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ON THE GROUP OF EXTENSIONS Ext!(%%0) gU-/))
OVER A DISCRETE VALUATION RING

By

Takashi Konpo

Abstract. For given group schemes %) (i=1,2,...) deforming
the additive group scheme G, to the multiplicative group scheme G,,,
T. Sekiguchi and N. Suwa constructed extensions:

0— @R _, glnh) _, ql) _,

)

inductively, by  calculating the group of  extensions
Extl(é"(’“*“'*’t”*‘),{4“'”). Here changing the group schemes, we treat
the group Ext!(%%) g4} of extensions for any positive integers
n. The case of n = 2,3 were studied by D. Horikawa and T. Kondo.

Introduction

T. Sekiguchi and N. Suwa constructed the group schemes deforming the
group schemes of Witt vectors to tori in order to unify the Kummer theory
and the Artin-Schreier-Witt theory. Let 4 be a discrete valuation ring with the
maximal ideal m. Then such group schemes of dimension 1 over 4 are known
to be given only by ¥ = Spec A[X,1/(1 + /X)] with 2 € m\{0} (cf. [4], [9)). In
the higher dimensional case, Sekiguchi and Suwa determined the groups of
extensions &%) for n > 2 successively (cf. [5)).

In this article, we will determine the group of extensions Extl(g () & (;""""“))
(Theorem 4.1.2) for any positive integers n. The case of n = 2,3 were determined
by D. Horikawa [2] and T. Kondo [3].
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Notations

In this article, ring means a commutative unitary ring.

+ p: a fixed prime number

* Gy 4 = Spec A[T]: the additive group scheme over a ring A

* Gy, 4 := Spec A[T,1/T]: the multiplicative group scheme over a ring 4

* A’j: the affine space of dimension n over a ring 4, endowed with the usual
ring scheme structure

« W(A): the ring of Witt vectors over a ring 4

¢ [a] :==(a,0,0,...) € W(A): the Teichmiiller lifting of a € 4

. Extl(G, H): the group of extensions of abelian group schemes G and H

. HOZ(G, H): the Hochschild cohomology group consisting of symmetric 2-
cocycles of G with coeflicients in H for group schemes G and H (cf. [1,
Chap. 1I.3 and Chap. 1I1.6]).

1. Witt Vectors

In this section, we recall the fundamental facts on Witt vectors.

1.1. For a non-negative integer n, we denote by ®,(X) = ®,(Xy, ..., X,) the
Witt polynomial:

©,(X) = X"+ pX{" 4o p XL X,
in Z[X] = Z[X(),X],. . ] We put W, z := Spec Z[T(), Ti,..., Tn_]] and define the
map ®" : W, — A} by
Ti = (I),(T) = (Di(TOa ERER T'I)

ProposITION 1.1.1. ®") induces the ring scheme structure on W, z uniquely
so that it is a ring scheme homomorphism. In particular, W, g ~ A(”).

In fact, the addition ¢ and the multiplication 7= of A; are given by

o :TimXi+ Y, n°:Ti—Xi®Y;
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with X;:=T;® 1 and Y, :=1® T;. Suppose that ¥ and Il are the addition and
the multiplication which are induced by ®". Then X*(®;(T)) = ®;(X) + @;(Y),

I (®;(T))

Wn,Z XSPSC Z Wn,Z

|

Wn,Z

Wn,Z ><Spec Z Wn,Z

d

®;(X)®D;(Y) and the following diagrams are commutative:

O xp® . n
— Ay XSpec Z Ay

l”
Al
& Z

QNG n n
_ AZ XSPCCZ AZ

Js

B —

W,z
om

Az

By induction on i, it can be seen that X*(7;), IT1*(7;) € Z[X, Y], thus W, z is
a ring scheme over Z. We call W,, 7 the ring scheme of Witt vectors over Z of
length n. We also denote X*(7;) and IT*(7;) by S;(X,Y) and P;(X,Y), re-
spectively.

We denote the ring of Witt vectors over a ring 4 by W(A4), and the formal
completion of W(A) along the zero section by W(4). Then we have

. a; is nilpotent for all i and
W(A) = .)e W4 .
(4) {(ao,al, Jew(4) a; =0 for all but a finite number of i}
1.2. In this subsection, we define some endomorphisms of the additive group

Wy := Spec Z[T]. We define the Verschiebung endomorphism ¥ : Wz — Wy by

T‘H{Ti_] ifi>0
' 0 ifi=0

For r >0, we define polynomials F,(T) € Q[Ty,..., Tr+1] inductively by

(I)i'(FO(T)"'~1Fr(T)) q)rJrl(T)'

Then F,(T) € Z[Ty, ...
Wz by

, Tr+1]. We define the Frobenius endomorphism F : Wy —

F is a ring scheme homomorphism and if 4 is a F,-algebra, then F: W(A4) —
W (A) is nothing but the usual Frobenius endomorphism. For a ring 4 and 1 € 4,
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we define FW : W(A4) — W(A4) by
FWYaq:=(F-[2")a=Fa—[""a

and denote the kernel and the cokernel of F( by W(4)"" and W(A)/F?,
respectively.
For a vector a := (ap,ay,...) € W(A), we define a map {a,->: W(4) — W(A)
by
@, ({a,x)) = al’ ®,(x) + pafnil(l)n,l(x) + -+ p"a,®y(x)

for x e W(A). Then we have <{a,->= > V¥[a] and it is an endomorphism
(cf. [5, Remark 4.8]). k=0

2. Artin-Hasse Exponential Series

In this section, we review some concepts on Artin-Hasse exponential series
from [5].

2.1. We define a formal power series E,(T) € Q[[T]] by

T TP
E(T):=exp| T+—+—+---].
P( ) ( p pz >

Then it can be seen E,(T) € Z,[[T]] and we call it Artin-Hasse exponential
series.
We define a formal power series E,(U,A;T) e Q[U,Al[[T]] by
pk 1

0 . . . Je—
Ey(U,A;T) = (1 4+ AT) VAT + Art ety Mo =iy,
k=1

By Artin-Hasse exponential series, we have

( H> E,(UATR) D"k if p>2
k,p)=1
E,(U,A;T) =

-1
11 EZ(UAlek)l/k{ 11 Ez(UAZleZk)l/k} if p=2
(k,2)=1 (k,2)=1
and E,(U,A;T)eZ,[U,A][[T]].
Moreover, for an infinite sequence of indeterminates U = (U, Uj,...), we
define formal power series E,(U,A;T) by
0

Ey(U,A; T) =[] Bp(Ui, A", T7) € 2 [U, A[[T]].
k=0
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Then we have

E,(U,A; T) = (14 AT)%/A ﬁ(l + AP AT @) =Ar T a (U))
k=1

=1+ AT)U“/A ﬁ(l + AP"Tp")(l/p/‘A”k)CD,(,](FM)U).

Let 4 be a Z,-algebra and /€ 4. Then for a,be W(A4), we have
E,(a,2;T)E,(b,\;T) = Ey(a+b,2;T)
with a+ b = (So(a,b), Si(a,b),...). Moreover, if F¥a=0, then
Ey(a,2; To)Ey(a, A; T1) = Ep(a, 2; To + Ty 4 ATo T1).

We define a formal power series F,(U, A; Ty, T1) € Q[U, A][[To, T1]] by

1+ A T+ AP T
L+ A" (To+ T1 + AT Ty

)(upw*m, )

Fy(U,A; Ty, Th) H(

Then Fp(lj7 A; T(), T]) € Z(p) [U,AH[TQ, T]]] (Cf [5])

2.2. For a= (ag,ai,...) € W(A), we define p: W(A) — W(A4) by
pla) :=(0,af,al,...).
Moreover, we define pE,(U,A;X) and pF,(U,A;X,Y) by
PE,(U,A; X) := Ep(pU, A; X)
and

PF,(U,A; X, Y) := Fy(pU,A; X, Y).

ProposiTION 2.2.1 ([5, Lemma 4.10]). For k,/ € Z with k > 1 and / > 0, we
have

(P)“E,(U,A; X) = E,(UP") AP"; x7")
() F (U A X, Y) = (5) Fp(UPD, AP X7, ¥7") mod p/*!

with UP") = (Uop(, Ulp,)
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We put

Uy U
VZ(V(),Vl,...) = (A—Z,A—;,...>,

and define formal power series E,(W,A,; E) and E,(W,A; F) with an infinite
sequence of indeterminates W = (Wy, Wy,...) by

By(W,Agi E) = E"0/N T[(() B A 10w
k=1

and

E,(W,Ay; F) := F"/™ ﬁ((ﬁ)kF)(]/p/cAgk)d)k—l(F(AZ)W)
k=1

where E := E,(U,A;X) and F := F,(U,A;; X, Y).

ProposITION 2.2.2 ([5, Proposition 4.11]).  Under the above notation, we have

E,(W, A3 E) = E,(<V,W), A1, X),

Ep(w7 A27F> = Fp(<V7W>5A17X7 Y)

We define formal power series G,(W,A,; E) and G,(W,Ay; F) by

N\ (/P AL (W)
2 (14 (E— 1) :
G,(W, A% E) =] <¥>

k=1 (P)°E

and

S\ (/AL )01 (W)
(p)'F )

Gy(W, Ay F) = ﬁ(ﬂ

Then we have
Ep(W, Agi = (E — 1)

GP(F(AZ)WaAZ;E) = E (W AZE)
p ) )

and

E, (W, Ay (F -1
G,(FMW, Ay F) = il Do s )
E,(W, A2 F)

Moreover, we have G,(W,Ay; E), G,(W, A2 F) € Z,)[W,U/Az, A1, Ad][[X, Y]]
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ProposiTION 2.2.3 ([5, Proposition 4.13]). Under the above notation and an
infinite sequence of indeterminates A = (Ao, A1, ...), we have

E)(W, A Gy(A, Ay E)) = G,,(<A%,W>,A2;E),
N A
E)(W, As; Gy(A, As; F)) = Gp(<A3,W>,Az;F>.

3. Results on Ext!(&-%-1) @)

Sekiguchi and Suwa determined completely the extension groups
Ext! (&%) @)y in [5]. In this section, we review some results of [5] which
are used in this paper.

3.1. Let (4, m) be a discrete valuation ring with the maximal ideal m such
that ch(Frac(4)) =0 and ch(4/m) = p. Then

4" .= Spec A[X1,1/(1 + A4 X1)], 2 em\{0}

is a group scheme over 4 with

co-multiplication: X1 — X;® 1 +1® X; + 11 X] ® X,

co-unit: X1 — 0,

co-inverse: X — X1 /(1 4+ 4 X)).
Moreover, we have the following A-homomorphism at): g) Gy, 4 by

A[T,1/T] — A[X,, 1/(1 + 1X1)]
T 144X, '

In particular, for the generic point  and the special point s of Spec 4, ol
induces oc,gm : @y') = Gy, ¢ and PG 4" % G, where K :=Frac(4) and
k:=A/m.

32. Let A), :=A/AA for 2, e m\{0} and 1: Spec 4;, — Spec A the ca-
nonical closed immersion. Then since the sequence

2(2) (22)

0— g(iz) — Uma — l*(}m,A;,2 — 0 (*)
x— 1+ lx

t—t mod
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is exact on small flat site over Spec 4, we have the following exact sequence:

o%2) r#2)

0 — Hom(%'"), 9*)) == Hom(9"), Gy, 4) — Hom(9"), .G,y 4,))

o(%2)

%, Ext! (@), g2y 22 Bxt! (4, G, 4).
We have Ext'(9*) G, 4) =0 (cf. [5]), thus
Ext' (4", 4")) ~ Hom(¢"), .G,y 4, ) /r'*) (Hom(94), Gy 4)).
Moreover, by Hom(%“) G, 4) ~ {(1+ 41 X,)"|n e Z}, we have
Ext' (4", 4)) ~ Hom(¢") 1G4, ) /{(1 + 11 X1)" mod 5 |neZ}.
The following theorem is crucial in the later argument.

Tueorem 3.2.1 ([6, Theorem 2.19.1]). Let A be a Z,)-algebra, and j. € A be
a nilpotent element. Then the group homomorphism

W(A)Fw — Hom(g(’q“)7 Gua)
a— Ey(a,2; X)
and
W(A)/FY — Hj (%7, Gy 1)
a— F,(a,2;X,Y)

are bijective.

By noting E,([1],41,X1) = 1 + 41 X;, we have Ext'(¢) ¢(2) ~ 1 (4,)"""/
{[21]). This correspondence is given more explicitly as follows.
. o
For u' mod /4, € W(A;Q)F " {[]>, we put

D](Xl) = Ep(ul,}vl;Xl) mod )uz.

Then D; is contained in Hom(g(’“),z*G,,,,Aiz), and 0D, eExtl({é“”,g(’t”) is
given by the pull-back of the exact sequence (x) by D;. Therefore, we have the
following commutative diagram:

0 g% oD, —— g% 0
| J»
0 g(h) ; Gm,A T I*G'";A/‘.Z — 0.

a22) 02)



On the group of extensions Ext!(%\%) gty 273

Let x; and ¢ be local sections of ¥ and G, 4 respectively. Then by
Di(x1) =t mod 4, there exists x, such that = D;(x;) + Ax, and we have

1 1
0D; = the class of Spec 4 |Xi, X3, : , .
! P [ PERT, DI(XI)HZXJ

1 1
1+ 44X ' Di(X1) + X2

We put &40 .= Spec 4 [XI,XZ,

] . Then it is an affine
group scheme over A.

3.3. Replacing 4, by 43 with 13 € m\{0} in the exact sequence (x) and apply

the same argument to &%>*P1) we have an exact sequence:

o (#3)

0— Hom(éa()"’)'z;D”, {4()'3>) — Hom((p@ul’@l)l), G, 4)

" Hom (67220 1, Gy s, ) 2 Ext (601500 g0y o
» A3 ’ °

By Hom(&“:%2:P) G, 4) =~ {(1 + 21 X1)"(Di(X1) + 2X2)™ |n,m e Z}, we have
Extl(g()vl,iz;Dl)’g(/b))

~ Hom(g()“l’lz;[)l),Z*Gm,Azg)/{(l —|—ﬂ.1X1)n(D1(X1) + lzXz)m mod A3 |n,m S Z}.

1 ) M) _¢p3 .
We put b3 := /TF(“)u1 and U?:= (FO 1<;b(,21;) >>. Then we have the fol-
lowing theorem.” _

Tueorem 3.3.1 ([5, Theorem 5.1]).  Let A be a Z,-algebra and 11, 2,23 € A.
Suppose Ay and A, are nilpotent in A,,. Then the group homomorphism

Ker[U? : W(4,;,)* = W(4,;,)*] — Hom(&" 2P 1.G,, 4,))

(b] mod /13, b2 mod 13) — Ep(bl,)»] ; X])Ep <b2, lz;i> mod )»3
Dy (X1)

is bijective.

In particular, under this correspondence, we have

([/1]},0) — 1+ 41X
and

(”17 VQ]) — D1 (X1) + A Xs.
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Therefore by Theorem 3.3.1, we have
Ext! (6220, 4 W) ~ Ker[U? - W(43,)* — W (A5,)°]/<([24],0), (a', [22])>-

This correspondence is also given more explicitly as follows.
For (u?,u?) € Ker[U?: W(A;,)> — W(A;,)?], we put

X
Dz(Xl,Xz) = E[,(lllz,/h;X])Ep (u%,igﬁ) mod )\,3.
Then D, is contained in Hom(& (41, 42; D ]),Z*GnLA;;) and 0D, is the pull-back of

the exact sequence () by D,. Therefore, we have the following commutative

diagram:
0 @(%) 0D, —— ghiD) 0
| |»
0 — . @) T G4 T l*Gm’A/13 — 0,
where
0D, = the class of Spec 4 |:X1,X2,X3,;,
1+ 24X

1 1
Di(X1) + 2X> Dy(X1, Xa) + 23X ]
We put

1

&4, 23:D1,D0) . g Al X X X
pec 15 A2, 3’1+11X1’

1 1
Dl(X1) + X 7D2(X1,X2) +A3X3].

Then it is an affine group scheme over A.

3.4. By induction on n and [5, Theorem 5.1], we have

~ Ker[U" ' W(4,)" — W(4;)""1/<([41],0,...,0), (u',[2],0,...,0),. ..,

@3 w3 D, 0), (a2 w3 D))
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with
.y An € m\{0}
bfzzjl <F(’1 ul'}? z<bf+1 "2>> 2<i<n-2
tn—1
n 1 (An-2) yyn—2
b_l = F nzun—Z
" )Lnfl
F@) _<b23"> e by
0 F %) D
Unfl —
0 0 coe Fla)

and elements of Ext! (& (Moo Jnet; D, DH),@“")) are the classes of type of group
schemes

1 1 1
Spec 4| Xy,...,X,, , - e, -
p ! 14+ 21X Di(X)) + A X D1 (X1, X)) + 2nXa

with
=,y e W(4;)"!
FUgrt Z L urty =0 mod A, 1<i<n-2
Jj=i+1
FUnDy"=l =0 mod 4,
Dy =1
n—1 X:
Dui(Xi,..., X, E e ’
1 )= H < Di(Xi,....X; 1))
We put
&P i Dies D) SpecA{Xl,...,Xn, 1 , ! - e,
1+ 21 X1 Di(X1) + 22 X2

1
anl(Xh .- ~aXn71) +ln/Yn

and it is an affine group scheme over A.
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4. Main Theorem

In this section, we use the notations and the group schemes & #1++%i Do Dac1)
defined in Section 3.

4.1. Let (4, m) be a discrete valuation ring and A9 € m\{0}. Then Horikawa
determined the extension group Ext!(%) g1%iP1)) and by generalizing it,
the author determined the group Ext!(%() g(41:424:iD1D2)) a5 in the following
theorem.

THEOREM 4.1.1 (Horikawa and Kondo). Let ®%4%) be the following map
@V 2) W (4, ) FW) <ty x W(Ay,) /<ty — W(Ay,)
(a),ay) — FW) g, — <b12,u1>
with

(h,6) e Z?
/1 = /1 Mo} =0 mod 11

4
/2 = fz[ﬂo} — <i—117u1> .

1 gy,

b? =
1 ll

Then the group homomorphism
g (o, 41,42) . Kep @0 d1:42) Extl(g(io)7 (9@(/11./12;01)>
defined by

1 1

ay,ay) — the class of Spec A | Xy, X1, X3, , ,
( ! 2) f p 0,41 42 1+ X0 Ep(al,ﬂo;Xo)+)»1X1

1

E,(az, 0; Xo) Dy (751)(‘,120;)(0)) + A X>

is bijective.
Moreover, we define the following map @0 A4, 43).

@Uo-trhnhs) s Ker @ik 5 W(A,) [{tsy — W(A,,)

((‘”7“2)3“3) = F(;L())a3 - <b12;”]2> - <b]37u§>
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with
(4,h,6) e L

4 %
/3 = /3[/10] _</1_117u12> —</,{—z,u§>

/2 =0 mod /12

1
b} = TZ(F(Maz — (b, u'y)

Then the group homomorphism
g (0: 41,42, 43) . Kep @0 A1542,43) Extl(g(io)7 g(ll,lz,ls;Dl,Dz))
defined by

(a,az, a3) — the class of

1

Spec A4 | Xy, X1, X5, X3, - , = ,
P 0,21 42,43 1+ Xy Ep(a],/uo;Xo)+/11X1

1

Eyla3, 70; X0) D (5505 ) + 22 o

1

. X X ,
Ep(a3’ Ao; XO)DZ (Ep<a17/{0':XO) ’ Ep(az«,izoi,Xo)> + 4345

is bijective.

Our main purpose of this article is to generalize the preceding results. The
main results are as follows.
THEOREM 4.1.2 (Main Theorem). We define inductively the map @)
@ irh) (4, YFUW) [{fy x W(Ay,) /{6 — W(A,,)

(a1, a2) — FW g, — <b12,u1>
with
(4, 4)eZ?
f] = /1 [/Auo} =0 mod }vl
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and for n >3,

@ Vo) - Ker @ Aort1) s W(A, ) [l — W(A;)

((alv"’aanfl% n '_)F/Lo Z<bl+17 1}17

with

A Y %

i—1 [
/@:{;[/10]— <;L_ lll l>7 3<i<n
j=1

ti=0modi, 2<i<n-1

1 2 .
bj = i (F“O)ail — S <bT N 2)), 3<i<nm

j=1
Then the group homomorphism

\Ij().o,...,/l,,) - Ker @().0,.“,/1,,) N Eth(g(;L()), @(a(}(; s An; Doy Dn—l))
defined by

(ar,...,a,) — the class of

1 1
Spec 4 | Xo, ..., Xy, , - ,
P 0 1+ A0 Xo " Ey(ay, Ao; Xo) + A1 X,

1
E,(az, Ao; Xo) D1 (4(,,])(,‘0 XD>> + A2 X2

1
EP(aha A0 XO)Dn—l ( 2 cee Xni] ) + Xy

Ep(alJbO?,XO) ’ ’ Ep(alkl«,/bO?XO)

is bijective.

5. Proof of Main Theorem

In this section, we use the notations and the maps ©®1==*) and %)
defined in Section 4.

5.1. We assume the homomorphism Wloo4) in Theorem 4.1.2 is iso-
morphic for k=3,...,n—1.
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....,/»,,;D] ..... D,,,]

Let (x1,...,x,) be a local section of & ) and ¢ be a local section

of Gy, 4, respectively. We define group scheme homomorphisms p and f by

and
IR &ty n13 D1 D) o Gm,A N l*Gmanln
-1
(%1, yXp-1),8) = Dp_1(x1,...,X,-1)" t mod 4,.
Then the sequence

0 —s & i Dy D) LN & dn1iDisees, Dya) o G ﬂ .Gy, — 0 ()

is exact on small flat site over Spec 4 and we have an exact sequence:
0— Hom(g(lo)7g(/ll.m,in;Dl,m,Dn,l)) L Hom({éuo)vg(/ll*"‘=’1"*1?D1MD*'*Z) % Gm A)

B

= Hom(g(}.q)’l*(}m 4 ) ﬁ) Extl(g(/q))’ él)(;..l,...T;L’I:Dlv...,anl))

2, Ext! (00, gVt D) 5 G, ) D Ext! (90, 1.Gyy g, ) — -+
5.2. By using the previous long exact sequence we make the following

diagram consisting of group homomorphisms, which will be used to prove
Theorem 4.1.2.

Hom(@), gin1iDiesDaa) 50 G, 1) 4 W(A;,n)F(ZO)

|

Hom(4%), gttuiiDieDid) o G, ) — Hom(%9") 1,G,y. 4, )

_— Ker @uo""’)'”) AN Ker @(/107-...,1,171)

l\l}(zo....,zu) zJ(\P(/‘.O.A..A;.nl)

Extl(g(io)’ g(il,...,i,,;Dl,...,D,,,l)) Extl(g(io)7g(}.l,...,/l,l,l;Dl ,,,,, D,_») % Gm A)
B W4,/ F%)
2
T Eth(g()LO),l*Gm,A;,,,)
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where
¢ = 'ﬂfl of
0y a,— (0,...,0,a,)
¢3 : (ala"'aan) — (ll],...,an_])

n—1

0g: (@, .. a4, ) — — > b wi!

i=1

and V,, Y, are isomorphisms by Subsection 3.2.

Note that Ext'(9%) 1,G,, 4, ) ~ H} (9", 1.Gy 4, ) (cf. [3]), 4 is nilpotent
in 4;, fori=0,...,n—1, and the map W o-sm1) s jsomorphic by the induction
hypothesis.

To prove the exactness of the first horizontal line and the commutativity of
this diagram, we prepare some notations and some results.

DeFINITION 5.2.1. We put E := E,(Wg, Ag; Xg) and G := G,(Wg, Ag; X6)
and define p(EG) by
p(EG) = EP(ﬁWE7AE7XE)Gp(ﬁWGaAGaXG)-

If W =0, then the definition of p is equivalent to one in Subsection 2.2.

Then we have
Ep(w,Az;ALZ(EG— 1))

G,(F™W, Ay EG) = .
E,(W, A2 EG)

and
E,(W,Ay; EG) = E,(W, As; E)E,(W, As; G).
Moreover, we put F := F,(Wr,Ap; XF, Yr). Then by the following definition:
P(FG) = F,(pWr,Ar, Xr, Yr)G,(pWa, A, Xc),

we have

Ep(W, Ag; & (FG - 1))
E,(W, As; FG)

G,(F™W, Ay; FG) =

and

E,(W,A»; FG) = E,(W,As; F)E,(W, Ay; G).

Next we decide the group Hom(% %) g0/l Da2)y for p > 2.
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Let Q; be an element of Hom(%%) @)) Then by Subsection 3.2, there
exists /; € Z such that 14+ 1,Q; =(1+ /IOXO)K' = E,(¢1[20], 20; Xo) = 1 mod 4y,
we have

1
Q = Z{Ep(fl [40], 20; Xo) — 1}
with /[4g] = 0 mod ;. Therefore we have
Hom(%™) 4*))y = {Q, |/ € Z, £/, =0 mod A}

~{AeZ|th =0 mod /i }.
By the exact sequence

0 — Hom(%""), 64722y — Hom(4™), 4") x Gy, 4) — Hom(%'), 1,Gyy 4,.)

induced by (++) and Hom(9%) 4*) x G, 4) ~ Hom(%“) %)) x Hom(%"),
Gy, 4), if an element (Qi,E,(/A[A)], 40; X0)) € Hom(g“"),{é“‘) X G, 4) 18 In
Hom(% %), &1:%2:P1)) " then there exists Q, such that D(Qy) + 4,Q = E, (4[],
J0; Xo). Moreover, by the equalities

Di(Q1) ' Ey (4[], do; Xo)
1
=E, (—lll, il;Z{Ep(fl [40], 205 X0) — 1}> E,(2[40), 203 Xo)

= E,(—u',21; E,(4i[A0), 70; X0))

- Gy(—F"ul 1 Ep(t1]20), 70; X0)) Ep(4]20], 203 Xo)

({4 )

- Gp(—F"u', 4y; Ep(4[20], 70 X)) Ep ([ A0), 203 Xo)

= Ep(fz, /10; X()) mod )Q,

1
we have Qz = }—{Ep(fz[}vo],;uo; X()) — D](Q])} with fz = /2[/10} — <ﬁ,u1> =0
12

mod /,. Therefore we have

Hom(g(z"), g(iuiz;Dl)) — {(Ql Q)

(/1,/2) 6Z2
;=0 mod A; for i=1,2

~{(4,) € Z?| ;=0 mod J; for i=1,2}.

Moreover, by induction on n, we have the following proposition.
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ProrosITION 5.2.2. For n > 3, we put

1 L
Z{Ep(/hlo;/\’o)—l} ifi=1
S!i:: 1
T AEp(4ilk0], 20; Xo) = Dica (@1, Q1)) if 2<i<n—1
with ;=0 for i=1,...,n—1. Then we have

Hom ( 0) éau'l‘-"s;'n—ﬁDl-msanZ))

_E{ glh

~{(l,....6.1)eZ" " |4=0 mod A for i=1,....,.n—1}.
{(

( 1y n 1) Zﬁ !
/EOmod/lforz_l Ln—1

To prove Proposition 5.2.2, we use the following lemma.
LemmA 5.2.3. Under the above notation, for n € Z with n > 2, we have the
following equalities:

(1) n=2

Di(@) = Ep<<i—117"1>,io;Xo> G, (FOul, 1a: Ey(4r, 203 X))

n—2 n—1
116 (F(?~f)u;11 - Z <bz]:117 U i

J=itl
EZ]J(/;[;LOLAO;XO)DI'1(917"'7Qi1)1)
Gy(FY 0wl 1 Ey(ly1 0], 205 X0) Dya(Q, .., 0) 7).

Proor. If n=2 or 3, then Lemma 5.2.3 is true by [2] and [3]. Hence we

assume 7 > 4.
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By induction on n,

n—2 n—1
116 (quf -> <b,!j11,u;>,z,-;E,,(/;V,O],Ao;XO)Di_l(Ql,...,Q,_l)—‘>

Jj=i+1

-Gy (FY " | J 15 Ep(lu1[20), 20; X0) D2 (Q, .. . Q).

n—1

Moreover, by Proposition 2.2.2, Proposition 2.2.3 and Definition 5.2.1,

n Q[ >
D@, 2) = TIE (u, 2
1( : ”) E 1](1 lDi*l(len'aQifl)
n—1
Q.
= E, ”(lv/li; l >
g p(' D (Q,...,Qi1)

Q
'E " n
,,<u,1,/1nan1(Ql, . ,in)>

(by the induction hypothesis, Subsection 3.4 and the definition of ; for
i=12,...,n)

n—1
li )
_’l§7<:£;<};,"?>,ﬂo;xb>
=

n—-2 n—1
116 (F“”u;’ -y <b{jf,u;’>,zi;Ep(za-uo],xo;XwD,»_l(Ql,...,QH)1)

i=1 j=it1

- Gy(F Ul D1 Ep(lu-1120), 70: X0) Dua (R, - ., Q0 2) ")

1 )1 4 _
'Ep (u:,z’}my/l_{Ep(/n[/LOL/LO;XO)Dn—l(Qla s 7Qn—l) b 1})

n

(by Definition 5.2.1,)

n—1
/A
= Ep(E <}_l‘7ul"1>7/10;X0>
i=1 i

n—2 n—1
1] G <F<M>u;1 - <b;/j11,q;’>,/li;E,,(/,»[/Io],/lo;Xo)D,»_l(Ql,...,Q,-_l)1)
i=1 J=i+1
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. Gp(F(/Ln—l)un

n—1»

dnt; Ep(lu-1120), 203 X0) Dua (R, ., Q0 2) )
Gy (FU U D Ep(lul o), 205 X0) D1 (Q, -, Q1))

n

- Ep(u, Jn; Ey(tul 0], 70; X0) D 1 (Q, ..., Q0 1))

(by the above hypothesis,)

n—1
b
= Ep (z]:<i—[7ul >,;\.O; XO)

n—2 n—1
116 <F“f>u;’ - <l ”>,zf;Ep(4[zo],zo;Xo)Di1<91,...,Qf1)“>
i=1

J=itl

Gy (F" U | J 15 Ey(ly-1[h0), 20; Xo) D Dy a(Qiy. ., Q)Y

( 117;“}17 F(KI’H;“O;XO)

n—1

n—2
~HG,,< R SRR Wh> (‘[io]yio;Xo)Di1(Q1,---’Qi1)1))
i=1

Jj=i+1
: Gp(fF(/ln : 1’11 117}n 1; E, </n*1[;“0}a/10;X0)Dn*2(Qla cee 7Qn*2)71)

: GP(F(ll’)uZ?;“”;E[’([H[;“OL/%; XO)DI’I—I(Ql7' . aQH—l)_l)

(by Proposition 2.2.2, Proposition 2.2.3 and Definition 5.2.1,)

n—1
4
:EP<Z<; : l> /107X0>
i=1
n—2 . n—1 | .
. H Gp <F(/Li)u;7 _ Z <bljj1 U ", )VI,E ( 'MO]aiO;XO)DFl(Qla - ,Q,—,l)_ )
i1 j=it1
-Gy (F50u | D1 Ep(dy1[70), 703 X0) Dua (Q1, .., @y 2) 1)

- Gy(F U Js Ey(Lalho), 203 X0) Dt (Qu1 -, Q1))

Ep(<f— u > ;~O7XO)
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n—2

1 1 n
(- (L (s 5wt )ar)
i=1 n j=i+1

E,(4i[20], 20; Xo)Di—1(Q1, . ... aQi—l)_l>

2

| , _
(—<2—F(A”‘)u,:’11 ; ll,’f>, In—1; Ep(£a-1[20]; 405 X0) Dn—2(Q1, - - ., Qy2) l)

n [ .
:Ep< <f»"f>»ﬂo;Xo>
i=1 \™

n—1
Gy (F u' — Z <b,/r|17 u'>, Zis Ep(¢ 'MO]a;{OQXO)DiI(Qla“',Qil)1)

Jj=i+1

- Gy(FY U D Ey(Lalho), 203 X0) Dt (Qu1 -, Q1) ).
Therefore Lemma 5.2.3 is true.

By Lemma 5.2.3 and Subsection 3.4, we have the following equality:

i=1

n—1
S b
Dn_l(Ql,...,Qn_l)EEp< </1_7u[ 1>7)L0;X0> mod}vn.
i

We show Proposition 5.2.2 as follows.
By the exact sequence:

0— Horn(g(}-a)7 (g(ilw---vithv»wDrkI)) _ Hom(g(io)’ & Ay 13 D1 D) o G a)

— Hom(9%™) 1,G,, 4, )
the canonical isomorphism:

Hom(g()0)7 é’(ila---azn—l%Dl ..... D,,,z) X G’n A)

~ Hom(g(lo)7 é)(il,...,).,,,l;Dl ..... D,,,z)) % Hom(g(io), GmiA)a
and the induction hypothesis for n, if an element

(Q1, ..., 1), Ep(4ulho), 20; Xo)) € Hom (%) gl dniDiesDia) 5 G, y)
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is in Hom(%) gromiDiwDisi)y  then there exists €, such that
Dy 1(Q1,..., Q1) + 2,9y = Ey(Zu[/0), 20; Xo). Moreover, by Lemma 5.2.3, we
have

Q :—{E ( ,,[Ao] l(),Xg) n—l(Q17~~-;Qn—l)}

An

n—1 .
with 4, = 4,[A] — Z<f ' > =0 mod /,.
i=1 i

Therefore Proposition 5.2.2 is true and

Hom ( 0) é}(ll, o An—1; Dl,m,D,,,z)) % Gm.A

9 b EZn
{ (@1, Qu), Ey(lalol, 2o, Xo) ({:0 m(zd/l for i=1,. n—l}

~{(h,....60) eZ"| =0 mod A; for i=1,...,.n—1}.
By Proposition 5.2.2 and Lemma 5.2.3, we have the following equalities:
BUR1, .., Q1)) Ep(4ul 0], 205 Xo)
= Dn71<Qla e ,anl)ilEp(/nMo}, io; X()) mod )un
n—1 {
=K, _lzl:<i_l," i > lo,Xo) ( [ﬂ.g] 05 Xo) mod 4,
= E[,(fn,}vo;Xo).

Therefore we have Im ¢, = Ker ¢,. The equality Im ¢, = Ker ¢, is trivial.
For (ay,...,a,) € Ker @) we have

((ﬂ4o(p3)(a1,..., Z<bl+lv n-1

= _—F%ga, mod J,.

Therefore we have Im ¢; < Kerg,. On the other hand, if there exists
(ai,...,a,) € Ker g,, then there exists a,e W(A4;) such that Fa, =
P 11 b’Jrl u''> mod 4, and we have gs(ay,...,a,) = (ai,...,a, 1). Therefore
we have Im ¢; = Ker ¢,.

Next we show the commutativity of the diagram. f =y, o ¢, is trivial. For
a, e W4 )F(O, we have
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1 1

(PP 4) o ) (a,) = the class of Spec A |Xy,... ,X,,,1 X TE X

1 1
Di(X1) 4+ AXo" U Dya(X, .. Xy2) + A1 Xt

1
Ep(anaim XO)anl(Xla ceey anl) + }-ann

and

l//l (an) = Ep(an, /10; Xo) mod ;L,l.
We put E := E,(a,, 0; Xo) mod 4,. Then OF is the pull-back of (xx) by E and we
have a commutative diagram:

0 & F1yeess Zni Dieesy Do)

0 éa(/l Jn; Dty Dy_y) éa(il In=1;D1,...; Dy_2) % Gm y
E— - .
. gl .
P
 — l*Gm‘A,«,n — 0.
Let (xi,...,%,1), t and xp be local sections of &-%-t:PiwDi2) "G, and
4") | respectively. Then we have
E(xo) =D, 1(xq,..., xn,1)711‘ mod A,.
Because it is equivalent to E(xo)D,_1(x1,...,X,—1) =t mod /,, there exists x,
such that
= E(Xo)anl(xl, ce ,anl) + AnXp.
Therefore we have
1 1 1

OF = the class of Spec 4 |Xy,..., Xy, , : , ey
P 0 1+ 40X 1+ 41X, Dl(Xl)—FlzXz

1
Dn—2(X17 cee ;Xn—Z) + in—llYn—l ’

1
Ep(am io; XO)anl (Xh ce 7Xn71) + AnXn

and we have 0o, = P4 6 g,
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by the canonical projection 12 &P dni i Duct) (A Znot; D, Dia)

have a commutative diagram with the exact horizontal lines:

O (O(z)(ﬂl ..... Iy D1,y D,I,]) (0(0 ((q(;@) O
0 g(ﬂ.l,...,/ln,l;Dl vy DY) 77.'*5 g(i@) 0.

Let & be the class of &. Then we have

S

1 1
) = .6 = the class of Spec 4 | Xp,..., X

P ( "71’1+/10X0’Ep(a1,/10;X0)—&-lle’

1
E,(ay, 20; Xo) D) (m) + X5

ey

1
El)(an—l 5 /10; XO)Dn—Z( X X ) + )vn—an—l

Ep(ay, 20;X0)* """ 7 Ep(@y—2,20; Xo)

Therefore we have p* o W0/ — glhordnt) o @3 by the induction hypothesis.
Let & e Ext!(@%) gD Di2)y  Then the exact sequence

0 — @UthiDiDaa) o, aglo) _,
induces the exact sequence:
0 — grenhriDiesDid) 5 Gy g — 8 X G g — G — 0,
and we have a commutative diagram with exact horizontal lines:

0 —— FlrhiDrenDin) s Gy s EX Gy —— G —— 0

/| l |

0 — l*G”LA;.n — /3*((9@ X Gm,A) - g(/lo) 0.
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Because the group structure of & is induced by the group scheme homo-
morphism:

n
& — Gm,A

(X0, .y Xne1) (1 + Joxo, Ey(ar, Ao; xo) + A1x1,

X1

E,(a, J0;x0) Dy [ ——
i 0 (g

)-i—/ﬂnzxz,...,

X1 Xn—2
Dn—Z( IR )"’ln—lxn—l)y
E, (a1, Ao; xo) E,(ay—2, An—2; X0)

we have
X1 Xn—1
X0, .-+ Xn—1) = (X0,0,...,0 —|—<0, - e )
( )= ) Ey(ay, Z0; X0) Ey(ay-1,0; x0)
with a local section (xg,...,X,—1) €& and

E X G — P.(6 X Gy a)

-1
X1 Xn—1
LX)t .D,_ > t
((X() X 1) ) = <x0 1 (Ep(ah;‘(); XO) Ep(an—l ) A‘O; xO)) >

for a local section te G, 4.

By the group scheme homomorphism & — G,’,’L 4> we have
((X(),O, ce 70)7 1) = ((1 + //LOx07Ep(a17/10;x0)7 s 7Ep(aﬂ71a/10;x0))? 1)
We put ((Xo,...,Xu-1),1) :=((x,0,...,0),1)((x,0,...,0),1). Then we have

X
E,(ay, 20; Xo)

X Xy
E,(an 1. %0: Xo) Dy 1
p (-1, 403 Xo) 12<Ep(a17}~0;X0) Ep(an2J~o;Xo)>> )

= ((14 Ao(x + x" + Zoxx"), E, (a1, Ao; xX) Ep (a1, 203 x'),

((1 + 20 X0, Ey(ay, Ao; Xo) + 21 X1, Ep(az, Ao; XO)DI( ) + X, ...,

Ep(az, ;»0; X)Ep(az, ﬂo; x'), ey Ep(anfl, io;x)Ep(an,l,/lo; )CI))7 1)

and
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Xo = x—l—x’—l—ﬂoxx’

X = {E (a1, 20; x)Ep(ar, Ao; x") — E,(ay, 20; Xo) }

1 / a
X, = p {Ep(az7 203 X) Ep(a2, 203 x") — Ep(a2, do; Xo) D <E}7(ahw) }

1
)(nfl :l I{Ep(an 17207 ) (an 17;"0a )

o i)
7E a}177)\4;X Dl’l* o )
17( 1 0 0) 2(Ep(a17}~0;X0) Ep(an727)"0;XO)

Therefore the cocycle F on %) x .G, 4, giving f.(& x Gy 4) is given by

X X1 >_l
F(x,x' _Dn_( e, )
( ) : Ep(ala)~0§X0) Ep(“nfla)vo;XO)

Next we analyze the right hand side of this equality.

LEMMA 5.2.4. For positive integers i and n with n > 2 and i <n— 1, we put
G~' by

() n=2,3
G| = Gy(—=F"u' Jy; Fy(F™ay, Jg; x,x"))
G2 = G ( F( ul +<b2,ll2> ilv ( )0>a17lo;xax/))
G3 == G,(—F@)u3, Jo; F,(F™ay — (b}, u'y, Jo; x,x")G})
2y n>4
(i i=1

n—2
G?”::(%(—F“”ﬂ“”+§:<bfaAﬁf>)h W(F *>m,%+ax3>

J=1

(i) 2<i<n-2

G =G, (Ful)"?l + Z <sz:12’ Jn+11> A
J=i

i—1 i—1
(e Sl ) Tl )
J=1

J=1
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(i) i=n—1

n—1.,__ u 1 .
Gn—l T G]’( u, lvin 1y

n-2 n—2
Jj=1

J=1

Then we have

D 1< X Xn1 >_l
"\ Ep(ar, ho; Xo) T Ep(@n—1, A0; Xo)

n—1 n—1
= £ (— >, oy, x’) [Tc"
j=1 =1

Proor. If n=2 or 3, then Lemma 5.2.3 is true by [2] and [3]. Hence we
assume n > 4.

o)
"\Ey(ar,20; X0) " Ep(an, 03 Xo)

(by the induction hypothesis, Subsection 3.4 and the definition of X; for
i=12...,n—1)

n—1
= F, (— S b uy. i, x’)
=1

n—2
'Gp <_F(Xl)u? + Z<bé+27 j+1>7/L17 (F()'O)alaj-();& X/)>
j=1
n—2
: GP (F(/n l) 17/“n lan <Fuo)an—l - Z<bj+l i 2> /10,)(? x) HGn 2)
j=1

n—2 n—2
11 6» <_F<m"t‘n + Z <sz++12’ u'y >, A
i—2 =i

F, (F(/lo) Z<bj+1 i- ]>,/L0,X x) HGz l)

Jj=1 Jj=
X,

n .

: Ep _una}“na X X,
n— .

anl (Ep<a1~,/105,X0) S ’Ep(auf],/lo‘-,XO)) Ep(an7 iO, XO)
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(by the induction hypothesis, Subsection 3.4 and the definition of X; for
i=12,...,n,)

n—1
= £ (- > b ury o x, X’>

j=1

n—2
-G, (—F“”u? + Y <, Fy(F ™)y, dos x, x'>>
Jj=1

n—2
. Gp <_F<lnl)”;,117;“nl;Fp (F(/lo)anl _ Z <bl+1 n— 2>,A0,x x) H Gn 2>

J=1 Jj=1

. H Gp< Flgh 4+ Z AR
F, (Fuo)ai Z<bf+1 DWITES x> 11e" 1)

j=1

1 n—1 )
( K ( e _Z<bfﬂ’”fl>,/10;xvx/>
j=1
'Gp< F)] n 1+Z<b/+23 /n+11> ih ( A() al,io;x,x')>
n—2
< F u: ,/qunfl,F (F a,_ 1_Z<b1+1 n— 2> lo,x x)'HG;_z)
J=1

n—2 n—2
. Gp( F(/w n— 1_~_Z<bljj12, ]n+11>7/“l7

i—1 i—1
F, (F(/lo)ai _ Z <b{+1,u;71>,/10;x, x’) H szl) o 1])
j=1 j=1

(by Proposition 2.2.2, Proposition 2.2.3 and Definition 5.2.1,)
n—1 )
=F (— S b ury dos x, x')
J=1

n—2
-Gy <—F<;'1>uf’ + Z <b£+2, u'y>, ll;Fp(F(;"))a] , 405 X, x’))

J=1
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n—2 n—2
. G[I (_F(/n l) ul 1,/Ln laF (F(il))anl _ Z <b'{+l,uj"72>,/10;x, X/> H Gjn2>
J=1 j=1
n—2 ) n—2 )
A Go | —FSup +> b/ w0
. =

i—1 i—1
Fp (F(Ao) Z <bl+1 {'—] >, ;LO7 X, Xl> H G/l—l>
Jj=1 Jj=1
'Fp(_<bi1+17u;l;l>7/10;x7x) (<b17 n> j'17 p( al7)‘0;xax/))

n—2 n—2
Gy <<bnn+1 sy Dy A1 F, <F(20)an1 - Z <b{+1 ) ll;1_2>, A0, X, x’) H Gjﬂ_2>

=1 j=1

n2 i-1
’ HGP< b1n++llﬂ n>»/m ( /10 Z<bl+l {1>,/ALO§X,X/> HG/’1>
i=2

J=1

n—1
'Gp<— (2 u" /1 F( Z<bj+1 n— l> /lo,xx> H(;j}’tl)

J=1

n
- FP <_ Z <b{+17 u]ﬂ>7 )“0; X, X,>
j=1

n—2
-Gp< FRul +3 (b3 ul >, d Fy(F )al,ﬂo,XX)>

Jj=1

n—1 n—1
116 <F“">u;’ + D < s
Jj=i

i=2

i—1
Fp( (/10 Z<bj+1 i~ l>,A0,X X> HG;—1>

J=1

n—1
-Gp<— u', F( Z<bf+‘ n— 1>,A0,xx> HG” 1)

n n
- FP <_ Z <b{+1 ) u;l>7 )“0; X, X,> H G]n
j=1 j=1
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By Lemma 5.2.4, Subsection 3.4 and Theorem 4.1.1, we have

n—1
F(x,x')=F,| - Z By J;x, x| mod A,

i=1

Therefore we have f* o W04 =y, 0 g,. O
Theorem 4.1.2 has been proved.
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