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Abstract. In a previous work, we stated a conjecture, called the Galois Brumer-Stark conjecture, that gener-
alizes the (abelian) Brumer-Stark conjecture to Galois extensions. Other generalizations of the Brumer-Stark conjec-
ture to non-abelian Galois extensions are due to Nickel. Nomura proved that the Brumer-Stark conjecture implies the
weak non-abelian Brumer-Stark conjecture of Nickel when the group is monomial. In this paper, we use the meth-
ods of Nomura to prove that the Brumer-Stark conjecture implies the Galois Brumer-Stark conjecture for monomial
groups in the semi-simple case.

1. Introduction

Let K/k be an abelian extension of number fields. The Brumer-Stark conjecture [14]
predicts that a group ring element, called the Brumer-Stickelberger element, constructed from
special values of L-functions associated to K/k, annihilates (after multiplication by a suitable
factor) the ideal class group of K and specifies special properties for the generators obtained.
In [5], we introduced a generalization of the conjecture to Galois extensions, called the Galois
Brumer-Stark conjecture. Later, in [6], we introduced a refined version of the conjecture that
focused on the contribution of the non-linear irreducible characters. Since the new version in
[6] supersedes the version in [5], we will from now on refer to it as the Galois Brumer-Stark
conjecture (and not call it anymore the refined Galois Brumer-Stark conjecture). Also, to
avoid confusion, we call the original conjecture the abelian Brumer-Stark conjecture.

In [10], Nickel introduced another generalization of the abelian Brumer-Stark conjecture
to Galois extensions and in [12], Nomura proved, among other things, that the abelian Brumer-
Stark conjecture implies the (weak) non-abelian Brumer-Stark conjecture of Nickel when the
Galois group of K/k is monomial. In this paper, we adapt the method used by Nomura to
prove that the abelian Brumer-Stark conjecture implies the Galois Brumer-Stark conjecture in
the semi-simple case when the Galois group of K/k is monomial (see Theorem 3.1). Further-
more, using the fact that the local abelian Brumer-Stark conjecture is known to hold in several
cases, we prove unconditionally some cases of the local Galois Brumer-Stark conjecture (see
Corollary 3.3).
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2. The Galois Brumer-Stark conjecture

Before stating the Galois Brumer-Stark conjecture, we recall the statement of the abelian
Brumer-Stark conjecture, see [15, IV. §6] or [14]. Let K/k be an abelian extension of number
fields. Denote by G its Galois group. Let S be a finite set of places of k containing the infinite
places and the finite places ramified in K . To simplify matters, we assume that the cardinality
of S is at least 2. The interested reader can refer to [15, Sec. IV. §6] for the statement of the

conjecture when |S| = 1. For χ ∈ Ĝ, where Ĝ denotes the group of irreducible characters
of G, denote by LK/k,S(s, χ) the Hecke L-function of the character χ with Euler factors
associated to prime ideals in S deleted. The Brumer-Stickelberger element associated to the
extension K/k and the set S is defined by

θK/k,S :=
∑

χ∈Ĝ

LK/k,S(0, χ) eχ̄

where eχ := 1
|G|

∑
σ∈G χ(σ)σ−1 is the idempotent of χ . It follows from [7] (see also [4])

that

ξ θK/k,S ∈ Z[G] (2.1)

for any ξ ∈ AnnZ[G](μK), the annihilator in Z[G] of the group μK of roots of unity in K .
In particular, we have wKθK/k,S ∈ Z[G] where wK denotes the cardinality of μK . We need
one last notation before stating the abelian Brumer-Stark conjecture. We say that a non-zero
element α ∈ K is an anti-unit if all its conjugates have absolute value equal to 1. The group
of anti-units of K is denoted by K◦.

CONJECTURE 2.1 (The abelian Brumer-Stark conjecture BS(K/k, S)). For any

fractional ideal A of K , the ideal AwKθK/k,S is principal and admits a generator α ∈ K◦ such

that K(α1/wK )/k is abelian.

We refer to [5, §2] for a review of the current state of the abelian Brumer-Stark conjec-
ture. The following consequence of the abelian Brumer-Stark conjecture will be useful later
on. (The conclusion of the proposition is known as the Brumer conjecture; thus, the propo-
sition just states the well-known fact that the Brumer-Stark conjecture implies the Brumer
conjecture.)

PROPOSITION 2.2. Assume that the abelian Brumer-Stark conjecture BS(K/k, S)

holds. Let ξ ∈ AnnZ[G](μK). Then, ξ θK/k,S annihilates the class group ClK of K .

PROOF. Under the assumption that BS(K/k, S) holds, there exists by [14, Proposi-
tion §2] a family (ai)i∈I of elements of AnnZ[G](μK), generating AnnZ[G](μK), and such
that ai θK/k,S annihilates ClK for all i ∈ I . The result follows directly. �

We now introduce the Galois Brumer-Stark conjecture (more precisely, as noted in the
introduction, the refined version stated in [6]). Assume now that K/k is a Galois extension of
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number fields. Denote by G its Galois group. Let S be a finite set of places of k containing the
infinite places and the finite places ramified in K . Assume that the cardinality of S is at least

2. Denote by Ĝ(>1) the set of non-linear irreducible characters of G and define the non-linear
Brumer-Stickelberger element by

θ
(>1)

K/k,S :=
∑

χ∈Ĝ(>1)

LK/k,S(0, χ)eχ̄ (2.2)

where, for χ ∈ Ĝ(>1), LK/k,S(s, χ) denotes the Artin L-function of χ with Euler factors
associated to prime ideals in S deleted, and

eχ := χ(1)

|G|
∑

σ∈G

χ(σ)σ−1

is the central idempotent of χ . It follows from the principal rank zero Stark conjecture,
proved by Tate [15], that the non-linear Brumer-Stickelberger element lies in Q[G]. Denote
by [G,G] the commutator subgroup of G, i.e., the subgroup of G generated by the commuta-

tors [g1, g2] := g1g2g
−1
1 g−1

2 with g1, g2 ∈ G. Let Gab := G/[G,G] be the maximal abelian

quotient of G and let Kab := K [G,G] be the maximal sub-extension of K/k that is abelian

over k; we have Gal(Kab/k) = Gab. Let sG denote the order of [G,G], let mG be the lcm of
the cardinalities of the conjugacy classes of G, and let dG be the lcm of mG and sG.

CONJECTURE 2.3 (The Galois Brumer-Stark conjecture BSGal(K/k, S)). Let K/k

be a Galois extension of number fields and let S be a finite set of places of k that contains

the infinite places and the finite places that ramify in K with |S| ≥ 2. Then, BS(Kab/k, S)

holds, we have dG θ
(>1)

K/k,S ∈ Z[G] and, for any fractional ideal A of K , the ideal AdG θ
(>1)
K/k,S is

principal and admits a generator in K◦.

For p a prime, denote by ClK {p} the p-part of ClK , that is the subgroup of ClK of classes
of p-power order.

CONJECTURE 2.4 (The local Galois Brumer-Stark conjecture BS(p)

Gal(K/k, S)). Let
K/k be a Galois extension of number fields and let S be a finite set of places of k that
contains the infinite places and the finite places that ramify in K with |S| ≥ 2. Then, the local

abelian Brumer-Stark conjecture at p for the extension Kab/k and the set of places S holds,

we have dG θ
(>1)

K/k,S ∈ Zp[G] and, for any fractional ideal A of K whose class lies in ClK {p},
the ideal AdG θ

(>1)
K/k,S is principal and admits a generator in K◦.

The statement of the local abelian Brumer-Stark conjecture at p is that, for all ideals A
whose class lies in ClK {p}, the ideal AwKθK/k,S is principal and admits a generator α ∈ K◦
such that K(α1/wK,p )/k is abelian where wK,p is the order of the p-part of the group of
roots of unity in K , see [8]. One checks readily that the Galois Brumer-Stark conjecture is
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equivalent to the local Galois Brumer-Stark conjecture at p for all primes p. Some evidence
for these conjectures is given in [6]. Relations between the Galois Brumer-Stark conjecture
and the weak non-abelian Brumer-Stark conjecture of Nickel are discussed in the appendix
of [5]. To conclude this section, we prove that the local versions of the weak non-abelian
Brumer-Stark conjecture and of the Galois Brumer-Stark conjecture are equivalent for primes
p not dividing wK |G|. First, we recall briefly the statement of the local weak non-abelian
Brumer-Stark conjecture, see [10] for more details.

Let K/k be a Galois CM-extension with group G. Let S be a finite set of places of k

such that S contains the infinite places of k and the finite places of k that ramify in K/k. Let
Hyp(S) denote the set of finite sets T of places of k such that: S and T are disjoint, and the
group EK(S, T ) is torsion-free. Here, EK(S, T ) denotes the group of (S, T )-units of K , that
is the group of elements u ∈ K× such that vP(u) = 0 for all prime ideals P of K such that
(P ∩ k) �∈ S and u ≡ 1 (mod Q) for all prime ideals Q of K such that (Q ∩ k) ∈ T . For
T ∈ Hyp(S), define

δT := nr

( ∏

p∈T

1 − σ−1
P N (p)

)

where P is a fixed prime ideal of K above p, σP is the Frobenius element of P in G, and
nr : Q[G] → Z(Q[G]) is the reduced norm (see [13, §9]). Let Λ′ denote a fixed maximal
order of Q[G] containing Z[G] and denote by F(G) := {x ∈ Z(Λ′) : xΛ′ ⊂ Z[G]} the
central conductor of Λ′ over Z[G].

CONJECTURE (The local weak non-abelian Brumer-Stark conjecture [10]).
Let wK := nr(wK). Then wKθK/k,S ∈ Z(Λ′) ⊗ Zp. Furthermore, for any fractional ideal
A of K whose class lies in ClK{p} and for each x ∈ F(G), there exists an anti-unit αx ∈ K◦
such that

AxwKθK/k,S = αxOK

and, for any set of places T ∈ Hyp(S ∪ Sαx ), there exists αx,T ∈ EK(Sαx , T ) such that, for
all z ∈ F(G)

αzδT
x = α

zwK

x,T

where Sαx is the set of prime ideals p of k such that vp(NK/k(αx)) �= 0.

Observe that the conjecture stated above is slightly different from the original conjecture
given by Nickel in [10]. Indeed, Nickel does not state explicitly the local conjecture in this
paper but writes instead that one should restrict to ideals whose class lies in ClK{p} in the
global conjecture to get the local conjecture at p. In particular, the local conjecture does not
have a specific statement on where wKθK/k,S should lie. However, it seems reasonable to
only ask for wKθK/k,S to be in Z(Λ′) ⊗ Zp in this case.
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THEOREM 2.5. Let K/k be a Galois CM-extension of number fields with Galois group
G and let S be a finite set of places of k that contains the infinite places and the finite places
that ramify in K with |S| ≥ 2. Let p be a prime number not dividing wK |G|. Then, the local

Galois Brumer-Stark conjecture BS(p)

Gal(K/k, S) is equivalent to the local weak non-abelian
Brumer-Stark conjecture at p for the extension K/k and the set of prime ideals S.

PROOF. We will use the following fact several times whose proof is direct and left
to the reader: let t be an integer not divisible by p and let H be a group of fractional ideals
containing the principal ideals and all the ideals Bt where B runs through the fractional ideals
of K whose class lies in ClK{p}. Then, H is the group of fractional ideals whose class lies in
ClK {p}.

Assume that BS(p)

Gal(K/k, S) holds. Then, θK/k,S ∈ Z(Zp[G]) and therefore we have

wKθK/k,S ∈ Z(Λ′) ⊗ Zp = Z(Zp[G]). Let B be a fractional ideal of K whose class lies in
ClK {p}. By [5, Prop. A.1], for any x ∈ F(G), there exists βx ∈ K◦ such that

BdGxwKθK/k,S = βxOK

and, for any set of places T ∈ Hyp(S∪Sβx ), there exists βx,T ∈ K× with β
wK

x,T ∈ EK(Sβx , T )

such that, for all z ∈ F(G)

βzδT
x = β

zwK

x,T .

Observe that the proof of [5, Prop. A.1] uses the original formulation of the (global) Galois
Brumer-Stark conjecture but that is not a concern since the refined version that we use now
implies the original conjecture; furthermore, one can check readily that the local version of

the conjecture is enough for the proof of the result in this case. Let A := BdGwK . We set
αx := β

wK
x and αx,T := β

wK

x,T ∈ EK(Sβx , T ) = EK(Sαx , T ) for all T ∈ Hyp(S ∪ Sβx ) =
Hyp(S ∪Sαx ). Then, it is direct to check that these elements satisfy the required properties for
the statement of the local weak non-abelian conjecture to be satisfied for the ideal A. Since
it is proved in [10] that the set of ideals satisfying the properties of the weak non-abelian
Brumer-Stark conjecture is a group containing the principal ideals, it follows by the above
remark that the local weak non-abelian Brumer-Stark conjecture holds at p for the extension
K/k and the set S.

Reciprocally, assume that the local weak non-abelian Brumer-Stark conjecture holds at
p for the extension K/k and the set S. We first prove that this implies that the local abelian

Brumer-Stark conjecture holds at p for the extension Kab/k and the set S. Let b be a fractional

ideal of Kab whose class lies in ClKab{p}, thus the class of bOK is in ClK {p}. Thanks to
[13, Th. 41.1], we can take x = |G| ∈ F(G) in the local weak non-abelian Brumer-Stark
conjecture, and thus there exists β0 ∈ K◦ such that (bOK)|G|wKθK/k,S = β0OK . Taking

norms down to Kab and using the properties of the Brumer-Stickelberger element, we deduce
that

b
sG|G|wKθ

Kab/k,S = a
wKθ

Kab/k,S = α0OKab
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where a := bsG|G| and α0 := NK/Kab(β0) ∈ (Kab)◦. Now, since p does not divide wK ,

we have wK,p = 1 and thus Kab(α
1/wK,p

0 ) = Kab is abelian over k. The set of ideals that
satisfy the local abelian Brumer-Stark conjecture is a group containing the principal ideals
therefore, by the remark at the start of the proof, the local abelian Brumer-Stark conjecture

holds at p for the extension Kab/k and the set S. To prove the part of the statement of the local
Galois Brumer-Stark conjecture concerning the non-linear Brumer-Stickelberger element, we
proceed in a similar way. Observe that it follows from [5, Eq. (12)] that one can write θK/k,S =
θ0 + θ

(>1)

K/k,S with sG wKθ0 ∈ Z[G]. In particular, we have θ0 ∈ Zp[G] and thus θ
(>1)

K/k,S ∈
Zp[G]. Now, let B be a fractional ideal of K whose class is in ClK {p}. Let 
 be the maximum

of the χ(1)’s for χ ∈ Ĝ. Let

x = |G|2
∑

χ∈Ĝ(>1)

w

−χ(1)
K eχ ∈ |G|Z[G] .

As noted above |G| ∈ F(G), therefore x ∈ F(G) and there exists α ∈ K◦ such that
BxwKθK/k,S = αOK . Observe that

xwKθK/k,S = |G|2w

Kθ

(>1)

K/k,S.

Let A := B|G|2w

K/dG . Then, we have A

dGθ
(>1)
K/k,S = αOK . Since the set of ideals that satisfy

the statement of the local Galois Brumer-Stark conjecture is group containing the principal
ideals, it follows that the local Galois Brumer-Stark conjecture holds at p for the extension
K/k and the set of places S. This concludes the proof. �

3. The semi-simple case for monomial group

In this section, we prove the main result of this paper.

THEOREM 3.1. Let K/k be a Galois extension of number fields with Galois group G

and let S be a finite set of places of k that contains the infinite places and the finite places that
ramify in K with |S| ≥ 2. Assume that the group G is monomial and that the abelian Brumer-
Stark conjecture BS(E/F, SF ) holds for any abelian extension E/F contained in K/k where
SF denotes the set of places of F above the places in S. Let p be a prime number such that

p � |G|. Then, the local Galois Brumer-Stark conjecture BS(p)

Gal(K/k, S) holds.

PROOF. In order to prove Theorem 3.1, it is enough to prove the following two facts:

1. θ
(>1)
K/k,S ∈ Zp[G],

2. θ
(>1)
K/k,S annihilates ClK{p}.

Indeed, dG is a divisor of G and thus it is invertible in Zp[G], therefore dG θ
(>1)
K/k,S ∈ Zp[G]

if and only if θ
(>1)
K/k,S ∈ Zp[G]. Now, assume that θ

(>1)
K/k,S annihilates ClK{p} then, by the
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previous remark, that means that dG θ
(>1)
K/k,S also annihilates ClK {p}. The only thing remaining

to prove is that, for any ideal A of K whose class lies in ClK{p}, one can find a generator of

AdG θ
(>1)
K/k,S that is an anti-unit. But, since p is odd (otherwise the conjecture is trivially true,

see Remark 2.2 of [6]), this is always possible using the trick explained on page 299 of [8].

We now prove the two assertions. As we mentioned in the introduction, the method we
use is a direct adaptation of the method used by Nomura in [12]. Since the result is trivial if
G is abelian, we assume from now on that G is non-abelian. Let ν be a character defined on
some subgroup Hν of G. (From now on, we will always use the notation Hν to denote the
subgroup of G on which the character ν is defined.) For g ∈ G, define the character ν[g]
of g−1Hνg by ν[g](x) := ν(gxg−1) for all x ∈ g−1Hνg . Note that χ[g] = χ[g ′] if g and

g ′ are in the same right coset of G modulo Hν . Observe that νG = (ν[g])G for all g ∈ G,
where we denote by νG the induced character of ν on G (see [9, Chapter 5]). In particular, for

χ ∈ Ĝ(>1), the group G acts on the set of linear characters ν defined on some subgroup Hν

of G and such that νG = χ . (This is a non-empty set by hypothesis.) We denote by Ω(χ) a
fixed orbit of this set under the action of G. Then, we have

χ =
∑

ν∈Ω(χ)

ν̇ (3.3)

where ν̇ denotes the function of G obtained by setting ν̇(x) := ν(x) if x ∈ Hν and ν̇(x) := 0
otherwise. In particular, it follows that

eχ =
∑

ν∈Ω(χ)

eν . (3.4)

For ν ∈ Ω(χ), we denote by πν : Hν → Hν/ Ker(ν) the canonical surjection and by ν̂

the unique linear character of Hν/ Ker(ν) such that ν = ν̂ ◦ πν . We also associate to ν two

extensions: Eν := KKer(ν) and Fν := KHν . Thus, Eν/Fν is a cyclic extension with Galois
group isomorphic to Hν/ Ker(ν). Finally, we define Sν to be the set of places of Fν above the
places in S. From the properties of Artin L-functions, we see that

χ(θ
(>1)

K/k,S) = LK/k,S(χ̄ , 0) = LK/Fν,Sν (ν̄, 0) = LEν/Fν,Sν (
¯̂ν, 0) = ν̂(θEν/Fν,Sν ).

Let Ω := ⋃
χ∈Ĝ(>1) Ω(χ) (note that it is a disjoint union). Combining the previous equalities

with (2.2) and (3.4), we obtain the following identity (which the non-linear equivalent of [12,
Lemma 4.4])

θ
(>1)

K/k,S =
∑

ν∈Ω

ν̂(θEν/Fν,Sν ) eν . (3.5)

The following result plays a crucial role in the proof.
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LEMMA 3.2. Let ν ∈ Ω . Define Tν := πν(Hν ∩ [G,G]) and

Aν :=
∑

c∈Tν

(1 − c) .

Then, the element Aν annihilates the group of roots of unity of Eν and we have ν̂(Aν) = tν

where tν := |Tν |.
PROOF OF THE LEMMA. The first assertion follows from the fact that elements of Tν

are image of elements of [G,G], thus they act trivially on roots of unity. For the second
assertion, fix g ∈ G \ Hν (g exists since χ is non-linear). Since νG is irreducible, it follows
from Mackey’s irreducibility criterion that the restriction to Hν ∩ g−1Hνg of ν and ν[g]
do not have a common irreducible constituent. Since the characters ν and ν[g] are linear
characters, this implies that there exists h ∈ Hν ∩ g−1Hνg such that ν[g](h) �= ν(h), i.e.,

ν(ghg−1h−1) �= 1. Therefore, Hν ∩ [G,G] is not contained in the kernel of ν and Tν is
non-trivial. It follows that

ν̂(Aν) = tν −
∑

c∈Tν

ν̂(c) = tν

and the lemma is proved. �

We prove the first assertion, that is θ
(>1)

K/k,S ∈ Zp[G]. Let ν ∈ Ω . First, note that

tν ν̂(θEν/Fν,Sν ) = ν̂(Aν θEν/Fν,Sν ) is an algebraic integer. Indeed, since the extension Eν/Fν

is abelian, it follows from (2.1) and Lemma 3.2 that Aν θEν/Fν,Sν lies in Z[Hν/ Ker(ν)]. But,
the integer tν divides |G| and therefore |G| ν̂(θEν/Fν,Sν ) is an algebraic integer for all ν ∈
Ω . Since |G|eν is also an algebraic integer for all ν ∈ Ω , we deduce using (3.5) that the

coefficients of |G|2θ (>1)

K/k,S are all algebraic integers and, since it is rational, it lies in Z[G].
Finally, since p does not divide |G|, we get that θ

(>1)

K/k,S ∈ Zp[G].
We prove the second assertion, i.e., θ

(>1)

K/k,S annihilates ClK {p}. Let ν be a character

of a subgroup Hν of G and let σ ∈ Γ := Gal(Q̄/Q). We denote by νσ the character of
Hν defined by νσ (x) := σ(ν(x)) for all x ∈ Hν . The group Γ acts on ν via its quotient
Γ (ν) := Γ/ StabΓ (ν) which is also the Galois group of Q(ν)/Q where Q(ν) is the extension

of Q generated by the values of ν. Assume now that ν ∈ Ω(χ) with χ ∈ Ĝ(>1). We see that
Γ (ν) = Γ (ν̂), but Γ (χ) is a quotient of Γ (ν) where χ := νG (although we will not use
this fact). Observe that, for σ ∈ Γ (ν), we have Hνσ = Hν , Ker(νσ ) = Ker(ν), πνσ = πν ,
Tνσ = Tν , Aνσ = Aν , Eνσ = Eν , Fνσ = Fν , and Sνσ = Sν . Let Ω0 be a set of representatives

of Ω under the action of Gal(Q̄/Q). Then, we can rewrite equation (3.5) as

θ
(>1)

K/k,S =
∑

ν∈Ω0

∑

σ∈Γ (ν)

ν̂σ (θEν/Fν,Sν ) eνσ . (3.6)
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Now, for ν ∈ Ω0 and σ ∈ Γ (ν), one checks readily that eνσ = ινσ NKer(ν) where ιν ∈ Q̄[Hν]
is such that πν(ινσ ) = eν̂σ and NKer(ν) := ∑

x∈Ker(ν) x. Thus, we have

∑

σ∈Γ (ν)

ν̂σ (θEν/Fν,Sν ) eνσ =
( ∑

σ∈Γ (ν)

ν̂σ (θEν/Fν,Sν ) ινσ

)
NKer(ν) .

Let C be a class in ClK of p-power order. We compute

tν
∑

σ∈Γ (ν)

ν̂σ (θEν/Fν,Sν ) eνσ C =
( ∑

σ∈Γ (ν)

tν ν̂σ (θEν/Fν,Sν ) ινσ

)
NKer(ν) C

=
( ∑

σ∈Γ (ν)

ν̂σ (Aν θEν/Fν,Sν ) ινσ

)
NK/Eν (C)

= πν

( ∑

σ∈Γ (ν)

ν̂σ (Aν θEν/Fν,Sν ) ινσ

)
NK/Eν (C)

=
( ∑

σ∈Γ (ν)

ν̂σ (Aν θEν/Fν,Sν ) eν̂σ

)
NK/Eν (C)

=
( ∑

σ∈Γ (ν)

Aν θEν/Fν,Sν eν̂σ

)
NK/Eν (C)

= Aν θEν/Fν,Sν

( ∑

σ∈Γ (ν)

eν̂σ

)
NK/Eν (C).

The element
∑

σ∈Γ (ν) eν̂σ is p-integral and thus
(∑

σ∈Γ (ν) eν̂σ

)
NK/Eν (C) is well-defined and

is a class in ClEν {p}. But, by Lemma 3.2 and Proposition 2.2, Aν θEν/Fν,Sν annihilates ClEν .
Since tν is prime to p, we deduce that the element

∑
σ∈Γ (ν) ν̂σ (θEν/Fν,Sν ) eν̂σ kills ClK {p}.

This is true for all ν ∈ Ω0, hence we get by (3.6) that θ
(>1)

K/k,S annihilates ClK {p}. This

concludes the proof of Theorem 3.1.
The local abelian Brumer-Stark conjecture is known to hold unconditionally in many

cases. Combining Theorem 3.1 and several results in [1] by Burns and Flach, and in [2] and
[3] by Burns, Kurihara, and Sano, we can thus deduce cases where the local Galois Brumer-
Stark conjecture is satisfied.

COROLLARY 3.3. Let K/k be a Galois CM-extension of number fields and let S be a
finite set of places of k that contains the infinite places and the finite places that ramify in K

with |S| ≥ 2. Assume that Gal(K/k) is monomial. Then, for any odd prime p such that p

does not divide [K : k] and at least one of the two following condition is satisfied: (1) p is
unramified in K/Q, or (2) at most one prime ideal of k above p splits in K/K+. Then, the

local Galois Brumer-Stark conjecture BS(p)

Gal(K/k, S) holds.



250 XAVIER-FRANÇOIS ROBLOT

PROOF. Let E/F be an abelian CM-extension of number fields. It is known that the
abelian Brumer-Stark conjecture for the extension E/F follows from the equivariant Tama-

gawa number conjecture [1] for the pair (h0(Spec(E)),Z[H ]) where H := Gal(E/F). For
example, using the results of [3], we get that this special case of the equivariant Tamagawa
number conjecture is equivalent to Conjecture 3.1 of ibid by Remark 3.2 of ibid, which is in
turn equivalent to the ‘leading term conjecture’ (Conjecture 3.6 of ibid) and ‘the leading term
conjecture’ implies the abelian Brumer-Stark conjecture by Remark 1.11(i) of ibid. More
precisely, the equivariant Tamagawa number conjecture for (h0(Spec(E)),Zp[H ]−) implies

the local abelian Brumer-Stark conjecture at p for E/F . (Here, Zp[H ]− := Zp[H ]/(1 + τ )

where τ is the complex conjugation in H .) Therefore, cases where this special case of the
equivariant Tamagawa number conjecture is proved together with Theorem 3.1 yield cases
where the local Galois Brumer-Stark conjecture holds unconditionally. Case (1) follows from
Theorem 4 of [11]. Indeed, for any CM-subextension E/F of K/k, the prime p is unram-
ified in E and thus the conditions of the theorem are satisfied by the remark just before the
theorem; since p � [E : F ], the condition on the vanishing of the Iwasawa μ-invariant is not
necessary (see Remark 6 of ibid). For case (2), we use [2, Cor. 1.2] since, in every abelian
subextension E/F of K/k, there is at most one prime ideal of F above p that splits in E/E+;
for the same reasons as in case (1), the condition on the vanishing of the Iwasawa μ-invariant
is not necessary. �
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