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, we first

Abstract. Corresponding to the concept of p-angular distance ap[x, y] := H Hx\lpflx - Hy\lpfly

introduce the notion of skew p-angular distance 8[x, y] := H Hy\lp_lx - ||x||1’_lyH for non-zero elements of x, y

in a real normed linear space and study some of significant geometric properties of the p-angular and the skew p-
angular distances. We then give some results comparing two different p-angular distances with each other. Finally,
we present some characterizations of inner product spaces related to the p-angular and the skew p-angular distances.
In particular, we show that if p > 1 is a real number, then a real normed space X is an inner product space, if and
only if for any x, y € & \ {0}, it holds that ap[x, y] > Bplx, y].

1. Introduction

Throughout this paper, let X denotes an arbitrary non-zero normed linear space over the
field of real numbers.

Clarkson [3] introduced the concept of angular distance between non-zero elements x
and y in X by

Il Nyl

X y
of[x,y] = ‘ H .

In [16], Maligranda considered the p-angular distance

T
llit=r fylit=r

aplx, yl = (peR)

between non-zero vectors x and y in X as a generalization of the concept of angular distance.
Corresponding to the notion of p-angular distance, we define the concept of skew p-angular
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distance between non-zero vectors x and y in X, as

= |~
=7 el

:B[J[x’y (pGR)

We set B[x, y] for B,[x, y] when p = 0 and call it skew angular distance between non-zero
elements x and y in X'. Evidently, it holds that

Bplx, y1 = IxIIP Iy IP  aac plx, 1. (1.1)

Dunkl and Williams [10] obtained a useful upper bound for the angular distance. They
showed that

4x —
alx, y] < =l

X1l =+ [yl
The following result providing a lower bound for the p-angular distance was stated without a
proof by Guraril in [12]:

270x = ylI? < aplx, y1,

where p > landx,y € X.
Finally, we recall the result of Hile [14]:
apley) = P2,y (12)
Iyl = llxl
for p > 1and x, y € X with ||x]|| # ||y||. For some recently obtained upper and lower bounds
for the p-angular distance the reader is referred to [8, 9] and [16].

Numerous basic characterizations of inner product spaces under various conditions were
first given by Fréchet, Jordan and von Neumann; see [4] and references therein. Since then,
the problem of finding necessary and sufficient conditions for a normed space to be an inner
product space has been investigated by many mathematicians by considering some types of
orthogonality or some geometric aspects of underlying spaces; see, e.g., [11, 15, 17]. There
is an interesting book by Amir [2] that contains several characterizations of inner product
spaces, which are based on norm inequalities, various notions of orthogonality in normed
linear spaces and so on. Among significant characterizations of inner product spaces related
to p-angular distance, we can mention [1, 4, 5, 6]. The next two theorems due to Lorch and
Ficken will be used in this paper.

THEOREM A (Lorch [15]). Let (X, | - |) be a normed space. Then the following
statements are mutually equivalent:

(i) Foreachx,y € X if|x| = |Iyl, then |x + y|| < ||Ax + A~ y|| (for all » # 0).
(i) Foreachx,y € X if |x + y| < |Ax + A~ y|l (for all A # 0), then ||x|| = ||y]|.
(i) (X, | - ) is an inner product space.
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THEOREM B (Ficken [11]). Let (X, || - ||) be a normed space. Then the following
statements are mutually equivalent:

(i) Foreachx,y e X if x|l = ||y, then |lax + Byl = ||Bx + ay| (forall a, B > 0).
(i) Foreachx,y € X if |x|| = |||, then ||*x + 2" y|| = [|A"1x + Ay for all » > 0.
(i) (X, || - |l) is an inner product space.

In this paper, first we study some topological aspects of p-angular distances such as
metrizability, consistency and completeness. Then, we compare two arbitrary p-angular and
g-angular distances with each other, which generalize the results of Maligranda [16] and
Dragomir [8]. Finally, we present two different characterizations of inner product spaces
related to the p-angular and the skew p-angular distances.

2. Some initial observations

In this section, first we examine some topological facts of the p-angular and the skew p-
angular distances. Then we compare the p-angular distance with the skew p-angular distance
in inner product spaces and give suitable representations for the p-angular distance, which
will be used in the sequel for characterizations of inner product spaces.

2.1. Geometric properties of the p-angular distance. In this subsection, we study
the metrizability, the consistency and the completeness concepts regarding to the p-angular
and the skew p-angular distances.

THEOREM 2.1. For p # 0, aplx, y]is a metric on X \ {0}, which is consistent with
a1lx, ¥yl = |lx — yl|; they induce the same topology on X . {0}. If p and q are distinct
non-zero real numbers, then o, is not equivalent with ay. If p # 1, then a, is not translation
invariant.

PROOF. Clearly «), is a metric. Let o1 [x,, x] = [[x, — x| = Oasn — ocoin & \ {0}.
Thus lim,,— oo || %, || = ||x]|, and so

-1 -1
plin, €] = [Ilall? " = el x|
< p—l, _ p—1 =1, _ p—1
< |eall? = = a2 | 4 [l e
—1 -1 -1
< a7~ Wt = 1+ 1[Il 177 = 16177 > 0 G@sn = 00).

Therefore the topology of «, is weaker than the topology of a; on & \ {0}.
Now we assume that ap[x,,, x] — 0 asn — oo in & \ {0}. We have

(Bl x|l Xn 0
— | = T = = (asn — o0),
=7 llxl [l llx]]
and so lim,,_, o [| X, ||? = ||x||?, which implies that lim,,—  ||x, || = ||x||. Thus,

1- -1 -1
L ] = [y — xll = el =2 ey — e
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1- -1 -1
S B (I P Lo

-1 -1
+ [l = 2 x|
1- -1 -1
= 1l 107" = 177+ @l ¥1) = 0 (as = 00).

Therefore the topology of «y is weaker than the topology of o, on X ~\ {0}. Hence these two
metrics are consistent on & ~\ {0}. Next, let p,q € R ~\ {0} such that p < g. By contrary,
assume that there exists a number M > 0 such that for every x,y € X \ {0}, ap[x, y] <
Moy [x, y]. Fix a unit vector a € X ~ {0}. For each A, u > 0, we have a,[Aa, pua] <

Moagy[Aa, pal, or AP — uP| < M|A? — pf|. In particular, if we put A = % and u = % where

n=1,2,...andt > 0, then we have n9=P|1 —t”| < M|1 —t9|,or M > n9=P }:;Z @t #1).
Now letting + — oo in the case when p < g < 0, and ¢t — 0 in the case when 0 < p < g, we
get M > ni P (n=1,2,...),and so M = oo, which is a contradiction. In the case where
p < 0 < g taking u = 1, we obtain |A? — 1| < M|A4 — 1|. Now letting A — 0%, we get
M = oo, a contradiction. Therefore o, is not equivalent to o

Now, we show that if p # 1, then «), is not translation invariant. By contrary, assume
that foreach x, y,z € X wehave ap[x+2z, y+z] = aplx, y], wheneverx, y, x+z, y+z # 0.
Fixing a unit vectora € X \ {0}, put x = Xa, y = ya and z = pa, where A, u,y € R.
In particular, if we put A = u = 1 and y > 0, then we have |27 — (y + D?| = |1 — yP|.
Now letting y — oo in the case where p < 0, and y — 0 in the case where p > 0, we get a
contradiction. In the case where p = 0, we also get a contradiction by taking A = 1, u = —2
and y = —1. This completes the proof. O

REMARK 2.2. It may happen that two metrics d; and d; on a set £ are consistent and
there exists m > 0 such that md, < d; but there exists no M > 0 such that d; < Md,. For a
classical example, take £ = [1, 00), dj(x,y) = |x — y| and da(x, y) = % — §| Two metrics
d; and d; induce the same topology on &£ and da(x, y) < dj(x, y), but since d> is bounded,
there exists no M > 0 such that d;j < Md,. Since in Theorem 2.1, p and ¢ are arbitrary, this
case cannot occur.

In spite of «p, the following remark shows that when p # 1, never 8, is a metric on
X ~ {0}

REMARK 2.3. Let X be a normed linear space. Take a € X with ||a|| = 1, and put
x=ra,y=sa,z=ta,wherer,s,t e R.Letp > 1landtaker =1,s = —land ¢ > 0. We
obtain

Bplx, y1=2 > [tP7" — 1] + 177" + 1] = Bplx, 2] + Byly, 2],

for small enough t. This shows that B, is not a metric on A’ \ {0} in this case. Now let p < 1,
andtaker = 2,¢ = 1 and s > 0. Since for small enough s,

2)' TP By, y] = 227F —s7P > [P QREP — 1)+ 217 (PP — 1)

= (25)"7PBplx, 21+ 29) P B,ly, 2,
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Bp is not a metric on X"\ {0}.

Now we are going to compare completeness of an arbitrary nonempty subset of X' ~ {0}
with respect to «p, and ¢ To do this, we need some lemmas.

LEMMA 2.4. Let p # 0, A be a nonempty ap-complete subset of X \ {0} and {x,} be
a Cauchy sequence in X \ {0}. Then

(i) Ifp > 0, then A is norm-bounded from below, and if p < 0, then A is norm-bounded
from above.

@) If p > 0, then {x,} is norm-bounded from above, and if p < 0, then {x,} is norm-
bounded from below.

PROOF. (i) Let p > 0. By contrary, assume that there exists a sequence {x,} in A such
that lim,,— o || X, || = 0. Therefore

tplitm, 3] = | = 15l + Ixall” > 0 Gmon > 00),

H |Ixm||1 Pl |I1 P
and so {x,} is an ap-Cauchy sequence. Since A is ap-complete, there exists x € A
such that lim, o ap[x,, x] = 0. Since |[|x,[|” — [Ix||?] < aplxy, x], we get ||x]|? =
lim,— o0 |[[X1I”? — Ix|I”] < 0, and so x = 0, which is a contradiction. Therefore, A is
norm-bounded from below.
Now, let p < 0. If A is not norm-bounded from above, then there exists a sequence {x;}
in A such that lim, o ||x, || = co. By a similar argument we conclude that {x,} is an o-
Cauchy sequence in A and so there exists x € A such that lim;,—, oo & [xp, x] = 0. Therefore
[lx]|? = 0, which is impossible.
(i1) Obvious. d

The following lemma comparing o, with o, without any restrictions on p and ¢, plays
an essential role in our study.

LEMMA 2.5. Let p,q € Randq # 0. Then for any non-zero elements x,y € X,

|p| . _ _
—————— min([|x|”77, [y Deyx, y]
lpl+1p —ql 1
< aplx,y] 2.1
lgl+1p —ql _ _
< —————max(|Ix|P7, Iy 1P Doy [x, y].

lql

In particular if g = 1, then

¥4

e min(x | Iy 1P — v
lpl +Ip—1|

< aplx,y] 2.2)
< 1+ Ip— 1pmax(Ix 1P~ Iy 1P~ lx — yll.-
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PROOF. We have
aplx, yl = Hllxll”_lx — ||y||p—1yH
< |7 e = el ey |
+ [ieie=anynety — nyir-enyne=ty|

= [lx 1P T eg L, Y1+ VI [IxIP=7 = [y 1779 -

P—q

Consider the function f(t) = ¢ on the closed interval with endpoints [|x||¢ and || y||?. By
the Mean-Value Theorem, there exists a point 1 between ||x|| and ||y|| such that

p—
q

- - pP—q| r2
X2~ =11yl q|=|f(|IXIIq)—f(|Iy|Iq)I=‘T‘n xll? =11yl -

7p_2q . .
Since the functiont ¢ is monotone, we obtain

P=2q

=29 -2 -2

n ¢ < max(|[x]|P7, ||y|P73),
whence

- P—9q - -
apl. ¥1 = ellPagx, y1-+ | max (el 270y, 1170 el = 1)

- P—4q - _
< (770 [F S max el 1177 g L, 1.

Thus,
gl +1p — 4l P—q P=29|y114 p—q
aplx, yl < TmaX(IIXII MY AP Deg [, y1. (2.3)
By symmetry, we have
g1+ 1P — 4l p—q P24y 114 p—q
aplx, y] < TmaX(IIyII iyl Il Il 1P~ Daglx, ¥l (2.4)

For proving (2.1) we can assume that ||x]| < |y|l. If ¢ < O, then |y[|? < ||x]|? and so
Ix|IP~22||y||9 < ||Ix||”P~9. Now, the right inequality in (2.1) follows from (2.3). Similarly if
q > 0, then (2.4) yields the right inequality in (2.1). The left inequality in (2.1) follows from
the right one by interchanging the roles of p and gq. O

THEOREM 2.6. The following statements hold.

(1) If pq > 0, then for each ¥ # A € X ~ {0}, the metric space (A, ap) is complete if
and only if (A, ay) is complete.

(i) Ifp > 0and q < 0, then there exist nonempty sets A, B C X ~\ {0} such that A is
ap-complete but not a,-complete and B is oy -complete but not a ,-complete.
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PROOF. (i) Let¥ # A € & ~\ {0} be ap-complete. Assume {x,} is an ay-Cauchy
sequence in A. First, suppose that p, g > 0. Since A is a,-complete, A, and as a result,
{x,} is norm-bounded from below. On the other hand, since {x,} is a;-Cauchy, {x,} is norm-
bounded from above. Thus, {x,} is norm-bounded from below and above, and so there exists
0 < M < oo such that max(||x,, ||”~9, |[xx|P79) < M (m,n = 1,2, ...). Therefore by the
right hand side of inequality (2.1),

lgl +1p —ql

aplxXm, xn] <
prmn lq]

Moyg[xm, xp] > 0 (m,n — 00).

Hence, {x,} is an «a,-Cauchy sequence in A. Since A is op-complete, there exists x €
A such that lim, o ap[x,,x] = 0, and by the consistency of «, and a4, we reach
limy, 0 0ty [xn, X] = 0. So, A is az-complete.

Now, let p, g < 0. Since A is a-complete, {x,} is norm-bounded from above. On the
other hand, since {x,} is a4-Cauchy, {x,} is norm-bounded from below. So, {x,} is again
norm-bounded from above and below. Similar to the above argument, there exists x € A such
that lim,, _, 0ty [ x5, x] = 0, and therefore A is o,-complete.

(ii) Take a unit vectora € X andlet A = {la: A > 1}and B ={Aa : 0 < XA < 1}. Itis
easily seen that A is a,-complete. Since ¢ < 0 and A is not norm-bounded from above, A is
not oy -complete. Similarly B is o, -complete, but not a ,-complete. O

2.2. p-angular distance in inner product spaces. In this part, we suppose that
(X, (-,-)) is a real inner product space with the induced norm || - ||, defined by ||x||> = (x, x).

PROPOSITION 2.7. Let X be an inner product space,x,y € X ~{0}and p € R. Then
the following properties hold.

1) aplx, y] < Bplx, ylforall p <1,
() aplx, yl = Bplx, ylforp =1,
(iii) aplx, yl = Bplx, ylforall p > 1.

In each of (i) and (iii) equality holds if and only if ||x| = ||y|l.
PROOF. It is sufficient to note that
aplx, y]2 - ,Bp[x, )’]2 = (||)C||2 — ||y||2)(||x||2p—2 _ ||y||2p—2) )

d

PROPOSITION 2.8. Let X be an inner product space, p € Rand x,y € X \{0}. Then

aplx, yl = \/(II)CIIerl — Iy IPEH AP = [y IP=h + e ie= iy e = e = ylI2.

In particular if p = 0, then

e =2 = ixl = lyID?
afx, yl = .
Nyl
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PROOF. The first identity follows from
aplx, y1 =[x + Iy1?” = 20x 1P~ Iy P~ Re(x, y)
= 21?2 + Iy 122 = 1P~y 1P~ Al + Iyl = e = 1%
= (17 = 1y 1P APt =1y + 1P iy 1P e = vl

O

Now, we show the relation between the p-angular distance and the errors of the Cauchy-

Schwarz inequality; ||x||[|y]| £ (x, y) > 0. For this reason we need the following elementary
lemma.

LEMMA 2.9. Let X be an inner product space. If x and y are linearly independent
vectors of X andt € R, then

x4 1y] = ¢||x||2||y||2—<x,y>2i<§>< Hy 2 + (x, y) )2/«

Iyl = VK \VIXIPIYI? = (x, y)?
whenever,
_ _ 2 2 _ 2 _ 2 2 _ 2
(x, y) =/l i'y” o (x, ¥y +/IIx]l gyn (x,y) 2.5)
llyll Iyl
PROOF. Employing the binomial series [13], we get
1
lx + eyl = Iy I + 2t (x, y) + Ix]|*)2
1
(e, (x, )22
=[<t||y||+ + x> = ==
llyll Iyl
1
:/||x||2||y||2—<x,y>2[( tiy 2 + (x, y) >2+1T
Iyl VX2 = (x, y)?
:/||x||2||y||2—<x,y>2i(§>< tlyI? + (x. ) )2"
Iyl = N \VIXIPIYI? = (x, 3)?
whenever
2
HyIP+eey |
VX2 = (x, y)?
which is equivalent to (2.5). g

THEOREM 2.10. Let X be an inner product space and p € R. If x and y are linearly
independent vectors of X, then

VIXIPIYIE = (x, 3)? (%)(nxnl—f’nyn”" — (x, y>>2k
,Vl= , 2.6
by Il =Pyl k; k)N VIx Pyl — (x, y)2 20
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whenever ||y||? < v/2||x||? and

(_ | < ) X7 Iy = /2 = =221y 1P
- 2

< (x,y)
lx {1yl

P p — —2p 2p
SII)CII [yl +\/§ Xl ==Pliyl (51).

2.7)

Similar expansion holds if we change the roles of x and y with each other.

PROOF. We have

Ly~ H
X — .

P!

aple, vl = | Ie1P e =y P~y | = e

. r—1
Taking t = —% in Lemma 2.9, we reach

M2 — 7.0 /1 1=p|yi[1+r — 2k
ap[w]:”x”,,_wxu IyI? = (x, y) Z(Z)(”x” Iyl <x,y>) ’
Iyl = \K/ X VX IPIyI? = (x, 9)2

provided that,

=, 9) = VIxIPIyI? = (x, ) - IyiP—! o T+ VIKIPIYIZ = {x, )2 ‘

Iy1? I E1 Iy1?

But, this condition is in turn equivalent to

< JIxPIYI? = (v, 32,

oo, y) = Il =Pyt te

or

20, )2 =20 1P Uy P (e, v) 4 Ix Py 12 Al 2Py 1P — 1) < 0,

which is equivalent to [ x|I2[|y[1>(2 — [x[I 27 [ly[|1>?) = 0 and (2.7). O

The following corollary shows that «[x, y] is completely expressible by | x]|[, ||¥] and
the errors of the Cauchy-Schwarz inequality; || x ||| y|| £ (x, ¥) > 0.

COROLLARY 2.11. Let X be an inner product space. If x and y are linearly indepen-
dent vectors of X, then

2Mvl2 — 2 X /1 _ k
O[[)C’y]Z\/IIXII Iyll*— {x, ¥) Z<2><|lelllyll <x,y>) ’ 2.8)

iyl =5 \K/\xllyll =+, v)
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whenever (x,y) > 0, and

2yl — <x,y>2[ — (%)(nxnnyn + <x,y>>k}2
,vl= [4— _— , 2.9
bl HENE ,;0 AT NS @9

whenever (x,y) < 0.

PROOF. The equality (2.8) follows from (2.6) by taking p = 0. If (x, y) < 0, then
(x, —y) > 0, and so (2.9) follows from (2.8) and «[x, y] = v/4 — o?[x, —y]. O

3. Comparison of p-angular and g-angular distances

In this section, we compare two quantities «, with o, for arbitrary p,q € R. There
are several papers related to comparison of o, with a1; see, e.g., [8]-[10]. The advantage of
taking p and g arbitrary is that, whenever we find an inequality involving o), and ;, we can
obtain its reverse by changing the roles of p and ¢ with each other, which is as sharp as the
first one.

3.1. Generalizations of Maligranda’s results. The following theorem is a general-
ization of Maligranda’s inequalities [16].

THEOREM 3.1. Letp,qeR,q#0andx,y € X {0}
@) Ifg > 1, then

P _ _
max([|x (|77, Iy 1P aylx, y]
2p—q
< aplx, yl
P _ _
< gmaX(IIXIIP AP~ Daglx, y1. 3.1
) If0 < g <1, then
P %glx, y1
g max(|lx[|7=P, [[yl|97P)
< aplx, yl
< 29—p aglx, y] ' 32)
q max(||x||977, [[y||[97P)
(iii) If £ <0, then
p max(lx[|”, [Iyll”)

oglx, y]
2p—q max(|x]|7, [yl|9)

< aplx, yl
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2g — P lyl?
S g —p max(x[I”, Iyl )aq[x, ). (3.3)
q max([lx 19, [|yl19)

PROOF. The left inequalities are obtained from right ones by interchanging the roles
of p and g. So, it is sufficient to prove only the right inequalities. Without loss of generality
we may assume that ||x |7 < |y||?. By the triangle inequality, we have

arple. y1 < [l e e — P e e
e = iy |
= Il [P~ = Iy 1P ~4] + Dy 17 %ag Lx, ¥
(i) Let £ > 1. Since £ > 0, we have ||x [P~ < ||y[|”~9, and so

aple, yI < Ix[I9Ay 1P~ = Ix P79 + Iy 1P eqlx, y].

Ifg > 2, then since p—T2q > 0, we get

—g (I pea _
P—q P2 P—d, p
o dts—q Iy IP=24 Iy I = N1

q x4

IyIIP= = Jlx]|P™9 =

which leads to

_ - P—q _
I Iy~ = flx7~) < p I Iy 1P =29yl = fx)9)

P—q _
< Tllyllf’ Taglx, y].

Whence
P _
aplx, y] < ;Ilyll” Taglx, y].

If 1 < 2 <2, it follows from P‘Tz‘f < 0 that

~ o p—q [ pa
IVIIP=T = Jx]|P7 = —— tedt <

P—q -
p, TIIXIIP 2yl —=l1xl),
x4

which gives

- - P—q - P—q -
Iy I~ = flx|P77) < p 1Pyl = Jxl19) < p IyIP = oglx, y1,

and again

aplx, y] <

p _
gllyll” Tag(x, y].
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(i) Let 0 < g < 1. The inequality % > 0 yields that ||x||9~7 < ||y||9~P, and so

N7 — flx)4="

19 [l P~ = NIy P~ | = x|
| | lxll9=Pllyla=r

It follows from

- (] -
_ — q9—Pp -L q—p -
IyIe=? = Qx4 = —/ roadr < p I l=2 Ay = lxl),
I

q x4
that
IyN9=P —Ixl977 _qg—p lyl?—llx[?
[lx(? — — < : -
lxll4=Plyll9=P q lyll4=r
Hence
— 4 — x4 oglx, oy lx,
apl,y1 < L7217 ol ) -(-D) o1
ylla=" Iylla=r g/ llyla=r
(iii) The same reasoning as in the proof of (ii) yields (iii). a

Now, taking g = 1 in Theorem 3.1, we obtain the following corollary in which the right
inequalities are due to Maligranda [16] and left ones are new suitable reverses to them.

COROLLARY 3.2. Letx,y e X ~ {0}
(i) Ifp=1,then

max(||x[|, |y ID?~ llx = ylI < eplx, y1 < pmax(lx]l, lyID?~ flx = yII.

P
2p—1
(i) If0<p <1,then

plx =yl QC—=plx =yl

<aplx,y]l < .
max(|lx]|, [ly[)!=7 P max(|lx]|, Iy~

(iii) Ifp <0, then

p max(llx]I”, lyll”) max([lx[I”, 1y 1)
lx =yl = aplx, yI = 2= p)——————x —yll.
max(flx|}, y1)

2p—1  max(flxl, Iyl
COROLLARY 3.3. Letp #2andx,y € X \ {0}.
i) If% > 1, then

p _ _ _ _
max(x[I” Iyl =2, Iy P el P Bplx, ]
3p—2
< aplx, y]

p - - _ _
< g maxixll” Nyl =2, iy 1P~ e =) Bplx, v
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(i) IfO L <1, then

2
p . ﬂp[xv )’]
2 —p) max(|lx|P=Hy =P, IylP= x| =P)
< aplx,yl
- 4-3p Bplx, y]

T 2—p  max(xlIP= Iy Iy Pty
(i) If ﬁ <0, then

P max(EP )
3p =2 max(x [y~ Iyl gr=H "
<aplx, y]
4=3p  max(lxl”. Iyl)

< Bplx, y1.
2—p  max(IxIyIP=1 IylclP=H"?

In particular, for p = 0 and q = 1, it follows from (ii) that
Wl y] < Mn{ ] }mx’ ).
Iyl i
PROOF. Take g =2 — p in Theorem 3.1 and consider (1.1). O
REMARK 3.4. In (3.1), (3.2) and (3.3), the constants 2 — E and p in the right in-
equalities are best possible. In fact, consider X = R? with the norm of X = (x1 , X2) given by
x|l = |x1] + |x2]. Take x = (1 +e)]‘l;q(1, €)and y = (1, 0), where € > 0 is small. Ifg > 1,

then

r_g
, 1 —1 1
aplx, y] _(d+e99 . ; 112
og[x, ylmax(|lx[[P=4, [|y[|P~4) € (1+e)a ! q

ase€ — 0T. Inthe case 0 < g < 1, we obtain

1-2
s 1 9 — 1
Mmax(nxﬂq_”, Iy97P) = dte -1 +1=s2-_7F

aglx, y] € q
ase — 0.

In the case when g < 0, the best possibility of the constant 2 — E in the right inequality of
(3.3) is similarly verified. The best possibility of constants — and 1’ in the left inequalities
of (3.1), (3.2) and (3.3) are obtained from the best p0551b111ty 0f constants 2— p and p in the
right hand sides of these inequalities by changing the roles of p and ¢q.
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REMARK 3.5. Let p,g € Rand g # 0. It is easily seen that in the case where g >1

(resp. 0 < g < 1), the right (resp. left) hand side of inequality (3.1) (resp. (3.2)) is as the
same as the right (resp. left) hand side of inequality (2.1), but the left (resp. right) hand side
of inequality (3.1) (resp. (3.2)) gives better estimate than the left (resp. right) hand side of

inequality (2.1). In the case when g < 0, using the fact that

min (a é) - max(a, b)

b
Zad <max<%ag) (a7b5c5d>0)5

~ max(c,d) —
both sides of (3.3) are better estimates than both corresponding sides of (2.1).

3.2. Generalization of Dragomir’s results. The following theorem yields the result
of Dragomir in [8], if we take g = 1.

THEOREM 3.6. Letx,y e X ~ {0}, p,qg € Randq # 0.
@) Ifg > 1, then

1 L_1
ap[x,y]sgaq[x,y]/ [a=nnxrete +ayiety[ " ar. G4
0
a) If g < l and x, y are linearly independent, then
2 —p ! g1 g-1 |67
@plx, vl = aqbey] [ = ol by [ dn 3)

PROOF. We suppose that x, y are linearly independent and prove (3.4) and (3.5) by
one strike. As one can observe, this proof works also in the case when g > 1 and x, y are

linearly dependent. The function f : [0, 1] — [0, co) given by
2
q

3

@ == o+ o1y

and the vector-valued function % : [0, 1] — X given by

h(t) = [ =0lx|? x + eyl ],

are both absolutely continuous on [0, 1]. Therefore, the function g : [0, 1] — X given by
g(t) = f()h(t) is absolutely continuous. The function k() := || (1—#) x4~ x+¢[y |77y |
is convex, and so except than at most a countable number of points, k'(r) exists. It is easily
verified that |k'(r)| < ay[x, y] in each differentiability point 7. We have

g'(t) = f/(Oh) + f(OR (1)

= (5~ DEOTH b6 + PO [y~ e ]
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for almost all ¢ € [0, 1]. Thus,

2_
p - —
lg' @l = (‘5—1‘“) [ = o=t a1y | aglx, v

for almost all ¢ € [0, 1]. Utilizing the norm inequality for the vector-valued integral, we get

1
< / g/ () ldt
0

Ly
dt,

1
apl, y1 = |Iy17~"y = 15177 x| = g (D) = 9] = H/O g ()t

1
< (‘S - 1‘ + 1>aq[x, [ =onse e ety

and so, the proofs of (3.4) and (3.5) are complete. |
COROLLARY 3.7. Letx,y € X be linearly independent and p, q € R ~\ {0}.

i) If0< 2 <1, then
q4_1 -1
v dt) )

q
4_1 -1
i dt) )

1
p — -
plx, ] = ;aq[x,y](/o [ = o1+ ity
(ii) Ifg zlorg < 0, then

p
2p —

aplx, y] >

1
aq[x,y]</ [ =01 x 4+ ey17 "ty
q 0

REMARK 3.8. () If g > 1, then, by the triangle inequality, we have

p_
q

1 P _
[ = onere=te + ayie=y | < 1@ = Dl + ey

for any ¢ € [0, 1]. Integrating both sides on [0, 1], we get

P _q P _ p
P < g(llyll I )
p\lyl9 = llx]14

if ||x|| # |ly|l, and by (3.4) we obtain the chain of inequalities

1
[ = ot iy
0

1 P _
p - _ 7
aple. 1 = Lyt y) [ = ol s ey ar
P _ p
< DA e 0. (3.6)
7 = Il

which provides a generalization and refinement of Hile’s inequality (1.2).
(i) Ifg > 2, then the function f : [0, 1] — [0, co) given by f(t) = [(1 — ¢)||x|| +

2_q, . . . . .
ty||9]4 "is convex. Employing the Hermite-Hadamard inequality for the convex function
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f we obtain
q (Iyl? = lx|I? 1 -
E(m = | LA =0l +elyl)ede

P—q pP—q
_ 1P+ gyl
- 2
which by (3.4), implies the following chain of inequalities

< max{|lx[|P~7, | yIP79},

2_]
T dt

IA

1
p _ _
aple. 1 = Loyt y) [ 0= ot s iyt
0

IA

p ! p_y
5 aglx, y]/ [(L=)lxl? +¢llyl91e  dt
0

I e £.5]
lylle — llxjl 7

P xIP=9 +|ylIP~2 _p _ _
Sgaq[x,y] 5 Sgaq[x,y]max{llxu” NP1y (37

for [lx |l # Iy ll.
In particular, inequality (3.7) shows that in the case g > 2, inequality (3.6) is better than

inequality (3.1).

REMARK 3.9. Let X be an inner product space. It is known [7] that for any a, b € X,
b # 0, it holds that

Vilal2151? - [a, b)|?
15|

min|la 4+ tb|| =
teR

Hence, if x and y are linearly independent vectors of X, then by takinga = x and b = y — x,
we obtain

VX2 = (x, y)?

IA=tx 41yl =lx+t(y—x)| > (teR).
lx =yl
This implies that
1
¥ —
/ (1= 0)x + ty]~dr < 2” 2y” -
0 VIEIIyI? = (x, y)
Taking p = 0and ¢ = 1in (3.5), we get
2x — y|?

1
alx. y] §2||x—y||/ 1L = Dx + 1y] it < .
0 VIXIZIyIZ = (x, y)?
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This implies an upper estimation for the error of the Cauchy-Schwarz inequality as follows

20 xylllx = I
\/||x||2||y||2 —(x, )2 < lyllx # llx]ly) .
Hyllx =[xyl

4. Characterizations of inner product spaces

In this section, corresponding to Propositions 2.7 and 2.8, we give two characterizations
of inner product spaces regarding to the p-angular and the skew p-angular distances.

The following characterization extends a result of Dehghan [6] from p = 0 to an arbitrary
real number p # 1.

THEOREM 4.1. Let p > 1 (p < 1 resp.) is a real number. Then a normed space X is
an inner product space, if and only if for any x, y € X ~ {0},
aplx, y1 > Bplx, yl  (aplx, y] < Bplx, yl resp.). 4.1)

PROOF. If X is an inner product space, the conclusion follows from Proposition 2.7.
Now, let X be a normed space satisfying the condition (4.1). Since for arbitrary non-zero
elements x and y of X, the inequality ap[x, y] < Bplx, y] is equivalent to Bo—p[x, y] <
az—plx, y], itis sufficient to consider the case when p > 1.

Letx,y € X,|lx|]| = ||yl and y # 0. From Theorem A it is enough to prove that
lyx +y~ 'yl > |lx + y|. Clearly, we can assume that ||x|| = ||y|| = 1 and y > 0. Applying

1 1
inequality (4.1) to y 7 x and —y "~ 7 y for x and y respectively, we obtain
. 2-p 2
lyx+y~'yl =y 7 x+y 7 y|. “.2)

Now using the mathematical induction, we get

2—p

G y—(z;”)nyH (n=1,2,..).

lyx+y~ 'yl >

Since p > 1, we have |2_T”| <1, and so

2—p 2—p

a7tz im |G sy G ) <.

This completes the proof. O

REMARK 4.2. If X is not an inner product space, then for each p # 1 there exist
xi, yi € X N {0} (@ = 1,2), such that oy [x1, y1] < Bplx1, y1] and ap[x2, y2] > Bplx2, y2l.
In fact if p > 1, then by Theorem 4.1 there exist x1, y1 € X ~\ {0} such that ap[x1, y1] <
Bplx1, y1]. On the other hand, due to an arbitrary one dimensional subspace M = {Ae : A €
R} of X with |le|| = 1 is an inner product space via (Ae, ne) := Au, for any xz, y» € M \ {0}
with [[x2|| # [ly2|, we have ap[x2, y2] > Bplx2, y2]. A similar argument carry out when
p <Ll
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Now we give the second characterization of inner product spaces related to Proposi-
tion 2.8.

THEOREM 4.3. Let p # 1. Then a normed space X is an inner product space if and
only if for any x,y € X ~ {0},

aplx, yl = \/(IIXIIerl = Iy IPED APt = Iy IP=5 + P =iy lle=tix = ylI2. (4.3)

PROOF. If X is an inner product space, then identity (4.3) follows from Proposi-
tion 2.8. Now, let X be a normed space satisfying condition (4.3). We prove that X" is an
inner product space by considering the following three cases for p.

Case 1. Assume that p = 0, —1. Letx,y € X, ||x]| = ||y|| and A # 0. From Theorem A
it is enough to prove that | x + y|| < ||Ax + A~ 'y||. We may assume that ||x| = ||y|| = I and

1 1
A > 0. Applying identity (4.3) to A»x and —A~ 7 y for x and y respectively, we obtain

pt

ptl _ptl p=1 I=p 1 _1
||Ax+r1y||=\/(x P—AT PP = AP )+ x4 ATy

2p+2 2p-2
AP —1 X2 r —1 1 _1
= v c——— AP x AT y)2

p+l
AP AP

Ifp>1,then2p+2>2p—2>0,andif p < —1,then2p -2 <2p+2 < 0. For |p| > 1,

2p+42 2p—2 1 1
we therefore have ()»IT — 1)()\.pT — 1) > 0. Hence |Ax + A7 y|| = [[A7x + A 7y It
yields that

L L
1

Ax + 27 = A 7x+27 7y (m=1,2,..)). (4.4)

Thus,
1 _1
Iax + 27yl = Jim [lA T+ 4yl = flx + oyl
Now if |p| < 1, then |%| > 1, and so by substituting p by % in (4.4) we get

IAx + 27Tyl = AP x + 27y (m=1,2,..).
Hence,

IAx 4+ A7y = lim AP x + 277"y = lx + ¥,
n—0oQ

and so, & is an inner product space.
Case 2. Suppose that p = 0. Letx, y € &, ||lx|| = ||yl = 1 and A > 0. Replacing x and
y by Ax and —A~!y respectively, in identity (4.3), we get

_ 1 _
x4+ ylI* = Iax + 27y — (- 1)2 < lIax +271y)2.
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It follows from Theorem A that X is an inner product space.

Case 3. Let p = —1. Assume x,y € X such that ||x|| = ||y|| and A > 0. Applying
identity (4.3) to Ax and —A "'y instead of x and y respectively, we obtain ||Ax + A"ly| =
[A~'x + Ay||. Therefore, Theorem B ensures that X is an inner product space. d

REMARK 4.4. It seems that the characterization of inner product spaces in Theo-
rem 4.1 can be extended in a more general case. For example, the following inequality

H al Y al Y (x,y € X), (4.5)

_ < _
L+ lx]l 1+|IyIIH_H1+||yII L4l |l

is also a characterization of inner product spaces. In fact, (4.5) holds in any inner product
spaces and conversely, if (4.5) holds in a normed linear space X, then substituting x and y by
nx andny (n = 1,2, ...) respectively, we obtain

x y

H - -
1 T =
il (2| I o (B |

1 T H
Syl 5+l

Now letting n — oo, we get a[x, y] < B[x, y] (x, y € X~ {0}), and so X is an inner product
space.
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