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ON THE GROUP OF EXTENSIONS Ext1ðGðl0Þ;Eðl1;...;lnÞÞ
OVER A DISCRETE VALUATION RING

By

Takashi Kondo

Abstract. For given group schemes GðliÞ ði ¼ 1; 2; . . .Þ deforming

the additive group scheme Ga to the multiplicative group scheme Gm,

T. Sekiguchi and N. Suwa constructed extensions:

0 ! Gðl2Þ ! Eðl1;l2Þ ! Gðl1Þ ! 0;

. . . ;

0 ! GðlnÞ ! Eðl1;...;lnÞ ! Eðl1;...;ln�1Þ ! 0;

. . .

inductively, by calculating the group of extensions

Ext1ðEðl1;...;ln�1Þ;GðlnÞÞ. Here changing the group schemes, we treat

the group Ext1ðGðl0Þ;Eðl1;...;lnÞÞ of extensions for any positive integers

n. The case of n ¼ 2; 3 were studied by D. Horikawa and T. Kondo.

Introduction

T. Sekiguchi and N. Suwa constructed the group schemes deforming the

group schemes of Witt vectors to tori in order to unify the Kummer theory

and the Artin-Schreier-Witt theory. Let A be a discrete valuation ring with the

maximal ideal m. Then such group schemes of dimension 1 over A are known

to be given only by GðlÞ ¼ Spec A½X ; 1=ð1þ lXÞ� with l A mnf0g (cf. [4], [9]). In

the higher dimensional case, Sekiguchi and Suwa determined the groups of

extensions Eðl1;...;lnÞ for nb 2 successively (cf. [5]).

In this article, we will determine the group of extensions Ext1ðGðl0Þ;Eðl1;...;lnÞÞ
(Theorem 4.1.2) for any positive integers n. The case of n ¼ 2; 3 were determined

by D. Horikawa [2] and T. Kondo [3].
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Notations

In this article, ring means a commutative unitary ring.
� p: a fixed prime number
� Ga;A :¼ Spec A½T �: the additive group scheme over a ring A
� Gm;A :¼ Spec A½T ; 1=T �: the multiplicative group scheme over a ring A
� An

A: the a‰ne space of dimension n over a ring A, endowed with the usual

ring scheme structure
� WðAÞ: the ring of Witt vectors over a ring A
� ½a� :¼ ða; 0; 0; . . .Þ A WðAÞ: the Teichmüller lifting of a A A
� Ext1ðG;HÞ: the group of extensions of abelian group schemes G and H
� H 2

0 ðG;HÞ: the Hochschild cohomology group consisting of symmetric 2-

cocycles of G with coe‰cients in H for group schemes G and H (cf. [1,

Chap. II.3 and Chap. III.6]).

1. Witt Vectors

In this section, we recall the fundamental facts on Witt vectors.

1.1. For a non-negative integer n, we denote by FnðXÞ ¼ FnðX0; . . . ;XnÞ the
Witt polynomial:

FnðXÞ :¼ X
pn

0 þ pX
pn�1

1 þ � � � þ pn�1X
p
n�1 þ pnXn

in Z½X� ¼ Z½X0;X1; . . .�. We put Wn;Z :¼ Spec Z½T0;T1; . . . ;Tn�1� and define the

map FðnÞ : Wn;Z ! An
Z by

Ti 7! FiðTÞ ¼ FiðT0; . . . ;TiÞ:

Proposition 1.1.1. FðnÞ induces the ring scheme structure on Wn;Z uniquely

so that it is a ring scheme homomorphism. In particular, Wn;Q FAn
Q:

In fact, the addition s and the multiplication p of An
Z are given by

s� : Ti 7! Xi þ Yi; p� : Ti 7! Xi nYi

266 Takashi Kondo



with Xi :¼ Ti n 1 and Yi :¼ 1nTi. Suppose that S and P are the addition and

the multiplication which are induced by FðnÞ. Then S�ðFiðTÞÞ ¼ FiðXÞ þFiðYÞ,
P�ðFiðTÞÞ ¼ FiðXÞFiðYÞ and the following diagrams are commutative:

Wn;Z �Spec Z Wn;Z ����!FðnÞ�FðnÞ
An

Z �Spec Z An
Z

S

???y
???ys

Wn;Z ����!
FðnÞ

An
Z

Wn;Z �Spec Z Wn;Z ����!FðnÞ�FðnÞ
An

Z �Spec Z An
Z

P

???y
???yp

Wn;Z ����!
FðnÞ

An
Z

:

By induction on i, it can be seen that S�ðTiÞ, P�ðTiÞ A Z½X;Y�, thus Wn;Z is

a ring scheme over Z. We call Wn;Z the ring scheme of Witt vectors over Z of

length n. We also denote S�ðTiÞ and P�ðTiÞ by SiðX;YÞ and PiðX;YÞ, re-

spectively.

We denote the ring of Witt vectors over a ring A by WðAÞ, and the formal

completion of WðAÞ along the zero section by ŴWðAÞ. Then we have

ŴWðAÞ ¼
�
ða0; a1; . . .Þ A WðAÞ

����ai is nilpotent for all i and

ai ¼ 0 for all but a finite number of i

�
:

1.2. In this subsection, we define some endomorphisms of the additive group

WZ :¼ Spec Z½T�. We define the Verschiebung endomorphism V : WZ ! WZ by

Ti 7!
Ti�1 if i > 0

0 if i ¼ 0

�
:

For rb 0, we define polynomials FrðTÞ A Q½T0; . . . ;Trþ1� inductively by

FrðF0ðTÞ; . . . ;FrðTÞÞ ¼ Frþ1ðTÞ:

Then FrðTÞ A Z½T0; . . . ;Trþ1�. We define the Frobenius endomorphism F : WZ !
WZ by

Ti 7! FiðTÞ:

F is a ring scheme homomorphism and if A is a Fp-algebra, then F : WðAÞ !
WðAÞ is nothing but the usual Frobenius endomorphism. For a ring A and l A A,
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we define F ðlÞ : ŴWðAÞ ! ŴWðAÞ by

F ðlÞa :¼ ðF � ½lp�1�Þa ¼ Fa� ½lp�1�a

and denote the kernel and the cokernel of F ðlÞ by ŴWðAÞF
ðlÞ

and ŴWðAÞ=F ðlÞ,

respectively.

For a vector a :¼ ða0; a1; . . .Þ A WðAÞ, we define a map ha; �i : WðAÞ ! WðAÞ
by

Fnðha; xiÞ ¼ a
pn

0 FnðxÞ þ pa
pn�1

1 Fn�1ðxÞ þ � � � þ pnanF0ðxÞ

for x A WðAÞ. Then we have ha; �i ¼
P
kb0

V k½ak� and it is an endomorphism

(cf. [5, Remark 4.8]).

2. Artin-Hasse Exponential Series

In this section, we review some concepts on Artin-Hasse exponential series

from [5].

2.1. We define a formal power series EpðTÞ A Q½½T �� by

EpðTÞ :¼ exp T þ T p

p
þ T p2

p2
þ � � �

 !
:

Then it can be seen EpðTÞ A ZðpÞ½½T �� and we call it Artin-Hasse exponential

series.

We define a formal power series EpðU ;L;TÞ A Q½U ;L�½½T �� by

EpðU ;L;TÞ :¼ ð1þLTÞU=L
Yy
k¼1

ð1þLpk

T pk Þð1=p
kÞfðU=LÞp

k
�ðU=LÞ p

k�1
g:

By Artin-Hasse exponential series, we have

EpðU ;L;TÞ ¼

Q
ðk;pÞ¼1

EpðULk�1T kÞð�1Þk�1=k if p > 2

Q
ðk;2Þ¼1

E2ðULk�1T kÞ1=k
� Q

ðk;2Þ¼1

E2ðUL2k�1T 2kÞ1=k
��1

if p ¼ 2

8>>>><
>>>>:

and EpðU ;L;TÞ A ZðpÞ½U ;L�½½T ��:
Moreover, for an infinite sequence of indeterminates U ¼ ðU0;U1; . . .Þ, we

define formal power series EpðU;L;TÞ by

EpðU;L;TÞ :¼
Yy
k¼0

EpðUk;L
pk

;T pk Þ A ZðpÞ½U;L�½½T ��:

268 Takashi Kondo



Then we have

EpðU;L;TÞ ¼ ð1þLTÞU0=L
Yy
k¼1

ð1þLpk

T pk Þð1=p
kL p k ÞðFkðUÞ�L pk�1ð p�1ÞFk�1ðUÞÞ

¼ ð1þLTÞU0=L
Yy
k¼1

ð1þLpk

T pk Þð1=p
kL p k ÞFk�1ðF ðLÞUÞ:

Let A be a ZðpÞ-algebra and l A A. Then for a; b A WðAÞ, we have

Epða; l;TÞEpðb; l;TÞ ¼ Epðaþ b; l;TÞ

with aþ b ¼ ðS0ða; bÞ;S1ða; bÞ; . . .Þ. Moreover, if F ðlÞa ¼ 0, then

Epða; l;T0ÞEpða; l;T1Þ ¼ Epða; l;T0 þ T1 þ lT0T1Þ:

We define a formal power series FpðU;L;T0;T1Þ A Q½U;L�½½T0;T1�� by

FpðU;L;T0;T1Þ :¼
Yy
k¼1

ð1þLpk

T
pk

0 Þð1þLpk

T
pk

1 Þ
1þLpk ðT0 þ T1 þLT0T1Þp

k

 !ð1=pkL pk ÞFk�1ðUÞ

:

Then FpðU;L;T0;T1Þ A ZðpÞ½U;L�½½T0;T1�� (cf. [5]).

2.2. For a ¼ ða0; a1; . . .Þ A WðAÞ, we define ~pp: WðAÞ ! WðAÞ by

~ppðaÞ :¼ ð0; ap
0 ; a

p
1 ; . . .Þ:

Moreover, we define ~ppEpðU;L;XÞ and ~ppFpðU;L;X ;YÞ by

~ppEpðU;L;XÞ :¼ Epð~ppU;L;XÞ

and

~ppFpðU;L;X ;YÞ :¼ Fpð~ppU;L;X ;Y Þ:

Proposition 2.2.1 ([5, Lemma 4.10]). For k; l A Z with kb 1 and lb 0, we

have

ð~ppÞkEpðU;L;XÞ ¼ EpðUðpkÞ;Lpk

;X pk Þ

ð~ppÞkþl
FpðU;L;X ;YÞ1 ð~ppÞlFpðUðpkÞ;Lpk

;X pk

;Y pk Þ mod plþ1

with UðpkÞ ¼ ðU pk

0 ;U
pk

1 ; . . .Þ.
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We put

V ¼ ðV0;V1; . . .Þ :¼
U0

L2
;
U1

L2
; . . .

� �
;

and define formal power series ~EEpðW;L2;EÞ and ~EEpðW;L2;FÞ with an infinite

sequence of indeterminates W ¼ ðW0;W1; . . .Þ by

~EEpðW;L2;EÞ :¼ EW0=L2

Yy
k¼1

ðð~ppÞkEÞð1=p
kL

pk

2
ÞFk�1ðF ðL2ÞWÞ

and

~EEpðW;L2;FÞ :¼ FW0=L2

Yy
k¼1

ðð~ppÞkF Þð1=p
kL

p k

2
ÞFk�1ðF ðL2ÞWÞ

where E :¼ EpðU;L1;XÞ and F :¼ FpðU;L1;X ;YÞ.

Proposition 2.2.2 ([5, Proposition 4.11]). Under the above notation, we have

~EEpðW;L2;EÞ ¼ EpðhV;Wi;L1;X Þ;

~EEpðW;L2;F Þ ¼ FpðhV;Wi;L1;X ;YÞ:

We define formal power series GpðW;L2;EÞ and GpðW;L2;F Þ by

GpðW;L2;EÞ :¼
Yy
k¼1

1þ ðE � 1Þp
k

ð~ppÞkE

 !ð1=pkL
pk

2
ÞFk�1ðWÞ

and

GpðW;L2;FÞ :¼
Yy
k¼1

1þ ðF � 1Þp
k

ð~ppÞkF

 !ð1=pkL
p k

2
ÞFk�1ðWÞ

:

Then we have

GpðF ðL2ÞW;L2;EÞ ¼
Ep

�
W;L2;

1
L2

ðE � 1Þ
�

~EEpðW;L2;EÞ

and

GpðF ðL2ÞW;L2;FÞ ¼
Ep

�
W;L2;

1
L2

ðF � 1Þ
�

~EEpðW;L2;FÞ
:

Moreover, we have GpðW;L2;EÞ;GpðW;L2;FÞ A Zð pÞ½W;U=L2;L1;L2�½½X ;Y ��.
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Proposition 2.2.3 ([5, Proposition 4.13]). Under the above notation and an

infinite sequence of indeterminates A ¼ ðA0;A1; . . .Þ, we have

~EEpðW;L3;GpðA;L2;EÞÞ ¼ Gp

A

L3
;W

	 

;L2;E

� �
;

~EEpðW;L3;GpðA;L2;FÞÞ ¼ Gp

A

L3
;W

	 

;L2;F

� �
:

3. Results on Ext1ðEðl1;...;ln�1Þ;GðlnÞÞ

Sekiguchi and Suwa determined completely the extension groups

Ext1ðEðl1;...;ln�1Þ;GðlnÞÞ in [5]. In this section, we review some results of [5] which

are used in this paper.

3.1. Let ðA;mÞ be a discrete valuation ring with the maximal ideal m such

that chðFracðAÞÞ ¼ 0 and chðA=mÞ ¼ p. Then

Gðl1Þ :¼ Spec A½X1; 1=ð1þ l1X1Þ�; l1 A mnf0g

is a group scheme over A with

co-multiplication: X1 7! X1 n 1þ 1nX1 þ l1X1 nX1;

co-unit: X1 7! 0;

co-inverse: X1 7! �X1=ð1þ l1X1Þ:

Moreover, we have the following A-homomorphism aðl1Þ: Gðl1Þ ! Gm;A by

A½T ; 1=T � ! A½X1; 1=ð1þ l1X1Þ�

T 7! 1þ l1X1

:

In particular, for the generic point h and the special point s of Spec A, aðl1Þ

induces a
ðl1Þ
h : Gðl1Þ

h !@ Gm;K and a
ðl1Þ
s : Gðl1Þ

s !@ Ga;k where K :¼ FracðAÞ and

k :¼ A=m.

3.2. Let Al2 :¼ A=l2A for l2 A mnf0g and i : Spec Al2 ,! Spec A the ca-

nonical closed immersion. Then since the sequence

0 �! Gðl2Þ �!a
ðl2Þ

Gm;A �!r
ðl2Þ

i�Gm;Al2
�! 0 ð*Þ

x 7! 1þ l2x

t 7! t mod l2
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is exact on small flat site over Spec A, we have the following exact sequence:

0 �! HomðGðl1Þ;Gðl2ÞÞ �!a
ðl2Þ

HomðGðl1Þ;Gm;AÞ �!
rðl2Þ

HomðGðl1Þ; i�Gm;Al2
Þ

�!q Ext1ðGðl1Þ;Gðl2ÞÞ �!a
ðl2Þ

Ext1ðGðl1Þ;Gm;AÞ:

We have Ext1ðGðl1Þ;Gm;AÞ ¼ 0 (cf. [5]), thus

Ext1ðGðl1Þ;Gðl2ÞÞFHomðGðl1Þ; i�Gm;Al2
Þ=rðl2ÞðHomðGðl1Þ;Gm;AÞÞ:

Moreover, by HomðGðl1Þ;Gm;AÞF fð1þ l1X1Þn j n A Zg, we have

Ext1ðGðl1Þ;Gðl2ÞÞFHomðGðl1Þ; i�Gm;Al2
Þ=fð1þ l1X1Þn mod l2 j n A Zg:

The following theorem is crucial in the later argument.

Theorem 3.2.1 ([6, Theorem 2.19.1]). Let A be a Zð pÞ-algebra, and l A A be

a nilpotent element. Then the group homomorphism

ŴWðAÞF
ðlÞ

! HomðGðlÞ;Gm;AÞ

a 7! Epða; l;XÞ
and

ŴWðAÞ=F ðlÞ ! H 2
0 ðGðlÞ;Gm;AÞ

a 7! Fpða; l;X ;YÞ

are bijective.

By noting Epð½l1�; l1;X1Þ ¼ 1þ l1X1, we have Ext1ðGðl1Þ;Gðl2ÞÞF ŴWðAl2Þ
F ðl1Þ

=

h½l1�i. This correspondence is given more explicitly as follows.

For u1 mod l2 A ŴWðAl2Þ
F ðl1Þ

=h½l1�i, we put

D1ðX1Þ :¼ Epðu1; l1;X1Þ mod l2:

Then D1 is contained in HomðGðl1Þ; i�Gm;Al2
Þ, and qD1 A Ext1ðGðl1Þ;Gðl2ÞÞ is

given by the pull-back of the exact sequence (*) by D1. Therefore, we have the

following commutative diagram:

0 ���! Gðl2Þ ���! qD1 ���! Gðl1Þ ���! 0����
???y

???yD1

0 ���! Gðl2Þ ���!
aðl2Þ

Gm;A ���!
rðl2Þ

i�Gm;Al2
���! 0:
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Let x1 and t be local sections of Gðl1Þ and Gm;A respectively. Then by

D1ðx1Þ ¼ t mod l2, there exists x2 such that t ¼ D1ðx1Þ þ l2x2 and we have

qD1 ¼ the class of Spec A X1;X2;
1

1þ l1X1
;

1

D1ðX1Þ þ l2X2

� 

:

We put Eðl1;l2;D1Þ :¼ Spec A X1;X2;
1

1þ l1X1
;

1

D1ðX1Þ þ l2X2

� 

. Then it is an a‰ne

group scheme over A.

3.3. Replacing l2 by l3 with l3 A mnf0g in the exact sequence (*) and apply

the same argument to Eðl1;l2;D1Þ, we have an exact sequence:

0 �! HomðEðl1;l2;D1Þ;Gðl3ÞÞ �!a
ðl3Þ

HomðEðl1;l2;D1Þ;Gm;AÞ

�!r
ðl3Þ

HomðEðl1;l2;D1Þ; i�Gm;Al3
Þ �!q Ext1ðEðl1;l2;D1Þ;Gðl3ÞÞ �! 0:

By HomðEðl1;l2;D1Þ;Gm;AÞF fð1þ l1X1ÞnðD1ðX1Þ þ l2X2Þm j n;m A Zg, we have

Ext1ðEðl1;l2;D1Þ;Gðl3ÞÞ

FHomðEðl1;l2;D1Þ; i�Gm;Al3
Þ=fð1þ l1X1ÞnðD1ðX1Þ þ l2X2Þm mod l3 j n;m A Zg:

We put b32 :¼ 1

l2
F ðl1Þu1 and U 2 :¼ F ðl1Þ �hb32 ; �i

0 F ðl2Þ

� �
. Then we have the fol-

lowing theorem.

Theorem 3.3.1 ([5, Theorem 5.1]). Let A be a ZðpÞ-algebra and l1; l2; l3 A A.

Suppose l1 and l2 are nilpotent in Al3 . Then the group homomorphism

Ker½U 2 : ŴWðAl3Þ
2 ! ŴWðAl3Þ

2� ! HomðEðl1;l2;D1Þ; i�Gm;Al3
Þ

ðb1 mod l3; b2 mod l3Þ 7! Epðb1; l1;X1ÞEp b2; l2;
X2

D1ðX1Þ

� �
mod l3

is bijective.

In particular, under this correspondence, we have

ð½l1�; 0Þ 7! 1þ l1X1

and

ðu1; ½l2�Þ 7! D1ðX1Þ þ l2X2:
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Therefore by Theorem 3.3.1, we have

Ext1ðEðl1;l2;D1Þ;Gðl3ÞÞFKer½U 2 : ŴWðAl3Þ
2 ! ŴWðAl3Þ

2�=hð½l1�; 0Þ; ðu1; ½l2�Þi:

This correspondence is also given more explicitly as follows.

For ðu21 ; u22Þ A Ker½U 2 : ŴWðAl3Þ
2 ! ŴWðAl3Þ

2�, we put

D2ðX1;X2Þ :¼ Epðu21 ; l1;X1ÞEp u22 ; l2;
X2

D1ðX1Þ

� �
mod l3:

Then D2 is contained in HomðEðl1;l2;D1Þ; i�Gm;Al3
Þ and qD2 is the pull-back of

the exact sequence (*) by D2. Therefore, we have the following commutative

diagram:

0 ���! Gðl3Þ ���! qD2 ���! Eðl1;l2;D1Þ ���! 0����
???y

???yD2

0 ���! Gðl3Þ ���!
aðl3Þ

Gm;A ���!
rðl3Þ

i�Gm;Al3
���! 0;

where

qD2 ¼ the class of Spec A

�
X1;X2;X3;

1

1þ l1X1
;

1

D1ðX1Þ þ l2X2
;

1

D2ðX1;X2Þ þ l3X3



:

We put

Eðl1;l2;l3;D1;D2Þ :¼ Spec A

�
X1;X2;X3;

1

1þ l1X1
;

1

D1ðX1Þ þ l2X2
;

1

D2ðX1;X2Þ þ l3X3



:

Then it is an a‰ne group scheme over A.

3.4. By induction on n and [5, Theorem 5.1], we have

Ext1ðEðl1;...;ln�1;D1;...;Dn�2Þ;GðlnÞÞ

FKer½U n�1 : ŴWðAlnÞ
n�1 ! ŴWðAlnÞ

n�1�=hð½l1�; 0; . . . ; 0Þ; ðu1; ½l2�; 0; . . . ; 0Þ; . . . ;

ðun�3
1 ; . . . ; un�3

n�3 ; ½ln�2�; 0Þ; ðun�2
1 ; . . . ; un�2

n�2 ; ½ln�1�Þi
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with

l1; . . . ; ln A mnf0g

bn
i :¼ 1

ln�1

�
F ðli�1Þun�2

i�1 �
Pn�2

j¼i

hb jþ1
i ; un�2

j i

�
; 2a ia n� 2

bn
n�1 :¼

1

ln�1
F ðln�2Þun�2

n�2

U n�1 :¼

F ðl1Þ �hb32 ; �i � � � �hbn
2 ; �i

0 F ðl2Þ � � � �hbn
3 ; �i

..

. ..
. . .

. ..
.

0 0 � � � F ðln�1Þ

0
BBBB@

1
CCCCA

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

and elements of Ext1ðEðl1;...;ln�1;D1;...;Dn�2Þ;GðlnÞÞ are the classes of type of group

schemes

Spec A X1; . . . ;Xn;
1

1þ l1X1
;

1

D1ðX1Þ þ l2X2
; . . . ;

1

Dn�1ðX1; . . . ;Xn�1Þ þ lnXn

� 


with

ðun�1
1 ; . . . ; un�1

n�1 Þ A ŴWðAlnÞ
n�1

F ðliÞun�1
i �

Pn�1

j¼iþ1

hb jþ1
iþ1 ; u

n�1
j i1 0 mod ln; 1a ia n� 2

F ðln�1Þun�1
n�1 1 0 mod ln

D0 :¼ 1

Dn�1ðX1; . . . ;Xn�1Þ :¼
Qn�1

i¼1

Ep un�1
i ; li;

Xi

Di�1ðX1; . . . ;Xi�1Þ

� �

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

:

We put

Eðl1;...;ln;D1;...;Dn�1Þ :¼ Spec A

�
X1; . . . ;Xn;

1

1þ l1X1
;

1

D1ðX1Þ þ l2X2
; . . . ;

1

Dn�1ðX1; . . . ;Xn�1Þ þ lnXn




and it is an a‰ne group scheme over A.
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4. Main Theorem

In this section, we use the notations and the group schemes Eðl1;...;ln;D1;...;Dn�1Þ

defined in Section 3.

4.1. Let ðA;mÞ be a discrete valuation ring and l0 A mnf0g. Then Horikawa

determined the extension group Ext1ðGðl0Þ;Eðl1;l2;D1ÞÞ and by generalizing it,

the author determined the group Ext1ðGðl0Þ;Eðl1;l2;l3;D1;D2ÞÞ as in the following

theorem.

Theorem 4.1.1 (Horikawa and Kondo). Let Yðl0;l1;l2Þ be the following map

Yðl0;l1;l2Þ : ŴWðAl1ÞF ðl0Þ=hl1i� ŴWðAl2Þ=hl2i ! ŴWðAl2Þ

ða1; a2Þ 7! F ðl0Þa2 � hb21 ; u
1i

with

ðl1; l2Þ A Z2

l1 :¼ l1½l0�1 0 mod l1

l2 :¼ l2½l0� �
l1

l1
; u1

	 


b21 :¼ 1

l1
F ðl0Þa1

8>>>>>>>><
>>>>>>>>:

:

Then the group homomorphism

Cðl0;l1;l2Þ : Ker Yðl0;l1;l2Þ ! Ext1ðGðl0Þ;Eðl1;l2;D1ÞÞ

defined by

ða1; a2Þ 7! the class of Spec A

2
4X0;X1;X2;

1

1þ l0X0
;

1

Epða1; l0;X0Þ þ l1X1
;

1

Epða2; l0;X0ÞD1

�
X1

Epða1;l0;X0Þ

�
þ l2X2

3
5

is bijective.

Moreover, we define the following map Yðl0;l1;l2;l3Þ:

Yðl0;l1;l2;l3Þ : Ker Yðl0;l1;l2Þ � ŴWðAl3Þ=hl3i ! ŴWðAl3Þ

ðða1; a2Þ; a3Þ 7! F ðl0Þa3 � hb21 ; u
2
1i� hb31 ; u

2
2i
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with

ðl1; l2; l3Þ A Z3

l3 :¼ l3½l0� �
l1

l1
; u21

	 

� l2

l2
; u22

	 

l2 1 0 mod l2

b31 :¼ 1

l2
ðF ðl0Þa2 � hb21 ; u

1iÞ

8>>>>>>>><
>>>>>>>>:

:

Then the group homomorphism

Cðl0;l1;l2;l3Þ : Ker Yðl0;l1;l2;l3Þ ! Ext1ðGðl0Þ;Eðl1;l2;l3;D1;D2ÞÞ

defined by

ða1; a2; a3Þ 7! the class of

Spec A

2
4X0;X1;X2;X3;

1

1þ l0X0
;

1

Epða1; l0;X0Þ þ l1X1
;

1

Epða2; l0;X0ÞD1

�
X1

Epða1;l0;X0Þ

�
þ l2X2

;

1

Epða3; l0;X0ÞD2

�
X1

Epða1;l0;X0Þ ;
X2

Epða2;l0;X0Þ

�
þ l3X3

3
5

is bijective.

Our main purpose of this article is to generalize the preceding results. The

main results are as follows.

Theorem 4.1.2 (Main Theorem). We define inductively the map Yðl0;...;lnÞ:

Yðl0;l1;l2Þ : ŴWðAl1ÞF ðl0Þ=hl1i� ŴWðAl2Þ=hl2i ! ŴWðAl2Þ

ða1; a2Þ 7! F ðl0Þa2 � hb21 ; u
1i

with

ðl1; l2Þ A Z2

l1 :¼ l1½l0�1 0 mod l1

l2 :¼ l2½l0� �
l1

l1
; u1

	 


b21 :¼ 1

l1
F ðl0Þa1

8>>>>>>>><
>>>>>>>>:

:
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and for nb 3,

Yðl0;...;lnÞ : Ker Yðl0;...;ln�1Þ � ŴWðAlnÞ=hlni ! ŴWðAlnÞ

ðða1; . . . ; an�1Þ; anÞ 7! F ðl0Þan �
Xn�1

i¼1

hb iþ1
1 ; un�1

i i

with

ðl1; . . . ; lnÞ A Zn

li :¼ li½l0� �
Pi�1

j¼1

lj

lj
; u i�1

j

	 

; 3a ia n

li 1 0 mod li; 2a ia n� 1

b i
1 :¼

1

li�1
F ðl0Þai�1 �

Pi�2

j¼1

hb jþ1
1 ; u i�2

j i

 !
; 3a ia n

8>>>>>>>>>>><
>>>>>>>>>>>:

:

Then the group homomorphism

Cðl0;...;lnÞ : Ker Yðl0;...;lnÞ ! Ext1ðGðl0Þ;Eðl0;...;ln;D1;...;Dn�1ÞÞ

defined by

ða1; . . . ; anÞ 7! the class of

Spec A

2
4X0; . . . ;Xn;

1

1þ l0X0
;

1

Epða1; l0;X0Þ þ l1X1
;

1

Epða2; l0;X0ÞD1

�
X1

Epða1;l0;X0Þ

�
þ l2X2

; . . . ;

1

Epðan; l0;X0ÞDn�1

�
X1

Epða1;l0;X0Þ ; . . . ;
Xn�1

Epðan�1;l0;X0Þ

�
þ lnXn

3
5

is bijective.

5. Proof of Main Theorem

In this section, we use the notations and the maps Yðl1;...;lnÞ and Cðl1;...;lnÞ

defined in Section 4.

5.1. We assume the homomorphism Cðl0;...;lkÞ in Theorem 4.1.2 is iso-

morphic for k ¼ 3; . . . ; n� 1.
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Let ðx1; . . . ; xnÞ be a local section of Eðl1;...;ln;D1;...;Dn�1Þ and t be a local section

of Gm;A, respectively. We define group scheme homomorphisms r and b by

r : Eðl1;...;ln;D1;...;Dn�1Þ ! Eðl1;...;ln�1;D1;...;Dn�2Þ �Gm;A

ðx1; . . . ; xnÞ 7! ððx1; . . . ; xn�1Þ;Dn�1ðx1; . . . ; xn�1Þ þ lnxnÞ

and

b : Eðl1;...;ln�1;D1;...;Dn�2Þ �Gm;A ! i�Gm;Aln

ððx1; . . . ; xn�1Þ; tÞ 7! Dn�1ðx1; . . . ; xn�1Þ�1
t mod ln:

Then the sequence

0 ! Eðl1;...;ln;D1;...;Dn�1Þ !r Eðl1;...;ln�1;D1;...;Dn�2Þ �Gm;A !b i�Gm;Aln
! 0 ð**Þ

is exact on small flat site over Spec A and we have an exact sequence:

0 ! HomðGðl0Þ;Eðl1;...;ln;D1;...;Dn�1ÞÞ !r HomðGðl0Þ;Eðl1;...;ln�1;D1;...;Dn�2Þ �Gm;AÞ

!b HomðGðl0Þ; i�Gm;Aln
Þ !q Ext1ðGðl0Þ;Eðl1;...;ln;D1;...;Dn�1ÞÞ

!r
�

Ext1ðGðl0Þ;Eðl1;...;ln�1;D1;...;Dn�2Þ �Gm;AÞ !
b �

Ext1ðGðl0Þ; i�Gm;Aln
Þ ! � � �

5.2. By using the previous long exact sequence we make the following

diagram consisting of group homomorphisms, which will be used to prove

Theorem 4.1.2.

HomðGðl0Þ;Eðl1;...;ln�1;D1;...;Dn�2Þ �Gm;AÞ ���!j1
ŴWðAlnÞ

F ðl0Þ���� o

???yc1

HomðGðl0Þ;Eðl1;...;ln�1;D1;...;Dn�2Þ �Gm;AÞ ���!
b

HomðGðl0Þ; i�Gm;Aln
Þ

���!j2 Ker Yðl0;...;lnÞ ���!j3 Ker Yðl0;...;ln�1Þ???yCðl0 ;...; lnÞ o

???yCðl0 ;...; ln�1Þ

���!
q

Ext1ðGðl0Þ;Eðl1;...;ln;D1;...;Dn�1ÞÞ ���!
r �

Ext1ðGðl0Þ;Eðl1;...;ln�1;D1;...;Dn�2Þ �Gm;AÞ

���!j4 ŴWðAlnÞ=F ðl0Þ

o

???yc2

���!
b �

Ext1ðGðl0Þ; i�Gm;Aln
Þ
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where

j1 :¼ c�1
1 � b

j2 : an 7! ð0; . . . ; 0; anÞ
j3 : ða1; . . . ; anÞ 7! ða1; . . . ; an�1Þ

j4 : ða1; . . . ; an�1Þ 7! �
Pn�1

i¼1

hb iþ1
1 ; un�1

i i

8>>>>>><
>>>>>>:

and c1, c2 are isomorphisms by Subsection 3.2.

Note that Ext1ðGðl0Þ; i�Gm;Aln
ÞFH 2

0 ðGðl0Þ; i�Gm;Aln
Þ (cf. [3]), li is nilpotent

in Aln for i ¼ 0; . . . ; n� 1, and the map Cðl0;...;ln�1Þ is isomorphic by the induction

hypothesis.

To prove the exactness of the first horizontal line and the commutativity of

this diagram, we prepare some notations and some results.

Definition 5.2.1. We put E :¼ EpðWE ;LE ;XEÞ and G :¼ GpðWG;LG;XGÞ
and define ~ppðEGÞ by

~ppðEGÞ :¼ Epð~ppWE ;LE ;XEÞGpð~ppWG;LG;XGÞ:

If WG ¼ 0, then the definition of ~pp is equivalent to one in Subsection 2.2.

Then we have

GpðF ðL2ÞW;L2;EGÞ ¼
Ep

�
W;L2;

1
L2

ðEG � 1Þ
�

~EEpðW;L2;EGÞ
and

~EEpðW;L2;EGÞ ¼ ~EEpðW;L2;EÞ ~EEpðW;L2;GÞ:

Moreover, we put F :¼ FpðWF ;LF ;XF ;YF Þ. Then by the following definition:

~ppðFGÞ :¼ Fpð~ppWF ;LF ;XF ;YF ÞGpð~ppWG;LG;XGÞ;

we have

GpðF ðL2ÞW;L2;FGÞ ¼
Ep

�
W;L2;

1
L2

ðFG � 1Þ
�

~EEpðW;L2;FGÞ

and

~EEpðW;L2;FGÞ ¼ ~EEpðW;L2;FÞ ~EEpðW;L2;GÞ:

Next we decide the group HomðGðl0Þ;Eðl1;...;ln�1;D1;...;Dn�2ÞÞ for nb 2.
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Let W1 be an element of HomðGðl0Þ;Gðl1ÞÞ. Then by Subsection 3.2, there

exists l1 A Z such that 1þ l1W1 ¼ ð1þ l0X0Þl1 ¼ Epðl1½l0�; l0;X0Þ1 1 mod l1,

we have

W1 ¼
1

l1
fEpðl1½l0�; l0;X0Þ � 1g

with l1½l0�1 0 mod l1. Therefore we have

HomðGðl0Þ;Gðl1ÞÞ ¼ fW1 j l1 A Z; l1 1 0 mod l1g

F fl1 A Z j l1 1 0 mod l1g:
By the exact sequence

0 ! HomðGðl0Þ;Eðl1;l2;D1ÞÞ ! HomðGðl0Þ;Gðl1Þ �Gm;AÞ ! HomðGðl0Þ; i�Gm;Al2
Þ

induced by (**) and HomðGðl0Þ;Gðl1Þ �Gm;AÞFHomðGðl0Þ;Gðl1ÞÞ �HomðGðl0Þ;

Gm;AÞ, if an element ðW1;Epðl2½l0�; l0;X0ÞÞ A HomðGðl0Þ;Gðl1Þ �Gm;AÞ is in

HomðGðl0Þ;Eðl1;l2;D1ÞÞ, then there exists W2 such that D1ðW1Þ þ l2W2 ¼ Epðl2½l0�;
l0;X0Þ. Moreover, by the equalities

D1ðW1Þ�1
Epðl2½l0�; l0;X0Þ

¼ Ep �u1; l1;
1

l1
fEpðl1½l0�; l0;X0Þ � 1g

� �
Epðl2½l0�; l0;X0Þ

¼ ~EEpð�u1; l1;Epðl1½l0�; l0;X0ÞÞ

� Gpð�F ðl1Þu1; l1;Epðl1½l0�; l0;X0ÞÞEpðl2½l0�; l0;X0Þ

¼ Ep � l1½l0�
l1

; u1
	 


; l0;X0

� �

� Gpð�F ðl1Þu1; l1;Epðl1½l0�; l0;X0ÞÞEpðl2½l0�; l0;X0Þ

¼ Epðl2; l0;X0Þ mod l2;

we have W2 ¼
1

l2
fEpðl2½l0�; l0;X0Þ �D1ðW1Þg with l2 ¼ l2½l0� �

l1

l1
; u1

	 

1 0

mod l2. Therefore we have

HomðGðl0Þ;Eðl1;l2;D1ÞÞ ¼ ðW1;W2Þ
���� ðl1; l2Þ A Z2

li 1 0 mod li for i ¼ 1; 2

( )

F fðl1; l2Þ A Z2 j li 1 0 mod li for i ¼ 1; 2g:

Moreover, by induction on n, we have the following proposition.
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Proposition 5.2.2. For nb 3, we put

Wi :¼

1

l1
fEpðl1; l0;X0Þ � 1g if i ¼ 1

1

li
fEpðli½l0�; l0;X0Þ �Di�1ðW1; . . . ;Wi�1Þg if 2a ia n� 1

8>>><
>>>:

with li 1 0 for i ¼ 1; . . . ; n� 1. Then we have

HomðGðl0Þ;Eðl1;...;ln�1;D1;...;Dn�2ÞÞ

¼ ðW1; . . . ;Wn�1Þ
���� ðl1; . . . ; ln�1Þ A Zn�1

li 1 0 mod li for i ¼ 1; . . . ; n� 1

( )

F fðl1; . . . ; ln�1Þ A Zn�1 j li 1 0 mod li for i ¼ 1; . . . ; n� 1g:

To prove Proposition 5.2.2, we use the following lemma.

Lemma 5.2.3. Under the above notation, for n A Z with nb 2, we have the

following equalities:

(1) n ¼ 2

D1ðW1Þ ¼ Ep

l1

l1
; u1

	 

; l0;X0

� �
GpðF ðl1Þu1; l1;Epðl1; l0;X0ÞÞ

(2) nb 3

Dn�1ðW1; . . . ;Wn�1Þ

¼ Ep

Xn�1

i¼1

li

li
; un�1

i

	 

; l0;X0

 !

�
Yn�2

i¼1

Gp

 
F ðliÞun�1

i �
Xn�1

j¼iþ1

hb jþ1
iþ1 ; u

n�1
j i; li;

Epðli½l0�; l0;X0ÞDi�1ðW1; . . . ;Wi�1Þ�1

!

� GpðF ðln�1Þun�1
n�1 ; ln�1;Epðln�1½l0�; l0;X0ÞDn�2ðW1; . . . ;Wn�2Þ�1Þ:

Proof. If n ¼ 2 or 3, then Lemma 5.2.3 is true by [2] and [3]. Hence we

assume nb 4.
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By induction on n,

Yn�1

i¼1

Ep un
i ; li;

Wi

Di�1ðW1; . . . ;Wi�1Þ

� �

¼ Ep

Xn�1

i¼1

li

li
; un

i

	 

; l0;X0

 !

�
Yn�2

i¼1

Gp F ðliÞun
i �

Xn�1

j¼iþ1

hb jþ1
iþ1 ; u

n
j i; li;Epðli½l0�; l0;X0ÞDi�1ðW1; . . . ;Wi�1Þ�1

 !

� GpðF ðln�1Þun
n�1; ln�1;Epðln�1½l0�; l0;X0ÞDn�2ðW1; . . . ;Wn�2Þ�1Þ:

Moreover, by Proposition 2.2.2, Proposition 2.2.3 and Definition 5.2.1,

DnðW1; . . . ;WnÞ ¼
Yn
i¼1

Ep un
i ; li;

Wi

Di�1ðW1; . . . ;Wi�1Þ

� �

¼
Yn�1

i¼1

Ep un
i ; li;

Wi

Di�1ðW1; . . . ;Wi�1Þ

� �

� Ep un
n ; ln;

Wn

Dn�1ðW1; . . . ;Wn�1Þ

� �
(by the induction hypothesis, Subsection 3.4 and the definition of Wi for

i ¼ 1; 2; . . . ; n,)

¼ Ep

Xn�1

i¼1

li

li
; un

i

	 

; l0;X0

 !

�
Yn�2

i¼1

Gp F ðliÞun
i �

Xn�1

j¼iþ1

hb jþ1
iþ1 ; u

n
j i; li;Epðli½l0�; l0;X0ÞDi�1ðW1; . . . ;Wi�1Þ�1

 !

� GpðF ðln�1Þun
n�1; ln�1;Epðln�1½l0�; l0;X0ÞDn�2ðW1; . . . ;Wn�2Þ�1Þ

� Ep un
n ; ln;

1

ln
fEpðln½l0�; l0;X0ÞDn�1ðW1; . . . ;Wn�1Þ�1 � 1g

� �
(by Definition 5.2.1,)

¼ Ep

Xn�1

i¼1

li

li
; un

i

	 

; l0;X0

 !

�
Yn�2

i¼1

Gp F ðliÞun
i �

Xn�1

j¼iþ1

hb jþ1
iþ1 ; u

n
j i; li;Epðli½l0�; l0;X0ÞDi�1ðW1; . . . ;Wi�1Þ�1

 !
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� GpðF ðln�1Þun
n�1; ln�1;Epðln�1½l0�; l0;X0ÞDn�2ðW1; . . . ;Wn�2Þ�1Þ

� GpðF ðlnÞun
n ; ln;Epðln½l0�; l0;X0ÞDn�1ðW1; . . . ;Wn�1Þ�1Þ

� ~EEpðun
n ; ln;Epðln½l0�; l0;X0ÞDn�1ðW1; . . . ;Wn�1Þ�1Þ

(by the above hypothesis,)

¼ Ep

Xn�1

i¼1

li

li
; un

i

	 

; l0;X0

 !

�
Yn�2

i¼1

Gp F ðliÞun
i �

Xn�1

j¼iþ1

hb jþ1
iþ1 ; u

n
j i; li;Epðli½l0�; l0;X0ÞDi�1ðW1; . . . ;Wi�1Þ�1

 !

� GpðF ðln�1Þun
n�1; ln�1;Epðln�1½l0�; l0;X0ÞDn�2ðW1; . . . ;Wn�2Þ�1Þ

� ~EEp

 
un
n ; ln;Epðln; l0;X0Þ

�
Yn�2

i¼1

Gp �F ðliÞun�1
i þ

Xn�1

j¼iþ1

hb j
i ; u

n�1
j i; li;Epðli½l0�; l0;X0ÞDi�1ðW1; . . . ;Wi�1Þ�1

 !!

� Gpð�F ðln�1Þun�1
n�1 ; ln�1;Epðln�1½l0�; l0;X0ÞDn�2ðW1; . . . ;Wn�2Þ�1Þ

� GpðF ðlnÞun
n ; ln;Epðln½l0�; l0;X0ÞDn�1ðW1; . . . ;Wn�1Þ�1Þ

(by Proposition 2.2.2, Proposition 2.2.3 and Definition 5.2.1,)

¼ Ep

Xn�1

i¼1

li

li
; un

i

	 

; l0;X0

 !

�
Yn�2

i¼1

Gp F ðliÞun
i �

Xn�1

j¼iþ1

hb jþ1
iþ1 ; u

n
j i; li;Epðli½l0�; l0;X0ÞDi�1ðW1; . . . ;Wi�1Þ�1

 !

� GpðF ðln�1Þun
n�1; ln�1;Epðln�1½l0�; l0;X0ÞDn�2ðW1; . . . ;Wn�2Þ�1Þ

� GpðF ðlnÞun
n ; ln;Epðln½l0�; l0;X0ÞDn�1ðW1; . . . ;Wn�1Þ�1Þ

� Ep

ln

ln
; un

n

	 

; l0;X0

� �
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�
Yn�2

i¼1

Gp

 
� 1

ln
F ðliÞun�1

i �
Xn�1

j¼iþ1

hb jþ1
iþ1 ; u

n�1
j i

 !
; un

i

* +
; li;

Epðli½l0�; l0;X0ÞDi�1ðW1; . . . ;Wi�1Þ�1

!

� Gp � 1

ln
F ðln�1Þun�1

n�1 ; u
n
n

	 

; ln�1;Epðln�1½l0�; l0;X0ÞDn�2ðW1; . . . ;Wn�2Þ�1

� �

¼ Ep

Xn
i¼1

li

li
; un

i

	 

; l0;X0

 !

�
Yn�1

i¼1

Gp F ðliÞun
i �

Xn
j¼iþ1

hb jþ1
iþ1 ; u

n
j i; li;Epðli½l0�; l0;X0ÞDi�1ðW1; . . . ;Wi�1Þ�1

 !

� GpðF ðlnÞun
n ; ln;Epðln½l0�; l0;X0ÞDn�1ðW1; . . . ;Wn�1Þ�1Þ:

Therefore Lemma 5.2.3 is true.

By Lemma 5.2.3 and Subsection 3.4, we have the following equality:

Dn�1ðW1; . . . ;Wn�1Þ1Ep

Xn�1

i¼1

li

li
; un�1

i

	 

; l0;X0

 !
mod ln:

We show Proposition 5.2.2 as follows.

By the exact sequence:

0 ! HomðGðl0Þ;Eðl1;...;ln;D1;...;Dn�1ÞÞ ! HomðGðl0Þ;Eðl1;...;ln�1;D1;...;Dn�2Þ �Gm;AÞ

! HomðGðl0Þ; i�Gm;Aln�1
Þ;

the canonical isomorphism:

HomðGðl0Þ;Eðl1;...;ln�1;D1;...;Dn�2Þ �Gm;AÞ

FHomðGðl0Þ;Eðl1;...;ln�1;D1;...;Dn�2ÞÞ �HomðGðl0Þ;Gm;AÞ;

and the induction hypothesis for n, if an element

ððW1; . . . ;Wn�1Þ;Epðln½l0�; l0;X0ÞÞ A HomðGðl0Þ;Eðl1;...;ln�1;D1;...;Dn�2Þ �Gm;AÞ

285On the group of extensions Ext1ðGðl0Þ;Eðl1;...;lnÞÞ



is in HomðGðl0Þ;Eðl1;...;ln;D1;...;Dn�1ÞÞ, then there exists Wn such that

Dn�1ðW1; . . . ;Wn�1Þ þ lnWn ¼ Epðln½l0�; l0;X0Þ. Moreover, by Lemma 5.2.3, we

have

Wn ¼
1

ln
fEpðln½l0�; l0;X0Þ �Dn�1ðW1; . . . ;Wn�1Þg

with ln ¼ ln½l0� �
Pn�1

i¼1

li

li
; un�1

i

	 

1 0 mod ln.

Therefore Proposition 5.2.2 is true and

HomðGðl0Þ;Eðl1;...;ln�1;D1;...;Dn�2ÞÞ �Gm;A

¼ ððW1; . . . ;Wn�1Þ;Epðln½l0�; l0;X0ÞÞ
���� ðl1; . . . ; lnÞ A Zn

li 1 0 mod li for i ¼ 1; . . . ; n� 1

( )

F fðl1; . . . ; lnÞ A Zn j li 1 0 mod li for i ¼ 1; . . . ; n� 1g:

By Proposition 5.2.2 and Lemma 5.2.3, we have the following equalities:

bððW1; . . . ;Wn�1ÞÞEpðln½l0�; l0;X0Þ

¼ Dn�1ðW1; . . . ;Wn�1Þ�1
Epðln½l0�; l0;X0Þ mod ln

1Ep �
Xn�1

i¼1

li

li
; un�1

i

	 

; l0;X0

 !
Epðln½l0�; l0;X0Þ mod ln

¼ Epðln; l0;X0Þ:

Therefore we have Im j1 ¼ Ker j2. The equality Im j2 ¼ Ker j3 is trivial.

For ða1; . . . ; anÞ A Ker Yðl0;...;lnÞ, we have

ðj4 � j3Þða1; . . . ; anÞ ¼ �
Xn�1

i¼1

hb iþ1
1 ; un�1

i i

1�F ðl0Þan mod ln:

Therefore we have Im j3 HKer j4. On the other hand, if there exists

ða1; . . . ; an�1Þ A Ker j4, then there exists an A ŴWðAlnÞ such that F ðl0Þan 1Pn�1
i¼1 hb iþ1

1 ; un�1
i i mod ln and we have j3ða1; . . . ; anÞ ¼ ða1; . . . ; an�1Þ. Therefore

we have Im j3 ¼ Ker j4:

Next we show the commutativity of the diagram. b ¼ c1 � j1 is trivial. For

an A ŴWðAÞF
ðl0Þ

, we have
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ðCðl0;...;lnÞ � j2ÞðanÞ ¼ the class of Spec A

�
X0; . . . ;Xn;

1

1þ l0X0
;

1

1þ l1X1
;

1

D1ðX1Þ þ l2X2
; . . . ;

1

Dn�2ðX1; . . . ;Xn�2Þ þ ln�1Xn�1
;

1

Epðan; l0;X0ÞDn�1ðX1; . . . ;Xn�1Þ þ lnXn



and

c1ðanÞ ¼ Epðan; l0;X0Þ mod ln:

We put E :¼ Epðan; l0;X0Þ mod ln. Then qE is the pull-back of (**) by E and we

have a commutative diagram:

0 ���! Eðl1;...;ln;D1;...;Dn�1Þ ���! qE����
???y

0 ���! Eðl1;...;ln;D1;...;Dn�1Þ ���!
r

Eðl1;...;ln�1;D1;...;Dn�2Þ �Gm;A

���! Gðl0Þ ���! 0???yE

���!
b

i�Gm;Aln
���! 0:

Let ðx1; . . . ; xn�1Þ, t and x0 be local sections of Eðl1;...;ln�1;D1;...;Dn�2Þ, Gm;A and

Gðl0Þ, respectively. Then we have

Eðx0Þ1Dn�1ðx1; . . . ; xn�1Þ�1
t mod ln:

Because it is equivalent to Eðx0ÞDn�1ðx1; . . . ; xn�1Þ1 t mod ln, there exists xn

such that

t ¼ Eðx0ÞDn�1ðx1; . . . ; xn�1Þ þ lnxn:

Therefore we have

qE ¼ the class of Spec A

�
X0; . . . ;Xn;

1

1þ l0X0
;

1

1þ l1X1
;

1

D1ðX1Þ þ l2X2
; . . . ;

1

Dn�2ðX1; . . . ;Xn�2Þ þ ln�1Xn�1
;

1

Epðan; l0;X0ÞDn�1ðX1; . . . ;Xn�1Þ þ lnXn




and we have q � c1 ¼ Cðl0;...;lnÞ � j2.
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By Ext1ðGðl0Þ;Eðl1;...;ln�1;D1;...;Dn�2Þ �Gm;AÞFExt1ðGðl0Þ;Eðl1;...;ln;D1;...;Dn�1ÞÞ, r�

is the push-down map

p� : Ext
1ðGðl0Þ;Eðl1;...;ln;D1;...;Dn�1ÞÞ ! Ext1ðGðl0Þ;Eðl1;...;ln�1;D1;...;Dn�2ÞÞ

by the canonical projection p : Eðl1;...;ln;D1;...;Dn�1Þ ! Eðl1;...;ln�1;D1;...;Dn�2Þ and we

have a commutative diagram with the exact horizontal lines:

0 ���! Eðl1;...;ln;D1;...;Dn�1Þ ���! E ���! Gðl0Þ ���! 0

p

???y
???y

����
0 ���! Eðl1;...;ln�1;D1;...;Dn�2Þ ���! p�E ���! Gðl0Þ ���! 0:

Let E be the class of E. Then we have

r�ðEÞ ¼ p�E ¼ the class of Spec A

2
4X0; . . . ;Xn�1;

1

1þ l0X0
;

1

Epða1; l0;X0Þ þ l1X1
;

1

Epða2; l0;X0ÞD1

�
X1

Epða1;l0;X0Þ

�
þ l2X2

; . . . ;

1

Epðan�1; l0;X0ÞDn�2

�
X1

Epða1;l0;X0Þ ; . . . ;
Xn�2

Epðan�2;l0;X0Þ

�
þ ln�1Xn�1

3
5:

Therefore we have r� �Cðl0;...;lnÞ ¼ Cðl0;...;ln�1Þ � j3 by the induction hypothesis.

Let E A Ext1ðGðl0Þ;Eðl1;...;ln�1;D1;...;Dn�2ÞÞ. Then the exact sequence

0 ! Eðl1;...;ln�1;D1;...;Dn�2Þ ! E ! Gðl0Þ ! 0

induces the exact sequence:

0 ! Eðl1;...;ln�1;D1;...;Dn�2Þ �Gm;A ! E�Gm;A ! Gðl0Þ ! 0;

and we have a commutative diagram with exact horizontal lines:

0 ���! Eðl1;...;ln�1;D1;...;Dn�2Þ �Gm;A ���! E�Gm;A ���! Gðl0Þ ���! 0

b

???y
???y

����
0 ���! i�Gm;Aln

���! b�ðE�Gm;AÞ ���! Gðl0Þ ���! 0:
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Because the group structure of E is induced by the group scheme homo-

morphism:

E ! Gn
m;A

ðx0; . . . ; xn�1Þ 7!
�
1þ l0x0;Epða1; l0; x0Þ þ l1x1;

Epða2; l0; x0ÞD1
x1

Epða1; l0; x0Þ

� �
þ l2x2; . . . ;

Dn�2
x1

Epða1; l0; x0Þ
; . . . ;

xn�2

Epðan�2; ln�2; x0Þ

� �
þ ln�1xn�1

�
;

we have

ðx0; . . . ; xn�1Þ ¼ ðx0; 0; . . . ; 0Þ þ 0;
x1

Epða1; l0; x0Þ
; . . . ;

xn�1

Epðan�1; l0; x0Þ

� �

with a local section ðx0; . . . ; xn�1Þ A E and

E�Gm;A ! b�ðE�Gm;AÞ

ððx0; . . . ; xn�1Þ; tÞ 7! x0;Dn�1
x1

Epða1; l0; x0Þ
; . . . ;

xn�1

Epðan�1; l0; x0Þ

� ��1

t

 !

for a local section t A Gm;A:

By the group scheme homomorphism E ! Gn
m;A, we have

ððx0; 0; . . . ; 0Þ; 1Þ 7! ðð1þ l0x0;Epða1; l0; x0Þ; . . . ;Epðan�1; l0; x0ÞÞ; 1Þ:

We put ððX0; . . . ;Xn�1Þ; 1Þ :¼ ððx; 0; . . . ; 0Þ; 1Þððx 0; 0; . . . ; 0Þ; 1Þ. Then we have

��
1þ l0X0;Epða1; l0;X0Þ þ l1X1;Epða2; l0;X0ÞD1

X1

Epða1; l0;X0Þ

� �
þ l2X2; . . . ;

Epðan�1; l0;X0ÞDn�2
X1

Epða1; l0;X0Þ
; . . . ;

Xn�2

Epðan�2; l0;X0Þ

� ��
; 1

�

¼ ðð1þ l0ðxþ x 0 þ l0xx
0Þ;Epða1; l0; xÞEpða1; l0; x 0Þ;

Epða2; l0; xÞEpða2; l0; x 0Þ; . . . ;Epðan�1; l0; xÞEpðan�1; l0; x
0ÞÞ; 1Þ

and
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X0 ¼ xþ x 0 þ l0xx
0

X1 ¼
1

l1
fEpða1; l0; xÞEpða1; l0; x 0Þ � Epða1; l0;X0Þg

X2 ¼
1

l2
Epða2; l0; xÞEpða2; l0; x 0Þ � Epða2; l0;X0ÞD1

X1

Epða1; l0;X0Þ

� �� �
� � �

Xn�1 ¼
1

ln�1

�
Epðan�1; l0; xÞEpðan�1; l0; x

0Þ

� Epðan�1; l0;X0ÞDn�2
X1

Epða1; l0;X0Þ
; . . . ;

Xn�2

Epðan�2; l0;X0Þ

� ��
:

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

Therefore the cocycle F on Gðl0Þ � i�Gm;Aln
giving b�ðE�Gm;AÞ is given by

Fðx; x 0Þ ¼ Dn�1
X1

Epða1; l0;X0Þ
; . . . ;

Xn�1

Epðan�1; l0;X0Þ

� ��1

:

Next we analyze the right hand side of this equality.

Lemma 5.2.4. For positive integers i and n with nb 2 and ia n� 1, we put

Gn�1
i by

(1) n ¼ 2; 3

G1
1 :¼ Gpð�F ðl1Þu1; l1;FpðF ðl0Þa1; l0; x; x

0ÞÞ
G2

1 :¼ Gpð�F ðl1Þu21 þ hb32 ; u
2
2i; l1;FpðF ðl0Þa1; l0; x; x

0ÞÞ
G2

2 :¼ Gpð�F ðl2Þu22 ; l2;FpðF ðl0Þa2 � hb21 ; u
1i; l0; x; x 0ÞG1

1 Þ

8><
>:

(2) nb 4

(i) i ¼ 1

Gn�1
1 :¼ Gp �F ðl1Þun�1

1 þ
Xn�2

j¼1

hb jþ2
2 ; un�1

jþ1 i; l1;FpðF ðl0Þa1; l0; x; x
0Þ

 !

(ii) 2a ia n� 2

Gn�1
i :¼ Gp

 
�F ðl1Þun�1

i þ
Xn�2

j¼i

hb jþ2
iþ1 ; u

n�1
jþ1 i; li;

Fp F ðl0Þai �
Xi�1

j¼1

hb jþ1
1 ; u i�1

j i; l0; x; x
0

 !Yi�1

j¼1

Gi�1
j

!
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(iii) i ¼ n� 1

Gn�1
n�1 :¼ Gp

 
�F ðln�1Þun�1

n�1 ; ln�1;

Fp F ðl0Þan�1 �
Xn�2

j¼1

hb jþ1
1 ; un�2

j i; l0; x; x
0

 !Yn�2

j¼1

Gn�2
j

!
:

Then we have

Dn�1
X1

Epða1; l0;X0Þ
; . . . ;

Xn�1

Epðan�1; l0;X0Þ

� ��1

¼ Fp �
Xn�1

j¼1

hb jþ1
1 ; un�1

j i; l0; x; x
0

 !Yn�1

j¼1

Gn�1
j :

Proof. If n ¼ 2 or 3, then Lemma 5.2.3 is true by [2] and [3]. Hence we

assume nb 4.

Dn

X1

Epða1; l0;X0Þ
; . . . ;

Xn

Epðan; l0;X0Þ

� ��1

(by the induction hypothesis, Subsection 3.4 and the definition of Xi for

i ¼ 1; 2; . . . ; n� 1,)

¼ Fp �
Xn�1

j¼1

hb jþ1
1 ; un

j i; l0; x; x
0

 !

� Gp �F ðl1Þun
1 þ

Xn�2

j¼1

hb jþ2
2 ; un

jþ1i; l1;FpðF ðl0Þa1; l0; x; x
0Þ

 !

� Gp �F ðln�1Þun
n�1; ln�1;Fp F ðl0Þan�1 �

Xn�2

j¼1

hb jþ1
1 ; un�2

j i; l0; x; x
0

 !Yn�2

j¼1

Gn�2
j

 !

�
Yn�2

i¼2

Gp

 
�F ðliÞun

i þ
Xn�2

j¼i

hb jþ2
iþ1 ; u

n
jþ1i; li;

Fp F ðl0Þai �
Xi�1

j¼1

hb jþ1
1 ; u i�1

j i; l0; x; x
0

 !Yi�1

j¼1

Gi�1
j

!

� Ep �un
n ; ln;

Xn

Dn�1

�
X1

Epða1;l0;X0Þ ; . . . ;
Xn�1

Epðan�1;l0;X0Þ

�
Epðan; l0;X0Þ

0
@

1
A
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(by the induction hypothesis, Subsection 3.4 and the definition of Xi for

i ¼ 1; 2; . . . ; n,)

¼ Fp �
Xn�1

j¼1

hb jþ1
1 ; un

j i; l0; x; x
0

 !

� Gp �F ðl1Þun
1 þ

Xn�2

j¼1

hb jþ2
2 ; un

jþ1i; l1;FpðF ðl0Þa1; l0; x; x
0Þ

 !

� Gp �F ðln�1Þun
n�1; ln�1;Fp F ðl0Þan�1 �

Xn�2

j¼1

hb jþ1
1 ; un�2

j i; l0; x; x
0

 !Yn�2

j¼1

Gn�2
j

 !

�
Yn�2

i¼2

Gp

 
�F ðliÞun

i þ
Xn�2

j¼i

hb jþ2
iþ1 ; u

n
jþ1i; li;

Fp F ðl0Þai �
Xi�1

j¼1

hb jþ1
1 ; u i�1

j i; l0; x; x
0

 !Yi�1

j¼1

Gi�1
j

!

� Ep

 
�un

n ; ln;
1

ln

"
Fp F ðl0Þan �

Xn�1

j¼1

hb jþ1
1 ; un�1

j i; l0; x; x
0

 !

� Gp �F ðl1Þun�1
1 þ

Xn�2

j¼1

hb jþ2
2 ; un�1

jþ1 i; l1;FpðF ðl0Þa1; l0; x; x
0Þ

 !

� Gp �F ðln�1Þun�1
n�1 ; ln�1;Fp F ðl0Þan�1 �

Xn�2

j¼1

hb jþ1
1 ; un�2

j i; l0; x; x
0

 !
�
Yn�2

j¼1

Gn�2
j

 !

�
Yn�2

i¼2

Gp

 
�F ðliÞun�1

i þ
Xn�2

j¼i

hb jþ2
iþ1 ; u

n�1
jþ1 i; li;

Fp F ðl0Þai �
Xi�1

j¼1

hb jþ1
1 ; u i�1

j i; l0; x; x
0

 !Yi�1

j¼1

Gi�1
j

!
� 1

#!

(by Proposition 2.2.2, Proposition 2.2.3 and Definition 5.2.1,)

¼ Fp �
Xn�1

j¼1

hb jþ1
1 ; un

j i; l0; x; x
0

 !

� Gp �F ðl1Þun
1 þ

Xn�2

j¼1

hb jþ2
2 ; un

jþ1i; l1;FpðF ðl0Þa1; l0; x; x
0Þ

 !
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� Gp �F ðln�1Þun
n�1; ln�1;Fp F ðl0Þan�1 �

Xn�2

j¼1

hb jþ1
1 ; un�2

j i; l0; x; x
0

 !Yn�2

j¼1

Gn�2
j

 !

�
Yn�2

i¼2

Gp

 
�F ðliÞun

i þ
Xn�2

j¼i

hb jþ2
iþ1 ; u

n
jþ1i; li;

Fp F ðl0Þai �
Xi�1

j¼1

hb jþ1
1 ; u i�1

j i; l0; x; x
0

 !Yi�1

j¼1

Gi�1
j

!

� Fpð�hbnþ1
1 ; un

ni; l0; x; x
0ÞGpðhb21 ; un

ni; l1;FpðF ðl0Þa1; l0; x; x
0ÞÞ

� Gp hbnþ1
n ; un

ni; ln�1;Fp F ðl0Þan�1 �
Xn�2

j¼1

hb jþ1
1 ; un�2

j i; l0; x; x
0

 !Yn�2

j¼1

Gn�2
j

 !

�
Yn�2

i¼2

Gp hbnþ1
iþ1 ; u

n
ni; li;Fp F ðl0Þai �

Xi�1

j¼1

hb jþ1
1 ; u i�1

j i; l0; x; x
0

 !Yi�1

j¼1

Gi�1
j

 !

� Gp �F ðlnÞun
n ; ln;Fp F ðl0Þan �

Xn�1

j¼1

hb jþ1
1 ; un�1

j i; l0; x; x
0

 !Yn�1

j¼1

Gn�1
j

 !

¼ Fp �
Xn
j¼1

hb jþ1
1 ; un

j i; l0; x; x
0

 !

� Gp �F ðl1Þun
1 þ

Xn�2

j¼1

hb jþ2
2 ; un

jþ1i; l1;FpðF ðl0Þa1; l0; x; x
0Þ

 !

�
Yn�1

i¼2

Gp

 
�F ðliÞun

i þ
Xn�1

j¼i

hb jþ2
iþ1 ; u

n
jþ1i; li;

Fp F ðl0Þai �
Xi�1

j¼1

hb jþ1
1 ; u i�1

j i; l0; x; x
0

 !Yi�1

j¼1

Gi�1
j

!

� Gp �F ðlnÞun
n ; ln;Fp F ðl0Þan �

Xn�1

j¼1

hb jþ1
1 ; un�1

j i; l0; x; x
0

 !Yn�1

j¼1

Gn�1
j

 !

¼ Fp �
Xn
j¼1

hb jþ1
1 ; un

j i; l0; x; x
0

 !Yn
j¼1

Gn
j :
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By Lemma 5.2.4, Subsection 3.4 and Theorem 4.1.1, we have

F ðx; x 0Þ1Fp �
Xn�1

i¼1

hb iþ1
1 ; un�1

i i; l0; x; x
0

 !
mod ln:

Therefore we have b� �Cðl0;...;lnÞ ¼ c2 � j4. r

Theorem 4.1.2 has been proved.
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