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Abstract. For a locally compact Hausdorff space X, let Co(X) be the Banach space of continuous complex-
valued functions on X vanishing at infinity endowed with the supremum norm | - ||xy. We show that for locally
compact Hausdorff spaces X and Y and certain (not necessarily closed) subspaces A and B of Cy(X) and Cy(Y),
respectively, if 7 : A —> B is a surjective map satisfying one of the norm conditions

DITHT P Ny = 19" lIx,

or

i) [T +1Tgl" ly = LI+ 19l lx,
for some s,t € Nand all f, g € A, then there exists a homeomorphism ¢ : ch(B) —> ch(A) between the Choquet
boundaries of A and B such that |Tf(y)| = | f(¢(y))| forall f € A and y € ch(B). We also give a result for the
case where A is closed (or, in general, satisfies a special property called Bishop’s property) and 7 : A —> B is a
surjective map satisfying the inclusion Ry ((Tf)*(T g)") € R (f*g") of peripheral ranges. As an application, we
characterize such maps between subspaces of the form A f1 + Ay fp + -+ + Ay fn, where foreach 1 <i <n, A;
is a uniform algebra on a compact Hausdorff space X and f; is a strictly positive continuous function on X. Our
results in case (ii) improve similar results in [30], for subspaces rather than uniform algebras, without the additional
assumption that T is R*-homogeneous.

1. Introduction

The study of maps between various Banach algebras preserving the spectrum or the norm
of algebra elements is an active research area in modern Banach algebra theory. It is known
that under certain natural conditions, such maps are forced to be linear or multiplicative. By
the well-known Gleason-Kahane-Zelazko theorem, a linear surjective spectrum-preserving
map T : A —> B between commutative semisimple Banach algebras is an algebra isomor-
phism. On the other hand, by a result of Kowalski and Stodkowski [17], an arbitrary map
T : A — B satistying 7(0) = 0 and o(T(a) — T (b)) € o(a — b), fora,b € A, is
linear and multiplicative. Here o (-) denotes the spectrum of algebra elements. Another ma-
jor concern is to characterize such maps as weighted composition operators or multiples of
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algebra homomorphisms. Nagasawa [25] and de Leeuw, Rudin and Wermer [19] extended
the Banach-Stone theorem to uniform algebras and show that a surjective linear isometry
T : A — B between uniform algebras A and B on compact Hausdorff spaces X and Y,
respectively, is of the form T f = w®(f), f € A, where w is an invertible element in B and
® : A — B is an algebra isomorphism.

In [24], Molnér described surjective maps 7 on C(X), where X is a first countable
compact Hausdorff space, satisfying T(1) = 1 and o (TfTg) = o(fg) for f, g € C(X),
as weighted composition operators of the form 7f = f o ¢ for some homeomorphism
¢ : X — X and so that T is an algebra isomorphism. This result has been extended in
various directions. For instances, generalizations of this result have been given in [7, 26, 27]
for uniform algebras, in [22] for maps between uniform algebras satisfying peripherally
multiplicative condition (rather than multiplicative condition on the spectrum), in [9, 21]
and [30] for maps T between uniform algebras satisfying multiplicative norm condition
ITfTglly = Il fgllx and those satisfying norm condition [[|Tf] + [T gllly = ]+ lgllx.
respectively. For more results see also [3, 6, 10, 11, 28].

Most recently, in [23] a large number of previous results are obtained for a pair of maps,
not necessarily linear, between multiplicative subsets of function algebras satisfying various
spectral conditions. Related results for a pair of maps, satisfying certain norm conditions,
whose ranges are absolutely multiplicative subsets of uniform algebras, were also given in
[9].

In this paper we first study surjective maps 7 : A —> B between certain subspaces A
and B (not necessarily closed) of Co(X) and Cy(Y), for locally compact Hausdorff spaces X
and Y, respectively, satisfying one of the norm conditions

O ITHNT P ly =11 9"llx,

or

Q) NTFIE+1Tgl Ny = I +1gl" lIx,
for some s, € N and all f,g € A. We show that there exists a homeomorphism
¢ : ch(B) —> ch(A) such that [Tf| = |f o ¢| on ch(B), forall f € A. Since A and
B are not assumed to be neither multiplicative nor closed (or complete under some norms),
our results in case (i) generalize the previous results on such maps between uniform alge-
bras or (Banach) function algebras. We should note that the case (ii) has been considered
in [30] for uniform algebras on compact Hausdorff spaces when s = ¢ = 1 and it was
shown that, under the additional assumption that T is R*-homogenous, there exists a con-
tinuous map 7 : ch(A) —> ch(B) such that the equality |7 f(t(x))| = | f(x)| holds for all
f € A and x € ch(A). However, we get the same result (with a homeomorphism t) for
maps between certain subspaces of Co(X) and Co(Y), not assumed to be closed, rather than
uniform algebras, without assuming that T is R*-homogenous. Next we show that if A is
closed (or has a certain property called Bishop’s property) and 7 : A —> B satisfies the
stronger condition R; ((Tf)*(T 9)") € R, (f*g¢") on peripheral ranges for all f, g € A, then
(THA(y) = y(») f4@(y)) forall f € A and y € ch(B), where d is the greatest common
divisor of s and ¢, ¢ is as above and y is a unimodular continuous function on ch(B). This
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is similar to the results stated in [8, 9, 23] for such maps between certain (absolutely) mul-
tiplicative subsets of uniform algebras and function algebras and in [3] for pointed Lipschitz
algebras.

As an application, we consider subspaces of C(X) of the form A1 fi+Axfo+-- -+ An fau
where for eachi = 1,...,n, A; is a uniform algebra on a compact Hausdorff space X and
fi € C(X) is strictly positive. We should note that a discussion on surjective linear isometries
between subspaces of the form Af, where A is a uniform algebra on a compact Hausdorff
space X and f € C(X) is strictly positive, was given in [1]. Moreover, the results of [16] and
[12] provide the form of surjective isometries, respectively into isometries, not assumed to be
linear, on such spaces. However, the known results on maps satisfying norm conditions (i)
and (ii), can not be applied for such subspaces, since they are not (absolutely) multiplicative.

2. Preliminaries

For an arbitrary topological space X, let C(X) be the space of all continuous complex-
valued functions on X. When X is a locally compact Hausdorff space, Co(X) denotes the
Banach space of all continuous complex-valued functions on X vanishing at infinity, with the
supremum norm ||.||x. In this case X is the one-point compactification of X.

For a locally compact Hausdorff space X and a function f € Co(X), by M(f) we
mean the maximum set of f,ie. M(f) = {x € X : |f(x)|] = || fllx} which is clearly a
compact subset of X whenever f is nonzero. The peripheral range of f € Cy(X) is defined
by R, (f) = {f(x) : x € M(f)}. For a subspace A of Co(X), we say that f € Ais a
peaking function if R;(f) = {1} and in this case we say that the set {x € X : f(x) = 1} is
a peak set for A. For a subspace A of Cy(X), we denote the dual space of A (with respect to
the supremum norm) by A* and the Choquet boundary of A by ch(A). We recall that each
extreme point of the unit ball of A* is of the form ag, for some scalar « with || = 1 and
x € X, where ¢, is the evaluation functional at x. Moreover, ch(A) consists of all points
x € X such that ¢, is an extreme point of the unit ball of A*. For each subspace A of Cy(X),
ch(A) is a boundary of A, that is for each f € A, M(f) Nch(A) # @ (see [29, Page 184]) .
Clearly in the case where X is compact and A contains the constant function 1, a point x € X
is in ch(A) if and only if ¢, is an extreme pointof Ty = {L € A* : L(1) =1 = ||L||}.

For a compact Hausdorff space X, a uniform algebra on X is a closed subalgebra A
of C(X) containing the constants and separating the points of X. In general for a locally
compact Hausdorff space X, a uniform algebra on X is a closed subalgebra A of Cy(X),
such that for distinct points x, y € X, there exists f € A with f(x) # f(») and for each
x € X there exists f € A with f(x) # 0. It is well known that for a uniform algebra A on
a locally compact Hausdorff space X, ch(A) consists of all points x € X such that for each
neighborhood U of x there exists f € A suchthat f(x) =1 = | f|lx and |f| < 1 on X\U
(see [20, Theorem 4.7.22] for compact case and [27, Theorem 2.1] for general case).
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3. Main Results

We begin this section by introducing some notations and a definition. Let X be a locally
compact Hausdorff space and A be a subspace of Co(X). For a point x € X we fix the
following notations:

VitA)={feA:f)=1=|fllx} ., RA={feA:[fWI=1=Iflx}

DEFINITION 3.1. Let X be alocally compact Hausdorff space and A be a subspace of
Co(X). We call a closed subset E of X a weak peak set for A if for each neighborhood U of
E and 0 < € < 1 there exists a function f € A suchthat f|p =1 = | f|lx and | f| < € on
X\U. A weak peak point for A is a point x € X such that {x} is a weak peak set for A.

Clearly every weak peak set for A is necessarily compact. We denote the set of all weak
peak points for A by ®(A).

We emphasis on the distinction between the notion of weak peak points defined above
and the one given in some literatures as the intersections of peak sets. Indeed, the above def-
inition is compatible with the one given in [13, Definition 1]. However, the two definitions
are the same in uniform algebra case. We should also note that some authors call weak peak
points as strong boundary points (see [16]) while the others use the notation of strong bound-
ary points for the points x € X satisfying the above condition for just ¢ = 1. Clearly for
subalgebras of Co(X) these definitions are the same.

We note that for any subspace A of Co(X), ®(A) C ch(A) (see [2, Theorem 2.2.1] for
compact case and [12] for locally compact case) and, as we noted before, for each uniform
algebra A on X, ®(A) = ch(A).

For a subspace A of Cy(X), it is easy to see that weak peak points for A can be described
as points x € X suchthat u({x}) =0forall u € At (see for example [13] for compact case).

For a subset E of alocally compact Hausdorff space X, we say that a bounded continuous
function f on X belongs locally to a subspace A of Co(X) at E if there exists a neighborhood
U of Eand g € A with ||gllx = || fllx and f|y = g|y. For example, for a locally compact
Hausdorff space €2, the constant function 1 on €2 belongs locally to Co(£2) at each compact
subset of 2.

PROPOSITION 3.2. Let X be a locally compact Hausdorff space and A be a subspace
of Co(X). If E is a weak peak set for A such that the constant function 1 belongs locally to
A at E, then E is an intersection of peak sets for A. In particular, if X is compact and A
contains the constant function 1, then each weak peak set for A is an intersection of peak sets
for A.

PROOF. We first note that for each neighborhood W of E and ¢ > 0, the function
g € A with the property that g|g = 1 = ||g|lx and |g| < € on X\ W, can be chosen to be a
peaking function. Indeed, by hypothesis, there exists a neighborhood U of E and fy € A with
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norm 1 such that fo|y = 1. Fixing 0 < € < %, for each neighborhood W of E there exists an
feAsuchthat flg =1=|f|lx and |f| < € on X\(WNU). Setting g, =€efo+(1—¢€)f
we see that g,, € A is a peaking function with g, | =1 = |lgy, |x and |g,,| < 2€ on X\W.
Therefore, E is the intersection Ny M (g,,) of peak sets, where the intersection is taken over
all neighborhoods W of E. O

We recall that by [5, Theorem 2.12.7] for a uniform algebra A on a compact Hausdorff
space X, a closed subset E of X is a weak peak set for A if and only if © € A+ implies
UE € AJ-, where p g is the restriction of a regular Borel measure © on X to E. However, the
following important theorem in [5] shows, in particular, that for a closed subspace A of C(X),
every closed subset E of X satisfying this implication is a weak peak set for A.

THEOREM 3.3 ([5, Theorem 2.12.5]). Let A be a closed subspace of C(X), for a
compact Hausdorff space X, and E be a closed subset of X such that g € A for all
measures i € AL, Let f € A|g and p be a strictly positive continuous function on X such
that | f(y)| < p(y) forall y € E. Then there is g € A such that g|g = f and |g(x)| < p(x)
forallx € X.

The above theorem yields the following corollary:

COROLLARY 3.4. Let Ay, ..., Ay be uniform algebras on a compact Hausdorff space
X, f1, s fu € C(X) be strictly positive and A = A1 f1 + --- + A fu- If E is a weak peak
set for A;, for some i = 1,...,n such that 1 € A; fi|g, then E is a weak peak set for A. In
particular, for eachi = 1, ...,n,ch(A;) = ©(A;) C O(A).

PROOF. Since for each uniform algebra B on X and strictly positive f € C(X), Bf is
a closed subspace of C(X) and u € Bf - implies that fuu € Bt, using the above theorem we
conclude that each weak peak set E for some A; with 1 € A; f;|g, is a weak peak set for A; f;
and consequently a weak peak set for A. In particular U?_, ®(A;) € ©(A). O

To state our results, we define two maps &4, P, : C(X) x C(X) — C(X) by
D.(f,9) = |f|l+ gl and ®(f,g) = fg forall f,g € C(X), where X is a compact
Hausdorff space. As we mentioned before, for the case where ® = @, the following result
is well known whenever A and B are uniform algebras or multiplicative subsets of uniform
algebras. The case where ® = &, s =t = 1 and A and B are uniform algebras has also
been investigated in [30] under the additional assumption that T is RT-homogeneous.

We first state our result for compact case and then obtain the locally compact case as a
corollary (Corollary 3.14). In the next theorem for a compact Hausdoeff space X, by a good
subspace of C(X) we mean a subspace A of C(X) satisfying one of the following conditions:

(i) A contains constants,

or

(i1) A is a subalgebra of C(X),

or
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(iii) ch(A) is a closed subset of X.

THEOREM 3.5. Let X,Y be compact Hausdorff spaces, A, B be good subspaces of
C(X) and C(Y), not assume to be closed, with ch(A) = ®(A) and ch(B) = ®(B). Then for
every surjective map T : A —> B satisfying the norm condition

IeUTH (THOHlly = 1D(f*, ¢DlIx  (frg€A)

where ® = &, or ® = O, and s,t € N, there exists a homeomorphism ¢ : ch(B) —
ch(A) such that |T f (p(yo))| = | f(e(yo)| forall f € A and yo € ch(B).

The proof of the above theorem will be given through the following lemmas. In the
next lemmas, we assume that X, Y are compact Hausdorff spaces, A and B are subspaces of
C(X), not necessarily closed, with ch(A) = ®(A) and ch(B) = ®(B). We also assume that
T : A —> B is a surjective map satisfying | ((Tf)*, (Tg))|ly = |P(f*, ¢")lx for all
f,g€ Awhere ® = o ord = D.

LEMMA 3.6. Let A be a subspace of C(X) and s,t € N. Then given xo € ©(A),
O(|f(xp)l*, 1) = inf{|®(f*, h")|Ix : h € Vi, (A)} for the case where ® = & and f € A
or the case where ® = &4 and f € Awith || f|x < 1.

PROOF. Let ® = &, or & = &4 and let f € A be given. Clearly ®(|f(x0)|*, 1) <
P(fS,h)|Ix forall h € Vi, (A). Given0 < € < 1wesetU = {x € X : |f5(x) —
f*(x0)| < €}. Then since xg € ©(A), there exists i € Vy,(A) such that |a| < min(ﬁ, €)

X

on X\U. Since |h'| < |h|, it is easy to see that | fh'||x < |f(x0)|* + € and, moreover,

[FE@)| + 1R ()] < |fS(x0)] +€+ 1forall x € U. Now if || f|lx < 1, then for each

x € X\U, | f(X)|* + |h(x)]" <1+ € andhence || |f|* + |k |Ix < |f(x0)|* + € + 1 which
proves the desired equalities. O
LEMMA 3.7. Letyg € ch(B). Then foreachr > 0, the intersection mTferVyO(B)M(f)
is nonempty.
PROOF. Let ygo € ch(B) and r > 0 be given. It suffices to show that the family

{M(f) : Tf € rVy,(B)} of compact subsets of X has finite intersection properties. Let
fis s fu € Asuchthat Tf; € rVy (B) fori = 1,...,n. Since T is surjective there exists

h € A such that Th = %ELIT fi. We note that the norm condition on 7' in both cases

implies that |Tf|ly = || fllx for f € A. Indeed, in the case where ® = &, we have
Ty = | f*T|lx and hence |[Tf|ly = || fllx and in the case where ® = ®_ since
1 1T01* + |TO|" ||y = 0 it follows that 70 = 0 and consequently ||(Tf)*lly = | f*llx, i.e.
ITflly = |l fllx.- Hence in both cases T is norm preserving. Therefore, ||h|x = ||Th|ly =

r = Th(yp). Since ®(A) = ch(A) and ch(A) is a boundary for A, there exists xo € O (A)
such that |h(xg)| = r = ||k|x. We claim that xg € M(f;) fori = 1, ..., n. Assume on the
contrary that | f;(xg)| < r for some 1 < i < n. Then there exists a neighborhood U of x¢
such that | fj| < r on U and since xg € ©(A) we can find A’ € Vy,(A) such that |#’| < 1 on
X\U. Thenclearly || f*h"|x <r®and ||| f;|* + |W'|" |lx <r® + 1.



SUBSPACES OF CONTINUOUS FUNCTIONS 427

Assume first that ® = &, thatis ®(f, g) = fgforall f,g € C(X) (f,g € C(Y)). In
this case

1T £ (TR My = I1PUTf)*, (ThYDlly = 19(f7 hADllx = 17" IIx <r*.

We may assume that s > 7. Then since ||Th'|ly = 1 and consequently |Tf;Th'|}, =

ITHS(Th)S |y < IITf)(Th) ||y < r® it follows that |Tf;Th'||ly < r. Thus for each
yeyY

t

5 / ’ 1 1
(TR TR W] < (TR YT (D] = [TH ) - (STF(3) + -2 TF()

1 -1
< (Hp - T+ DY
n n

1
< (SITATH Iy +

<(£+L—1>r)f=rf.

n n

(n=1)
=)

Hence | h||x = ||(Th")*(Th)!||y < r" while |h"*h’(xg)| = r’, a contradiction.
Assume now that & = &, thatis ®(f, g) = | f|+]|g|forall f, g € C(X) (f, g € C(Y)).

Since [ [Tfil* +|TH'|"lly = IIfil* + [']"lx <r®+ land [Tfilly =rand [|[TH|y =1
this inequality easily implies that || |Tf;| + |Th'| ||y <r + 1. Hence foreach y € Y,

1 1

ITh()| +ITH (y)] < ;ITfi(y)I + ;Zj;éi|Tfj()’)| +ITH (I
1 1
< ;(ITfi(y)l +ITH () + ;(Zjaéi|Tfj()’)| + (n = DITH' (M)

1 1
= ITfil+ ITh'| ly + ~((n—=Dr+n—1)

n—1Dr n-—1
( )+
n

1
<—-@+1+ =r+1,
n

n

thatis |Th(y)|+|Th'(y)| < r+1. Since [|[Th|ly = r and |Th'|ly = 1 this inequality implies
that || |Th|® +|TH|" |y < r®+ 1. Therefore, |||h]|* + |W'|'|lx < r* + 1 while |h(x()| = r and
h'(x0) = 1, a contradiction.

This argument shows that xo € N/_, M (f;), as desired. d

LEMMA 3.8. Let A be a subspace of C(X). Then for each nonempty intersection
E = NE, of peak sets Ey for A we have E N ch(A) # @.

PROOF. Since each E, is a peak set for .4, there exists a function hy € A with hy = 1
on Ey and |he| < 1 on X\E,. Foreach «, set Fy = {L € A} : L(hy) = 1} where AJ is
the closed unit ball of A*. Then clearly each Fy, is a convex weak-star compact subset of A7.
Setting F' = Ny F,, we see that the weak-star compact set ' which contains E, is an extreme
subset of A}. Hence, by the Krein-Milman Theorem, F contains an extreme point of A} and
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consequently there exist A € T and x € ch(A) such that A, € F, for all . Therefore,
Mhy(x) = 1 and consequently |, (x)| = 1 for all @. Since hy is a peaking function at E,, it
follows that x € E, for all «. Therefore, E N ch(A) # @. O

LEMMA 3.9. If A is, in addition, a good subspace, then for each yo € ch(B) and
r > 0,07ferv, M(f) Nch(A) # 0.

PROOF. Given yp € ch(B) and r > 0, by Lemma 3.7, ﬂTfE,Vm(B)M(f) # (. Let
x, be an arbitrary element in this intersection. Assume that 1 € A and for each f € A
with Tf € rVy,(B), let f¥ € A be defined by f*(x) = r2+§+‘r’)f, x € X. Then it is
easy to see that f; is a peaking function for A with M(f*) € M(f) and, moreover, x; €
M(f) forall f € A with Tf € rVy,(B). Therefore, ﬂTfG,VyO(B)M(f,*) is a nonempty
intersection of peak sets and so, by the above lemma, it contains a point of ch(A). In particular,
NTrervy,BM(f) Nch(A) # @.

In the case that A is a subalgebra of C(X) it suffices to apply the same argument for the
peaking function f,* = w for A.

Finally in the case where ch(A) is closed, it suffices to note that the family {M (f) N
ch(A) : Tf € rVy,(B)} of compact subsets of X has finite intersection property. Indeed,
for fi1,..., fu € A with Tf; € rVy (B) there exists h € A with Th = %E;‘lefi and since
lkllx = |Th|ly = r there exists xg € ch(A) with |h(xg)| = ||k||x. Then the argument given
in Lemma 3.7 shows that xo € M (f;) fori = 1, ..., n, as desired. ]

LEMMA 3.10. Let A and B satisfy the hypotheses of Theorem 3.5. Then for each
Yo € ch(B) and r > O there exists a point x; € ch(A) such that T_l(rVyo (B)) S rFy(A)
and T (rVy; (A)) € rFy,(B).

PROOF. Given yp € ch(B) and r > 0, let x; be an element in the intersection
ﬂTfE,VYO(B)M(f) N ch(A). Then clearly T‘l(rVyO(B)) - rFxS (A). By a similar argu-
ment ﬂfervx(,)(A)M(Tf) N ch(B) # © and consequently there exists a point z;, € ch(B)
such that T (r Vx6 (A)) C rFZ(r) (B). Hence it suffices to show that yo = z;. Assume on
the contrary that yo # z;. Then considering disjoint neighborhoods U and W of yy and
z(), respectively, we can find elements g € Vy (B) and h € Vi (B) such that |g] < 1 on
Y\U and |h| < 1 on Y\W. Clearly ||(rg)*h’|ly < r® and || |rg|* + |h|" |y < r® + 1. Let
fof € AwithTf =rgand Tf' = h. Then f € T~'(rVy,(B)) C rFyr (A) and conse-
quently | f(x;)| = r = [ fllx. In particular, af € rVy (A) for some o € T. Therefore,
T(af) € T(rVy(A) C rFy(B), thatis |T(af)ly = |(T(@f)(z)| = r. This implies
that (T (af))*h'lly = r* = [(T(af)*(zph'(zp)| and | [T (@f)* + [h]'ly = r* +1 =
IT (af)(z)|* + |h(z)|". Therefore, if ® = ®, then

Iy hlly = IKTH (T Nx = 1 flx = @) [T lx = 1T @) " |y =r
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which is a contradiction. If ® = &, then

rgl* + 181 Iy = T+ 1Ty = 1A+ L D
= laf 1"+ 11" x = 1T @NHF + 1Al Ix =" +1

which is again, a contradiction. O

LEMMA 3.11. Under the hypotheses of Theorem 3.5, for each yo € ch(B), there exists
a point xo € ch(A) such that for all r > 0, ﬂTfE,V),O(B)M(f) Nch(A) = {xo}.

PROOF. Letyg € ch(B) and let xo be an arbitrary element in ﬂTfeVyO M (f)Nch(A).
Then it suffices to show that for each » > 0 and each x;) € ﬁTfeer(B)M(f) Nch(A) we have
x4 = X0. Assume on the contrary that x; # xo for some r > 0. We note that, by the proof
of the above lemma, T~ (r Vyo(B)) € rFx(; (A) and T (r VXS (A)) € rFy,(B) and similarly
T~ (Vyy(B)) € Fyy(A) and T (Vi (A)) € Fyy(B).

Choosing disjoint neighborhoods of x;; and x¢ in X we can find easily functions f €
Vi, (A) and g € Vir(A) such that lrg) fillx < rfand |||rgl* +|fI'llx <7r*+1. In
particular, T'(rg) € rFy,(B) and Tf € Fy,(B). According to the case where ® = ¢, or
® = ® we have either

ITeg T Ny =G flx <1’
or
TGl +ITfI Ny = N lrgl” + 11" llx <7 +1

which both are impossible, since |7 (rg)(yo)| = r and |T f(yo)| = 1. This contradiction
completes the proof. O

Using the above lemmas we can define a function ¢ : ch(B) —> ch(A) which associates
to each yg € ch(B), the unique point xo € ﬂTvayO(B)M(f) Nch(B). Therefore, by the above
lemma, for each r > 0, ﬂTfeerO(B)M (f) Nch(B) = {x0} and consequently, as we noted
before, T'(r Vip(yp) (A)) C 1 Fy,(B).

LEMMA 3.12. Let A and B be as in Theorem 3.5. Then |T f (yo)| = | f (¢(30))| holds
forall f € A and yg € ch(B).

PROOF. Let f € A (with || f|lx < 1 forthe case where ® = &) andlet yo € ©(B) be

such that | f(¢(y0))| < |Tf(yo)|. Then ®(|f(p(yo)I*, 1) < (T f(y0)I°, 1) and since, by
Lemma 3.6, |®(| f(@(yo)|*, 1)| = inf{||®(f*,h")|x : h € Vo(ye) (A)} it follows that there

exists i € Vy(y,)(A) such that |@((Tf)*, (TH))lly = [@(f*, h)llx < @UTfOo)l*, D).
Since Th € T (Vy(yy)(A)) S Fy,(B) it follows that

QATFOOI, D > 1PUTH’, (ThH)Ix = @UTf (o), ITh(yo)I") = @UTfo)l’, D),
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which is a contradiction. Hence |Tf(yo)| < |f(¢(yo))| for all f € A and yp € O(B).
The other inequality is proven in a similar manner, that is |7 f(y0)| = | f(¢(y0))|. Hence
it suffices to show that this equality holds for arbitrary f € A when ® = &,. So assume
that T satisfies || |Tf|° + |Tg|" lly = | |fI* + |g|" |lx for all f,g € A. Given an arbitrary

nonzero function f € A, using Lemma 3.6 for W we conclude that | f (@(yo)I° + | fII% =

inf([[ [fI° + 1Al lx : h € ||f||§V<p(y0)(A)}- If | fe(yo)| < ITf(yo)l, then | f(p(yo))I* +
I £1% < ITf(o)l° + |l f1I% and consequently there exists & € ||f||§(V(p(y0)(A) such that

NTA1E +ITA Ny = I1F1°+ 18 x < ATfGol” + 1Lf1I -

On the other hand, using Lemma 3.10 for r = ||f||§ we have Th € rFy,(B), that is
ITh(yo)| = r = IThlly and so |Tf (yo)I* +|Th(yo)I" = ITf(yo)I* +r" = Tf o)+ f %
a contradiction. O

PROOF OF THEOREM 3.5. By the above lemmas we need only to show that the func-
tion ¢ : ch(B) — ch(A) is a homeomorphism. We first note that ¢ is surjective. In-
deed, given xo € ch(A), using the same argument as in Lemma 3.10, there exists a point
yo € ch(B) such that mfeVXO(A)M(Tf) N ch(B) = {yo}. Since, by the definition of
o, ﬂTfGV),O(B)M(f) N ch(A) = {¢(y0)}, the argument given in Lemma 3.10 implies that
¢ (y0) = xp, 1.e. @ is surjective.

Similar argument shows that ¢ is injective.

To prove the continuity of ¢, let yp € ch(B) and U be an open neighborhood of ¢(yo)
in X. Then choosing h € Vy(y,)(A) with |h]| < % on X\U, the equality |[Th| = |h o ¢| on
ch(B) implies that for the open subset W = {y € ch(B) : |Th(y)| > %} of ch(B) we have

1

@(W) € U Nch(A). Hence ¢ is continuous. Similarly ¢ ™" is also continuous. |

As we noted before, for a uniform algebra A on a compact Hausdorff spaces X and
strictly positive function f € C(X) we have ch(A) € ®(Af) C ch(Af). Hence Theorem 3.5
can be applied for subspaces of the form Af whenever ch(A) = X. As an example of
uniform algebras A on X with this property we can refer to Dirichlet algebras or, in general,
logmodular algebras (see [20, Theorem 1.6.3]). However we have the following more general
results.

COROLLARY 3.13. Let Ay, ..., A, be uniform algebras on a compact Hausdorff space
X with U;’zlch(Ai) = X. Lets,t € N, fi, ..., fu be strictly positive functions in C(X)
and B = A1f1 + -+ + Ay fu. Then for each surjective map T : B —> B satisfying
NPUTF, (TH)Hx = 1O(f*, ¢)x forall f, g € B, where ® = & or ®, there exists a
homeomorphism ¢ : X —> X such that |Tf(y)| = |f(¢(y))| forall f € Bandy € X.

Clearly for each family {Ay}yes of uniform algebras on a compact Hausdorff space X
with Uy,ch(Ay) = X and a family { f, }oes of strictly positive functions in C(X), the above
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corollary can also be stated for the subspace B consisting of all finite sums gy, fo; + -+ +
Gan fan where Yo € AC{," i= 1, ey n.

We now give our result for locally compact case. For a locally compact Hausdorff space
€2, since any subspace A of Cy(£2) can be considered as a subspace of C(£24,) with the same
Choquet boundary and the same weak peak points, we get the following corollary.

COROLLARY 3.14. Let 21, Q2 be locally compact Hausdorff spaces and A, B be sub-
spaces of Co(21) and Co(£27), respectively such that ch(A) = ©(A) and ch(B) = O(B).
Assume further that each of A and B satisfies one of the following conditions

(i) it is a subalgebra, or

(ii) its Choquet boundary is compact.

Then for every surjective map T : A —> B satisfying | ®(T£)*, (Tg))|y = 1P(f*, ¢)lIx
forall f,g € A, where ® = &4 or ® and s,t € N, there exists a homeomorphism ¢ :
ch(B) —> ch(A) such that |Tf(y)| = |f(e(¥))| forall f € Aandy € ch(B).

We note that the above corollary is an improvement of the known results for uniform
algebras on a locally compact Hausdorff space 2 or Banach subalgebras of Cy(£2), without
assuming that the subalgebras under consideration are uniformly closed or complete under
some normes.

Next corollary gives [30, Proposition 1] without the additional assumption that T is R*-
homogeneous.

COROLLARY 3.15. If A and B are uniform algebras on locally compact Hausdorff
spaces X and Y, respectively, and T : A —> B is a surjective map such that || |Tf| +
ITgllly = I1f]+ gl llx forall f, g € A, then there exists a homeomorphism ¢ : ch(B) —
ch(A) such that |Tf(y)| = | f(e(y))| forall f € A andy € ch(B).

In the rest of the paper we provide conditions for surjective maps 7 : A —> B between
subspaces A and B of Cy(X) and Cy(Y), respectively, to be a weighted composition operator.

Following [4], for a locally compact Hausdorff space X we call a subspace A of Co(X),
extremely regular if given 0 < € < 1, for each x € X and a neighborhood U of x there exists
a function f € A with f(x) = || fllx = 1 and | f| < € on X\U, and extremely regular of
type zero if for each x € X and a neighborhood U of x there exists a function f € A with
fx) =|fllx = land f = 0 on X\U. Clearly for an extremely regular subspace A of
Co(X), ®(A) = ch(A) = X and so A satisfies the hypotheses of Corollary 3.14(ii), whenever
X is compact.

Here are some examples of extremely regular subspaces (of type zero):

EXAMPLE 3.16. (i) For a compact Hausdorff space X, by [4], the kernel of each con-
tinuous measure i € M (X) (that is its atomic part is zero), is a (maximal) extremely regular
subspace of C(X) of type zero.

(i1) For a compact metric space (X, d) and 0 < o < 1, let Lip(X, @) be the Banach space
of Lipschitz functions of order & on X, endowed with the norm || f|| = || f|lx + po(f) Where
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for f € Lip(X, o)

lf ) = fOI

Pa(f) inli 4 (x.y)

For each x € X and open neighborhood U of x, let f; v € Lip(X, o) be defined by fx v (y) =
Ay X\U)
a(x, X\U)”

form fy y is an extremely regular subspace of C(X) of type zero.

(ii) For a locally compact group G and 1 < p < oo, the Figa-Talamanca-Herz algebra
A, (G) and every subspace of A, (G) containing functions of the form xy * xyx, where U is
a compact symmetric neighborhood of the identity of G and xp € G, is an extremely regular
subspace of Co(G) of type zero (see [11, Page 319].

min( ) Then clearly any subspace of Lip(X, «) containing all functions of the

Next theorem, in particular, proves the additive and multiplicative version of Bishop’s
lemma simultaneously (see [30]).

THEOREM 3.17. Let X be a locally compact Hausdorff space, B be a closed subspace
of Co(X) and let ® = O or & = & and s,t € N. Then for a compact subset E of X the
following statements are equivalent:

(i) E is a weak peak set for B.

(ii) For each neighborhood U of E and a bounded continuous function f on X (with
I fllx < 1forthe case where ® = &) if p is a continuous function on X with inf,cx p(x) >

0and | f| |E = p|p> then there exists a function h € B with h|g = 1 = ||h|x, |®(f*, hy| <
®(p*. 1) on X and M($LL)) = M) c U.

PROOF. (i) = (ii): The proof is a minor modification of [30, Lemma 1]. Assume that
f and p are as in (ii) and set my = infyex p(x). Then by hypotheses myp > 0 and f is
necessarily nonzero. For each n € N we set

S
on+l }

Then clearly U, 2 U,y foreachn e Nand E C N2 U, = {x e U : | f*(x)| = p*(x)}.
Since E is a weak peak set, it follows that for each n € N, there exists a function h, € B

Un={x e U:[1/" @0l - p'w)] <

my
2”HfIV P
h = Er‘l’olgﬁ is an element of B with h|g = 1 = ||h|x. Moreover, M(h) € N2, M (h,) €
n=1U”'

Now let x € X and ® = ®,. If x € M (h), then since x € N2, U, we have | f*(x)| =
p’(x) andso | f*(x)h' (x)| = p*(x) = @(p*(x), 1).

If x € N2, U,\M(h), then clearly x € U, |f*(x)] = p*(x) and |h(x)| < 1 which
conclude that | 5 (x)A! (x)| < p*(x) = ®(p*(x), 1).

If x € X\ ﬂ;’lil U,, then either x ¢ U, for all n € N or there exists n > 2 such

with h,|g = 1 = ||hyllx and |h,| < mln( ) on X\U,. Clearly the function
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that x € U,_1\U,. In the first case |h,(x)| < mln(z,,”fw , 2,, , 2,,) for all n € N, which

implies that | f*(x)h' (x)| < |f*()h(x)| < 22 12’,? <my < p (x) In the second case

x €Uy, ....Up—1and x ¢ U; foralli > n. Since || f*(x)| — p*(x)| < 52 we have

PNl = (@ + M) newl < p (14 ) (555 + 52,1
1

=14 31 g+ ) <70

The above argument shows that for ® = @, |®(f*, h")| = |f*h'| < p* = ®(p*,1) on X

and M ($L20) = M(LE) = mny c .
A similar argument can be applied for the case where ® = & (with || f||lx < 1).

(i1) = (1) It is clear. d

We should note that in part (ii) of the above theorem, if either B contains the constant
function 1 locally at E or is a subalgebra of Cy(X), then since each &, can be chosen to be a
peaking function, it follows that in these cases the function 4 € B is also a peaking function.

COROLLARY 3.18. Let X be a locally compact Hausdorff space and B be a closed
subspace of Co(X). Let xo € ©(B), U be an open neighborhood of xo and f € Co(X) with
f(xo) # 0. Then for each s, t € N there exists a function h € Vy,(B) such that M(fSh?) =
M(h) C U. If, furthermore, either 1 belongs locally at xo to B or B is a subalgebra of Co(X)
then the function h can be chosen to be a peaking function with Ry (f*h') = {f¥(x0)}.

PROOF. Assume without loss of generality that f(xg) = 1. Then it suffices to apply
the proof of the above theorem for the constant function p = 1 and sets U, = {x e U:

|f5x) = 1] < 557 }- O

REMARK. Let X be a locally compact Hausdorff space and B be a, not necessarily
closed, subspace of Co(X) such that there exists a complete norm || - || on B with || - || >
II.llx. Assume that ® (B, ||.||) is the set of points xo € X such that for each 0 < ¢ < 1 and
neighborhood U of xg, there exists a function f € B suchthat f(xo) =1 = || f| and |f| < €
on X\U. Then the proof of the preceding theorem shows that part (ii) of this theorem also
holds for each xo € ©(B, || - ||). Hence in the case that @(B, ||.||) = ch(B) which clearly
implies ® (B) = ch(B), the above corollary holds for each xo € ch(B). Motivated by this, we
consider the following definition.

DEFINITION 3.19. Let X be a locally compact Hausdorff space. We say that a (not
necessarily closed) subspace A of Co(X) has Bishop’s property (for a pair (s,t) € N x N) if
for each x¢ € ch(A) and f € A with f(xg) # O there exists a peaking function # € A such
that h(xo) = 1 = ||l x, Rz (f*h") = {f*(x0)}.

Here are some examples of subspaces having Bishop’s property:
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ExXAMPLE 3.20. (i) By Corollary 3.18, every closed subspace B of Cyp(X) with
®(B) = ch(B) which either contains the constant function 1 locally at each point of ch(B) or
is a subalgebra of Co(X) has Bishop’s property for all (s, #) € N x N. In particular, uniform
algebras on a locally compact Hausdorff space X and closed extremely regular subspaces of
C(Y), for a compact Hausdorff space Y, containing constants have Bishop’s property.

(ii) Let X be a compact metric space with a distinguished base point ey and let Lipy(X)
be the algebra of all complex Lipschitz functions f on X such that f(ex) = 0. Then by
Lemma 2.1 in [15] for any x € X and f € Lipo(X) with f(x) # 0 there exists & € Lipp(X)
with A(x) = 1 = ||h||x and R, (fh) = { f(x)}. Since the function # in this lemma is positive
it follows that Lipo(X) has Bishop’s property for (s, 1), s € N.

(iii) For a locally compact group G with a left Haar measure A, since for each com-
pact symmetric neighborhood U of the identity of G and xp € G, the element fy ,, =
MUY xu * Xuxy of Ap(G) satisfies || fy x|l = 1, fu.xy(x0) = 1 and fy 5, = 0 on G\Uxo,
it follows from the above remark that A,(G) and its closed subalgebras containing all fy x,
have Bishop’s property for all (s, ) € N x N.

Next theorem generalizes previous results proven for function algebras, see for example
[14]. As we noted before similar results have been also proven in [23] for multiplicative
subsets of function algebras. As before we first state our result for compact case and conclude
the locally compact case as a corollary.

THEOREM 3.21. Let X,Y be compact Hausdorff spaces and A, B be subspaces of
C(X) and C(Y) satisfying the hypotheses of Theorem 3.5. Assume, further, that A has
Bishop’s property for some (s,t) € N x N. Then for each surjective map T : A — B

satisfying

R (T(T") S R (f°9") (f.g €A
there exists a homeomorphism ¢ : ch(B) —> ch(A) and a continuous function w :
ch(B) —> T such that (Tf)*(y) = w() f*(@(y)). Moreover, (Tf)'(y) = 555/ (9()
also holds for all f € A and y € ch(B), whenever A has Bishop’s property for (t,s). In

particular, in this case, Tf%(y) = y(y) f¢(p(y)) forall f € A and y € ch(B) where d is
the greatest common divisor of s and t, and y : ch(B) —> T is a continuous function.

PROOF. The proofis a modification of [14, Theorem 2.1]. Clearly T satisfies the norm
condition ||(Tf)(T ¢)! |y = || f*¢"|lx forall f, g € A. Hence by Theorem 3.5, there exists a
homeomorphism ¢ : ch(B) —> ch(A) such that for each f € A, |Tf| = |f o ¢| on ch(B).
Assume now that yg € ch(B) and f € A are given and set xo = ¢(yp). Choosing an arbitrary
peaking function & € Vy,(A), by hypotheses, we have Ry ((Th)**") = R, ((Th)*(Th)") <
R (h**") = {1} and consequently R, ((Th)**") = {1}. Since |Th(yo)| = |h(xg)| = 1 it
follows that (Th)** (yp) = 1. Setting w(yg) = m,
note that the definition of w(yp) is independent of the choice of peaking function & € V,,(A).

we have clearly |w(yo)| = 1. We
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Indeed, if i1, hy € Vi (A) are peaking functions, then since
Ry ((Th2)*(Thy)") € Ry (h3hY) = {1}

and R; ((Thy)*™") = {1} we have R, ((Thy)*(Thy)") = {1} = R;((Thz)**") and conse-
quently ((Th2)*(Th1)")(yo) = 1 = (Tha)*™ (yg). Therefore, (Th1) (yo) = (Th2)' (yo), as
desired. Hence the function w is well defined.

We now show that for each f € A and yg € ch(B), (Tf)*(yo) = w(yo) f*(xp) where
xo = ¢(yo). Clearly the equality holds if f(xgo) = 0. So we assume that f(xg) # 0.
Then since A has Bishop’s property, there exists a peaking function h € V, (A) with
R (f*h") = {f*(x0)}. Since R((T)*(Th)") S Rz(f°h") = {f*(x0)} and more-
over, [(Tf)*(Th)' (yo)l = |f*(x0)h'(x0)| = |f*(xo0)| it follows that ﬁyo)(Tf)s(yo) =
(T£)* (vo)(Th) (yo) = f*(x0) and consequently (7 f)* (yo) = w(yo) f*(x0).

If A also has Bishop’s property for (¢, s), then a similar argument shows that there exists
a function u : ch(B) — T such that (Tf) (yo) = u(yo)f'(¢(yp)) for all f € A and
yo € ch(B). Since for each xo € ch(A) and peaking function i € Vy (A), Ry (Th)**") C
R, (h*™) = 1 and |Th(yo)| = |h(xo)| = 1 we have (Th)*T(yp) = 1 which shows that
u(yo)w(yo) = 1. Hence (T f) (yo) = #yo)f’(yo), as desired. Since for the greatest common
divisor d of s and ¢ there are integers k; and kp such that d = kjs + k»t it follows that

(T£)4(y0) = y (o) f¢ (o) where y (y9) = w(yo)¥1 2.
Now it suffices to show that w is continuous. For this, since for each yg € ch(B) and

[ e A (Tf) (o) = w(yo) f*(¢(y0)), choosing a function f € A with f(¢(yo)) # 0 we

_ ([Tf)
have w = o

COROLLARY 3.22. Let 21, Q22 be locally compact Hausdorff spaces, A and B be sub-
spaces of Co(S21) and Cy(S22) satisfying the hypotheses of Corollary 3.14. If A has Bishop’s
property for (s, t) € N x N, then any surjective map T : A —> B satisfying

R (TH(T9") S R (f°g") (figeA)

has the same description as in the above theorem.

on a neighborhood of yp which implies that w is continuous at yy. O

As we noted before, all uniform algebras on locally compact Hausdorff spaces as well
as Lipy(X) for a compact metric space X and A,(G), 1 < p < oo, for a locally com-
pact group G satisfy the hypotheses of the above theorem and corollary (for appropriate
s, t € N). For another example, we can refer to closed extremely regular subspaces of C(X)
containing constants, where X is a compact Hausdorff space, in particular subspaces of the

form A fi +---+ A, fn + C1 where each A; is a uniform algebra on X and moreover,
U?_ch(4;) = X.
References

[1] D.BLECHERand K. JAROSZ, Isomorphisms of function modules, and generalized approximation in modulus,
Trans. Amer. Math. Soc. 354 (2002), 3663-3701.



436

[2]
[3]

[4]
[5]
[6]

[7]

[91]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]
[21]

[22]

[23]

[24]

[25]

[26]

[27]

RAZIEH SADAT GHODRAT, FERESHTEH SADY AND ARYA JAMSHIDI

A. BROWDER, Introduction to Function Algebras, W.A. Benjamin, 1969.

M. BURGOS, A. JIMNEZ-VARGAS and M. VILLEGAS-VALLECILLOS, Nonlinear conditions for weighted
composition operators between Lipschitz algebras, J. Math. Anal. Appl. 359 (2009), 1-14.

B. CENGIZ, Extremely regular function spaces, Pacific J. Math. 49 (1973), 335-338.

T.W. GAMELIN, Uniform Algebras, Prentice-Hall Inc., 1969.

O. HATORI, S. LAMBERT, A. LUTTMAN, T. MIURA, T. TONEV and R. YATES, Spectral preservers in
commutative Banach algebras, Contemp. Math. 547 (2011), 103-123.

O. HATORI, T. MIURA and H. TAKAGI, Characterizations of isometric isomorphisms between uniform alge-
bras via nonlinear range-preserving properties, Proc. Amer. Math. Soc. 134 (2006), 2923-2930.

O. HATORI, K. HINO, T. MIURA and H. OKA, Peripherally monomial-preserving maps between uniform
algebras, Mediterr. J. Math. 6 (2009), 47-59.

O. HATORI, T. MIURA, R. SHINDO and H. TAKAGI, Generalizations of spectrally multiplicative surjections
between uniform algebras, Rend. Circ. Mat. Palermo 59 (2010), 161-183.

M. HOSSEINI and F. SADY, Multiplicatively and non-symmetric multiplicatively norm-preserving maps,
Cent. Eur. J. Math. 8 (2010), 878-889.

M. HOSSEINI and F. SADY, Multiplicatively range-preserving maps between Banach function algebra, J.
Math. Anal. Appl. 357 (2009), 314-322.

A. JAMSHIDI and F. SADY, Extremely strong boundary points and real-linear isometries, Tokyo J. Math. 38
(2015), 477-490.

K. JAROSZ and T.S.S.R.K. RAO, Weak*-extreme points of injective tensor product spaces, Contemp. Math.
328 (2003), 231-237.

J. JouNsoNand T. TONEV, Spectral conditions for composition operators on algebras of functions, Commun.
Math. Appl. 3 (2012), 51-59.

A. JIMENEZ-VARGAS, A. LUTTMAN and M. VILLEGAS-VALLECILLOS, Weakly peripherally multiplicative
surjections of pointed Lipschitz algebras, Rocky Mountain J. Math. 40 (2010), 1903-1922.

H. KoSHIMIZU, T. MIURA, H. TAKAGI and S.-E. TAKAHASI, Real-linear isometries between subspaces of
continuous functions, J. Math. Anal. Appl. 413 (2014), 229-241.

S. KOwALSKI and Z. SLODKOWSKI, A characterization of multiplicative linear functionals in Banach alge-
bras, Studia Math. 67 (1980), 215-223.

S. LAMBERT, A. LUTTMAN and T. TONEV, Weakly peripherally-multiplicative mappings between uniform
algebras, Contemp. Math. 435 (2007), 265-281.

K. DE LEEUW, W. RUDIN and J. WERMER, The isometries of some function spaces, Proc. Amer. Math. Soc.
11 (1960), 694-698.

G.M. LEIBOWITZ, Lectures on Complex Function Algebras, Scott, Foresman and Co., Glenview, Ill., 1970.

A. LUTTMAN and S. LAMBERT, Norm conditions for uniform algebra isomorphisms, Cent. Eur. J. Math. 6
(2008), 272-280.

A. LUTTMAN and T. TONEV, Uniform algebra isomorphisms and peripheral multiplicativity, Proc. Amer.
Math. Soc. 135 (2007), 3589-3598.

T. MIURA and T. TONEV, Mappings onto multiplicative subsets of function algebras and spectral properties
of their products, Ark. Mat. 53 (2015), 329-358.

L. MOLNAR, Some characterizations of the automorphisms of B(H) and C(X), Proc. Amer. Math. Soc. 133
(2001), 1135-1142.

M. NAGASAWA, Isomorphisms between commutative Banach algebras with an application to rings of analytic
functions, Kodai Math. Semin. Rep. 11 (1959), 182-188.

N.V.RA0O and A.K. ROy, Multiplicatively spectrum-preserving maps of function algebras, Proc. Amer. Math.
Soc. 133 (2005), 1135-1142.

N.V. RAO and A.K. ROy, Multiplicatively spectrum-preserving maps of function algebras II, Proc. Edinb.
Math. Soc. 48 (2005), 219-229.



SUBSPACES OF CONTINUOUS FUNCTIONS 437

[28] N.V.RAO, T.V. TONEV and E.T. TONEVA, Uniform algebra isomorphisms and peripheral spectra, Contemp.
Math. 427 (2007), 401-416.

[29] A.E.TAYLOR and D.C. LAY, Introduction to Functional Analysis, 2nd Ed., Wiley, New York, 1980.

[30] T.TONEV and R. YATES, Norm-linear and norm-additive operators between uniform algebras, J. Math. Anal.
Appl. 57 (2009), 45-53.

Present Addresses:

RAZIEH SADAT GHODRAT

DEPARTMENT OF PURE MATHEMATICS, FACULTY OF MATHEMATICAL SCIENCES,
TARBIAT MODARES UNIVERSITY,

TEHRAN, 14115-134, IRAN.

e-mail: rs.ghodrat@modares.ac.ir

FERESHTEH SADY

DEPARTMENT OF PURE MATHEMATICS, FACULTY OF MATHEMATICAL SCIENCES,
TARBIAT MODARES UNIVERSITY,

TEHRAN, 14115-134, IRAN.

e-mail: sady @modares.ac.ir

ARYA JAMSHIDI

DEPARTMENT OF PURE MATHEMATICS, FACULTY OF MATHEMATICAL SCIENCES,
TARBIAT MODARES UNIVERSITY,

TEHRAN, 14115-134, IRAN.

e-mail: arya.jamshidi@modares.ac.ir




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Japan Color 2001 Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.6
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Japan Color 2001 Coated)
  /PDFXOutputConditionIdentifier (JC200103)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /JPN <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (Japan Color 2001 Coated)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive true
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 0
      /MarksWeight 0.283460
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /JapaneseWithCircle
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


