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THE BOX TOPOLOGY OF INFINITE
SIMPLICIAL COMPLEXES

By

Katsuro Sakal and Hanbiao YANG

Abstract. In this paper, realizing an infinite simplicial complex K in
the linear space R @ naturally, we investigate the box topology on
|K| inherited from RX" that is finer than the metric topology and
coarser than the Whitehead (weak) topology.

The polyhedron |K| of a simplicial complex K has typical two topologies,
the weak (Whitehead) topology and the metric topology. In case K is locally
finite, these topologies are identical. In this paper, we introduce a new topology
which is finer than the metric topology and coarser than the weak topology in
general.

The vertices of a simplicial complex K is denoted by K©. Let RX” s the
linear space of all real-valued functions defined on K® with the operations
defined coordinate-wise. For each v e K, let e, € RX “ be the unit vector defined
by e,(v) =1 and e,(u) =0 if u # v. By Rf(o), we denote the linear subspace of
RX" generated by e, ve K©, ie.,

RE" = {x e R¥"” | x(v) = 0 except for finitely many ve K©}.

Identifying vertices v € K(©) with e, € RX (0), we can realize |[K| in R¥ (0), that is, we
can regard |K| < Rf(“). Thus, |K| can inherit various topologies from Rf(o).
The linear space Rf(o) has the norm defined by

Il =Y Ix()l,

veK )
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which is inherited from the Banach space 7 (K?). The metric topology of |K| is
induced by this norm. This topology is also induced by the norms

Il = sup [x@), lxll, = [ > x(0)? et

veK© veK©

The linear space RE “ has the product (Tychonoff) topology and it is a locally
convex topological linear space with respect to this topology.> Although the
product topology on Rf(m is not generated by any norm, the topology of |K]|
inherited from the product topology coincides with the metric topology of |K|.

The weak topology of |K| is no other than the relative (or subspace) topology
of the finite topology of Rf(o) which is the weak topology determined by the
Euclidean topology on each finite-dimensional linear subspace (cf. Appendix
One, A.4.2 and B.5 in [2]). However, Rf@) is not a topological linear space with
respect to the finite topology. In fact, the addition is not continuous with respect
to this topology [2, Appendix One, A.4.3].

By the way, remind that Rf(o) is a locally convex topological linear space
with respect to the box topology, where the origin (the null element) 0 € Rf “ has
the open neighborhood basis consisting of the following sets:

Rf(o)ﬂ H (&y,—&), & >0, ve K.
)

veK©

The box topology is important in study of topology of LF spaces (see [3], [4]).
The box topology of Rf(o) induces the new topology on |K| which is also called
the box topology.

By |K|,, |K|, and |K|, we denote the spaces |K| with the metric topology,
the weak topology and the box topology, respectively. As is easily observed, the
identities id : |K|,, — |K]|, and id : |K|, — |K|,, are continuous. In other words,

the metric topology < the box topology — the weak topology.

In case K is locally finite, these topologies are equal because the metric topology
coincides with the weak topology. It will be shown that if K is locally countable
or dim K < 1, then the box topology of |K| coincides with the weak topology,
that is, |K|, = |K]|,, as spaces (Theorem 1). Let J be a well-known 1-dimensional
countable simplicial complex such that |J|,, # |J|, as spaces.® Then, |J|, # |J],

! The topology induced by | - ||, is no other than the uniform convergence topology.
2The product topology is no other than the point-wise convergence topology.
3The space |J|, is called the hedgehog.
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as spaces (Corollary 1). We will construct a 2-dimensional simplicial complex B
such that |B|, # |B|,, as spaces (Theorem 3).

In case K is a full simplicial complex, the space |K|, is identified with the
convex subspace of the locally convex topological linear space Rf(o) with the
box topology. Then, it follows from the Dugundji Extension Theorem [1] (cf.
Section 5.1 of [5]) that |K|, is an absolute extensor for metrizable spaces. We will
prove that for an arbitrary simplicial complex K, the space |K|, is an absolute
neighborhood extensor for metrizable spaces (Theorem 2).

The subdivision preserves the weak topology but does not the metric to-
pology. On the other hand, the product preserves the metric topology but does
not the weak topology. Like this, these topologies have good and bad points. The
box topology is intermediate between the weak topology and the metric topology.
Besides, it is inherited from a locally convex topological linear space. Then, we
expected for this new topology to inherit both good points from the weak and the
metric topologies. But, against this expectation, the box topology is worse than
these topologies. It will be shown that even the barycentric subdivision does not
preserve the box topology (Theorem 5) and that a simplicial map does not need
to be continuous with respect to the box topology (Theorem 7).

As for the continuity of simplicial maps with respect to the box topology,
it can be proved that if K is locally countable or locally finite-dimensional,
every simplicial map f: K — L is continuous with respect to the box topol-
ogies (Theorem 6). A simplicial map f:K — L is proper if f~'(v)NK©
(= (f|K©@))~ () is finite for each v e L. We will also show that every proper
simplicial map f:K — L is continuous with respect to the box topologies
(Theorem 6).

For infinte simplicial complexes, refer to [5, Chapter 3].

1. Comparison between Topologies

By N and w, we denote the positive integers and the non-negative integers,
respectively. Namely, @ = NU{0}. Let K be a simplicial complex. The vertices
of a simplex ¢ e K is denoted by ¢®. The boundary of ¢ is denoted by do
and rint ¢ = 6\do is the radial interior of ¢. For each x € |K]|, let cx(x) be the
smallest simplex of K containing x, which is called the carrier of x in K. Let
cK(x)(O) ={v1,...,v,}. Then, we can find 7,...,, > 0 such that > /', ;=1 and
x =Y, tv;. We define

0 otherwise.

ﬂK(X) _ {li if v=v;,
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Then, we have X : |K| — Rf(o) = 4(K©) defined by % (x) = (BX(x)),cx0- The

metric topology is induced by the following metric pg:

Z B D)= 18%(x) = BEW)I-

veK©

For a subcomplex L of K, xe|L| if and only if cx(x) € L.

Regarding % (|K]|) as a subspace of the space RX"” with the box topology,
we introduce the new topology on |K| and the space |K| with this topology is
denoted by |K|,. For each x € |K|, U < |K] is a neighborhood of x in |K|, if and
only if there are & >0, ve K, such that

{yelK|[Yoe K, |Bf(x) =l (n)| <&} = U

ProPOSITION 1. Let K be a simplicial complex and L a subcomplex of K.
Then, |L|, is a closed subspace of |K]|,.

Proor. We can identify
RYY = {x e RK"Y |voe KONLO | x(v) = 0} = RK”

Since the box topology of RL" is the relative topology of the box topology of

(), the topology of |L|, is also the relative topology of the box topology of
RX"” Then, it follows that |L|, is a subspace of |K|,. The closedness of |L| in
|K|,, is obvious because |L| is closed in |K]|,,. O

The star St(g,K) of o€ K is the subcomplex of K consisting of all faces
of simplexes of K containing ¢ as a face. The link Lk(s,K) of o€ K is the
subcomplex of the star St(g, K) consisting of simplexes of St(g, K) missing a. For
simplicity, we write St(x, K) = St(ck(x),K) for a point x € |K|, which is called
the star at x in K. For each vertex ve K, (ﬂf)fl(((), 1]) is denoted by O(v, K)
and called the open star at v in K. Note that O(v, K) = |St(v, K)|\|Lk(v, K)|. The
open star at a point x € |K| is defined as O(x,K) = ﬂleck 9o O(v, K), which is
open in |K]|,, and hence open in both |K|, and |K|,. Since O(x,K) < St(x, K),
the star St(x,K) is a neighborhood of x in |K|,, |K|,, and |K],,.

LeMMA 1. For each x € |K|, U < |K| is a neighborhood of x in |K|, if and
only if there are &, >0, ve St(x, K)(O), such that

{velKl|VoeSt(x, K), |85 (x) = BX ()| < &} = U.
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ProoF. The “if” part is trivial. To prove the “only if” part, let U = |K| be
a neighborhood of x in |K|,. By the definition of the box topology, there are
& >0, ve KO such that

{yelk|[Yoe K55 (x) = B ()| <&} = U.

(0)

For each ve cg(x)"”, replacing ¢, >0, we may assume that &, < fX(x). Let

V={yelK||VveStx,K), |B5(x) - B (y)] <&}

For each ye V, BX(y) > 0 for every v e ¢x(x)”. This means that ck(x) < ck(p),
hence cx(y) € St(x, K). Therefore, fX(y) =0 < ¢, for every v e K©\St(x, K)©.
Then, it follows that

V={yelKl|vweKY | (x) - B (V)] <&} U.

This completes the proof. O

THEOREM 1. Let K be a simplicial complex. If K is (1) locally countable or
(2) dim K < 1, then |K|, = |K|,, as spaces.

Proor. (1): Due to Lemma 1, it suffices to show the claim in the case K
is countable. In this case, |[K|, can be regarded as a subspace of the space R™
with the box topology, where |K| < R}V. As is well-known, the subspace RfN of
the space RN with the box topology is the direct limit of the tower R! = R?
R® < --- of Euclidean spaces, that is, its topology is the weak topology with
respect to this tower. Then, |K|, has the weak topology with respect to |K|NR",
n € N. Since each simplex of K is contained in some |K|NR", it follows that |K],
has the weak topology with respect to K, that is, |K|, = |K]|,.

(2): Let x € |K|. In case x = vg € K9, each y € |St(vy, K)|\{vo} is contained
in some l-simplex (vp,v) € K (= K1), where note that

0 < By (v0) = By (») = 1= By (v) = B ().

It follows from Lemma 1 that U < |K| is a neighborhood of x in |K|, if and only
if there are 6, >0, ve Lk(uo,K)(o), such that

{ € [St(vo, K)| | Vv € Lk(vo, K)”, BX(y) <.} = U.

When ck(x) is a 1-simplex <vo,v;) € K, we can write x = (1 — #)vy + tv; for some
0 <t < 1. Since |St(x,K)| = ck(x), it follows from Lemma 1 that U < |K| is a
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neighborhood of x in |K]|, if and only if there is some 0 < < min{z,1 — ¢} such
that

{1=s)vo+sv1|0<t—0<s<t+d}cU.

Therefore, U < |K| is a neighborhood of x in |K|, if and only if U is neigh-
borhood of x in |K|,. Thus, we have the result. ]

The following 1-dimensional countable simplicial complex J is a well-known
example of a simplicial complex such that |J|,, # |/|,:

J = {vo, vn, Cvo,0n) [ n € N},

where v, # vy if n#mew. Since |J|, =|J|, by Theorem 1, it follows that
|[J], # |J|,,- Note that if a simplicial complex K is not locally finite, then K
contains a subcomplex which is simplicially isomorphic to J. Thus, by Propo-
sition 1, we have the following:

CorOLLARY 1. If a simplicial complex K is not locally finite, then
|K|, # |K|, as spaces. O

2. Absolute Neighborhood Extensors for Metrizable Spaces
As mentioned in Introduction, for a full simplicial complex K, the space |K|,

is an absolute extensor for metrizable spaces. This fact extends as follows:

THEOREM 2.  For every simplicial complex K, |K|, is an absolute neighborhood
extensor for metrizable spaces.

To prove this theorem, we need the following proposition:

ProposITION 2. Let K be a simplicial complex and X a metrizable space.
Then, f:X — |K|, is continuous if and only if f:X — |K|, is continuous.

Proor. The “if” part is obvious. To show the “only if”” part, assume that
f X — |K], is not continuous at xo € X, that is, f(xo) has a neighborhood V'
in |KJ,, such that f(U) ¢ V for any neighborhood U of xy in X. Then, we can
find a sequence xj,xz,... € X such that xo = lim,_, x, and f(x,) ¢ V for every
neN. Let

L={ceK|3IneN such that g < cgx(f(x,))}
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Then, L is a countable subcomplex of K and {f(x,) |n € w} = |L|. Hence, f(x) #
lim,_», f(x,) in |L|,. On the other hand, the countability of L implies |L|, = |L|,
by Theorem 1(1). Consequently, f : X — |K]|, is not continuous. O

Remark 1. Every metric space is a k-space and the above proposition holds
even if X is a k-space. Indeed, when X is a k-space, assume that f: X — |K|,
is continuous. For each compact set C in X, f(C) is compact in |K|,. Hence,
there is a countable subcomplex L of K such that f(C) < |L|. In fact, f(C) has
a countable dense subset D. The desired subcomplex L < K can be defined as
a subcomplex of K consisting of all faces of ck(y), y € D. According to Theorem
1 and Proposition 1, |L|, =|L|, is a subspace |K|,. Then, f|C:C — |L|,, is
continuous, so f|C: C — |K|, is also continuous because |L|, is a subspace of
|K|,. Since X is a k-space, it follows that f : X — |K|, is continuous.

Now, we can prove Theorem 2.

PrOOF OF THEOREM 2. Let X be a metrizable space and f : 4 — |K|, a map
from a closed set 4 in X. By Proposition 2, f: 4 — |K|, is also continuous.
Since |K|,, is an absolute neighborhood extensor for metrizable spaces, there exists
a neighborhood U of 4 in X with a continuous extension f: U — |K], of f.
Then, f: U — |K |y is also continuous. Thus, f : 4 — |K|, extends over a neigh-
borhood of 4 in X. 0

3. The Simplicial Complex B

We define a simplicial complex B as follows:

B = {v,|new}U{v,|1e NN},
B={o|ImeN,3le NN such that o < vy, U, v}

Then, card B = 2% and dim B=2. For each ne N and 1e NN, let

a,; = (1 2 vo + ! vy + ! v; € vy, Uy, U,
I’L.,/l_ }y(n)+l 0 /"L(}’l)+1 n /1(”[)+1 A 0y Uns V2 /-

THEOREM 3. The box topology on |B| is different from the weak topology, that
is, |B|, # |Bl,, as spaces.

Proor. Let A4 = {a,;|neN,2eNN} < |B|. For each neN and 2e NN, 4
meets the simplex <{vo, v,,v,) at the point a, ,. Hence, 4 is closed in |B|,. On the
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other hand, A4 is not closed in |B|,. On the contrary, assume that A4 is closed in
|B|,, that is, |B|\A is open in |B|,. Since vy € |B|\4, we can find ¢, >0, new
and ¢; >0, 1e NN, such that

BEY (M —eo, NN (Y (BE) ' (0,0)N () (BE)'([0,22)) < [B\A.

neN JeNN
Let 4o e NN be the map defined by

Ao(n) = rnax{n7 [3}, {l]} for each n e N,

&0 &n

where [7] € Z is the largest integer such that [7] < ¢, hence [7] + | is the smallest
integer such that z < [f] + 1. Choose ny € N so that 1/ny < ¢,,. Then, it follows
that

1 1
B p— R
ﬂvzo (ano,lo) = Jo(mo) + 1 < n < &,
B 2
ﬁvo(ano,/lo) =1 —W >1—¢ and

B =
ﬁvno (ano‘)«)) /10(”0) +1
Moreover, ﬁi(ano,io) =0<¢g, for each ne N\{ny} and [)’If(ano,;ﬂ) =0<eg; for
each 2 e NN\ {/o}. Therefore, a,, ;, € |B|\4, which is a contradiction. O

According to Proposition 1, if L is a subcomplex of K then |L|, is a subspace
of |K|,. Then, we have the following corollary:

COROLLARY 2. If a simplicial complex K contains a subcomplex which is
simplicially isomorphic to B defined as above, then |K|, # |K|,, as spaces. ]

4. The Box Topology of Subdivisions

Any simplicial subdivision of a simplicial complex K preserves the weak
topology and the barycentric subdivision of K preserves the metric topology.
We consider this with respect the box topology. In case K is locally countable
or dim K <1, any simplicial subdivision K’ of K is also locally countable
or dm K’ <1, so |K|, = |K|,, =|K'|, = |K’|, by Theorem 1. Other cases are
discussed here.
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For each xe |K|, ck/(x) < cx(x), hence BX(v')=0 for v’ecK/(x)m) and
ve KONk (x)?. Then, we have

x= 3 = Y ( > ﬂf/(X)ﬂf(v'))v,
v'ecg (x)”

v'ecgs (x)? veeg(x)”

which implies that

(*) Z BE (x)pK (") = pX(x) for each ve K.

v'ecgs (x)”

For each o € K, choose a point u(g) € rint ¢ (= 6\0g). Then, for g; < --- <
or € K, u(oy),...,u(ar) are vertices of the (k— l)-simplex in ox. A derived
subdivision K' of a simplicial complex K is a subdivision consisting of such
all simplexes. The barycentric subdivision Sd K of K is a typical derived sub-
division. For each x¢€ |K|, there are g <---<or €K such that cg/(x) =
{u(o;)|i=1,...,k} and

k

k
X= Puioy(ula) =Y < I/fﬁ;i)(X)ﬁf (u(m))>v,

i=1 veal® \i=
K

(

where X (u(a;)) > 0 if and only if ve a,-o). Then, cx(x) =0, and

BE(x) = Z B, (X)BE(u(e:)) for each vea,

i=1

where v ¢ o implies X (u(q;)) = 0.

THEOREM 4. Let K' be a simplicial subdivision of a simplicial complex K.
If (1) K is locally finite-dimensional or (2) K' is a derived subdivision of K, then
id : |K'|, — |K|, is continuous.

Proor. To prove the continuity at a point x € |K'| = |K]|, let ¢, > 0 be given
for each ve K.
(1): For each v’ e K'” we define 5, > 0 as follows:

1o minfe, |ve cx ()} / 0
) mm{zﬂv, (x), dim St(cx(x), K) 7 1 if v' e cgr(x)",

min{e, |v e cx(v)) "}
dim St(cg(x),K) + 1

if v ¢ ex(x)9,
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where dim St(cx(x), K) < oo because K is locally finite-dimensional. Assume that
ye|K'| =|K| and |/)’§/(x) — K (»)| <6, for every of eK'”. We show that
1BX(x) — pX(y)| < & for every ve K.

First note that [)’f’(y) >/)’§/(x)/2 >0 for each v’ ecK/(x)<0) because J,y <
BX'(x)/2. Then, cg/(x) < cki(y), which implies cx/(y) e St(ck(x),K'). Since
[St(cx/(x), K")| = |St(cx(x),K)|, it follows that dim cgx/(y) < dim St(cgx(x), K).
Thus, we have

O pecg®)? =6, < il

A )
vieex(y) = dim cpr(p) + 1

It should be noted that v € cx(v')” if and only if v’ € O(v, K) (= (BEY (0, 1))).
Moreover, ﬂf/(x) =0if v e cK/(y)(O)\cK/(x)(o), and X)) =0 if v¢ CK(U’)(O).
For each ve cx(y)?, it follows from (*) that

BEx) —pEDI =] D BE@BEY - Y BE0BEW)

v’ecK/(x)(O>

B (x) = B D B W)

)(0)

IA

v'ecgr(y

< Z S = Z vy (v))

v e (»)? v'ec (»)N0(v, K)

IA

&
Z )dlm C](()/)-‘r 1

v'ecg (1) YN0, K

< —gv =&
v ecpr (1) dim CK/()/) +1
Note that X (x) = X (y) = 0if v e KONk (). Therefore, |5 (x) — pX(y)| < &,
for every ve K,

(2): Let K'® = {u(c)|oe K}, where u(c)erintg. For each geK, we

define

1 ke ; . .
5 mln{zﬂ,ﬁg) (x), 27W@m o) min{e, |ve a<0>}} if u(o) e cx (X)),
u(o) =

2-(@mo+1) minfe [ve o®) if u(0) ¢ cxr(x) .

Assume that ye|K| and |[>’L§:,)(x) —[)’ﬁ;)(yﬂ < dy( for every oe K. Similar
to the above case (1), cx/(x) < cx/(y). Now, we have o) < --- < gr € K such
that ¢k (1)) = {u(a1), ..., u(or)}, where it should be noted that dim o; + 1 > i.
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For each v e a,io), letve a}m\aj@l. Then, X (u(s;)) =0 fori < j,and ve a ) for
i >j. It follows that

k
|ﬁbK( Z Z.B (u(a:))
k
< D B8y (%) = Bilay ()] B (u(o2)
i=1

k k
§ : § : —(dim a,+1
M

Note that ﬁK( Y=p%() =0 if veK© \ak Thus, |pX(x) - pX(»)| < e, for

v v

every ve K. This completes the proof. O

The following theorem shows that even the barycentric subdivision of a
simplicial complex need not preserve the box topology.

THEOREM 5. The barycentric subdivision of the simplicial complex B does not
preserve the box topology, that is, |Sd B|, # |B|, as spaces.

Proor. We prove that id: |BJ, — |Sd B|, is not continuous at vy. (Note
that id : |Sd B|, — |B|, is continuous by Theorem 4(2).) For each neN and
7. e NN et oy, = {vo, Uy, v;), with w, ; the barycenter of o, ;, and define ¢,, , =
2/A(n) > 0. For any 6, >0, ve B we can find nyeN, e NN and x e Ono. 2o
such that

BB (vo) — BE(x)| <9, for every ve B but

v
Sd B Sd B
|ﬁn,-“0‘,«.0 (vo) — ﬁwno‘,ﬁo (x)| = Sy, 20

which means that id : |B|, — |Sd B|, is not continuous at vy. In fact, we define

20 € NN by
1 2
= — |1, = +1
) = 5|1 41}

and choose ny e N so that ny! <0y, . Let
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V)

1
P + o +
7o no))“’ Jo(0) ™ To(no)

(3 Va3 (L
o /10(1’!0) to ﬂo(l’lo) 3U0 3Un0 3UAO

3
1—- v + Wi o+
Ao(no)) O Jo(ng) "

Then, |82 (vo) — 2(x)| < J, for every ve B because

2 1
1-p8(x) = <0, PE(x)= <6y,
By (X) PRED) B, (%) Tolng) < O
BE (x) = L 15, and
Yip Zo(no) ~— mo %

BE(x)=0<3, for v+ v, 0,0

On the other hand,

BL0E (v0) = e ()| = B (x) =

Wno, 2 Wno, 2 Wno, 29

This completes the proof. ]

5. The Continuity of Simplicial Maps

Every simplicial map is continuous with respect to both of the metric
topology and the weak topology. Concerning the box topology, we have the
following result:

THEOREM 6. Let K and L be simplicial complexes and f : K — L a simplicial
map. In the following cases, [ :|K|, — |L|, is continuous.

(1) K is locally countable,

(2) K is locally finite-dimensional,

(3) f is proper.

In the above (3), a simplicial map f:K — L is proper if f~'(v)NK©®
(= (f| KO~ (v)) is finite for each ve L©.

Proor. (1): Note that f|o is continuous for every o€ K because both
simplexes ¢ and f(o) have the Euclidean topology. Because of the local count-
ability of K, |K|, = |K],, as spaces. Then, it follows that f is continuous.
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(2): We show the continuity of f at x=3,_x0SX(x)ve|K]|. Let k=
dim St(x,K) < oo (the local finite-dimensionality of K). Given &, >0, ue
St(f (x),L)(O), we define

1 v .
5 min{zﬁf(x), ksq(-)l} if vecK(x)(O),
& (v) : O en(x)©
T f K .
i if ve St(x, K)" \ck(x)
Take x’ € |St(x, K)| such that |X(x) — p¥(x")| < 6, for each v e St(x, K)<0). Since
IBE(x) — pE(x")| < pX(x)/2, it follows that BX(x') > pX(x)/2, which implies
cx(x) < ex(x'). Because cx(x') € St(x,K), we have card cx(x')” <k +1. For
each u e St(f(x),L)?,

BE(f(x)) = BE(f(X)| = S BEx) - > BRY)
veex(x) N1 (u) veek(x) VN 11 (u)
< Y B =R

veex(x) 0N (u)

< Z 0y < Z lff—|(—1j)1 <&

”ECK(X’)(O)Q/"*l(u) UE(?K()C/>(0>Q/"](L4)

This shows that f :|K|, — |L|, is continuous.

(3): As in (2), we show the continuity of f at x =, _x0 BX(x)v € |K|. For
each ue LY, let k, = card f~'(u) NK® € w (the properness of f). Given &, > 0,
ue St(f(x),L)(O), we define

min{lﬁf(x), eﬂv)} ifve cK(x)(()),
2 0

& (v) if v e St(x, K)(O)\CK(X)(O)~

Take x' € |St(x,K)| such that |BX(x) — pX(x")| <6, for each v e St(x, K)<O). As
the case (2), cx(x) < ck(x) € St(x,K). Then, for each ue St(f(x),L)(O),

B (f(x) = B (f(x))] < Yo BN - BE)

veek(x)ONf1(u)

& (v)
< E oy < g < éy.
o Kr )
veex (XY ON 11 (u) ve KON~ )

Therefore, f :|K|, — |L|, is continuous. O
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Finally, we show the following:

THEOREM 7. Let K and L be simplicial complexes such that K contains
an uncountable full simplicial complex and L contains an infinite full simplicial
complex. Then, there exists a simplicial map f : K — L such that f : |K|, — |L|;
is not continuous.

Proor. Without loss of generality, we may assume that L itself is a
countable infinite full simplicial complex with L) = {u, |n € v}, where w, # u,
if n#n'. Let F be an uncountable full simplicial complex contained in K. Take
a vertex vo e FO and let

FON{vo} = {v,..| (n,2) e N x A},

where A is uncountable and v, ; # v,/ if (n,4) # (n’,1"). We define a simplicial
map f: K — L by

f(U) - Uy if v= Un. Js (I’l,l) e N x /\7
~ug if o=1vp or ve KONFO,

Then, f : |K|, — |L|, is not continuous at vy. Indeed, Vy = ﬂneN(ﬂlfn)fl([O,T”))

is an open neighborhood of uy = f(vg) in |L|,. For each neighborhood U of vy
in |K|,, we have 6, >0, ve K, such that

B =6, )0 () (BETH(0,0,) = U
ve KON{vp}
Choose an ny € N so that 27 < J,,. Since A is uncountable, we have n; > n
such that 4, , >27" for infinitely many distinct 4; € A, ieN. Let

VA

21—

p=00=2")u+ Y 27"v,, €|F| K]
i=1

Then, it follows that
Biy(p) =1-27">1-4,,

550.,, (p) =2"" <6y,,; foreach i=12,...,2""" and

K .
ﬂu (p) = O < 51/‘ lf % # 007 vn(),i]aU}1o,iz7 M 7vn()./12n1—n0?

which means that p e U. On the other hand,

f(P) — (1 _ 27710)1/[0 + znlfnozfmuno — (1 _ z—no)uo + anouno.
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Then, ﬁuLno (f(p)) =27, which implies that f(p)¢ Vy. Hence, f is not con-
tinuous at vy. |

The authors appreciate Kotaro Mine calling their attention to the 1-
dimensional case in Theorem 1. They would also like to express their gratitude to
the referee for his valuable comments and his criticism.
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