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Abstract. We study concentration phenomena of the least energy solutions of the following nonlinear
Schrodinger equation:
RPAu—-V@u+ fw)=0 inRY, u>0, ue H'®RY),
for a totally degenerate potential V. Here &7 > 0 is a small parameter, and f is an appropriate, superlinear and
Sobolev subcritical nonlinearity.
In [16], Lu and Wei proved that when the parameter /2 approaches zero, the least energy solutions concentrate at

the most centered point of the totally degenerate set @ = {x € RN | V(x) = minve]RN V(y)} when f(u) = uP.

In this paper, we show that this kind of result holds for more general f. In particular, our proof does not
need a so-called uniqueness-nondegeneracy assumption (see, the next-to-last paragraph in Section 1) on the limiting
equation (2.6) in Section 2. Furthermore, in [16] Lu and Wei made a technical assumption for V, that is,

V(x) — min V(y) > Cd(x, Q)% forx e Q°,
yeRN

where C is a positive constant, but our proof does not need this assumption.
In our proof, we employ a modification of the argument which has been developed by del Pino and Felmer in [9]
using Schwarz’s symmetrization.

1. Introduction
We consider the following nonlinear Schrodinger equation with a potential V':

—h?Au+V@u= fu) inRN,

1.1
u>0,ueH1(RN), (1)

where i > 0, A is the Laplace operator, N > 1, u is real-valued, f is a nonlinear term, and
V satisfies the following conditions:

(VO) V e CHRN; R).
(V1) V(x) - 400 as |x| — +oo.
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(V2) inf, gy V(x) = 1.

The simplest model for the nonlinearity f is given by f(t) = t? with 1 < p < oo if
N=1,2,andl <p <(N+2)/(N-=2)if N > 3.

The study of concentrating solutions for (1.1) began with the result of Floer and Wein-
stein. In [11], Floer and Weinstein proved that there exists a single-peaked solution of (1.1)
concentrating at each given nondegenerate critical point of the potential V when f(r) = £3,
N =1, and V is bounded. In [19], Oh generalized this result to N > 2 and f(t) = ¢”. More-
over, in [20], Oh proved that there exists a multi-peaked solution of (1.1) concentrating at a
given finite collection of nondegenerate critical points of V for N > 2, f(t) =t and V isin
the class (V), in the sense of Kato for some a. Later, the existence of a concentrating solution
of (1.1) has long been studied extensively. For example, in [1], Ambrosetti, Badiale and Cin-
golani proved that there exists a solution of (1.1) concentrating at local minima or maxima of
V with nondegenerate m-th derivative for some integer m, for f(¢t) = ¢”. In [7, 8], del Pino
and Felmer constructed the solutions of (1.1) concentrating at the degenerate critical point
of V for more general f. In [10], del Pino, Felmer and Wei constructed a solution of (1.1)
concentrating on curves for f () = t”. Also, in [5], Byeon and Jeanjean studied the optimal
condition of f for the existence of solutions of (1.1). Recently, in [6], Cingolani, Jeanjean
and Tanaka studied the multiplicity of solutions concentrating at local minimum points.

On the other hand, the study of a “least energy solution” of (1.1) has been studied in
several papers, where the energy functional associated to (1.1) is defined by

Inlu] := %/RN W Vu) > + Vxoux)? dx — /RN F(u(x))dx, ueH, (1.2)

where H := {u € H'RV) | fRN V(x)u(x)?> dx < 4oo}. Moreover, the least energy
associated to (1.1) is defined by

ep = uegll\f{O} flilg Iy(tu]. (1.3)
In [21], Rabinowitz proved that there exists a positive least energy solution of (1.1) for any
h > 0 if limsupj, |, 1o V(x) = sup,ern V(x) or liminfjy| 100 V(x) > infycpn V(x).
In [22], Wang showed that when f(#) = t?, for small 7 > 0, a least energy solution has
only one global maximum point x, and lim,—o V(x;) = inf gy V(x). In [13], Grossi
and Pistoia obtained that for f(r) = ¢? if V attains its global minimum at k different
points xi, ..., x;, which are nondegenerate critical points of V, then lim,_o AV (x) =
min{AV (x1), ..., AV(xx)}. In[16], Lu and Wei proved that for @ = {x € RN | V(x) =
il’lnyRN V(y)}, limp—od(xp, 02) = max,eq d(x, 3€2). In particular, since one of the results
of Lu and Wei is closely related to our result, we state their result precisely. Here, for a set
A CRVN 4 (x, A) denotes the distance from x to A, A° denotes the interior of A, and A€
denotes the complement of A.
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THEOREM 1.1 ([16, Theorem 2.2]). Assume that Q° is connected, f(t) = tP with
l<p<+oc0if N=2andl <p < (N+2)/(N—-2)if N >3, and

Vix)— il]gN V(y) > cd(x, Q)2 forx € Q°. (1.4)

Let uy, be a positive least energy solution of (1.1). For h sufficiently small, let x), be a unique
global maximum point of up,. Then, for h sufficiently small, we have x, € Q° and

d(xp, 0Q2) — mas)z(d(x, 02) ash — 0. (1.5)
X€E

In this paper, we study the precise asymptotic location of the concentration point of the least
energy solutions for more general nonlinearities f (u). More precisely, the function f satisfies
the following conditions:

(f0) f e CY(R; R).

1) f(tr)=0fort <0Oand f(t) =o(t)ast — 0.

(f2) f/(t) = 0@’ Yast - 4ooforsomel < p < (N +2)/(N—2)if N > 3 and
l<p<+4+0ifN=1,2.

(f3) There exists a constant @ > 2 such that 0 F(¢) < ¢f (¢) for¢t > 0, where

t
F(1) :/ f(s)ds.
0

f4) f@) < f ()t fort > 0.
REMARK 1.1. (f0)—(f4) yield the following basic properties:

() f(@) >0fort > 0.
2) f(t) = O(tP) ast — 4o00. Actually, by (f2), there exists M > 1 such that

If (s)| < CsP~ ' fors > M.

Hence we obtain that forr > M,
t M t
f<r>=/ f(s)ds=/ f(s)ds+/ £ (s) ds
0 0 M

t
< c+/ CsP~ds
M

<Cl+1tP)<Ct’,

where C is a positive constant. Hence, we obtain that f(t) = O(¢t?) as t — +o0.
(3) f(r)/t is strictly increasing for ¢ > 0.

Finally, the problem (1.1) with a totally degenerate potential is closely related to the
Dirichlet problem considered by Ni and Wei in [18] as Lu and Wei pointed out in [16]. Al-
though Ni and Wei in [18] made a so-called uniqueness-nondegeneracy assumption on (2.6)
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below in Sect.2, del Pino and Felmer in [9] developed a new method without using the as-
sumption, where we say that (2.6) satisfies the uniqueness-nondegeneracy condition if the
problem (2.6) has a unique solution and its linearized problem around the solution w to (2.6):

Ap() — () + f (wx)ex) =0, xeRY, e H'RY), (1.6)
does not have nontrivial solutions other than linear combinations of the functions dw/dx;,
i=1,...,N.

In what follows, B(x; r) denotes the open ball of radius r > 0 centered at x in RY and

the following abbreviations, B.(x) = B(x;r) and B, = B,(0) are used. We note that B, (x)
denotes the empty set ¢ if r = 0.

2. The main result

Instead of studying the problem (1.1), we study the following problem which is obtained
by putting v(y) := u(hy) on (1.1):

—Av+ V(hy)v= f(v) inRY, .0
v>0, ve H' (RY). '

To study (2.1), we define E, (V) by

Ep(V) = {v e H'®RY) | / V(hy)v(y)* dy < +oo} : 2.2)
RN
define the norm || - || g, (v) on E,(V) by
3

Il vy = ( /R VOGP + V() dy) forve En(V),  (23)

and define the energy functional Jj[-; V] associated to (2.1) by

1
Jnlv; V1= E/RN Vo) 2 + V(hy)v(y)* dy — /RN Fu(y) dy, veEyV). (24

Moreover, we define the least energy c;, (V) associated to (2.1) by

cp(V) = nf sup Jp[tv; V. (2.5)

i
veEp (VINO} >0
Note that e, = 1V ¢, (V) holds.
First, we prepare basic facts for solutions to the limiting problem:

(2.6)

—Aw+w=f(w) inRY,
w > 0, max, gy w(x) =w(0), we H'(RN).
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We define the energy functional /[-] associated to (2.6) by

1
I[w] := —/ IVw|? + w? dx—/ F(w)dx, weH'®RY)Y, 2.7)
2 JrN RN

and define the least energy c, associated to (2.6) by

Cy 1= inf sup I[tw]. (2.8)
weH! (RM)\{0} 1>0

REMARK 2.1. Under the assumption (f0)—(f4), it is known that there exists a least
energy solution w € H'(R") of (2.6) such that w > 0, w € C*2(RV) and w* = w, where w*
denotes the standard radially decreasing rearrangement of w. Moreover, it is also known that
w(r) < Cexp(—r), where C is a positive constant which independent of r. For the proof,

see, e.g. [3,4, 12].
Next, we state the existence and the basic properties of the least energy solutions to (1.1).

PROPOSITION 2.1. We assume (f0)-(f4) and (V0)—(V2) hold. Then, for all h > 0,
there exists a least energy solution uy, € Ejp, (VHNCERN) of (1.1) such that u, > 0. Moreover,
the following statements hold:

(i) For h sufficiently small, uy has a unique local maximum point x;, € RN. Moreover,
{xn}n>0 is bounded in RN,

(ii) Passing to a subsequence, we may assume that xj, ; = Xoas j — +oo. Then, V (xg) =
inf, gy V(x) =1
(iii) For all M > O, there exists a(j, M) € R such that for j sufficiently large,

|x — xn;| +a(j, M)
hj

up;(x) < exp [— } x| < M, (2.9)

where a(j, M) — 0 as j — +o0.

(iv) There exists a least energy solution w € H LRN) of (2.6) such that
U —>winH1(RN)asj—>+oo, (2.10)
where U ; (y) = Uh; (hjy —I—xhj).

When f(u) = uP, this result has been proved by Wang ([22]). Since we cannot find the
exact reference for the general case f(u), we shall give a proof in Appendix for the sake
of completeness to the proof of Proposition 2.1. For the precise asymptotic location of the
maximum point x, and the precise asymptotic expansion of the least energy c;(V'), we show
the following theorem, which is the main result of this paper.
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THEOREM 2.1. We assume (f0)—(f4), (V0)=(V2) and Q2° # @ hold, where Q = {x €
RN | V(x) = il’lnyRN V(y)}. Let uy, be a least energy solution of (1.1) and xj, a point where
uy, reaches its maximum value. Then,

(i) For h sufficiently small, xj, € Q°.
(1) d(xp, 0R2) > maxyeqd(x,9R) ash — O.
(iii) Passing to a subsequence, we have

2
en; = h;vchj(V) = h;v |:c* + exp (—;[d(xhj, a€2) +0(l)])i| as j — 400,
J

where we recall the symbols ey, j» Ch; (V) and c, denote the least energies which are
defined by (2.6), (1.3) and (2.9) respectively.

This result is closely related to Theorem 1.1. In Theorem 1.1, they proved the same concen-
tration phenomena for the case f(u) = u”. They also imposed a additional assumption on
the connectivity of Q2° and the condition (1.4) for V (x). Our proof of Theorem 2.1 is based
on a modification of the idea in [9] employing the rearrangement technique. Especially, we
do not need to assume the uniqueness-nondegeneracy condition for (2.6).

This paper is organized as follows. In section 3, we give the proof of the precise as-
ymptotic expansion of the least energy in the case the potential V (x) is radially symmetric,
increasing and the totally degenerate set €2 is the unit ball. In particular, Lemma 3.2 plays a
very important role in the proof of the lower bound. In section 4, we give the proof of our
main result. In Appendix, we recall the definition and basic properties of the increasing and
decreasing rearrangement, and we give the proof of Propositions 2.1 and 3.2.

3. Inthecase V =V,

In this section, we prove the asymptotic expansion of ¢, (V) in the case that V = V,, and
the totally degenerate set €2 is the unit ball. More precisely, we assume the following:
(Va) @ ={x e RY | inf gy V(y) = V(x)} = B(0; 1).
(Vb) V is a Borel measurable function such that V, = V.

THEOREM 3.1. Assume that (f0)-(f4), (V0)—(V2) and (Va)—(Vb) hold. Then, passing
to a subsequence, we have

2
ch; (V) = cx +exp <_F(1+0(1))) asj — 0o. 3.1)
J
3.1. Upper bound. We can prove the upper bound essentially in the same way as in

the proof of the upper bound in [9, Lemma 2.1].
First, we shall show the following important Lemma (cf. [9, Lemma 2.3]).
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LEMMA 3.1. Let z,, be a solution of the equation

—2, (N =2 () 42,00 =0, p—1<r<p,
zp(p—1) =1, z,(p) = 0.

Then, it holds that

i ( , ( 1) < 1+e72
imsup{—z,(p — 1)} <
p—>+£ r 1—e2

PROOF. Let z, be a solution of the equation

-5 () =245 "+ 50 =0, 0=<r<1,
50) =1, £,(1) =0.

We define u, as u, (r) := Z,(r — p + 1). Note that u;,(r) < 0 holds. Then, we have

—A(up —z2p)(x) + (up(x) — z,(x))

" N — ’
=—up (Ix|) = ———u,(Ix]) + up(lx])

|x|

1, _
— ity (5D +up(lx) =0 forx € By\ B,y

=< _’/lp”(|x|) -

By the weak maximum principle, we see that u,(r) < z,(r). We then also have ZNp/(O) =
u/p(p -1 < z;)(p —1). We study the behavior of z";,/(O). Let A1(p) < 0 < A2(p) be solutions
of the equation

N—1
A2+—1A—1=O,

then we see Z,(r) = a(p)e*P" + B(p)e*2P)" where a(p) and B(p) satisfy
L =a(p) + B(p),
0= a(p)ekl(p) + 'g(p)ekz(p) .

By the elementary calculation, we have

1
1 —explri(p) — Aa(p)]”

a(p) =

£,(0) = a(p)r1(p) + B(p)A2(p)
= a(p) [11(0) = ha(p)et V=20 |

—1—e?
—)72 as p —> 0.
1—e™
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Hence, we see that

. . ’ 1+€_2
li)rglcgfzp(,o—l)z—l 5 -

— e

Now, we can prove the upper bound of ¢, (V).

PROPOSITION 3.1. Assume that (f0)—(f4), (V0)—(V2) and (Va) hold. Then
2
n(V) < co+ exp(—z[l n 0(1)]) ash— 0.

REMARK 3.1. Assume (f0)—(f4), (V0)-(V2) and 2 = B(0; r) for some r > 0. Put
V(x) := V(rx). Then, note that V satisfies (V0)—(V2) and (Va). By Proposition 3.1, we
obtain that

_ 2
en(V) = cnpr(V) < s —I—exp(—ﬁ[r +o(D]) ash—0.

PROOF OF PROPOSITION 3.1. We put pj, := 1/h. Letw € H'(RY) N C*(RY) be a
least energy solution of the problem

(3.2)

w* =w, w>0.

{—Aw +w=f(w) inRV,
Let wy, € H! (Bp, \ Bph_l) be a unique radially symmetric solution of the equation

—Awy, +wy, =0 in By, \ By, 1,
wp(pp — 1) =w(pp — 1), wi(on) =0.

Note that wy (r) = w(pp — 1)zp, (r) using the notation of Lemma 3.1. We define wy, as

— w(r) O<r=pn—1,
wy (r) =

wp (1) on—1<r<pp.
Then, we see that wy, € Ej, \ {0} by the zero extension, and hence

cp(V) < sup Jpltwy; V] = Lpltywn; V1,

t>0

where, 7, is a unique positive constant such that the last equality holds. Remark that the
uniqueness of #;, follows from (f4).

CLAIM 1. For h sufficiently small, t;, < 2.

Assume that there exists a subsequence {/};2,; C {h} such that

th, > 2, hy > 0ask — oo.



NLS WITH TOTALLY DEGENERATE POTENTIALS 573

Using the definition of #, and V (hry) = 1 on |y| < 1/hy by the assumption (Va), we obtain

that
I,

- /RN \Vg, |* + V (h, y)wg,” dy

Vw|? + w? dy+/ IVwp, 1> 4 wp, > dy

Py 1 By, \Boy, —1

1
= _/ S (tn Wiy ) Wiy dy
thk RN

\Y

1

3 L, Femmm

l/ fRw)wdy.
B

2 1
Phy—

v

By integration by parts, we may estimate

/ |th,{|2~|—whk2 dy
Bphk\Bphk*I
-y

_ / V() - —Swn, () dS

8Bphk—l |)’|
= —wy, (o, — Dw(pn, — DIdB1 (o, — DN
< Cw(pn, — D*(pp, — HV!
< Cexpl—2pp, (1 +o0(1)], (3.3)

where the first inequality follows from Lemma 3.1 and the second inequality follows from
w(r) < Cexp(—r). Hence, we have

J

As k — oo, we see that

1
VP +w? dy + Cexpl—20,(1 +0()] 2 5 / fQuyw dy.

_ B, _
phk 1 phk 1

1
/ |Vw|2+w2dy2—/ f(2w)wdy>/ fwywdy.
RN 2 JrN RN

This is impossible because w is a solution of (3.2).
Now, we have
— I 2 2
(V) < Ipltpwn; V] < = IVw|™ + w” dy — F(thw) dy
2 Boy—1 By, =
2

I3
+ﬁ/ [ Vun)? 4wl dy
2 JBy\By, -
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2
t 2F (1,
=§/ |Vw|2+w2|:1—2(7h;}):| d
By, -1 w
2
t
+ CVwl + wl dy
2 Bpy\Bpy—1

2
t

< I[thw]+ﬂ/ ~[Vwl +wi dy
2 Bpy \Bpy—1

2
1

ssupl[rw]+i/ VP 4wl dy, (3.4)
2 By, \Bpj,—1

t>0
where the second inequality holds by the following inequality which follows by (f1), Claim 1,
and w(r) < Cexp(—r):
2F (1,
1—Mzo forp, — 1 <r < +o0.
t;w(r)?

Since w is a least energy solution of (3.2), we see that

sup I[tw] = I[w] = ¢« . 3.5)

t>0

Also, by Claim 1 and (3.3), we obtain that

2
t

+ C[Vwl? + wi dy < Cexpl—2p5(1 +o(1)]. (3.6)
2 By \Bpy,-1

(3.4), (3.5) and (3.6) yield that
cn(V) < cx +exp[—2pp(1 +0(1))].
O

3.2. Lower Bound. Next we shall prove the lower bound of ¢, (V). We need to
modify the method of the proof of lower bound in [9, Lemma 2.1]. We will prepare some
results for the proof of lower bound of ¢, (V).

First, we note the following result which gives the information of least energy solutions
under the assumption (Va) and (Vb).

PROPOSITION 3.2. Assume that (f0)-(f4), (V1), (V2), (Va), (Vb) hold. Then, the fol-
lowing statements hold:

(i) There exists a least energy solution vy, € Ep(V) N CHRM) of (2.1) such that v, > 0
and vy = vp.

(ii) Forall 5 > 0, there exist a subsequence {hj}?il C {h} and a constant C(§) > 0 such
that

vh; (v) < C)exp(—(1 = 8)|y]) fory e RV,
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(ili) Passing to a subsequence, we have a least energy solution w € H'(RY) of (2.6) such
that vy,; — w in H'(RN) N C (RM).
@iv) Forall B > O, there exists C > 0 such that

[y, O <€ forlyl < B/h;.

We can show Proposition 3.2 by the well-known argument, but it is very long. So, it will be
included in the Appendix. The next Lemma plays a very important role in the proof of the
lower bound of cj,.

LEMMA 3.2. Assume (f0)—(f4), (V1), (V2), (Va) and (Vb). Let v be a least energy
solution of (2.1) such that v = vy. Then for all ¢ > 0, there exists a subsequence {hi}2, C
{h} such that

v (L4 &) pr) = exp(—ok(V V(1 +2e)(1+ &) +o(1)) ask — oo.

PROOF. Take any R > 0. Put A, := V(1 4 2¢). Let z(r) be a solution of the equation

')+ Y () = Acz(r) =0 R <r < (1+26)pk, 37)
Z(R) = v (R), z((1 +2e)pr) =0.
Let Z(r) be a solution of the equation
')+ N7 — AZ() =0 0<r < (14280 —R, 35)
Z0)=1, 2(1 +28)pr — R) = 0. ’

Note that z(r) = Z(r — R)vp, (R). Remarking z/(r) < 0, we may estimate
= Az —op)(IyD) + Ae(z — v ) Iy D
N -1

r

= (V(hey) = Aoon (IyD) — 2" (1yD) — Z(IyD + Asz(lyD
N -1
R

By the weak maximum principle, we have z(r) < vy, (r) (R < r < (142¢)px). In particular,
2Z((1 + &) k) < vy (1 + &) k).

Step 1. We show the estimate of Z((1 4+ &) px — R).

= =Z"(yh - Z(IyD) + Aez(ly) =0 for |y| € (R, (1 +2¢)px) .

Let A1 (R) < 0 < X2(R) be a solution of the equation

, N-1
2 k= A =0. (3.9)

Then, we see that L1 (R) — —+/As, Ay > /A as R — 00. Moreover, it follows that,
2(r) = a(k) exp(L1(R)r) + B(k) exp(r2(R)r) , (3.10)
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where « (k) and B (k) satisfy

1 =oak)+ Bk,
0 = ak) expli1(R){(1 + 2¢)pr — R} + B(k) exp[Aa(R){(1 + 2¢) o — R}].
Hence, we have

(1 +&)pr — R) = M (R{(I+e)p—R) I:a(k) + ﬂ(k)e()»z(R)—M(R)){(1+€)Pk—R}] . 3.11)

We will prove that «(k) — 1 as k — oo and ,B(k)em_k‘)mﬂ)p’f_m — 0 as k — oo. By
the elementary calculation, we have

1
e (R) =2 (RN{(1+e)pr—R} _ p(M2(R)—A1(R))epk

B(k)ePaR=1R((+e)p=R)

Hence we see that g (k)eP2~*0{U0+&)a—=Rl _ (a5 k — oco. Furthermore, by (k) — 0 as
k — oo, we have a(k) — 1 as k — oo. By (3.11), it follows that

R
S+ o) — R) > %e—pk{—xl(mms)—ﬁ ‘

Passing to a subsequence, we have

Z((l +5)ij _ R) > e—pkj{«/A_g(l-‘ré‘)-‘r()(l)}

as j — 00. (3.12)
Step 2. We prove the estimate of vy, (R).

By vy, (R) — w(R) as k — oo, it follows that vy, (R) > %w(R) > 0 as k — oo. This
inequality and (3.11) yield

o (L4 )90 = exp (—p (VA +28)(1+) +0(1)  ask — oo

(]
The next Lemma also plays an important role (cf. [9, Lemma 2.3]).
LEMMA 3.3, Weassume u, € H'RN\ By) is a solution of equation
—uy(r) = X=Lul (1) + apu, () =0, p <7 < +o00, o)
up(p) =1, up(+00) =0,

where a, € R andlim,_, o a, =: a > 0. Then, the following statements follow:
()

Jm up(0) = -V
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(i1)
Ja
up(r)y < Che” 7" forr > p,
where C, is a positive constant which depends on p.
(iii)
Iu;,(r)| <C,forr >2p,
where C,, is a positive constant which depends on p.
PROOF. Letu, and i, be solutions of the equations
—it, () — 0, (1) + aity () =0, p<r<-+oo,
up(p) =1, up(+00) =0,
—MNpH(r) +ayi,(r) =0, p<r<+oo,
p(p) = 1, 1, (+00) = 0.
Then, by the elementary calculation, we have

lim 7, (p) = —Va, lim @, (p) = —a. 3.14
Jim 5 (p) «/Ep_}r}rlooup(p) Va (3.14)

On the other hand, by the weak maximum principle, we see that u,, is a subsolution of (3.13),

and i, is a supersolution. Then, we have pr/(,o) > u;,(p) > ﬁ/ (p). By (3.14), we obtain
JHm (o) = -V

Also, by the elementary calculation, we see that
iy (r) = eV =0,

By u,(r) < ii,(r) and limy— o0 ap, = «, (ii) follows. Finally, we will prove (iii). By
Lemma B.3, for any |z| > 2p, we have

2 2 2
Sup |VM,0| S C(“M,O“LN+1(BI(Z)) + “VM,O”LZ(BI(Z))) .
B3/4(2)

By Bi(z) C RN\ B, , (i) and u, € H' (RN \ B,), (iii) follows. O

Now, we can prove the lower bound of ¢, (V).

PROPOSITION 3.3. Assume that (f0)—(f4), (V1), (V2), (Va) and (Vb). Then passing to
a subsequence, we have

2 [1+0(l)]> ask — 00.

cn (V) > ey + exp(—a
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REMARK 3.2. If we assume (f0)—(f4), (V1), (V2), (Vb) and 2 = B(0; r) for some
r > 0, then we have

2
cn (V) > co + exp(—a[r + 0(1)]) as k — oo,

by the similar argument to Remark 3.1.

PROOF OF PROPOSITION 3.3. Takeany e > 0. Let vy, € Ep (V)NC'(RY) be a least
energy solution of (2.1) such that v’ = vj.

cn (V) = I ltop; V1.

Let wy € H' (RN \ B(14¢)p,) be a solution of the equation

—Awip+wr =0 inRY \ B(1+s)pk ,
wr((1 +&)pr) = v (L +8)pr), wr(x) = 0 as|x] — oo.

Put

o (x) for |x] < (1+&)px .

Vg (x) =
{wk(x) for x| = (1 4+&)px .

We decompose Jj, [tvy,; V] into the following two parts.

2
t
Inltvp; V1= {_/ |Vvhk|2 + V(hk)’)v%k dy _/ F(tvhk) dy}
B(l+£)ﬂk

2 B(l+£)ﬂk

2
t
13 / IVon 2+ V (hiy)vj, dy — / F(top,) dy
RN\ B(14)5; RN\ B(14)5;

=:0i(t,k, &)+ I(t, k,¢).

First, we shall estimate /1 (¢, k, €). By min, .gv V(x) = 1, we obtain that

2
t
Ii(t,k, &) = —/ Vo |* + vy, dy —/ F(tvp,) dy
B(l+s)pk

B(l+s)pk
12 5
+5 (V(hiy) — Do, dy
B(14e)p
r 2, 2
> Von 2 + 02, dy - / Ftun) dy
B(146)p; B(i4e)p

2
t

= I[1T] — —/ Vg |> + w? dy — f F(twy) dy
2 JRM\B(110)p, RN\ B(1 46y

=:I[tvp, ] — K(t,k,¢).
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By integration by parts, we have
2 2 2
-3 [Vwe|” + wi dy
RN\B(11¢)0;
2
_ . 2 2
= —— lim [Vwg|” 4+ wy dy
2 R—>+o0 Br\B(1+¢)p;

—K(t,k, &)

v

1? y
=L tim [— / Vur(y) - L wi(y) ds
2 R—+00 9Bg [yl

+ / Vuwr(y) - 2 we(y) dS
3B(14eyp; [yl

2
t y

2 Vwi(y) - —w(y) dS
BB(HS)pk |)’|

S N-1 N—1 ’
= ElaBllpk (I+e)"  op (A +&)o)w, ((1 + &) pk)

where the second inequality follows from Lemma 3.3 (ii) and (iii). Hence, we have

2 3 B ,
h(t,k,e>zl[rm]+5|831|p,ﬁv "+ o)V o (L + ) pw (A +e)pr) . (3.15)

Next, we shall estimate /5.

It k,¢)
2
t
=3 |Von > + V (hiey)vy, dy — / F(tup,) dy
RN\B(H—S)ﬂk RN\B(H—s)pk
2
t 2F (tvy,)
=3 |Von > + V (hiey)vy, [1 -5 d
RN\B(1+£)pk 4 Uhk

i Vo, |? hey)ve | 1
) Vo |” + V(hiy)vy, |1 —
RN\B(116)p;

A%

S+ l)Uhk)i| J
+ Doy,

A%

t2 . |:1 _ f((t + 1)Uhk)

—_— min
2 |yl=(+e)px (& + Dop,

t2 . |:1 _ f((t + 1)Uhk)

> — min
2 |yl=(14e)px (& + Dop,

} / [Vum > + V (hiey)vy, dy
RN\B(I+s)pk

} / |Vun > + V (y)vp, dy .
B3p, \B(1+6)p;
By integration by parts, we may estimate

/ [Vum > + V (hy)vy, dy
B3pk\B(l+s)ﬂk
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y
=/ fp)vn, dy —/ Vg, (y) - —vp, () dS
B3pk\B(l+8)ﬂk aB(H—s)pk |y|

+/ Vup, (y) - lvhk(y) ds
833/’1( |y|

> —/ Vvhk(y)~lvhk(y) dS+/ Vvhk(y)'lvhk(y) ds
BB(HS)pk |y| aB3ﬂk |y|

=19Bi|p) !

x [+ N (1 + )90 (=03, (1 + £p1)) + 3V w1, Boowy, Gow) ]

/ 5
> |aBl|,o,£v_1(1 + S)N_lvhk((l + &) i) (—vy, (1 + &) pr)) — eXP(‘ng) ,

where the last inequality yields by Proposition 3.2 (ii), (iv). Putting

S 1>vhk>} |

e(t,k,g) := min [
[yI=(1+e)px (t + Doy,

then we have

Lt k&) (3.16)

2
> %e(r, k, s)[|aBl|p,ﬁV‘1(1 + &) o, (L4 £) o) (=, (1 +8) o)

enl-3)]

Take 7, > 0 which satisfies sup,. o I[tVx] = I[#vr]. Then

Itk ] > inf  sup/[tw] =: cx.
weH'(RN) >0
w#£0

Hence, by (3.15) and (3.16), we have

ch (V) >c —iex <—§ )
hi ZCyx > P 2,0k

2
t _
+ §|aBl|(1 + )V o, (4 &) px)

x [—e(t, k, £)v;, (1 + &) o) + wi (1 + £)pp)] - (3.17)
CLAIM 1. t;p — lask — oo.

First, we will prove vy — w in H! (RN).

2
”wk ”Hl (RN\B(1+£)pk)
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= lim |w|?
R—+o00 “ k“Hl(BR\B(l-H?)pk)

~ lim / Van(y) - 2wy (y)ds — f Vur(y) - 2w (y)ds
R—+o0 dBp |Y| aB(H—E)pk |Y|

IA

—10B1|(1+ &)V o T w (1 + &) pr)vn, (1 + )
where the inequality follows by Lemma 3.3 (ii) and (iii). By Lemma 3.3 (i), we have
—wi((1+ &) ) /v, (1 + &) pr) < 3/2,
and by Proposition 3.2, it holds that
v (L + &) pr) < Cexp(—apx) ,
for some positive constants C and o which are independent of k. Hence, we have
—pp " w (1 + &) pr)vn, (1 + £) i) < Cpp' " exp(—apr) — 0,
as k — o00. Therefore, we obtain that

2
||wk||Hl(RN\B(l+g)pk) —0 ask—> o0. (318)

By {vy, } is bounded in H'(R"), we see that {v} is bounded in H'(RV). Hence,
7% — w in H'RY).

For any ¢ € CSO(RN),

/ wo dy = lim/ v dy = lim/ v_kqﬁdy:/ wo dy.
RN k—oo JpN k—o0 JrN RN

Hence, w = w.
—12 2
|||vk||Hl(RN) - “w“Hl(RN)|
2 2
< —
= |||v/’lk ||HI(B(1+£)pk) ||w||H](B(1+£)pk)|
2 _ 2
+ | ”wk ||H1(RN\B(1+£)pk) ”w”Hl(RN\B(1+£)pk)|
— 0ask — o0,
where the last limit is observed by v;, — w in H*(R"), ||wk||H1(RN\B(HE)pk) — 0 and
— — : 1N
||U)||H1(RN\B(1+£)pk) — 0. Hence ||k || g1 gyvy = lwll g1 gy, o we have 7p — win H*(R7).

We will prove Claim 1. Assume that there exists a subsequence {k;} C {k} and a constant
80 > 0 such that

tkj <1-=4p (3.19)
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or
tk; = 1+ 3. (3.20)
If (3.19) holds,

EEPSN 1 o
/ |VTE|? + Trody = — / S (tvk)vedy
RN tx JRN

1
1— 6

=<

/ (1 = do)vi)vkdy .
RN

By using Tz — w in H'(RY), it follows that

1
1— 6

/ |Vw|2 + wzdy < / F((1 =dppw)wdy < / fw)wdy .
RN RN RN

It is impossible since w is a least energy solution of (2.6). We can show that the case of (3.20)
is also impossible in a similar way.
By Claim 1 and vy, (y) < C exp(—a/|y|), we have

e(ty,k,e) > 1 ask — 0. (3.21)
We will estimate the square bracket partin (3.17). Let zx € H RN\ B(14¢)p,) be a solution
of the equation

—Azk + et k,e)Mezk =0 in RV \ B(14e)p, ,
(1 +&)pr) = vn (L + &) pr), 2k (x) = 0 (Ix] > 00),

where 1 < M, := V(1 +¢).

il
CLAIM 2. (% — %) <0on 8B(1+S)pk.

Take any k and any R > 2p;.
— Ao, — 2 () + Mee(tx, k, €)(vn, — z1)(y)
= f(n () = V(hiy)vn () + v (y)e(ix, k, €)M

S+ Do ()
(tx + Do, (y)

< fr, YD1 — M1+ v, (0)[Me — V (hiy)]
<0 fory € Bg\ Bi+e)p -

< fn () = V(hgy)vn (y) + [1 } v (V) M

Hence by the weak maximum principle,

Uy (9) — 2k () < max [vn () — 2], for (1 + &)k < Iyl <20k .

or
[yl=(1+8) pk
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As R — o0, we have vy, < zk in Bay, \ B(1+4e)p,- Hence Claim 2 follows.
By Claim 2, we have

—vp, (14 )pr) = —2 (1 + €)py) - (3.22)
Lemma 3.3 yields that
-7«
T2 vl (3.23)

i =
k=00 vp, ((1 + &) o)
and
wy (1 + &) pr)
m —-— =
k=00 vp, (1 + &) pk)
Therefore, by (3.21)—(3.26), we obtain that

—1. (3.24)

’ / MS - 1
—e(tk, k, e)v,, (1+&)pk) +wi (1+&)pr) = %Uhk((1+5)Pk) ask — 0o0. (3.25)

Hence, we have
2 5
cn (V) = e+ Cop (1 + &) pr)? — exp<_§pk)

> ¢y + Cexp (—Zpk [\/V(l T26)(1+6) — long(e) n 0(1)D
k
5
SWER]

Since V is lower semicontinuous and nondecreasing, and V (1) = 1, passing to a subsequence,
we obtain that

cn (V) > co +exp(—2pr(1 +0(1))) &k — o0.
O

The following result holds from Proposition 3.3. We need this result to show Theo-
rem 2.1.

COROLLARY 3.1. Assume (f0)—(f4), (V1), (V2) and (Vb). Moreover, assume

Q= {x eRY | V(x)= inf V(y) = 1} = {0}. (3.26)
yeRN
Then for any & > O there exists a subsequence {hi};>, C {h} such that

2
cn (V) > ey + exp(—ﬁ[s + 0(1)]) ask — oo.
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PROOF. Fix any ¢ > 0. Put
V(@) = x5,V (@) + x5, - (3.27)
Then, we note that V is Borel measurable, and satisfies (V1), (V2). Moreover, note that
yeRY | V(y)=1}=B,, (3.28)
and V (z) < V(z). Then we obtain that
cn(V) = cp(V). (3.29)
Forany v € En(V)\ {0}, we obtain that
Jalvs V1 = Jnlv*; Vil (3.30)

by Propositions A.1-A.3, where V, denotes the increasing rearrangement of V. Remarking
that v* € Eh(\_/*) holds for any v € Eh(‘_/), we have

sup Ju[tv; V1 > sup Ju[tv*; Vil > cn (Vi) | (3.31)

>0 >0
for any v € En(V)andt > 0. Hence, we obtain that
(V) = en (V). (3.32)
Note that
eRY | Vi) =1) = B,

and V, satisfies (V1), (V2). By Remark 3.2, passing to a subsequence, we obtain

g 0(1)]) ask — 0. (3.33)
hyi

(3.29), (3.32) and (3.33) yield the estimate

chk(‘_/*) > + exp(

2
cn (V) = ¢ +exp<—ﬁ[8 +o(1)]) as k — 0.

4. Proof of Theorem 2.1

First, we shall prove (iii) of Theorem 2.1.

4.1. Proof of the upper bound. Take xo € € such that dist(xg, 9R2) =
max,eq dist(x, d€2), and put r := dist(xp, €2). Put

V() = V) + Iy = xol> = 1 xgm g ) -
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Then, V € C'(RV), inf, gy V(x) = 1, limjyj0 V(x) = +00 and {V = 1} = B(xo, r). By
V(y) < V(y), we obtain that
Jultv; V1< Ju[tv; V] foranys > Oand v € E,(V) \ {0}.

Hence we have ¢, (V) < ch(V) by Eh(V) C En(V). By Remark 3.1, it holds that

cp(V) <ce+ exp(—%[r + 0(1)]) ash — 0.
4.2. Proof of the lower bound. By Proposition 2.1 (ii), x5, — xo € Q as k — oo.
dy := dist(xp, , 02) — dist(xp, 02) =:dyp ask — oo.
Choose any § > 0. Put § = 8/2. Let us choose a number d(; > 0 so that
| B(xo; do)| = 12N B(xo: do + 8.
Note that dg + § > d(,).
Take R > 0 so that Q@ C B(xo; R). Take n € C®°(R") such that
n=0 onB(x;dy+8)U RN\ Blxo; R)),
1=7>0 onB(xo; R\ Blxo;do+9).
Put
V(x):=V) +nx).
Then {x € RN | V(x) =1}=QnN B(xo; dy + 8/). Forall0 <t <2,
cn (V) = I Lo V1

> Jnltop; V1

2 2
_t 2., 7 2 ! 2
=7 fon Vg, |© + V(hicy)vy, dy — /RN F(tvp,) dy — B /RN n(hky)vy, dy
=1L—-D1.

First, we shall estimate />. By Proposition 2.1, we may estimate

1+ 2
Ig:wE - n(x)up, (x)° dx
c 2? /
=N
h 2 JBxo: RO\B(xo:do+8')
C

h,I(V /B(xo;R)\B(Xo:do+5/)

2 —
|x thl) dx

exp(— »

IA

2|x — xo| — 2fxo — thl) dx

N
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c 2(do +8') — 2|x0 —
- ¢ eXp(_ (do+48) —2|x0 th|>dx

T 1Y B R\BGoido+)) hi

_ 2 d ~|—8/ | | hkl (C)
exp| —— — |xo0 — - = —
= exp e 0 X0 — Xny 2Ogh,’{"
2 /
= exp(——ldo +8 +0()]). @1
hi
Next, we shall estimate /1. By Propositions A.1-A.3, we obtain that
2
! 2., 7 2
hz> /R IV P Vi) (7,) dy — /R F(v) dy. @.2)
By (4.1) and (4.2), we obtain
~ 2 ’
en (V) 2 Inlivj: Vol = exp(—-ldo '+ 0(D1) “3)

Let us choose a number #; > 0 so that

T [tivg; Vi = sup i [10f, 5 Vil
t>0

CLAIM 1. For sufficiently large k, t;, < 2.

Assume that there exists a subsequence such that 7, > 2. By (f4), we obtain that

Ay = / |Vvhk|2 + V(hky)vik dy
RN
> /R IV, P o Vi) 07, dy

- t RNf kvhk vhk y

\Y

1 * k
3 o S Quy vy, dy

=: By.

A= / (Von P + Vi, dy + / 1(hey)vl, dy
RN RN

1
= /R fvn dy + — n(up, (6)? dx

heN /B<xo;R>\B(xo;do+a’)

2 /
= / Sy Chicy + xp))un (hey + xp) dy + eXP(——[do +d + 0(1)]) .
RN hy
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On the other hand,
1
Bo= 5 [ £ Cuny iy + iy 1) dy

Hence, we have

2 ldo+ 5 +0(1
[y +8 +0(1)])

[, ey 0t iy + )y + exp(—
RN k

1
> 3 /RN fQup, (hey + xp ), (hiy + xp,) dy . (4.4)
By up, (hi - +x1,) — w in H'(RV), taking k — 00 on (4.4), we have

/ Fwyw dy > 1/ Feww dy>/ Fwyw dy.
RN 2 Jry RN

This is impossible.
Hence,

2 [d0+5’+o(1)]) as k — 0.

en (V) = cn (V) — exp(—a

We will prove the next claim to use Proposition 3.2.
CLAIM 2. (Vi =1} = B(0; d,).

We will prove V*(d(/)) = 1. Assume V*(d(/)) > 1. Then we see that there exists 75 > 1
such that dy € RN \ {V < o}*. Put B(0;rg) := {V < £p}*. Note that ro < d,,. Since
(V =1} C {V < 1o}*, we have B(0; d(/)) C B(0; rp). Thus, d(/) < ro. Hence, d(/) =rg. By

V= 1+ {1 <V <10}l = {V <10} = |BO; ro)| = |B(0: dp)| = |{V = 1}],

it follows that [{I < V < f9}| = 0. On the other hand, by the continuity of V, {V = 1} %,
and V (x) — +00 as |x| — oo, we have |[{l < V < fo}| > 0. This is impossible.

Case 1. d(; = 0 for some § > 0.

By Claim 2, we can use Corollary 3.1, hence we have

2ot 0(1)]) ask — 00, (4.5)

chk(V*) > + exp(—a

for any ¢ > 0. On the other hand, by subsection 5.1, we have
2
(V) < cx+ exp(——[maxd(x, 9%) + 0(1)]) ask — 0o. 4.6)
hi LxeQ

By (4.5) and (4.6), we have ¢ > max,eq d(x, 9R2) for any ¢ > 0. This is impossible.
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Case 2. d; > 0 forany § > 0.

By Claim 2, we can use Proposition 3.3, hence we have

~ 2 ’
cn (V) = cx + exp(—ﬁ[do + 0(1)]) as k — 0.

Hence,
2 2 /
en (V) = e+ exp(—1dy + o)1) — exp(~-[do + 8 +0()))
2
=+ exp(—ﬁ[do + 8])

205 —8+0(1)]>}.

X {eXP<—h—2k[d(; —do—6+ 0(1)]) - exP(—E

CLAIM 3.
[exp(—i[d(; —dy— 5+ 0(1)]) - exp(—i[S/ 54 0(1)])} >1 ask— oco.
hy hi N
Since §' — & < 0 and d(/) —dy — § < 0, we have

25 —s+ 0(1)])}

[exp(—%[d(; —do— 6+ 0(1)]) — exp(—a

- exp(—%w’ — 5+ o(1>1){exp(—%[d{) —do—8 +o0]) — 1}
>1.

Hence,
2
— 2 d(xo, 9Q) + 0(1)]) ask — 00.
hyi

4.3. Proof of (i) and (ii) of Theorem 2.1. First, we shall prove (i). Assume that
there exists a subsequence such that x,, € Q°. Then passing to a subsequence, we learn
Xp, — X0 € Q. By the argument in the proof of (iii), we have

cn (V) > co + exp(

e (V) = cx + exp(—%[d(xo, Q) + 0(1)]) ask — 00, “.7)
2
cn (V) <y + exp(—ﬁ[do 4 0(1)]) as k — 00, (4.8)

where dy := max,eqd(x, 02). By (4.7) and (4.8), we see that 0 = d(xg, 92) > do > 0.
This is impossible. Hence, we have proved (i).

Next, we shall prove (ii). Assume that there exist a constant § > 0 and a subsequence
such that for k sufficiently large,

d(xp, 082) = do + 8 4.9)
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or
d(xp,, Q) <do— 6. (4.10)

Passing to a subsequence, we have x;,, — xo € Q. By (iii), it follows that d (xg, 92) > do.
On the other hand, from (4.9) or (4.10), we see that d (xg, 02) > do—+36 or d(xg, 92) < do—34.
This is impossible. Hence, we have proved (ii).

A. Rearrangements

The rearrangement is a key in the proof of our main result. So, we prepare properties of
the decreasing rearrangement and increasing rearrangement.
First, we recall the decreasing rearrangement.

DEFINITION A.l. Assume that f : RY — R is Borel measurable and for any t > 0,

{1 f] > t}| < oo. We define the decreasing rearrangement f* of f as
o
(0 1=/ Xiifl=rp () dt,  x e RV,
0

where for a Borel measurable set A C R, there exists » > 0 such that |A| = |B(0; r)|, and
put A* := B(0; r).
The following results are well known (see, [15]).

PROPOSITION A.l. Assume that f : RY — R is Borel measurable and for anyt > 0,
{l f| > t}| < oo. Then the following statements hold:

(i) f* is radially symmetric and decreasing, i.e.,

[y = f () iflxl=1yl,

and

5 = fr) iflxl < Iyl
(1) If F : R — R is Borel measurable and F > 0, then

| rorenar= [ Fiw
RN RN
(iii) If ¥ : R — R is non-decreasing, then

W =v(f.
(v) If f € H'(RN), then

/ IVf*(x)Izdxs/ IV F(x0))? dx .
RN RN

Next, we define the increasing rearrangement.
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DEFINITION A.2. Assume that f : RY — R is Borel measurable and for any t > 0,
{| f| < t}| < oo. We define the increasing rearrangement f, of f as

oo
fu(®) ;:/O XBN\(1f|<r) @) dt,  x € RN,

PROPOSITION A.2. Assume that f : RY — R is Borel measurable and for anyt > 0,
{| f| < t}| < oco. Then the following statements hold:

(1) fx is radially symmetric and increasing, i.e.,

() = fi(y) i |x[ =]yl

and

[ = fi(y) i Ixl =< [yl

(i1) Forallt > 0,
eRY | fi) <t} =(x eRY | |f ()] < 1)".
(iii) fx is right continuous, i.e., forr > 0,
hE)HJlO fer +h) = fu(r).

Since we cannot find the exact reference for the increasing rearrangement in RY, we shall
give a proof here.

PROOF OF PROPOSITION A.2. It is easy to see that (i) holds. So, we will prove (ii)
and (iii). Assume that

fulx) <t (A.1)
Ifx & {t > | f|}*, then

oo

t>'/‘0 XRN\{S>\f\}*(x) ds
13

Z/O XRN\(s>| f1y+ (X) ds

t
Z/O XRN\(1>| fly (X) dS =1,

where the last equality holds by xgw\(~|¢y<(x) = 1. This is impossible. Therefore, we
obtain x € {tr > | f|}*. Hence

(x e RV | filx) <t} C{t > |fI}*. (A2)
Next, we will prove

(x eRN | fulx) <t} D {r > |fI}*. (A.3)
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Assume that x € {t > | f|}*. Here, we will show the next claim.
CLAIM 1. There exists 0 < ty < t such that x € {| f| < to}*.

If not, then x ¢ {|f| < s}* forall 0 < s < t. Take r > O such that B(0; r) = {| f| < t}*
and rg > 0 such that B(0; ry) = {|f| < s}*. Note that |x| < r and |x| > ry. Then, we may
estimate

1BO; 1) = |{x e RN | | f(x)] <t}

= U (xeRY11f )l <)

O<s<t

=lim|{x e RY | |/ ()] < s}]
= lim |B(0; ry)|
st

= [B(0; |xD)]
< [B(0;r)].

This is impossible. Hence, Claim 1 holds.
By x € {| f] < tp}*, we obtain that

XRN\{S>|f|}*(x) < XRN\{ZO>U¢'|}*()€) =0 for any fp < s < +00. (A4)

Hence, we have

) —+0o0
f+ () =/0 XRN\ (s> £1)* (*) ds+/ XRV\(s> 1) (¥) ds

fo

0]
= /0 XRN\(s>| f1y (X) ds

<t <t.

Therefore, we have proved (ii).

Finally, we will prove (iii). Let x € R" be |x| = r. Note that for all t > 0, {y € RV |
f«(y) < t} is an open set since the right hand of (ii) is an open ball. Therefore, since for any
r>0andany ¢ > 0, {y € RY | fi(y) < f«(x) + &} is an open set, there exists § > 0 such
that

B(x;8) C {y e RN | fu(y) < fulx) +¢}. (A5)
(A.5) and (i) yield that
0< fuir+h)— fi(r)<e forO<h <3§.
Hence, (iii) holds. O

In particular, the following result is very important.



592 SHUN KODAMA

PROPOSITION A.3. Assume that f : RN — Rand g : RY — R are Borel measur-
able and for any t > 0, |{| f| > t}| < oo and |{|g| < t}| < oo. Then,

/RN )9 (x) dix < /RN £ @)llgCl dx . (A.6)

PROOF OF PROPOSITION A.3. First, we remark the following inequality.

CLAIM 1. Let A, B C RY be measurable sets such that |A| < oo and |B| < oo.
Then, it follows that

|A\ B| = |A"\ BY|. (A7)

If |[B| > |A|, we have B* D A*, hence we obtain that |A* \ B*| = 0. Therefore, (A.7) holds
in this case. Assume that |B| < |A|. Note that B* C A*. Then, we may estimate

|A\ B| = |A] — |B| = |A¥| — |B*| = |A"\ B].

Hence, (A.7) holds in this case too.
We will prove (A.6). By Fubini’s Theorem and Claim 1, we may estimate

/ [f ) lg(x)| dx
RN

+00 400
=/ / / Xis<lf o) X(e<|go (1) dsdtdx
RN JO 0

+00 400
2/0 /0 /RN X{S<|f(x)\}(X)X]RN\{t>\g(x)|}(x) dxdsdt

400  p+oo
:/0 /0 Hx e RY |s < [f@N\ {x € RY |t > |g(x)|}| dsdt

+00 +00
2/0 /0 s < I\ At > |gl}*| dsdt

+oo oo
:/0 /0 ./]RN X{S<|f\}*(x)XRN\{t>\g|}*(x) dxdsdt

= / fr(x)gs(x) dx .
RN

B. Proof of Propositions 2.1 and 3.2

We will prove Propositions 2.1 and 3.2 in this section. For simplicity, we use symbols
Ey, Jp[v] and ¢, instead of Ej,(V), Jy[v; V] and ¢, (V) respectively.

First, We will use the next Lemma to show Proposition 2.1 and Proposition 3.2. This
Lemma gives another representation of the least energy. This result is well known. For the
proof, see e.g. [21, Proposition 3.11].
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LEMMA B.1. Assume that (f0)—(f4) hold and V is Borel measurable and satisfies
(V2). Then, it holds that

inf Jp[v] = inf sup Jp[tv],
vVEN), veEy 1~

v#£0

where Ny, := {v € Ej \ {0} | (J,[v], v) = 0}.
Now, we shall prove Proposition 2.1.

PROOF OF PROPOSITION 2.1. Our proof is carried out in eleven steps. In Steps 1-3,
we show that the existence of a least energy solution u,. In Step 4, we show that the existence
of a point x;, where u), reaches its maximum value, and in Steps 5—7, we show the properties
for the maximum point x;. In Steps 8—11, we show the properties for a least energy solution.

Step 1. There exists v, € Ny, such that my, = inf,en, Jp[v] = Jnlvpl.

By the definition of mj, there exists {Uj}?il C Nj, such that J[v;] — my as j — oo. Then,
for j sufficiently large,

my + 1> Jylvj]

1 2 2
ZE/RNWUH + V(hy)v3 dy—/RN F(v)) dy

IR |
ZEIIUjIIEh ~ 3 o fjv; dy

G

Hence, ||vj||g, is bounded uniformly for j. Moreover,
oyl = [ v, dy
]RN

1 2 p+l
S/RNEUj+Cvj dy

1
2 p+1
< 5011, + Cllv g

hence, there exists § > 0 such that § < |jv;|lg, = f]RN f(;j)v; dy holds uniformly for j.
By using the compact embedding E;, — L4 (RN) for2 < g < 2N)/(N —2)if N > 3 and
2<qg<ooif N=1,2(seee.g. [2]), we have

v; = wy weaklyin Ej, (B.1)
vj — wy, in LY(RY), (B.2)

vi(y) = wp(y) ae.yeRV, (B.3)
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where w;, € Ej;. We will prove wy € Ny and mp, = Jp[wy]. By § < fRN fj)v; dy, taking
j — oo, we have § < fRN f(wp)wy, dy. Hence, w, # 0. Moreover, we obtain

f IVwp|? + V(hy)w} dy — / f(wy)wy dy
RN RN

§liminf[/ |ij|2~|—V(hy)(vj)2dy—/ f(vj)vjdy}zo.
RN RV

J—>00

Thus there exists a constant 0 < 7y < 1 such that fowy, € Ny,.

1
myp < Jpltown] =/ = f(towp)tow, — F(towy,) dy
oy 2
1
< f L FCwmywn — Fawn) dy
]RN 2

. 1
= lim NEf(vj)vj—F(vj) dy

J= 0 JR
= lim Jylvj]l =my.
j—00
Hence, by (f4), we have 7y = 1. Therefore, we can conclude wy, € Ny, and mj, = Jp[wy].
Step 2. We claim that J,;[vh] = 0 holds.

Let ¢ € Ej \ {0}. Then, there exists ¢ > 0 such that v, + s¢ # 0 (—e < s < ¢). We put
(s, 1) i= (J; [t (v + 59)], 1 (v + 59)). Note that y € C'(R?) by (f2), and y (0, 1) = 0 by
v, € Np. We calculate

yils 1) =21 /R IV (on + 50)I2 + V (hy) (vn + 59)° dy

- / £t o + 59))t (o, + 59)% dy — f F(t W+ 50)) (0 + 59)* dy .
RN RN

By using (f4),
1:(0,1) = /]RN fop)vp — f/(vh)vﬁ dy <0.

Hence, by Implicit Function Theorem, there exists t € C!((—&g, £9)) such that #(0) = 1 and

Y (s,1(s)) = 0. We put p(s) := Jplt(s) (v +s@)]. By y (s, 1(s)) = Oand (s) (vp +5¢) € Np,

we have p(0) = Ji[v,] = infyen, Jnlv] < p(s) (—e0 < s < €p). Hence, ,o/(O) =0, and
0=p(0) = (J[vnl, £ O)vi) + (Jy[va], @) = (Jj[va], 9).

Step 3. We claim that a least energy solution vy, of (2.1) satisfies vj, > 0.

By Step 1, Step 2 and Lemma B.1, we see that there exists a least energy solution vy, € Ej,.
In particular, the maximum principle yields v, > 0.
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Step 4. The existence of a point where uy, reaches its maximum value.

Note that u;,(0) > 0. Put v, (y) := uj(hy). Then

—Avp(y) +dp(Mun(y) <0, y e RV,

where dj,(y) := —Cup(y)?~!. Since uy, is a least energy solution, we have lonll g1y <
lvalle, = C forall h > 0, hence ||dp |l 24/ @ny = C, wWhere 2*/(p — 1) > N/2. By

Theorem 4.1 in [14], for all z € RY,

sup  vp(y) < C”Uh”LZ(BI(Z)) ) (B.4)
yeB% (2)

where C is independent of z. Take R = R(h) > 0 such that C|lvy|l;2gn\ g,y < un(0)/2.
Then, by (B.4), for all |z| > R + 1, we have SUPye B, 4(2) Vh (v) < up(0)/2. Hence, v, (y) <

un(0)/2 for all |y|] > R + 1. Thus there exists a point x;, such that where uj, reaches its
maximum value.

Step 5. If uy, attains a local maximum at x, € RN, then {x),} is bounded in RN for h
sufficiently small.

Assume that there exists a subsequence {xp;} C {h} such that |xj;| — +o0. Take any R > 0
and fix it. Then, put w;(z) := Up; (hjz+ xhj), for j sufficiently large,

—Aw;(z) +2w;(z) = —Aw;(x) + V(hjz +xp))wj(z) = f(w;(z)), for|z| < R. (B.5)

Hence, for any ¢ € C° (R with ¢ > 0, taking R > 0 such that Suppp C Bg,

/]RN Vw;(z) - Vo +2w;(z)p dz < /]RN fw;(@)edz. (B.6)

By ”whj ”HI(RN) < C, we have
wj — w weakly in H'(R"), (B.7)
Ry 2= p<29. (B.8)

. ; P
wj —> w 1nLloc

Since Xh; is a local maximum point, w;(0) = Up; (xhj) > u, hence w(0) > u > 0, where

i > 0 satisfies f(u) = u. In particular w # 0. By (B.6), forany ¢ € C° RN with ¢ > 0,

/ Vw - Vo 4+ 2we dz < / f(w)edz. (B.9)
RN RN

Hence, there exists 0 < #p < 1 such that sup,_q I[tw] = I[fow].
1
cy < I[tow] =/ = f(tow)tow — F(tyw) dz
RN 2

</ lf(w)w—F(w)dz
RN2
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. 1
< lim ~fwjw; — F(w;) dz
j—oo JRN 2

= lim Chj = Cx.
j—o00

This is impossible.

Step 6. Assume uy, attains a local maximum at x, € RYN. Passing to a subsequence, we
may assume x, — xo as h — 0. Then V(xg) = inf gy V(x). Moreover, putting
wp(2) = up(hz 4+ xp), a limit w of wy, is a least energy solution of (2.6).

Applying the argument in the proof of Theorem 2.1 in [22], we see that Step 6 follows.

Step 7. A point where uy, attains a local maximum is unique for sufficiently small h.

Assume that there exists {/;} C {h} such that u,; has two local maximum points xp,; and Xp,;.

CLAIM 2.
|xhj - ihj | .
T — +00 asj — 00.
J

Assume that

Xn. — Xp.
by =il _ ¢ (B.10)
hj
By Step 5, {xn,} and {xj;} are bounded in RYN. Hence, passing to a subsequence, we may
assume x;; — xo and Xp; — Xo. By (B.10), we have xo = Xo. Put w;(z) := up;(hjz+xp;).
Then, we see that wy; — w in Cf (RY), where w is a least energy solution of (2.6). Hence,
taking any R > 0 and any ¢, for j sufficiently large, we have
lwj —wlle2ggy < €- (B.11)

Here, we use the following key Lemma.

LEMMA B.2 ([17, Lemma4.2]). Let ¢ € C?*(B,) be a radial function satisfying
qﬁ/(O) = 0 and ¢N < 0for0 < r < a. Then there exists a 8 > 0 such that if y € C*(By,)
satisfies (1) Vir(0) = 0 and (ii) || — Slic2g,) <9 then Vi # 0 for x # 0.

Take 0 < a < b suchthat w' (r) < 0 (0 < r < a), w(b) < i and C < b where C is the
constant of (B.10). By using (B.11) as R := b and ¢ := min{l/2 ming<,<p lw' ()], 8/2}
where § is the constant of Lemma B.2, then for j sufficiently large,

[Vw;(z)| = [Vw(z)| — |[Vw;(z) — Vw(z)| = min lw (r)| —& >0,
a<r<b
ifa < |z| < b. On the other hand, by Lemma B.2, we have Vw (z) # 0if 0 < |z| < a. Hence

Vw;(z) # 0if 0 < |z| < b. But [(xp; — Xn;)/hjl < C < band Vw;((xp; — xn;)/hj) = 0.
This is impossible.
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By Claim 1, for any R > 0, we have |xp; — Xp,;| > 2h;R for j sufficiently large. Put
wj(y) :=up;(hjy+xp;)and w;(y) :=up,;(hjy+ xn;). Then,

Chj = # /RN %f(uhj (xX)un; (x) — F(up;(x)) dx

1 1
- W v/B(thZth) Ef(uhj )un; (x) = F(up; (x)) dx
1 1
+W /Bozn,-;hm) o iy C)un; () = Fup; (x)) dx

1
=/B = F ;3w () — Fw;(y) dy+/

1
SfWi(y) — Fw;(y) dy.
©0:R) 2 B(O:R) 2

As j — oo, we have
1 | -
C*Z/ —f(w)w—F(w)dy+/ —f(w)w — F(w) dy.
B(O;R) 2 B(O;R) 2

As R — oo, we see that ¢, > 2c,. This is impossible.

Step 8. For any § > 0, there exists R > 0 such that for j sufficiently large, w;(y) < § if
Iyl = R.

Take any § > 0. Take R > 0 such that w(R) < §/2. By w; — w in C2 (RN, for j

loc
sufficiently large,

8
wj(y) =w) + 35

if |y| < R. Hence, for j sufficiently large, w;(R) < §. If there exists yp € RY such that
w;(yo) > & and |yo| > R, then, there exists a point y; where uj,; attains a local maximum
such that |y;| > R by lim|y|— oo w;(y) = 0. This is impossible because of Step 8.

Step 9. Forall § > 0, there exists R > 0 such that for j sufficiently large,

wi(y) < oVT=3R ,—v/T=3]y|

iflyl = R.
Take any § > 0 and fix it. By Step 5, there exists R > 0 such that

w;j(R) < 1 an

a L0 _ e R
w;(

J

Let v(r) be a solution of the equation

V() — (1 =8)v(r) =0in (R, +00),

(B.12)
V(R) =1, v(400) =0.



598 SHUN KODAMA

Then, we have v(r) = exp(—+/1 — ér) exp(+/1 — §R).
—A(wj —v)(y) + (1 =) (w; —v)(y)

N —1
[yl

= fw;() — (V(hjy +xp,) — L+ 8Ow;(y) +v (Iy) + V(IlyD = (1 =8yl

Fw)
w;(y)
<0 forye (R,+00).

< wj(y>[ }+v”(|y|) — (1 =8&v(lyl)

By the weak maximum principle, we have w; (y) < exp(v'1 — §R) exp(—+/1 =8|y if |y| >
R.

Step 10. For any M > O, there exists a(j, M) € R such that a(j, M) — 0 as j — oo and if
x| <M,

|x — xn; | +a(j,M)>

up;(x) < exp (— -
J

By supy gy wj(y) < C and Step 9, we have
wn;(hjy +xi,) = wj(y) < CE)e” =M,

for all y € R". Hence for j sufficiently large,

( |X—th|)
up;(x) < C@)exp | —(1— 5)T
J

1
= eXp(—h—j{lx =, | = 8l = x| = h; 10g C®)))
for all x € RY. Taking any M > 0, then, for j sufficiently large,
1
iy () = exp(—7={lx =, | = M5 — h 1og C(6)) )
J

if |x| < M. Passing to a subsequence, we obtain a(j, M) € RY such that a(j, M) — 0 as
j — oo and

1 :
wn,; (x) < exp(—h—{lx —xn, |+ a(j, M)}
J
for j sufficiently large and [x| < M.
Step 11. w; — w in H'(RV).

Take any R > 0.

lim sup ||w;

|12
. HI(RN)
j—)OO
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: 2
<limsup w1},
j—00

=limsup/ fwjw; dy
RN

Jj—o0o

:limsup{ ; fwjw; dy-i—/;yvva fwjw; d)’}

j—o0

§limsup{ fwjpw; dy~|—e_°‘R}
Br

Jj—o0o

< fw)w dy—l—e_“R,
Bpr

where the second inequality follows by Step 9, and the third inequality holds by w; —
w in CL.(RV). As R — oo, it follows that
111’1’1 sup ||w/ ||H1(RN) < ||'LU||H1 (RN) -
J—00
On the other hand, by the weak lower semicontinuous of || - || ;1 g~), we have

lwll g1 vy < liminf [Jw; || g1 gy -
J—>00

Hence,
J—>00
By the weak convergence, Step 11 follows. O

Finally, we show Proposition 3.2. We use the next Lemma to prove Proposition 3.2. This
result is well-known. For the proof, see [14, (3.17)].

LEMMA B.3. Lerz € RN andu € H'(B)(2)) be a weak solution of
—Au = gin Bi(z2),
where g € L1(B1(2)) for g > N. Then, there exists a positive constant C which is indepen-

dent of z such that

2 2 2
Sup |VM| = C(”g”LlI (B1(2)) + ”VM ”LZ(B](Z))) .
B34(2)
Now, we shall prove Proposition 3.2. Our proof consists of the well-known argument by using
the Nehari manifold. But, remark that we use the rearrangement to gain a solution which is
invariant with respect to the rearrangement.

PROOF OF PROPOSITION 3.2. First, we can show that there exists a positive least en-
ergy solution of (2.1) by the same argument as the proof of Proposition 2.1 Steps 1-3.
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Now, our proof is carried out in four steps. In Step 1, we show that there exists a positive
least energy solution which is invariant with respect to the rearrangement. Step 2 proves (ii),
Step 3 proves (iii), and Step 4 proves (iv).

Step 1. We claim that there exists a positive least energy solution which is invariant with
respect to the rearrangement.

We will prove that vj; is a least energy solution, where we denote by v} the decreasing
rearrangement of vy, (see, Appendix A). By Proposition A.1 and Proposition A.3, we have

/ IVuil® + V(hy) (wp)* dy — / f@hvy dy
RN RN

5/ [Vup > + V (hy)(vp)?* dy — / fpvpdy =0.
RN RN
Hence, there exists a constant O < #; < 1 such that tlv;j € Nj,. Then, we have

*7 _ l * *x *
mpy < Jpltiv,]l = fvp)ny, — F(tvy) dy
RN 2
1
5/ = fpvy, — F(vy) dy
RN 2

1
= / = fwp)vp — F(vp) dy
]RN 2
= Jplvp]l = my, .

Hence, by (f4), we have t; = 1. Therefore, we obtain vj € N, and m;, = J,[v}]. Moreover,
we see that v} is a least energy solution by the similar argument to Step 2 of the proof of
Proposition 2.1.

By using the interior L? estimate, we have v} € C '(RY). Moreover, by the strong
maximum principle, it follows that ”Z > (. Hence, we may assume that vZ = vy.

Step 2. We prove the part (ii) of Proposition 4.2.

By vZ(y) = vp(y), we have v,(0) = mMax, cgn vy (y). Hence, by the strong maximum
principle, there exists § > 0 such that for A sufficiently small, v,(0) > § > 0. By
lvnll 1wy < llvnlle, < C, we see that

v, — w  weakly in Hl(RN),

vy — w o in CL.(RY).
Moreover, we see that w is a least energy solution of (2.6). Take any § > 0. Take R > 0 such
that w(R) < §/2. By vy, — w in CIIOC(RN), for h sufficiently small, v, (y) < w(y) + §/2

for |y| < R. In particular, v, (R) < 6. By v;‘; = vp, U (y) < vp(R) < 6 for|y| = R. (ii) is
obtained from the weak maximum principle by comparison with a suitable test function.

Step 3. We show the part (iii) of Proposition 3.2.
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Take any R > 0.

. 2
lim sup ”Uh ||H1(RN)
0

h—

. 2
<limsup [lvp g,
h—0

:limsup/ fup)vy dy
h—0 RN

h—0

=limSuP{ . fpvy dy +/RN\B Sf(vn)vn dy}

glimsup{ fup)vy dy +e_°‘R}
h—0 B

< fww dy + e R
Bg

where the second inequality follows by Step 2, and the third inequality holds by v, —
w in CIIOC(RN). As R — 00, it follows that

limsup [[vall g1 vy < Wil g1y -
h—0

On the other hand, by the weak lower semicontinuous of || - || 71 ), we have

lwll g1 wyy < liilllij(l)lfllvh||Hl(RN) .
Hence,

i}i_% lonll g wyy = lwll g1 wwy -
By the weak convergence, Step 3 follows.
Step 4. We show the part (iv) of Proposition 3.2.
Take forall 8 > 0. Let z € RV.

—Avy; = =V (hjy)vp; + f(un;) =: cj(y) in RV

For g := 2N /(N — 2)p(> N), by Sobolev’s embedding and V (h;y) < V(B) for all [y| <

B/ hj, we have ||c; “Lq(Bﬂ/hj) < C, uniformly for j. Hence it follows that

sup Vo, 0P < C(IVo, 135, o)) + 165 1708, )
YEBi)2(2)
by Lemma B.3. For all |z| < B/2hj, lcjllLaB, @) = ||Cj||L¢1(Bﬁ/hj) < C, hence

””h, ”Loc(Bﬂ/Zhj) < C uniformly over j. O
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