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DENSE CHAOS AND DENSELY CHAOTIC OPERATORS*

By

Xinxing Wu' and Peiyong Znu*

Abstract. The aim of this paper is to study dense chaos and densely
chaotic operators on Banach spaces. First, we prove that a dynamical
system is densely J-chaotic for some ¢ > 0 if and only if it is densely
chaotic and sensitive. Meanwhile, we also show that for general
dynamical systems, Devaney chaos and dense chaos do not imply
each other. Then, by using these results, we have that for a operator
defined on a Banach space, dense chaos, dense d-chaos, generic chaos
and generic d-chaos are equivalent and they are all strictly stronger
than Li-Yorke chaos.

1. Introduction and Basic Definitions

By a topological dynamical system (briefly, dynamical system or system), we
mean a pair (X, f), where X is a complete metric space without isolated points
and f: X — X is continuous. The complexity of a dynamical system is a central
topic of research since the introduction of the term of chaos in 1975 by Li and
Yorke [8], known as Li-Yorke chaos today.

DrerFINITION 1.1 (2, 8]). Let (X, f) be a dynamical system. If x, y € X and
0>0, (x,y) is called a Li-Yorke pair of modulus ¢ if

limint p(/”(x)./"(y)) =0 and limsup p(/"(x). /" () = 0.

n—oo
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(1-1) (x, y) is a Li-Yorke pair if it is a Li-Yorke pair of modulus J for some
0> 0;

(1-2) The subset I' = X is called a scrambled set if for all points x, y € I with
x#y, (x,y) is a Li-Yorke pair;

(1-3) (X, f) (or f) is Li-Yorke chaotic if X contains an uncountable
scrambled set.

The set of Li-Yorke pairs of modulus ¢ is denoted by LY(f,d) and the set
of Li-Yorke pairs by LY(f).

For each real number ¢, we denote

A ={(x,y) e X x X :p(x,y) <&}

A={(x,x)eX xX:xeX}
and

PR(f) ={(x,y) € X x X :Timinf p(/"(x), f"(»)) = 0}

n— o0

AR(S) = {<x7 )X x X :Timsup p(f"(x), /() < }

n— o0

Clearly LY(f,0) = PR(f)\ARs(f) and LY(f) = J,., PR(f)\AR;(f). For any
x€e X and any ¢> 0, set B(x,¢) ={ye X :p(x,y) < e}

In 1985, Piorek [12] introduced the concept of generic chaos. Being inspired
by this definition, Snoha [14, 15] defined generic J-chaos, dense chaos and dense
J-chaos in 1990.

DeriNiTION 1.2 ([14, 15]). Let (X, f) be a dynamical system.

(2-1) (X, f) is sensitive if there exists ¢ > 0 such that for any x € X and any
n > 0, there exist y € B(x,n) and ne N such that p(f"(x), f"(»)) > ¢. The real
number ¢ is called the comstant of sensitivity.

(2-2) (X, f) is infinitely sensitive if there exists ¢ >0 such that for any
xe X and any 7 > 0, there is some y e B(x,#) such that limsup,_  p(f"(x),

f'(y) = e
(2-3) (X, f) is densely chaotic if LY(f) is dense in X x X.
(2-4) (X, [) is densely o-chaotic for some 6 >0 if LY(f,0) is dense in X x X.
(2-5) (X, f) is generically chaotic if LY(f) is residual in X x X.
(2-6) (X, f) is generically o-chaotic for some o >0 if LY(f,0) is residual in



Dense chaos and densely chaotic operators 369

Generic J-chaos obviously implies both generic chaos and dense oJ-chaos,
which in turn imply dense chaos.

Snoha [14] proved that for an interval map, generic chaos implies generic
o-chaos for some J > 0 and the notions of generic d-chaos and dense J-chaos
coincide, but a densely chaotic interval map may not be generically chaotic.
Snoha [15] gave a characterization of densely chaotic interval maps and proved
that for a piecewise monotone interval map, dense chaos and generic chaos are
consistent. In 2000, Murinova [10] generalized Snoha’s work and showed that
for a complete metric space, generic d-chaos and dense d-chaos are equivalent.
She also exhibited a generically chaotic system which is not generically d-chaotic
for any 6 > 0.

If X is a complete metric space and G < X x X is a dense Gjy-set, then using
Kuratowski’s theorem (see, e.g., [11]), one can find an uncountable set S such
that S x S deprived of the diagonal of X x X is included in G (see, e.g., [6, Lemma
3.1]). Therefore a generically chaotic map on a complete metric space is chaotic
in the sense of Li-Yorke. Kuchta and Smital [7] showed that on the interval the
existence of one Li-Yorke pair is enough to imply chaos in the sense of Li-Yorke,
and consequently dense chaos implies Li-Yorke chaos for interval maps. However,
so far, it is not known whether dense chaos implies Li-Yorke chaos in general.

During the last years many researchers paid attention to the chaotic behavior
of orbits governed by linear operators on infinite dimensional spaces (more
especially, on Banach or Fréchet spaces) (see e.g., [1, 3, 4, 5]). One of the most
significant cases being the hypercyclicity, that is, the existence of vectors x € X
such that the orbit orbr(x):= {x, T(x), T*(x),...} under a (continuous and
linear) operator T': X — X on a topological vector space (usually, Banach or
Fréchet space) X, is dense in X. In our context hypercyclity is equivalent to
transitivity. Recently, we proved that for a bounded operator on a Banach space,
Li-Yorke chaos, distributional chaos in a sequence, spatio-temporal chaos and
Li-Yorke sensitivity are equivalent in [16].

In this paper, we study dense chaos and densely chaotic operators on Banach
spaces. First, we characterize densely d-chaos in terms of sensitivity and dense
chaos and prove that a transitive system with a fixed point must be densely
chaotic. Besides, some examples are given to show that for general dynamical
systems, Devaney chaos and dense chaos do not imply each other. Then, by using
these results, the following conclusion is obtained:

(1) For a operator on a Banach space, dense chaos, dense d-chaos, generic
chaos and generic J-chaos are equivalent and they are all strictly stronger than
Li-Yorke chaos.
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2. Dense Chaos for Topological Dynamical Systems

In this section, we first show that sensitivity and infinite sensitivity are
equivalent. Combining this with Baire category theorem, some characterizations
of dense chaos are obtained.

THEOREM 2.1. A dynamical system (X, f) is infinitely sensitive if and only if
it is sensitive.

Proor. Necessity is obvious.

Sufficiency. Assume that (X, f) is sensitive and ¢ is the constant of sensitivity.
Given any N eN, set Zy = {(x, ) : p(f"(x), f"(y)) < &/4,¥n > N}. It is clear
that &y is a closed set.

Now we assert that for any N e N, int Zy = J.

Indeed, if there exists some N € N such that int Zy # (J, there exist non-
empty open sets U,V < X such that U x V < &y. This implies that for any
pair (x,y) e U x V, p(f"(x), f"(y)) < ¢/4 holds for any n > N. So for all points
x1,X2 € Uand any n> N, p(f"(x1), "(x2)) < p(f"(x1), f"(¥)) + (/" (¥), [ "(x2))
< ¢/2. Note that there exists a non-empty open set U* = U such that for any
pair x;,x; € U* and any 0 <i<N, p(f'(x1),/ (x2)) <¢/2. So for any pair
x1,x € U* and any neN, p(fi(x1), f/(x2)) <&/2 which contradicts the sensi-
tivity of (X, f).

It follows that the set & = UNQN 9y is a first category set in X X X.
This implies that the set X x X\Z = {(x,y):VN eN,3dn > N such that
p(f"(x), f"(y)) > ¢/4} is residual in X x X.

Suppose that (X, f) is not infinitely sensitive, then there exist xp € X and
7 > 0 such that for any y € B(xo,#), limsup,_,., p(f"(x0), f"(»)) < &/16. Noting
the fact that X x X\Z is residual in X x X, it follows that there exists a pair
(y1, 32) € [B(x0,1) % B(x0,m)] N (X x X\Z). As for any ne N, p(f"(y1),/"(y2))

< p(f"(3), f"(x0)) + p(S"(x0), /" (32)), we have limsup, . p(f"(y1), f"(12)) <
&/8 which contradicts to (yy, y2) € X x X\2.
Hence (X, f) is infinitely sensitive. O

THEOREM 2.2. For a dynamical system (X, f), the following statements are
equivalent:

(1) (X, f) is densely o-chaotic for some & > 0.

(2) (X, [) is generically o-chaotic for some 6 > 0.

(3) (X, [) is generically chaotic and sensitive.
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(X, f) is generically chaotic and infinitely sensitive.
(X, f) is densely chaotic and sensitive.

(X, f) is densely chaotic and infinitely sensitive.
PR(f)=X x X and (X, f) is sensitive.
PR(f)=X x X and (X, [f) is infinitely sensitive.

Proor. According to [10, Theorem A], (1) < (2) holds. Applying Theorem
21, 2)=(3) = (4) = (5 < (6) = (7) & (8) holds trivially.
(8) = (1) Tt is easy to see that

]

8

PR(f) = ((f < )" (A1) (1)

3
I

m

Then PR(f) is a dense Gs-subset of X x X since PR(f) =X x X.
Since £ is infinitely sensitive, there exists ¢ > 0 such that for all x € X and all
0 >0, there exists some y € B(x,0) satisfying limsup,_,, p(f"(x), f"(»)) > e.

Cranv:  int((),_,(f x )~ (0 (A e/2—1/n)) = & for any pair m,neN.

PrOOF OF Cram. If there exist m,neN such that ()., (f x f) """
(A.j>—1/») has non- ernpty interior, then there exist some x,y e X and r > 0 such
that B(x,r) x B(y,r) = (\_,(f % /) ) "M A ¢/2-1/n). So for any pair zj,z;€
B(x,r) and any k €N, p(f" ™ (z1), f"¥(22)) < p(f " (z1), £7(0) + p(F " (),
SR (zy)) <2(e/2 — 1/n) =& —2/n.

This implies that limsup,_, p(f*(z1), f%(z2)) <e—2/n< e for any pair
z1,z2 € B(x,r) which is a contradiction.

Meanwhile, we have

AR (1) = {50 € X X stimsup (0. () < 5

n— o0

- U

n=1

= O @ <ﬁ(f X f)(nHk)(Ae/Z—l/n)>

({nexsxspmt@.mion < 51}

n

ﬁCS

1

n=1m=1

Combining this with the Claim, it follows that AR, (f) is of first category in
X x X. This leads with (1) to that PR(f)\AR,>(f) is dense in X x X by the
Baire category theorem. Thus (X, f) is densely &/2-chaotic. O
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The following proposition is a direct corollary of [9, Theorem 3.5].

ProrosiTiON 2.3. If (X, f) is a topological transitive system with a fixed
point, then it is densely chaotic.

PropoSITION 2.4. Assume that f: X — X is uniformly continuous. If f is
densely chaotic, then f" is too for any ne N.

Proor. It holds trivially since LY(f) = LY (/") holds for any n e N. ]

ExampLE 2.5. Take X =[0,1]U[2,3] and define the map f: X — X by

_ [Ax)+2, xel0,1],
f(x)_{A(x—Z), xe2.3],

where A(x) =1—]1—2x|, x€0,1]. By simple calculation, we know

. B AZ(X), X € [0, 1]7
[Hx) = {Az(xZ) +2, xel2,3],

It is not difficult to check that f is Devaney chaotic. For any pair (x,y)e
[0,1] x [2,3], we have inf{|f?(x)— f>(y)|:neN}>1, so [0,1] x[2,3]N
LY(f?) = &. This implies that f2 is not densely chaotic. Applying Proposition
2.4, it follows that f is not densely chaotic.

Combining this Example with [13, Example 6.3.16], we have that for general
dynamical systems, Devaney chaos and dense chaos do not imply each other.

3. Dense Chaos for Bounded Operators

In this section, X denotes a Banach space over C (or R) and 7: X — X a
bounded operator. In this case, the associated metric is p(x, y) = ||x — y|| for any
pair x, y € X, where || - || is the norm of X. A vector x € X is said to be irregular
for T if liminf,_. . ||7"(x)|| =0 and limsup,_,||T"(x)|| = co. In [2], Bermudez
et al. proved the following conclusion, which is important for our discussion.

THEOREM 3.1 ([2, Theorem 5]). Let T : X — X be a bounded operator. The
following assertions are equivalent:

(1) (X,T) is Li-Yorke chaotic.

(2) (X,T) admits a Li-Yorke pair.

(3) (X, T) admits an irregular vector.
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Applying this theorem, it is obvious that every densely chaotic operator is Li-
Yorke chaotic. In comparison with the result in section 2, we have the following
results on bounded operators.

ProposITION 3.2.  If a bounded operator T : X — X is transitive, then it is
densely chaotic. In particular, every Devaney chaotic operator is densely chaotic.

Proor. 1t is clear that 0 is a fixed point of 7. This leads with Proposition
2.3 to that T is densely chaotic. O

THEOREM 3.3. Assume that T is a bounded operator defined on a Banach
space X. Then T is densely d-chaotic for some 6 > 0 if and only if it is densely
chaotic.

Proor. Necessity is obvious.

Sufficiency. By Theorem 2.2, it is sufficient to show that 7 is infinitely
sensitive.

According to Theorem 3.1, it follows that 7" admits an irregular vector v. For
any x€ X and any 6 >0, let us take y = x4 v/||v| -J/2. Clearly, y e B(x,0).

Furthermore, we have
v 0
(9l
‘ [o]] 2

Being the end of this section, we shall construct a bounded operator which is

limsup p(7"(x), T"(y)) = limsup[|7"(x) — T"(y)|| = lim sup

n—oo n—oo n— 0

Thus T is infinitely sensitive. O

not densely chaotic but Li-Yorke chaotic.

ExampLE 3.4. Let H be an infinite dimensional separable Hilbert space
and xoeH (xo #0). Take V; =span{xo} and Vo=V :={xeH:x LV}
According to [2, Theorem 35|, there exists a bounded operator 75 : V, — ¥V, such
that 7, is chaotic in the sense of Li-Yorke. Define the operator 77 : V, — V)
by Ti(x) =2x for each x € V;. According to projection theorem, we know that
every x € H can be uniquely written as x = x; +x; with x; € V;, i=1,2. Let
T:H — H be a operator given by

T(x) = T(x1 -|-XQ) =T (Xl) + Tz()Q).

Clearly, T is continuous. Now we assert that T is Li-Yorke chaotic but not
densely chaotic.
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Indeed, as T|V2 = T, is Li-Yorke chaotic, it is clear that T is Li-Yorke
chaotic. It remains to show that 7 is not densely chaotic. Let us choose W, =
B(0,1) and W, = B(4(xo/||x0l|),1). Clearly, W =W, — W, :={x—y:xe W,
ye Wi} < B(4(xo/||x0l),2). For any pair (x, y) € W> x W), there exist x, y; € V]
and x3, y2 € V3 such that x; + x2 = x — 4(x0/||x0l|) and y; + y» = y. Then x — y
= (4(xo/[[xoll) + x1 = y1) + (x2 — y2) € W = B(4(xo/||x0l]),2). So [[x1 — yi1]| < 2.
This implies that [|4(xo/||x0||) + x1 — »1]| > 2. Thus for any ne N,

177() = () = | T"x — )] = HT{’ (4”jj§||+ . yl) T - )

X0 X0
> nfg 29 . —on. 429 .
—H ( ol + y)‘ H< ol y)H

>2" o (n— o)

as  T7'(4(xo/l|x0l|) +x1 — y1) L T3'(x2 — y2). Therefore, limsup,_ || 7T"(x)—

T"(y)|l = 0.

Hence, W), x Wi NLY(T) = &, ie., T is not densely chaotic.

We deduce from Theorem 3.3, Example 3.4 and [10, Theorem A] that for a
bounded operator, dense chaos, generic chaos, dense d-chaos and generic d-chaos
are equivalent and they are all strictly stronger than Li-Yorke chaos.
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