2þ lÞ < 1, we have �1 < Y2þl < 1, so

�3 < Yl < �1. Suppose that Yl > �3=2. Then Y2þl ¼ 2þ Yl > 1=2. From this,

we have 1=4þ Z2
2þl < Y 2

2þl þ Z2
2þl < 1. Hence, jZ2þlj <

ffiffiffi
3

p
=2. Since Yl > �3=2

and Yl < �1, we have �1=2 < Y1þl < 0. Hence, F ð1þ lÞ ¼ Y 2
1þl þ Z2

1þl ¼
Y 2

1þl þ Z2
2þl < 1=4þ 3=4 ¼ 1. Since Fðf1Þ ¼ F ð1þ lÞ > 1, we have reached a

contradiction. Therefore, we have Yl < �3=2. From this, we have Y1þ2lþm ¼
1þ 2Yl þ Ym < 1� 3þ Ym < �3=2. Hence, Fð1þ 2lþ mÞ > 1.

(2-3) db 3 ) c2;d ¼ ½do2� � 1þ dlþ m > c8;1.

The case d ¼ 1; 2 are just the same as (2-1) or (2-2).

(2-5) Similar to (2-3).

(b) In the case of c4;y, based on Table 4,
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(4-1) by the assumption, c4;1 0 yg.

(c) In the case of c5;y, based on Table 5,

(5-1) by the assumption c5;1 0 yg.

(d) In the case of c6;y, based on Table 6,

no case is included

(e) In the case of c7;y, based on Table 7,

(7-1) by Lemma 4.5,(5), c7;1 0 yg.

As a result, c8;1 remains. r

Remark. From the proof in [5, Theorem 2.1], (1) and (2) don’t re-

quire the assumption 0 < Xm < Xl. Moreover, in (1) and (2) (except for the

part of f4), we can weaken the condition from a > 1, 2jbj < 1 to a >

maxð1; 2b2; 2jbjÞ.

Theorem 6.2A. Let R ¼ h1; l; mi be a reduced lattice of K such that

0 < l < 1, 0 < Xm < Xl, 0 < o1ðl; mÞ < 1, o2ðl; mÞ > 0, a > 1, 2jbj < 1, m > 1,

f1 > 1, where a ¼ F ðmÞ, b ¼ Ym. Then

(1) If Fðf1Þ < 1:

(i) if b < 0, then the minimal point adjacent to 1 is f1, f3 or f4;

(ii) if b > 0, then the minimal point adjacent to 1 is f1 or f7.

(2) If Fðf1Þ > 1, Fðf6Þ < 1:

(i) if b < 0, then the minimal point adjacent to 1 is f6;

(ii) if b > 0, then the minimal point adjacent to 1 is f5 or f6.

Proof. Since f1 ¼ c4;1 ¼ ½o2� þ l > 1, we have ½o2�b 1.

(1) We assume that F ðc4;1Þ < 1.

By Lemma 4.5,(1)(2) and Remark 4.4,(2), we have yg A fc1;y;c3;y;c7;y;c4;1g.
(i) The case b < 0. By Lemma 4.5,(3), we have yg A fc1;y;c3;y;c4;1g.
(a) In the case of c1;y, based on Table 1,

(1-1) c1;1.

(1-2) c1;2 ¼ ½2o2� � 1þ 2lþ m > c8;1.

(1-3) c1;dþ1 > c8;1 > c4;1.

(b) In the case of c3;y, based on Table 3,

(3-1) c3;1.

As a result, c4;1, c3;1 and c1;1 remain.

(ii) The case b > 0. By Lemma 4.5,(3), we have yg A fc7;y;c4;1g.
(a) In the case of c7;y, based on Table 7,

(7-1) c7;1.
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As a result, c4;1 and c7;1 remain.

(2) We assume that Fðc4;1Þ > 1, Fðc8;1Þ < 1.

By Lemma 4.5,(1)(2) and Remark 4.4,(2), we have yg A fc1;y;c2;y;c3;y;c4;y;

c7;y;c8;1g.
(i) The case b < 0. By Lemma 4.5,(3), we have yg A fc1;y;c3;y;c4;y;c8;1g.
(a) In the case of c1;y, based on Table 1,

(1-1) from c1;1 ¼ c8;1 � 2 and Fðc8;1Þ < 1, we have Fðc1;1Þ > 1.

(1-2) c1;2 ¼ ½2o2� � 1þ 2lþ m > c8;1.

(1-3) c1;dþ1 > c8;1.

(b) In the case of c3;y, based on Table 3,

(3-1) by Lemma 4.5,(4) f3 ¼ c3;1 0 yg.

(c) In the case of c4;y, based on Table 4,

(4-1) by the assumption c4;1 0 yg.

As a result, c8;1 remains.

(ii) The case b > 0. By Lemma 4.5,(3), we have yg A fc2;y;c4;y;c7;y;c8;1g.
(a) In the case of c2;y, based on Table 2,

(2-1) c2;1 ¼ ½o2� � 1þ lþ mð> c4;1Þ.
(2-2) c2;2 ¼ ½2o2� � 1þ 2lþ m > c8;1.

(2-3) db 3 ) c2;d ¼ ½do2� � 1þ dlþ m > c8;1.

The cases d ¼ 1; 2 are just the same as (2-1) or (2-2).

(2-5) Similar to (2-3).

(b) In the case of c4;y, based on Table 4,

(4-1) by the assumption c4;1 0 yg.

(c) In the case of c7;y, based on Table 7,

(7-1) by Lemma 4.5,(5) c7;1 0 yg.

As a result, c8;1 and c2;1 remain. r

Theorem 6.3A. Let R ¼ h1; l; mi be a reduced lattice of K such that

0 < l < 1, 0 < Xm < Xl, 0 < o1ðl; mÞ < 1, o2ðl; mÞ > 0, a > 1, 2jbj < 1, m < 0,

f1 > 1, where a ¼ FðmÞ, b ¼ Ym. Then

(1) If Fðf1Þ < 1:

(i) if ½o2�b 2, then the minimal point adjacent to 1 is f1, f2 or f4;

(ii-a) if ½o2� ¼ 1, lþ m < 0, then the minimal point adjacent to 1 is f1 or

1þ f9,

(ii-b) if ½o2� ¼ 1, lþ m > 0, then the minimal point adjacent to 1 is f1
or f2.

(2) If Fðf1Þ > 1, F ðf6Þ < 1, then the minimal point adjacent to 1 is f2, f6
or f8.
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Proof. Since m < 0 and 0 < Xm, we have b < 0 and �1=2 < m.

From Table 10 and Lemma 4.5,(3), we have yg A fc1;y;c3;y;c4;y;c5;y;

c8;y;c9;yg.
(1) We assume that F ðc4;1Þ < 1.

(a) In the case of c1;y, based on Table 1,

(1-1) c1;1.

(1-2) by Lemma 4.5,(12) c1;2 ¼ ½2o2� � 1þ 2lþ m ¼ 2½o2� þ 2lþ mð> c4;1Þ
or 2½o2� � 1þ 2lþ m.

The case c1;2 ¼ 2½o2� � 1þ 2lþ m. If ½o2�b 2, then we have c1;2 > c4;1. If

½o2� ¼ 1, c1;2 ¼ 1þ 2lþ m.

(1-3) db 2 ) c1;dþ1 b ½3o2� � 1þ 3lþ m > c4;1. The case d ¼ 1 is just the

same as (1-2).

(1-4) c1;2dþ1 > c4;1.

(b) In the case of c3;y, based on Table 3,

(3-1) c3;1 ¼ ½o2� þ l� m > ½o2� þ l ¼ c4;1.

(c) In the case of c4;y, based on Table 4,

(4-1) c4;1.

(4-2) c4;2 ¼ ½2o2� þ 2lþ m > c4;1.

(4-3) c4;dþ1 > c4;1.

(d) In the case of c5;y, based on Table 5,

(5-1) c5;1 ¼ ½o2� þ lþ m.

(5-2) c5;2 ¼ ½2o2� þ 2lþ m > c4;1.

(5-3) db 2 ) c5;d b ½2o2� þ 2lþ m > c4;1.

The case d ¼ 1 is just the same as (5-1).

(5-5) Similar to (5-3).

(e) In the case of c8;y, based on Table 8,

(8-1) c8;1 > c4;1.

(f ) In the case of c9;y, based on Table 9,

(9-1) c9;1 ¼ ½o2� þ 1þ lþ m > c4;1.

As a result, c4;1, c5;1, c1;1 and 1þ 2lþ m remain. Moreover, If ½o2�b 2,

then we have yg 0 1þ 2lþ m. The case ½o2� ¼ 1. Since f4 ¼ c1;1 ¼ ½o2� � 1þ l

¼ l < 1, we have yg 0c1;1. If lþ m < 0, then we have f2 ¼ 1þ lþ m < 1. If

lþ m > 0, then we have 1þ 2lþ m0 yg, because 1þ 2lþ m ¼ 1þ lþ ðlþ mÞ >
1þ l ¼ c4;1.

(2) We assume that F ðf1Þ > 1, F ðf6Þ < 1.

We note that by Lemma 4.5,(10), we have c2 ¼ ½o2� � o2 < �1=2. So by

Lemma 4.5,(12), we have ½2o2� ¼ 2½o2� þ 1.

(a) In the case of c1;y, based on Table 1,
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(1-1) from c1;1 ¼ c8;1 � 2 and Fðc8;1Þ < 1, we have Fðc1;1Þ > 1.

(1-2) c1;2 ¼ ½2o2� � 1þ 2lþ m ¼ 2½o2� þ 2lþ m. If such a c1;2 exist, then by

½2o1� ¼ 1, we have c1 < �1=2ð, ½2o1� ¼ 1Þ.
(i) The case ½o2�b 2. We have c1;2 > c8;1.

(ii) The case ½o2� ¼ 1. c1;2 ¼ 2þ 2lþ m > 2þ lþ m ¼ c9;1.

From Lemma 4.5,(11), we have F ðc9;1Þ < F ðc8;1Þ. So we have F ðc9;1Þ < 1.

Therefore, c1;2 ¼ 2þ 2lþ m0 yg.

(1-3) (i) The case db 2. We have c1;dþ1 b ½3o2� � 1þ 3lþ mb ½2o2� þ
½o2� � 1þ 3lþ m ¼ 3½o2� þ 3lþ m > c8;1.

(ii) The case d ¼ 1. Since d ¼ 1 , ½2o1� ¼ 1, this case is just the same as

(1-2).

(1-4) c1;2dþ1 b ½3o2� � 1 þ 3l þ 2mb ½2o2� þ ½o2� � 1þ 3lþ 2m ¼ 3½o2� þ 3l

þ 2m > c8;1.

(b) In the case of c3;y, based on Table 3,

(3-1) by Lemma 4.5,(4) f3 ¼ c3;1 0 yg.

(c) In the case of c4;y, based on Table 4,

(4-1) F ðc4;1Þ > 1.

(4-2) c4;2 ¼ ½2o2� þ 2lþ m ¼ 2½o2� þ 1þ 2lþ m > c8;1.

(4-3) c4;dþ1 b ½2o2� þ 2lþ m > c8;1.

(d) In the case of c5;y, based on Table 5,

(5-1) c5;1 ¼ ½o2� þ lþ m.

(5-2) c5;2 ¼ ½2o2� þ 2lþ m ¼ 2½o2� þ 1þ 2lþ m > c8;1.

(5-3) db 2 ) c5;d b ½2o2� þ 2lþ m > c8;1.

The case d ¼ 1 is just the same as (5-1).

(5-5) Similar to (5-3).

(e) In the case of c8;y, based on Table 8,

(8-1) F ðc8;1Þ < 1.

(f ) In the case of c9;y, based on Table 9,

(9-1) c9;1 ¼ ½o2� þ 1þ lþ m.

As a result, c8;1;c5;1 and c9;1 remain. r

Theorem 6.1B. Let R ¼ h1; l; mi be a reduced lattice of K such that

0 < l < 1, 0 < Xm < Xl, 0 < o1ðl; mÞ < 1, o2ðl; mÞ > 0; a > 1, 2jbj < 1, 0 < m <

1, f1 < 1, F ðf6Þ < 1, where a ¼ FðmÞ, b ¼ Ym. Then

(1) If Fðf2Þ < 1, then the minimal point adjacent to 1 is f2.

(2) If f2 > 1, Fðf2Þ > 1, then the minimal point adjacent to 1 is f6.

(3) If f2 < 1:

(i) if b < 0, then the minimal point adjacent to 1 is f6;
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(ii-a) if b > 0, 2lþ m < 1, then the minimal point adjacent to 1 is f6
or f10,

(ii-b) if b > 0, 2lþ m > 1, then the minimal point adjacent to 1 is f6
or f9.

Proof. From the assumption f1 < 1, by Lemma 5.2,(1), we have Yl <

�1=2. By Corollary 5.3, if b < 0, then we have 1 > o2 > 1=2.

(1) We assume that F ðc5;1Þ < 1. Since R is a reduced lattice, we have

c5;1 ¼ ½o2� þ lþ ð½o1� þ 1Þm ¼ lþ m > 1.

By Lemma 4.5,(1)(2) and Remark 4.4,(1) we have yg A fc1;y;c2;y;c3;y;c4;y;

c7;y;c5;1g.
(i) The case b < 0. By Lemma 4.5,(3), we have yg A fc1;y;c3;y;c4;y;c5;1g.
(a) In the case of c1;y, based on Table 1,

(1-2) since ½2o2� ¼ 1, we have c1;2 ¼ 2lþ m > c8;1 > c5;1.

(1-3) ½ðd þ 1Þo2�b 2 ) c1;dþ1 > c8;1 > c5;1. ½ðd þ 1Þo2� ¼ 1 ) c1;dþ1 ¼
ðd þ 1Þlþ m ) Yc1; dþ1

¼ ðd þ 1ÞYl þ Ym < �1.

(1-4) ½ð2d þ 1Þo2�b 2 ) c1;2dþ1 > c8;1 > c5;1. ½ð2d þ 1Þo2� ¼ 1 ) c1;2dþ1 ¼
ð2d þ 1Þlþ 2m > c8;1 > c5;1.

(1-5) from ½ð3d þ 2Þo2�b 2, we have c1;3dþ2 b 1þ ð3d þ 2Þlþ 3m > c8;1 >

c5;1.

(b) In the case of c3;y, based on Table 3,

(3-2) c3;3dþ2 > c8;1 > c5;1.

(c) In the case of c4;y, based on Table 4,

(4-2) since ½2o2� ¼ 1, we have c4;2 ¼ 1þ 2lþ m > c8;1 > c5;1.

(4-3) c4;dþ1 > c8;1 > c5;1.

(4-4) c4;2dþ1 > c8;1 > c5;1.

(4-5) c4;3dþ2 > c8;1 > c5;1.

(ii) The case b > 0. By Lemma 4.5,(3), we have yg A fc2;y;c4;y;c7;y;c5;1g.
(a) In the case of c2;y, based on Table 2,

(2-1) c2;1 ¼ �1þ lþ m < 1.

(2-2) ½2o2� ¼ 0 ) c2;2 ¼ �1þ 2lþ m) Yc2; 2
¼ �1þ 2Yl þYm < �1. ½2o2� ¼

1 ) c2;2 ¼ 2lþ m > c8;1 > c5;1.

(2-3) ½do2�b 2 ) c2;d > c8;1 > c5;1. ½do2� ¼ 1 ) Since db 2, c2;d ¼
dlþ m > c8;1 > c5;1. ½do2� ¼ 0 ) c2;d ¼ �1þ dlþ m ) Yc2; d

¼ �1þ dYl þ Ym

< �1.

(2-4) ½ð2d þ 1Þo2�b 2 ) c2;2dþ1 > c8;1 > c5;1. ½ð2d þ 1Þo2� ¼ 1 ) c2;2dþ1 ¼
ð2d þ 1Þlþ 2m > c8;1 > c5;1. ½ð2d þ 1Þo2� ¼ 0 ) c2;2dþ1 ¼ �1þ ð2d þ 1Þlþ 2m

) Yc2; 2dþ1
¼ �1þ ð2d þ 1ÞYl þ 2Ym < �1:
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(2-5) Similar to (2-3).

(2-6) ½ð3d þ 2Þo2�b 2 ) c2;3dþ2 > c8;1 > c5;1. ½ð3d þ 2Þo2� ¼ 1 ) c2;3dþ2 ¼
ð3d þ 2Þlþ 3m > c8;1 > c5;1. ½ð3d þ 2Þo2� ¼ 0 ) c2;3dþ2 ¼ �1þ ð3d þ 2Þlþ 3m

) Yc2; 3dþ2
¼ �1þ ð3d þ 2ÞYl þ 3Ym < �1:

(b) In the case of c4;y, based on Table 4,

(4-2) ½2o2� ¼ 0 ) c4;2 ¼ 2lþ m > c8;1 > c5;1. ½2o2� ¼ 1 ) c4;2 ¼ 1þ 2lþ m

> c8;1 > c5;1:

(4-3) c4;dþ1 > c8;1 > c5;1:

(4-4) c4;2dþ1 > c8;1 > c5;1:

(4-5) c4;3dþ2 > c8;1 > c5;1:

(c) In the case of c7;y, based on Table 7,

(7-1) by Lemma 4.5,(5) c7;1 0 yg.

As a result, c5;1 remains.

(2) We assume that c5;1 ¼ lþ m > 1, F ðc5;1Þ > 1.

By Lemma 4.5,(1)(2) and Remark 4.4,(1) we have yg A fc1;y;c2;y;c3;y;c4;y;

c5;y;c6;y;c7;y;c8;1g.
(i) The case b < 0. By Lemma 4.5,(3), we have yg A fc1;y;c3;y;c4;y;c5;y;

c8;1g.
(a) In the case of c1;y, based on Table 1,

similar to (1).

(b) In the case of c3;y, based on Table 3,

similar to (1).

(c) In the case of c4;y, based on Table 4,

similar to (1).

(d) In the case of c5;y, based on Table 5,

(5-1) from the assumption, Fðc5;1Þ > 1.

(5-2) c5;2 > f6. (5-3) c5;d > f6ðdb 2Þ:
(5-4) c5;2dþ1 > f6. (5-5) c5;d�1 > f6ðdb 3Þ:
As a result, c8;1 remains.

(ii) The case b > 0. By Lemma 4.5,(3), we have yg A fc2;y;c4;y;c5;y;c6;y;

c7;y;c8;1g.
(a) In the case of c2;y, based on Table 2,

similar to (1).

(b) In the case of c4;y, based on Table 4,

similar to (1).

(c) In the case of c5;y, based on Table 5,

(5-1) from the assumption, Fðc5;1Þ > 1.

(5-2) c5;2 > f6. (5-3) c5;d > f6ðdb 2Þ:
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(5-4) c5;2dþ1 > f6. (5-5) c5;d�1 > f6ðdb 3Þ:
(d) In the case of c6;y, based on Table 6,

no case included

(e) In the case of c7;y, based on Table 7,

similar to (1).

As a result, c8;1 remains.

(3) We assume that c5;1 < 1.

By Lemma 4.5,(1)(2) and Remark 4.4,(1) we have yg A fc1;y;c2;y;c3;y;c4;y;

c5;y;c6;y;c7;y;c8;1g.
(i) The case b < 0. By Lemma 4.5,(3), we have yg A fc1;y;c3;y;c4;y;c5;y;

c8;1g.
(a) In the case of c1;y, based on Table 1,

(1-2) c1;2 ¼ 2lþ m, Yc1; 2
¼ 2Yl þ Ym < �1:

(1-3) The case db 3. c1;dþ1 > 1þ 4lþ m > f6. The case d ¼ 2. c1;dþ1 ¼
½3o2� � 1þ 3lþ m. ½3o2� ¼ 2 ) c1;dþ1 ¼ 1þ 3lþ m > f6. ½3o2� ¼ 1 ) c1;dþ1 ¼
3lþ m. Yc1; dþ1

¼ 3Yl þ Ym < �1:

(1-4) The case db 2. c1;2dþ1 > f6:

The case d ¼ 1. c1;2dþ1 ¼ ½3o2� � 1þ 3lþ 2m. ½3o2� ¼ 2 ) c1;2dþ1 ¼ 1þ
3lþ 2m > f6. ½3o2� ¼ 1 ) c1;2dþ1 ¼ 3lþ 2m. Yc1; 2dþ1

¼ 3Yl þ 2Ym < �1:

(1-5) c1;3dþ2 > f6:

(b) In the case of c3;y, based on Table 3,

(3-2) c3;3dþ2 > f6:

(c) In the case of c4;y, based on Table 4,

(4-2) c4;2 > f6. (4-3) c4;dþ1 > f6. (4-4) c4;2dþ1 > f6. (4-5) c4;3dþ2 > f6:

(d) In the case of c5;y, based on Table 5,

(5-1) from the assumption, c5;1 < 1. (5-2) c5;2 > f6:

(5-3) c5;d > f6ðdb 2Þ. (5-4) c5;2dþ1 > f6. (5-5) c5;d�1 > f6ðdb 3Þ:
As a result, c8;1 remains.

(ii) The case b > 0. by Lemma 4.5,(3), we have yg A fc2;y;c4;y;c5;y;c6;y;

c7;y;c8;1g.
(a) In the case of c2;y, based on Table 2,

(2-1) c2;1 ¼ �1þ lþ m < 1:

(2-2) ½2o2� ¼ 0 ) c2;2 ¼ �1þ 2lþ m < l < 1. ½2o2� ¼ 1 ) c2;2 ¼ 2lþ m:

(2-3) The case ½do2�b 2. c2;d > c8;1 > c5;1:

The case ½do2� ¼ 1. We have db 2 ) c2;d ¼ dlþ m. If db 3, then we

have Yc2; d
¼ dYl þ Ym < �1. Hence, only when d ¼ 2, it is possible to have

yg ¼ c2;d ¼ c2;2 ¼ 2lþ m. The case ½do2� ¼ 0. c2;d ¼ �1þ dlþ m. Yc2; d
¼

�1þ dYl þ Ym < �1:
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(2-4) The case ½ð2d þ 1Þo2�b 2. c2;2dþ1 > c8;1. The case ½ð2d þ 1Þo2� ¼ 1.

c2;2dþ1 ¼ ð2d þ 1Þlþ 2m. If db 2, then we have Yc2; 2dþ1
¼ ð2d þ 1ÞYl þ 2Ym

< �1. Hence, only when d ¼ 1, it is possible to have yg ¼ c2;3 ¼ 3lþ 2m.

The case ½ð2d þ 1Þo2� ¼ 0. c2;2dþ1 ¼ �1þ ð2d þ 1Þlþ 2m. Yc2; 2dþ1
¼ �1þ

ð2d þ 1ÞYl þ 2Ym < �1:

(2-5) Similar to (2-3).

(2-6) The case ½ð3d þ 2Þo2�b 2. c2;3dþ2 > c8;1. The case ½ð3d þ 2Þo2�
¼ 1. c2;3dþ2 ¼ ð3d þ 2Þlþ 3m. Yc2; 3dþ2

¼ ð3d þ 2ÞYl þ 3Ym < �1. The case

½ð3d þ 2Þo2� ¼ 0. c2;3dþ2 ¼ �1þ ð3d þ 2Þlþ 3m. Yc2; 3dþ2
¼ �1þ ð3d þ 2ÞYl þ

3Ym < �1:

(b) In the case of c4;y, based on Table 4,

(4-2) ½2o2� ¼ 0 ) c4;2 ¼ 2lþ m. ½2o2� ¼ 1 ) c4;2 ¼ 1þ 2lþ m > c8;1:

(4-3) The case ½ðd þ 1Þo2�b 1. c4;dþ1 > c8;1. The case ½ðd þ 1Þo2� ¼ 0.

c4;dþ1 ¼ ðd þ 1Þlþ m. If db 2, then we have Yc4; dþ1
¼ ðd þ 1ÞYl þ Ym < �1.

Hence, only when d ¼ 1, it is possible to have yg ¼ c4;2 ¼ 2lþ m:

(4-4) The case ½ð2d þ 1Þo2�b 1. c4;2dþ1 > c8;1. The case ½ð2d þ 1Þo2� ¼ 0.

c4;2dþ1 ¼ ð2d þ 1Þlþ 2m. If db 2, then we have Yc4; 2dþ1
¼ ð2d þ 1ÞYl þ 2Ym <

�1. Hence, only when d ¼ 1, it is possible to have yg ¼ c4;3 ¼ 3lþ 2m:

(4-5) ½ð3dþ 2Þo2�b1) c4;3dþ2 > c8;1. ½ð3dþ 2Þo2� ¼ 0) c4;3dþ2 ¼ ð3dþ 2Þl
þ 3m. Yc4; 3dþ2

¼ ð3d þ 2ÞYl þ 3Ym < �1:

(c) In the case of c5;y, based on Table 5,

(5-1) from the assumption, Fðc5;1Þ > 1:

(5-2) ½2o2� ¼ 0 ) c5;2 ¼ 2lþ m. ½2o2� ¼ 1 ) c5;2 ¼ 1þ 2lþ m > c8;1:

(5-3) The case ½do2�b 1. c5;d > c8;1:

The case ½do2� ¼ 0. c5;d ¼ dlþ m. If db 3, then we have Yc5; d
¼

dYl þ Ym < �1. Hence, only when d ¼ 2, it is possible to have yg ¼ c5;2 ¼
2lþ m:

(5-4) The case ½ð2d þ 1Þo2�b 1. c5;2dþ1 > c8;1. The case ½ð2d þ 1Þo2� ¼ 0.

c5;2dþ1 ¼ ð2d þ 1Þlþ 2m. If db 2, then we have Yc5; 2dþ1
¼ ð2d þ 1ÞYl þ 2Ym <

�1. Hence, only when d ¼ 1, it is possible to have yg ¼ c5;3 ¼ 3lþ 2m:

(5-5) The case ½ðd � 1Þo2�b 1. c5;d�1 > c8;1. The case ½ðd � 1Þo2� ¼ 0.

c5;d�1 ¼ ðd � 1Þlþ m. If db 4, then we have Yc5; d�1
¼ ðd � 1ÞYl þ Ym < �1.

Hence, only when d ¼ 3, it is possible to have yg ¼ c5;2 ¼ 2lþ m:

(d) In the case of c6;y. based on Table 6,

no case included

(e) In the case of c7;y, based on Table 7,

(7-1) By Lemma 4.5,(5) c7;1 0 yg.

As a result, 2lþ m; 3lþ 2m and c8;1 remain. If 2lþ m < 1, then we have
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2lþ m0 yg. If 2lþ m > 1, then we have 3lþ 2m0 yg, because 3lþ 2m ¼
ð2lþ mÞ þ lþ m > 1þ l ¼ c8;1. r

Theorem 6.2B. Let R ¼ h1; l; mi be a reduced lattice of K such that

0 < l < 1, 0 < Xm < Xl, 0 < o1ðl; mÞ < 1, o2ðl; mÞ > 0, a > 1, 2jbj < 1, m > 1,

f1 < 1, Fðf6Þ < 1, where a ¼ F ðmÞ, b ¼ Ym. Then the minimal point adjacent to 1

is f6:

Proof. From the assumption f1 < 1, by Lemma 5.2,(1), we have Yl <

�1=2. By Corollary 5.3, if b < 0, then we have o2 > 1=2.

By Lemma 4.5,(1)(2) and Remark 4.4,(2) we have yg A fc1;y;c2;y;c3;y;c4;y;

c7;y;c8;1g.
(i) The case b < 0. By Lemma 4.5,(3), we have yg A fc1;y;c3;y;c4;y;c8;1g.
(a) In the case of c1;y, based on Table 1,

(1-1) from c1;1 ¼ c8;1 � 2 and Fðc8;1Þ < 1, we have Fðc1;1Þ > 1.

(1-2) c1;2 ¼ 2lþ m > c8;1. (1-3) c1;dþ1 > c8;1:

(1-4) c1;2dþ1 > c8;1. (1-5) c1;3dþ2 > c8;1:

(b) In the case of c3;y, based on Table 3,

(3-2) c3;3dþ2 > c8;1:

(c) In the case of c4;y, based on Table 4,

(4-2) c4;2 > c8;1. (4-3) c4;3 > c8;1:

(4-4) c4;2dþ1 > c8;1. (4-5) c4;3dþ2 > c8;1:

As a result c8;1 remains.

(ii) The case b > 0. By Lemma 4.5,(3), we have yg A fc2;y;c4;y;c7;y;c8;1g.
(a) In the case of c2;y, based on Table 2,

(2-1) c2;1 ¼ �1þ lþ m. Yc2; 1
¼ �1þ Yl þ Ym < �1:

(2-2) c2;2 ¼ ½2o2� � 1þ 2lþ m. ½2o2� ¼ 0 ) c2;2 ¼ �1þ 2lþ m. Yc2; 2
¼

�1þ 2Yl þ Ym < �1. ½2o2� ¼ 1 ) c2;2 ¼ 2lþ m > c8;1:

(2-3) ½do2�b 1 ) c2;d ¼ ½do2� � 1þ dlþ m > c8;1. ½do2� ¼ 0 ) c2;d ¼
�1þ dlþ m. Yc2; d

¼ �1þ dYl þ Ym < �1:

(2-4) c2;2dþ1 > c8;1. (2-5) Similar to (2-3).

(2-6) c2;3dþ2 > c8;1:

(b) In the case of c4;y, based on Table 4,

(4-2) c4;2 > c8;1. (4-3) c4;dþ1 > c8;1:

(4-4) c4;2dþ1 > c8;1. (4-5) c4;3dþ2 > c8;1:

(c) In the case of c7;y, based on Table 7,

c7;1 ¼ 1þ l� m < l < 1:

As a result, c8;1 remains. r
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Theorem 6.3B. Let R ¼ h1; l; mi be a reduced lattice of K such that

0 < l < 1, 0 < Xm < Xl, 0 < o1ðl; mÞ < 1, o2ðl; mÞ > 0, a > 1, 2jbj < 1, m < 0,

f1 < 1, Fðf6Þ < 1, where a ¼ F ðmÞ, b ¼ Ym. Then

(1) If Fðf8Þ < 1, then the minimal point adjacent to 1 is f8.

(2) If Fðf8Þ > 1:

(i) if 2lþ m < 0, then the minimal point adjacent to 1 is f6 or f6 þ f9;

(ii) if 2lþ m > 0, then the minimal point adjacent to 1 is f6 or 1þ f9:

Proof. From the assumption f1 < 1, by Lemma 5.2,(1), we have Yl <

�1=2. Since m < 0 and 0 < Xm, we have b < 0. By Corollary 5.3, we have

o2 > 1=2. From Table 10 and Lemma 4.5,(3), we have yg A fc1;y;c3;y;c4;y;c5;y;

c8;y;c9;yg.
(a) In the case of c1;y, based on Table 1,

(1-2) c1;2 ¼ 2lþ m. Yc1; 2
¼ 2Yl þ Ym < �1:

*(1-3) db 5 ) c1;dþ1 b ½6o2� � 1þ 6lþ mb 2þ 6lþ m > c8;1: d ¼ 1 )
c1;dþ1 ¼ 2lþ m. Yc1; dþ1

¼ 2Yl þ Ym < �1:

Hence, only when 2a da 4, it is possible to have yg ¼ c1;dþ1:

*(1-4) db 3 ) c1;2dþ1 b ½7o2� � 1þ 7lþ 2mb 2þ 7lþ 2m > c8;1:

Hence, only when 1a da 2, it is possible to have yg ¼ c1;2dþ1:

*(1-5) db 2 ) c1;3dþ2 b ½8o2� � 1þ 8lþ 3mb 3þ 8lþ 3m > c8;1:

Hence, only when d ¼ 1, it is possible to have yg ¼ c1;2dþ1 ¼ c1;5:

(b) In the case of c3;y, based on Table 3,

(3-1) By Lemma 4.5,(4), f3 ¼ c3;1 0 yg.

*(3-2) db 2 ) c3;3dþ2 > c8;1. Hence, only when d ¼ 1, it is possible to have

yg ¼ c3;3dþ2 ¼ c3;5:

(c) In the case of c4;y, based on Table 4,

*(4-2) c4;2 ¼ 1þ 2lþ m:

*(4-3) db 3 ) c4;dþ1 b ½4o2� þ 4lþ mb 2þ 4lþ m > c8;1:

Hence, only when 1a da 2, it is possible to have yg ¼ c4;dþ1:

*(4-4) db 2 ) c4;2dþ1 b ½5o2� þ 5lþ 2mb 2þ 5lþ 2m > c8;1:

Hence, only when d ¼ 1, it is possible to have yg ¼ c4;2dþ1:

*(4-5) db 2 ) c4;3dþ2 b ½8o2� þ 8lþ 3mb 4þ 8lþ 3m > c8;1:

Hence, only when d ¼ 1, it is possible to have yg ¼ c4;3dþ2:

(d) In the case of c5;y, based on Table 5,

*(5-2) c5;2 ¼ 1þ 2lþ m:

*(5-3) db 4 ) c5;d b ½4o2� þ 4lþ mb 2þ 4lþ m > c8;1: d ¼ 1 ) c5;d ¼
lþ m < 1:

Hence, only when 2a da 3, it is possible to have yg ¼ c5;d :
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*(5-4) db 2 ) c5;2dþ1 b ½5o2� þ 5lþ 2mb 2þ 5lþ 2m > c8;1:

Hence, only when d ¼ 1, it is possible to have yg ¼ c5;2dþ1:

*(5-5) db 5 ) c5;d�1 b ½4o2� þ 4lþ mb 2þ 4lþ m > c8;1: d ¼ 2 ) c5;d ¼
lþ m < 1:

Hence, only when 3a da 4, it is possible to have yg ¼ c5;d�1:

*(5-6) db 2 ) c5;3dþ2 b ½8o2� þ 8lþ 3mb 4þ 8lþ 3m > c8;1:

Hence, only when d ¼ 1, it is possible to have yg ¼ c5;3dþ2:

(e) In the case of c8;y, based on Table 8,

*(8-1) From the assumption, F ðc8;1Þ < 1:

(f ) In the case of c9;y, based on Table 9,

*(9-1) c9;1 ¼ ½o2� þ 1þ lþ m.

From described above, we shall select all the elements in each part with

asterisk (*), using 1a ½3o2�a 2, 2a ½4o2�a 3, 2a ½5o2�a 4. Then we have the

following set

f1þ l; 1þ lþ m; 1þ 2lþ m; j þ 3lþ mð0a ja 2Þ;

j þ 3lþ 2mð0a ja 2Þ; j þ 4lþ mð1a ja 2Þ; j þ 5lþ mð1a ja 3Þ;

j þ 5lþ 2mð1a ja 3Þ; j þ 5lþ 3mð1a ja 4Þg ¼ S:

Here, we eliminate elements c A S such that c > f6 or Yc < �1. Then we

have

S 0 ¼ f1þ l; 1þ lþ m; 1þ 2lþ m; 1þ 3lþ m; 1þ 3lþ 2m; 2þ 5lþ 3mg:

(1) We assume that F ðf8Þ < 1. Since R is a reduced lattice, we have f8 ¼
c9;1 ¼ 1þ lþ m > 1. Hence, we have lþ m > 0. From this, we have 1þ lþ m

< 1þ 2lþ m, 1þ 3lþ m, 1þ 3lþ 2m, 2þ 5lþ 3m. Therefore we conclude that

yg ¼ f8 ¼ 1þ lþ m because f8 < f6 ¼ 1þ l.

(2) We assume that F ðf8Þ > 1. We note that dðl; mÞ ¼ 1 , 1=2 < o1. Hence,

if d ¼ 1, then by Lemma 4.5,(11), we have F ðf8Þ < 1. Therefore we have db 2.

So we have yg 0 1þ 3lþ 2m, 2þ 5lþ 3m.

(i) The case 2lþ m < 0. We have yg ¼ 1þ l or 1þ 3lþ m.

(ii) The case 2lþ m > 0. We have yg ¼ 1þ l or 1þ 2lþ m. r

7. Examples

Voronoi-algorithm:

Let K be a cubic algebraic number field of negative discriminant and let R

be a reduced lattice of K . We define the increasing chain of the minimal points
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of R by:

y0 ¼ 1; ykþ1 ¼ minfg A R; yk < g;FðykÞ > FðgÞg if kb 0:

Then ykþ1 is the minimal point adjacent to yk in R.

Let OK be the ring of integers in K and R ¼ OK . By Voronoi we know that

the previous chain is of purely periodic form:

1 ¼ y0; y1; . . . ; yl�1; �; �y1; . . . ; �yl�1; . . . ;

where l denotes the period length and �ð> 1Þ is the fundamental unit of OK . To

calculate such a sequence, it is su‰cient to know how to find the minimal point

adjacent to 1 in a lattice R.

Indeed, let yð1Þg be the minimal point adjacent to 1 in R1 ¼ OK ¼ h1; b; gi and

y1 ¼ yð1Þg .

(i) We choose an appropriate point y
ð1Þ
h so that f1; yð1Þg ; y

ð1Þ
h g is a basis of R1.

(ii) Let R2 ¼
1

yð1Þg

R1, then R2 is a reduced lattice. yð2Þg is the minimal point

adjacent to 1 in R2 ¼
1

yð1Þg

R1 ¼ h1; 1=yð1Þg ; y
ð1Þ
h =yð1Þg i, is equivalent to y2 ¼ y1y

ð2Þ
g

¼ yð1Þg yð2Þg being the minimal point adjacent to y1 in R1.

This process can be continued by induction.

Example 7.1. Let K ¼ QðyÞ be a cubic number field defined by

y3 � 7y� 12 ¼ 0 ðy ¼ 3:2669Þ. Then R8 ¼
�
1;�2þ 1

6
yþ 1

6
y2; 2þ 2

3
y� 1

3
y2
�

¼
h1; l; mi.

It is easily seen that 0 < l < 1, 0 < m < 1:

Since R8 is a reduced lattice, we have a ¼ F ðmÞ > 1:

Yy ¼
1

2
ðTK=Qy� yÞ ¼ � 1

2
y; Yy2 ¼

1

2
ðTK=Qy

2 � y2Þ ¼ 1

2
ð14� y2Þ:

Xy ¼
1

2
ð3y� TK=QyÞ ¼

3

2
y; Xy2 ¼

1

2
ð3y2 � TK=Qy

2Þ ¼ 1

2
ð3y2 � 14Þ:

Xm ¼ X2þð2=3Þy�ð1=3Þy2 ¼
2

3
Xy �

1

3
Xy2 ¼

7

3
þ y� 1

2
y2 > 0;

Xl � Xm ¼ � 7

2
� 3

4
yþ 3

4
y2 > 0:

Ym ¼ Y2þð2=3Þy�ð1=3Þy2 ¼ 2þ 2

3
Yy �

1

3
Yy2 ¼

1

6
ð�2� 2yþ y2Þ; 0 < Ym <

1

2
:
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Yl ¼
1

12
ð�10� y� y2Þ: o1ðl; mÞ ¼

y� 1

2ðyþ 2Þ ; 0 < o1 < 1:

o2ðl; mÞ ¼ � 1

12
ð�10� y� y2Þ � y� 1

2ðyþ 2Þ �
1

6
ð�2� 2yþ y2Þ

¼ 1

4
ðy2 � 3Þ; ½o2� ¼ 1:

Fð½o2� þ lÞ ¼ F ð1þ lÞ ¼ 1þ 1

2
ðy� 3Þ > 1:

Fð½o2� þ lþ mÞ ¼ Fð1þ lþ mÞ ¼ 2� 5yþ y2 þ 50

y
> 1:

Fð½o2� þ 1þ lÞ ¼ F ð2þ lÞ ¼ F
1

6
yþ 1

6
y2

� �
¼ 1

3y2
ð12þ y� y2Þ < 1:

Therefore, by Theorem 6.1A,(3), we have yg ¼ ½o2� þ 1þ l ¼ 2þ l:

Example 7.2. Let K ¼ QðyÞ be a cubic number field defined by

y3 � 2y� 111 ¼ 0 ðy ¼ 4:9445Þ. Then

R7 ¼ h1; ð�71þ 15yþ y2Þ=98; ð�61� 23yþ 5y2Þ=196i ¼ h1; l; mi:

It is easily seen that 0 < l < 1, m < 0:

Since R7 is a reduced lattice, we have a ¼ F ðmÞ > 1:

Xy ¼
3

2
y; Xy2 ¼ 1

2
ð3y2 � 4Þ:

Xm ¼
1

2c
ð15y2 � 69y� 20Þ ¼ 0:0141 > 0 ðc ¼ 196Þ:

Xl � Xm ¼
1

2c
ð�9y2 þ 159yþ 12Þ ¼ 1:4748 > 0:

Ym ¼
1

2c
ð�5y2 þ 23y� 102Þ ¼ �0:2819; 0 < jYmj <

1

2
:

Yl ¼
1

2� 98
ð�y2 � 15y� 138Þ ¼ 1

c
ð�y2 � 15y� 138Þ ¼ �1:2072:

o1ðl; mÞ ¼
�2yþ 30

5yþ 23
¼ 0:4214; 0 < o1 < 1:

o2ðl; mÞ ¼ �Yl � o1Ym ¼ 1:2072� 0:4214��0:2819; ½o2� ¼ 1:
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(1) NK=Qðxþ yyþ zy2Þ ¼ x3 þ 2� 2x2z� 2xy2 � 3� 111xyzþ 22xz2 þ 111y3

� 2� 111yz2 þ 1112z3.

(a) By (1),

Fðf1Þ ¼ F ð½o2� þ lÞ ¼ F
1

98
ð27þ 15yþ y2Þ

� �

¼ 1

982
Fð27þ 15yþ y2Þ ¼ 1

982
NK=Qð27þ 15yþ y2Þ

27þ 15yþ y2

¼ 1

982
259308

27þ 15yþ y2
¼ 0:2149 < 1:

(b) lþ m ¼ 1

c
ð7y2 þ 7y� 203Þ ¼ 1

c
� 2:7480 > 0:

(c) By (1),

F ðf2Þ ¼ Fð½o2� þ lþ mÞ ¼ F
1

c
ð�7þ 7yþ 7y2Þ

� �

¼ 1

c2
F ð�7þ 7yþ 7y2Þ ¼ 1

c2
NK=Qð�7þ 7yþ 7y2Þ

�7þ 7yþ 7y2

¼ 1

c2
4302592

�7þ 7yþ 7y2
¼ 0:5635 < 1:

Therefore, by Theorem 6.3A,(1),(ii-b), we have yg ¼ f2.

Example 7.3. Let K ¼ QðyÞ be a cubic number field defined by y3 � 77y�
513 ¼ 0 ðy ¼ 11:1002Þ. Then

R39 ¼ h1; ð�674� 28yþ 9y2Þ=613; ð1205þ 121y� 17y2Þ=613i ¼ h1; l; mi:

It is easily seen that 0 < l < 1, 0 < m < 1:

Since R39 is a reduced lattice, we have a ¼ FðmÞ > 1:

Xy ¼
3

2
y; Xy2 ¼

1

2
ð3y2 � 154Þ:

Xm ¼
1

2c
ð�51y2 þ 363yþ 2618Þ ¼ 1

2c
� 363:4361 > 0 ðc ¼ 613Þ:

Xl � Xm ¼
1

2c
ð78y2 � 457y� 4004Þ ¼ 1

2c
� 533:9349 > 0:

Ym ¼
1

2c
ð17y2 � 121y� 208Þ ¼ 0:4433; 0 < Ym <

1

2
:
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Yl ¼
1

2c
ð�9y2 þ 28yþ 38Þ ¼ �0:6200: o1ðl; mÞ ¼

9yþ 28

17yþ 121
¼ 0:4129;

0 < o1 < 1: o2ðl; mÞ ¼ �Yl � o1Ym ¼ 0:6200� 0:4129� 0:4433; ½o2� ¼ 0:

(a) f2 ¼ lþ m ¼ 1

c
ð�8y2 þ 93yþ 521Þ ¼ 0:9259 < 1:

(b) 2lþ m ¼ 1

c
ðy2 þ 65y� 143Þ ¼ 1:1447 > 1:

(1) NK=Qðx þ yy þ zy2Þ ¼ x3 þ 2 � 77x2z � 77xy2 � 3 � 513xyz þ 772xz2 þ
513y3 � 77� 513yz2 þ 5132z3:

(c) By (1),

F ðf6Þ ¼ F ð½o2� þ 1þ lÞ ¼ F
1

c
ð�61� 28yþ 9y2Þ

� �

¼ 1

c2
Fð�61� 28yþ 9y2Þ ¼ 1

c2
NK=Qð�61� 28yþ 9y2Þ

�61� 28yþ 9y2

¼ 1

c2
225837169

�61� 28yþ 9y2
¼ 0:8153 < 1:

(d) By (1),

F ð2lþ mÞ ¼ 1

c2
F ðy2 þ 65y� 143Þ ¼ 1

c2
NK=Qðy2 þ 65y� 143Þ

y2 þ 65y� 143

¼ 1

c2
198781801

y2 þ 65y� 143
¼ 0:7538 < 1:

Therefore, by Theorem 6.1B,(3),(ii-b), we have yg ¼ 2lþ m.

Example 7.4 (Williams and Dueck [8, p. 690]). Let K ¼ QðyÞ be a cubic

number field defined by y3 � 68781 ¼ 0 ðy ¼ 40:97221992Þ. Then

R2307 ¼ h1; f;ci

¼ h1; ð�72036þ 1809yþ 2y2Þ=126539; ð117574� 2668yþ 67y2Þ=126539i

¼ h1; f;c� 1i ¼ h1; ð�72036 þ 1809yþ 2y2Þ=126539;

ð�8965� 2668yþ 67y2Þ=126539i

¼ h1; l; mi: 0 < l < 1; m < 0: 0 < Xm < Xl:
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Since R2307 is a reduced lattice, we have a ¼ FðmÞ > 1:

o1ðl; mÞ ¼
�2yþ 1809

67yþ 2668
: Yl ¼ � 1

2c
ð2y2 þ 1809yþ 144072Þ ðc ¼ 126539Þ:

Ym ¼ � 1

2c
ð67y2 � 2668yþ 17930Þ:

o1 ¼ 0:31904891: Yl ¼ �0:87541450: Ym ¼ �0:08333592:

o2 ¼ 0:90200274:

Hence ½o2� ¼ 0, f1 ¼ ½o2� þ l ¼ l < 1:

(1) NK=Qðxþ yyþ zy2Þ ¼ x3 � 3� 68781xyzþ 68781y3 þ 687812z3.

(a) By (1),

Fðf6Þ ¼ F ð½o2� þ 1þ lÞ ¼ Fð1þ lÞ ¼ F
1

c
ð54503þ 1809yþ 2y2Þ

� �

¼ 1

c2
Fð54503þ 1809yþ 2y2Þ ¼ 1

c2
NK=Qð54503þ 1809yþ 2y2Þ

54503þ 1809yþ 2y2

¼ 1

c2
528431935430042

54503þ 1809yþ 2y2
¼ 0:25005464 < 1:

(b) By (1),

F ð1þ 2lþ mÞ ¼ F
�26498þ 950yþ 71y2

c

 !

¼ 1

c2
F ð�26498þ 950yþ 71y2Þ ¼ 1

c2
NK=Qð�26498þ 950yþ 71y2Þ

�26498þ 950yþ 71y2

¼ 1

c2
2102375149688779

�26498þ 950yþ 71y2
¼ 0:99760062 < 1:

(c) By (1),

Fðf8Þ ¼ F ð1þ lþ mÞ ¼ F
45538� 859yþ 69y2

c

 !

¼ 1

c2
Fð45538� 859yþ 69y2Þ ¼ 1

c2
NK=Qð45538� 859yþ 69y2Þ

45538� 859yþ 69y2

¼ 1

c2
2161892194231336

45538� 859yþ 69y2
¼ 1:07007239 > 1:
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(d) Since �153037þ 950yþ 71y2 > 0, 2lþ m ¼ �153037þ 950yþ 71y2

c
> 0:

(e) Since lþ m ¼ �81001� 859yþ 69y2

c
< 0, we have 1þ 2lþ m < 1þ l.

Therefore, by Theorem 6.3B,(2),(ii), we have yg ¼ 1þ 2lþ m.
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