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Abstract. We derive a formula for the signature of the symmetrized Stokes matrix S + ST for the 11*-Toda
equation, reminiscent of a formula of Beukers and Heckmann for the generalized hypergeometric equation. The
condition S + ST > 0is prominent in the work of Cecotti and Vafa on the 7t* equation; using our formula, we show
that the Stokes matrices S satisfying this condition are parameterized by the points of an open convex polytope.

1. Introduction

The classical Stokes phenomenon for meromorphic ODEs has begun to play an important
role in geometry, notably in singularity theory, Frobenius manifolds and mirror symmetry. For
a (real) Stokes matrix S, the symmetrized matrix S + ST arises in the context of Frobenius
manifolds and the ¢¢* equation (e.g. [6, 7, 13, 14]).

The tt* equation is a nonlinear PDE which appeared in the work of Cecotti and Vafa
[2, 3, 4] on the classification of supersymmetric field theories in physics. It is a special case of
the harmonic map equation in differential geometry for maps from a surface to a noncompact
symmetric space [11]. Dubrovin [5] showed that it admits an isomonodromic deformation
interpretation, as well as a zero-curvature formulation. This leads to a Riemann-Hilbert corre-
spondence between (local) solutions and monodromy data of a meromorphic ODE. Clarifying
this correspondence is a subject of current research activity relating several fields of mathe-
matics, including Hodge theory and algebraic geometry.

There are very few examples where solutions can be found. A special case of the 71*
equation, introduced by Cecotti and Vafa, and studied mathematically by Guest-Its-Lin [9, 10]
and Mochizuki [15], is the 7¢*-Toda equation. This is, essentially, the well-known Toda field
equation (2-dimensional Toda lattice), although even in this case the existence of the solutions
predicted by Cecotti and Vafa was proved only recently (in the aforementioned references).

This article was motivated by the conjectures of Cecotti and Vafa regarding the sym-
metrized Stokes matrix S+&7, in the case of the 1¢*-Toda equation. We shall give a necessary
and sufficient condition for S + ST to be positive definite, and a formula for the signature of
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S + ST, reminiscent of a formula of Beukers and Heckmann for the generalized hypergeo-
metric equation [1].

Let us now state the ¢1*-Toda equation and explain the relevant Stokes matrix. The
equations are:

2(wi)yz = —e2 Wik W) 4 2Wimwio) oy, CF 5 R (1.1)
subject to two further conditions:

1. the “anti-symmetry” condition: w; + w,—; = 0; and

2. the radial condition: w; = w; (|z]).
We use the convention that w; = w;4,4+1 foralli € Z. In what follows, we write n + 1 = 2m
orn+1=2m+1.

This equation is the compatibility condition for the linear system:

W, = (W, + W)Y,
W= (—w: + AWHY
where:

eWI—Wo

w = diag (wo, ..., wy), W=

eWnWn—1

e wo—wp

If we write x = |z|, then the radial version of (1.1) is the compatibility condition for a linear
system, which may then be transformed to (see Equation (1.4) of [10]):

W = (=W = Low, +22WT) .
W, = (ﬁw + x;WT) v,
where ¢ = %
The ¢-system of (1.2) is a meromorphic linear ODE in the complex variable ¢, with
poles of order two at both ¢ = 0 and { = oo. The Stokes matrices at these two poles are
equivalent, so we shall only consider the Stokes matrix at { = oo, and denote it by S. By
the general theory of isomonodromic deformations (e.g. [8]), Stokes matrices S correspond
to local solutions near O (i.e. defined on intervals of the form (0, &)) of the ¢#*-Toda equation.
Further details and explanation may be found in [9, 10], where S is computed in terms of the
asymptotic behaviour of the functions w;.
It was conjectured by Cecotti and Vafa that the condition S + ST > 0 implies that the
corresponding local solution of the 7¢*-Toda equation is globally defined on C* (i.e. such that
& = 00). This was confirmed in [9, 10, 11, 15], and in Theorem 5.6 of [10], a stronger result
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(also suggested by Cecotti and Vafa) was shown: a necessary and sufficient condition for the
local solution of the 7£*-Toda equation to be globally defined on C* is that the eigenvalues of
the monodromy S(S™)T are unimodular.

It is, therefore, of interest to describe the set of such Stokes matrices explicitly, and this is
our first main result. For such Stokes matrices, we prove the following explicit characteriza-
tion of the signature of S+ ST, showing that they form an open convex polytope described by
simple equations, and we expect this result to be of use in future investigations of the ¢#*-Toda

equation:

THEOREM. S + ST has the same signature as the diagonal matrix:

diag (=" p(mo), ..., (=1)" ' p(my)) .

n+1

Here, my are the n + 1 roots of x — (=)™t and the real polynomial p(x) is the charac-

teristic polynomial of a certain matrix R satisfying (—1)"R"T! = SST.

COROLLARY. S+ 8T > 0iff (—1)”+1p(nk) > 0 for all k, and the set of such Stokes
matrices is in 1-1 correspondence with an open, convex polytope of R™.

Our second main result is a formula for the sign of p(mx) when the eigenvalues of
S(S™HT are unimodular. We refer the reader to Corollary 2.13 for the precise statement
of this result. This characterizes the signature of S + ST in terms of the configurations of the
eigenvalues of R with respect to the roots x on the unit circle.

These results are given in Section 2 for a conveniently defined, “idealized Stokes matrix”
S. In Section 3, we explain the precise relation between this “idealized Stokes matrix”, and
the “actual” Stokes matrices of [9, 10].

Notational remark: In this paper, N shall denote the natural numbers, Z the integers, Z>o
the non-negative integers, R the real numbers, C the complex numbers, and C* = C \ {0} the
complex plane punctured at the origin. For a matrix A, its transpose is denoted AT, and A~T
will denote the inverse of AT.

ACKNOWLEDGMENT. The author wishes to thank Martin Guest, for explaining the #7*-
Toda equation and suggesting the problem which is solved in this article, and the anonymous
referee for their comments and suggestions on improving this paper (especially § 3, and for
supplying a shorter proof of Proposition 2.2).

2. Main Results

Let & := (—1)" and let E; ; be the matrix (Si,ij,g)Z =1 It will be convenient to write

E; j := 0 whenever at least one of i or j ¢ {1, ..., n}. The following two matrices will be the
main focus of this section:
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DEFINITION 2.1. LetR € SL,R be given by:

—Pn—1
n n . .
R:=— ZPn—kEk,l + ZEk’k"'l = . S P
k=1 k=1 —P1 e
-po 0

where pg := ¢ and:
Pn—k=¢€pr YO<k<n.

Let S be the upper-triangular Toeplitz matrix:

[1 ep1 ... &pn—2 &pn-i
n 0 1 EPn-2
S:=¢ ZPj—iEi,jZ :
ij=1
: . . 1 ep1
1o ... ... 0 1

where, for notational convenience, p; := 0 whenever k < 0 or k > n.

; 2.1

(2.2)

; (2.3)

Note that the characteristic polynomial p(x) = Y ;_, prx* of R is a signed-palindromic

polynomial:
p@) = (=x)"p(3)-
These matrices satisfy the following important relation:

PROPOSITION 2.2. —gR" =SS T

PROOF. Using our convention for the indices of the elementary matrices E; ; and the

coefficients py of p(x), we first observe that, due to (2.2):

n n
eRST ==Y "pEri+ Y pj—iEj1i-
k=1 ij=I

We claim that for all m > 1:

m n n
eR"ST = — Z ZPkEk—i-Z—m,Z + Z Pj—iEjm.,i-

(=1 k=1 i,j=1

This follows by a straightforward proof by induction, with the above observation establishing

the base case for m = 1. Hence, for m = n, we find that:

n n
eR"ST = — Z PkBrye—ne + Z Pj—iBj n,i.
k=1 iji=1
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The second summation vanishes since j < n, and using (2.2), a simple manipulation of the
indices in the first summation yields eR”ST = —S, as was to be shown. O

For the next proposition, let w := e + , and define I7, by:

L 0 In—l
11, := [ - 0 i| . 2.4)

Then the characteristic polynomial of 7, is x"* — ¢, and thus, its eigenvalues are:
o, 0<k<n—1,n=2m,
T = k+l
o2, 0<k<n—-1,n=2m+1.
PROPOSITION 2.3. The eigenvalues of £(S + ST) are p(no), ..., p(Ta_1).

PROOF. Since p(x) satisfies (2.2), it is evident that £(S + ST) = p(I1,), and hence,
S + ST commutes with I7T,, so they may be diagonalized simultaneously. To each m, then,
we let v, denote the corresponding eigenvector of I1,:

1
Vk::;(l,rrk,n,?,...,n,:l_l)T, O<k<n-—1, (2.5)

It then follows that (S + ST)vx = p(mx) v for each k. d

COROLLARY 2.4. S+ ST has the same signature as the diagonal matrix
diag (ep(mg), ..., ep(mwy—1)). In particular:

o S+ ST is positive definite iff ep () > 0 for all k.
o The number of zero eigenvalues is the number of common eigenvalues of R and I1,.
O

As before, let us write n = 2m for even n, and n = 2m + 1 for odd n. We recall that a
complex number of unit norm is said to be unimodular.

PROPOSITION 2.5 (cf. [4], [10]).

1. IfS + ST is positive definite, then the eigenvalues of R are unimodular:
2. The set of all R such that S + ST is positive definite is in 1-1 correspondence with the
bounded convex region of R™ defined by:

P .= m{(pl,...,pm) € R" | ep(mr) > 0}.
k=0

PROOF. SS~T preserves the symmetric bilinear form defined by S + ST [4]:

(ST S+8T(ssT) =5 +5T.
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Hence, SS™T must be orthogonal, and all eigenvalues of SS~T are unimodular. As a result, by
Proposition 2.2, the eigenvalues of R must be unimodular, as well.

Next, we establish that the set of all R defined by (2.1), such that S + ST > 0,isin 1-1
correspondence with P:

e By Corollary 2.4, ep(mx) > 0 for all &, and thus, the entries py, ..., p, of each such
R determine a unique point (p1, ..., pm) € P.

e Conversely, given a point P := (py1, ..., pm) € P, if we define R and S according to
(2.1), (2.2) and (2.3) via the components of P, it then follows by the definition of P
and by Corollary 2.4 that S + ST is positive definite. (Thus, by the first assertion (1)
of this proposition, all eigenvalues of R are unimodular.)

Since the entries pi, ..., p, of R are the elementary symmetric polynomials of the
eigenvalues of R, all of which lie, by assumption, in the compact set S', P is consequently
contained in the continuous image of a compact set, and hence, is bounded.

Lastly, as each inequality ep(;rx) > 0 defines a convex region of R™, and the intersection
of any collection of convex sets is convex, we see that P is convex. O

Taking S + ST non-degenerate, henceforth, we shall now consider the dependence of the
signature o of S + ST on the eigenvalues of R, when R has only unimodular eigenvalues. By
Proposition 2.3 !, we note that o is constant with respect to any variation (within S') of an
eigenvalue of R such that the eigenvalue does not pass through a root of x” — ¢. Hence, o
is a function of only the number of eigenvalues of R between each root of x” — &. When
n = 2m + 1, the conjugate symmetry of the eigenvalues implies that o is also a function of
the number of eigenvalues in the arc {€? 16 € [0, ﬁH)}. We now introduce some notation
to assist in discussing this:

DEFINITION 2.6. Assume R has only unimodular eigenvalues eim/, 1 <j < m.
(For n = 2m + 1, we do not include the guaranteed eigenvalue z = 1 in this list.) When
n = 2m, the configuration p of R is defined to be p = (p1,...,0m) € Z'go such that

m

o = # {j ‘Oj € (“‘_1)”, %”) } For n = 2m + 1, the configuration p of R is defined to be

0 =0p0,...,m) € Z";{l such that:

#[j‘eje[o,ﬁ)}, k=0,

| n. k=D 2k+Dm
#{1‘916( 20l > 2ml )} , I=sk=m.

Pk =

Necessarily, the sum of the components of p is always m, for all n, and we say that two
matrices (for the same n) have the same configuration whenever their configuration sequences
agree.

I'This was observed in [4, p.27] in the context of the general 7t* equation.
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To find o in terms of p, we shall apply Descartes’ Rule of Signs to a polynomial with
only real roots uniquely derived from p(x), and then relate this to a formula proved via an
adaptation of the proof of Theorem 4.5 of [1]. The result will then be, in principle, a formula
to determine o from only the entries of S.

2.1. Recall that Descartes’ Rule of Signs is the following classical result, whose proof
we omit:

PROPOSITION 2.7 (cf.[12, Theorem 6.2d]). Let p(x) € R[x] have degree n € N,
with non-zero leading coefficient a,, and let v denote the number of sign changes in the
sequence of non-zero coefficients of p(x), starting with a, and listed in decreasing order of
the power of x. If r denotes the number of real, positive roots of p(x), where each root is
counted according to its algebraic multiplicity, then v — r is even and non-negative.

To refine this for polynomials with only real roots, we first prove:

LEMMA 2.8. Let p(x) = ZZ:O apx® € R[x] be non-zero, and let v and W be the num-
ber of sign changes in the decreasing sequence of non-zero coefficients of p(x) and p(—x),
respectively. Then v + u < n, and equality holds iff ay # 0 for all k.

PROOF. Let o(ak, ax—1) denote the number of sign changes in the 2-term sequence
(ak, ax—1), allowing this to be 0 when at least one of a; or ay—1 are 0. Then by definition of
v, v =Y y_,0(ak, ak—1). Now, by inspection:

1, ar #0 and ayr—1 #0,

Xk = 0 (ak, ax—1) + o (= DFar, (=D lap_y) =
"o, a=0o0r =0,

so summing over all k, it follows that 3 "/, xx = u + v. But the left-hand side is an n-term
summation of 1s and Os, so u + v < n, and u + v = n iff all n terms of the sum are 1, iff
ar Z0forall0 <k <n. ]

COROLLARY 2.9. If p(x) € R[x] has only real roots, then v = r.

PROOF. Let v and u be defined as in the lemma, and let » and s be the number of
positive roots of p(x) and p(—x), respectively. (Clearly, s is the number of negative roots of
p(x).) Then by Descartes’ Rule applied to both p(x) and p(—x), there are «, B € Zx( such
thatv —r =2« and u — s = 26.

First, assume that p(x) has only non-zero real roots, so that n = r +s. Thenn =
v+ u — 2(a + B), so by the lemma and non-negativity of « and 8, ¢ = 8 = 0.

Now suppose that p(x) has only real roots, and ¢ of them zero. Then p(x)x~" has only
non-zero real roots, and the number of its positive roots is also r, so by the previous assertion,
if v’ is the number of sign changes of p(x)x~', then v/ = r. But evidently, v = v/, which
proves the assertion. o
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Now, consider the following: for any p(x) € R[x] satisfying (2.2), it may be shown by
induction that there is a unique monic p(x) € R[x] such that:

_mz 1 _
{p(x) =X p(x—i—x), n=2m, 2.6)

p) =@ —Dx"p(x+1), n=2m+1,

(Forn = 2m + 1, we note that p(1) = 0 by (2.2), so after factoring p(x) = (x — 1)g(x), we
see that g (x) satisfies (2.2), and thus, the even case factorization applies.)

As all eigenvalues of R are unimodular, p(x) has one root 2cos6; for each conjugate
+i;

pair of roots e of p(x). This motivates the following:

PROPOSITION 2.10. Given p(x) as in (2.6), let p%(x) := p(x + 2) for all n, and:

5161 () ﬁ(X+2008%”), l<k<m,n=2m,
X) =
PO bt 2000 BTtk smatn=2m

Denote by vy the number of sign changes in the sequence of non-zero coefficients of p*l (x),
as in Descartes’ Rule. Then the configuration p of R satisfies:

Pk » l<k<m,n=2m,
Vg — Vg—1 =
Pk—1, 1<k<m+1,n=2m+1.

Conversely, vy is given by:

YA ipj. 0<k=m, n=2m,

Vk = k—1
Yi—oPj» 0<k=m+1,n=2m+1.

PROOF. Evidently, when n = 2m, pi is the number of roots of p(x) in the interval

(2 cos %’, 2 ¢cos W), and when n = 2m + 1, py is the number of roots of p(x) in:
(ZCOSﬁ,Z], k=0,
(2 cos %’;ﬁg", 2 cos %’;;i)l”) , l<k<m.

On the other hand, by construction of the ﬁ[k] (x), the number of positive roots ry of ﬁ[k] (x)is
the same as the number of roots of p(x) strictly greater than 2 cos %’T when n = 2m, and when

n = 2m + 1, it is the same as the number of roots of p(x) strictly greater than 2, for k = 0,
(2k—Dym
2m+1

Corollary 2.9. Applying Descartes’ Rule to 5l (x) and pl*~!1(x), it then follows that:

or 2 cos

for all other k. Moreover, all m roots of p(x) are real, and thus, vy = ry by

Pk » l<k<m,n=2m,
Vk — Vk—1 =
Pk—1, 1<k<m+1,n=2m+1.
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Conversely, given p, it follows from the above that, for all k:

Sk oy O0<k<m,n=2m,
Vi =
Sk bpj. O<k<m+1,n=2m+1.

O

For notational convenience, we shall always denote the sequence of the number of sign
changes of the p*1(x) by:

(Osvls"'vvm—lsm)v n=2m1

o ©O,vi,...,vy,m), n=2m+1.

REMARK 2.11. For the matrix R with characteristic polynomial p(x) = x>" + 1,
S + ST = 2I,,,, and the configurationis p = (1, 1, ..., 1), which corresponds to the sequence
v=1(0,1,2,...,m—1,m). Hence, by connectedness of P in Proposition 2.5, for any R with
only unimodular eigenvalues when n = 2m, S + ST>0 iff its configurationis (1,1, ..., 1),
which is iff its sequence of sign-change numbers is (0,1,2...,m — 1, m). Similarly, for
the matrix R with characteristic polynomial p(x) = x*"*! — 1, we have S + ST = 25,11,
p=(,1,1,...,1),andv = (0,0, 1,2, ...,m — 1, m), and this is the only configuration for
which S + ST > 0.

This observation has the interpretation (cf. Corollary 4.7 of [1]) that S + sT>o0 iff the
eigenvalues e of R interlace with the roots 1z of & (including the guaranteed root z = e'©
when n = 2m + 1), in the following sense:

! 0<6 <Z<ph<2m ... g 0 n=2m,
m m m
- T 3T Q2m—)rm _
g <0<gmg <O <57 < <SG <Omw<m, n=2m+1.

2.2. Inspired by Sections 3 and 4 of [1], we prove a formula for o using the sequence
v of sign-change numbers of the 5!¥!(x). Let e, € C" be the k™ canonical unit vector. Before
proving the formula, we note the following:

1. Since the characteristic polynomial p(x) of R satisfies (2.2), it follows that det(xI,, —
R™T) = p(x), as well.

2. Letting D := I, — IT.RT, we remark that D has rank 1, and for all x € C", Dx =
(e (S + ST)x)e,,. Note, as well, that (IT,RT)? =1,.

3. [1] If arank one n x n matrix M acts on C" as Mx = w(x)u for some linear form w
and for some u € C”, then det(I,, + M) = 1 4+ w(u).

4. Letting v, be defined as in (2.5), we note that ZZ;(l) mve = Il.e = cey.

We now prove what is essentially a special case of Theorem 4.5 of [1]:

PROPOSITION 2.12. For R with only unimodular eigenvalues such that S + ST is non-
degenerate, denote the eigenvalues of R as zj := X% ywhere Oy € [0,1),forO0 <k <n-—1.
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When n = 2m + 1, we take z,, = 1, s0 0, = 0. If n; = #{k | 6y < argm;} for each
0<j<n-—1,thensgn(p(n;)) = (=)=,

PROOF. We adapt the proof of Theorem 4.5 of [1] as follows: Expanding p(x) and
x"" — ¢ into their complex linear factors, we use the above remarks to obtain:

n—1

[[G =00 — )" = det®R™T — xI,) det(IT; — x1,)~"
k=0

=det(RTT7; —xr;H@, —xr1;H ™)
=det((-D+ 1, —xI1; (1, —xr1;H™")
=det (I, — D(1, —x1;H7)
=1—eS+SHa, —xmHle,
=1—e(S+SHUT —xI,) ' Ie,.
Using the expression for e, in terms of the v, then yields:

n—1 n—1 2=

727 n—1 T

[[ax—0m-0"=1-> L —viS+SNHy;=1-> —L_vi(S+STy,.
- Tj—X ; Tj—X

k=0 k,j=0"" j=0""

11
Taking the residue at x = 7}, and inserting® & = i ]_[Z;(l) m; z; . we find that:

evi(S+8Nv; = —e(zj —mpn; ! [ —np) e =7~
k#j

n—1 I
= —<i [z 2>(Zk —mpr ! [ —mpem —=p™
k=0 k#j

1 1 1 1

1
2 2 2 2 2 7\ -1
_ (5T I e T\ (P LT
- 1 1 1 1 1
7.[2 . 2 2 2

2
< k h h
Z; #J 7 Zy 7;

ol

Sl

. sinm (O — argrm;)
=2sinn(0; — argn;) 1_[ sin(argmy — ar 7'?') '
oy 2Tk g7

The sign of the denominator is (—1)/, by inspection, and the sign of the numerator is (—1)"/,
by definition of n ;. Thus, sgn(p(r;)) =(— 1=, by Proposition 2.3. O

COROLLARY 2.13. ForR asin Proposition 2.12, let v be the sequence of sign-change

numbers of the p¥1(x), and let S + ST have signature o = (n4, n_), where n4. and n_ are

1 1

2Note that zk7 an_ r = —1forall k, since 6 € [0, 1) and the z; come in conjugate pairs, except for z;; = 1 when
n = 2m + 1. A similar statement holds for the 7.
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the number of positive and negative eigenvalues, respectively. Then for n = 2m:

nj=vj, 0<j<m,
Nom—j=2m—v;, 1<j<m-1,
and forn =2m + 1:
nj—1=vjyp, 0<j<m,
mp—j—1=2m—v;1;, 0<j<m-1.

Consequently, for all j:

(—1)Vi—J, n=2m,

and thus, for all n:

YD n=2m,

ny—m—1= )
—ZTZI(—I)”!'_J, n=2m+1.

PROOF. The relations between n; and v; follow from the definition of 7; and from
Proposition 2.10. (Note that, whenn = 2m + 1, n; > 1 for all j due to the guaranteed root
zm = 1 of p(x).) By Proposition 2.12, the formula for sgn(p(r;)) then follows immediately.
Since ny +n_ = n whenever S + ST is non-degenerate, it follows by the above formula for

sgn(p(m;)) that:

(=D + (=D 4205 (=D n=2m,

e@ny —n)=¢e¢ny —n_) = .
+ + {(_1)”m+1_(m+l) + 22;.":1(—1)”/'_/ , n=2m+1.

Whenn = 2m, v; = j for j = 0and j = m, and hence:

m—1
ny=m+1+y (=H% .
j=1

When n = 2m + 1, vj+1 = m for j = m, and hence:
m
np=m4+l-) (=17,
j=1
O

REMARK 2.14. We now provide some sample calculations. When n = 4 (cf. [10]),
the relation between o = (n4,n_) and v = (0, vy, 2) is:
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vl o | 1 | 2
o |22 ]@0| 22

When n = 6, the signatures may be tabulated as follows:

v\ 12 0 1 2 3
0 4,2 2,9 ]| 4,2 | 2,9

1 X 4,2) | (6,0) | (4,2)
2 X X “4,2) | 2,4
3 X X X “4,2)

3. Application to the 7t*-Toda equation

Now we shall apply the results of the previous section to the symmetrized Stokes matri-
ces of the ¢#*-Toda equation, which were calculated in [9, 10, 15]. Let us consider the pole
at infinity (of order 2) of Equation (1.2), for arbitrary n + 1. In Section 4 of [9], the case
n + 1 = 4 was treated in detail. The same method applies for any n > 3; for the sake of
exposition, we explain only the case n + 1 = 2m in detail, and point out major differences
from the n + 1 = 2m + 1 case in footnotes.

Recall that we wish to determine the Stokes data at ¢ = oo for the ODE:
1 1 2T
Y = —EW—Exwx—i—x A\ 28 (3.1

where w and W are defined before (1.2). If  := ¢!, then we may re-write this as:

1 1
v, = <_ —2x2WT~|— 0(—))@0.
n n

Letting @ := e+, d,4 1 :=diag (1, @, ..., ®"), and 2 := (a)lj)i,j=0’ we may use the matrix

Py := diag (e™, ..., ") 227! to diagonalize WT as:
WT = Pood, 1P

Then by Proposition 1.1 of [8], and reverting back to ¢, we see that there exists a unique
formal solution lI/}’o of (3.1) of the form:

0 = (11 + Ty Jerbariies,
Jj=1

It may then be verified, by direct substitution into (3.1), that Ag = 0. By Theorem 1.4 of [8],
there is then a unique holomorphic solution ¥ to (3.1), with asymptotic expansion ¥ °, on
any Stokes sector based at { = oo.
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There are 2(n + 1) Stokes rays, given by all ¢ € C* satisfying:
cos (arg¢ + arg(w’ — ) =0, (3.2)

2mi
where w := en+1. As fundamental Stokes sectors, we take:

b b b
op=feect| -5 cum <4 )
T 3 T

The Stokes matrix S{° is defined by ¥;° = ¥ °S7°, where W;’O is the unique holomor-
phic solution asymptotic to lI/}’o on .Q;’o (for j = 1, 2), and where the analytic continuation
of ¥ to £25° is taken in the positive direction.

Letting IT := ((1) 16' ), and using the symmetries of (1.2), as in Section 4 of [9], we find
that:

s = (Q<;°Q<1>°# m" o, S = (ST,
and the inverse of the monodromy of ¥ is:
n+1

Here, the matrices Q;° are the “Stokes factors” of S{° and S5°, defined with respect to the
Stokes sectors 2% = €™ 2 forall k € ;177 (ie. ¥ 4= TQX).
As in Section 5 of [10], we may convert to real matrices g,fo and Q,‘z" by using the matrix
f’oo 1= Poodwo, for dgol := diag (1, a)%,a), ...,w%)r, r = %, in the diagonalization of wrT,
We then obtain solutions lf/k = Yrdso asymptotic to lf/}’o = W}’odoo on their respective
Stokes sectors with corresponding real Stokes factors and real Stokes matrices:
QX :=dlQ¥dw, S :=dSPdy .

Letting:

. I, 000 A
17:=|:0 i|, R::QlQl;H, 3.3)

Ji=0"= (_(l’m Ig) , (G4)
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we then obtain’:
S:=8=R"71, S§T=8§°§F=-R""". (3.5)
We are now almost in the situation of Section 2 of this article, but to achieve exactly

those matrices, a further transformation is required. To find the correct transformation, we

need explicit expressions for the matrices Q‘fo and Q‘l’ol . Using (3.2) for the Stokes rays, it
=a)
can be deduced that:

LEMMA 3.1. The diagonal entries oféfo and Q®, are 1, and the other entries sat-

1-L
isfy the rule (for 1 <i # j<n+1):

n+1

arg(@' ™! — /) £ mod2r = Q=0

arg(o ! — /1) £ ("n__:l)” mod 27 = (QTO%)i,j =0.
n+

PROOF. We follow the proof of Lemma 4.4 of [9]. For the complex Stokes factors Q;°,
ke nlﬁZ, we have:

0 _ 1 0o\ —l o im e ix du 1y} p¢x%day
Qr ;llfgo(wk ) ‘I/k_’_n%l zli)ngoe (In+1 + 0(;))6 )

and hence, (Q,fo),'i = 1 for all i. On the other hand, for (i, j) suchthat 1 < i # j <
n + 1, the entry (Q7°);; = 0 so long as there is a path {; — o0 in §£2; N ‘Qk+% such that
n+
Re ¢ (a)i_1 — a)/_l) < 0. Since £2; N ‘Qk+#1 is a sector of angle 7, it follows that (Q,‘zo)ij
n+
is necessarily zero only if (/™! — /™! 2t N 2, 1 is equal to the closed half-plane
n+

{Re ¢ < 0}. This, in turn, occurs iff arg(w'~! — w/ ™) # W mod 7.

It then follows by the definition of the Q,({oo) that their entries satisfy the same conditions,

and by substituting k = 1 and k = the assertion of the lemma follows. O

1
n+1°
Consequently, the potentially non-zero entries are:

Q) m—rk 14k QP matknti—k > Q%1 Im—1—k,14k » (Qio;l)m+k,n+l—k7
n+l n+

forO0 <k <4¥, ¢ := L%J. Taking into account all of the symmetry conditions (see Section 5
of [10]), it is straightforward to deduce, using the above lemma, that:

3Forn+1=2m+1,(35) holdsforr =m + 1, R := QTOQTO | Mand 771 = Q.

n+l
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PROPOSITION 3.2. For0Q <k < ¥, the entries on‘fo and Q‘l"’L satisfy*:

n+1
QPm—k 1k + QP11 = 0,
Q) dm—1—k 1k + Q) dmttknt1-1-k =0 g
n+l =S|
Hence, Q‘l’o and Q‘l’o , are block-matrices of the form:

pEn}
- - L(IX)L ‘ mem,m
cho = s QTO 1] = o T s

ol o)
n+l

where L, L‘l>o °, are lower-triangular with only 1s on the diagonal, and where, for notational

n+1
convenience, we define p,, := (Q‘l’o, )m.n+1 and:
=
—pm—2k = Q1 Im—1—k 14k —Pm=2k—1 = QT )m—k, 14k - (3.6)
n+1

To facilitate the next few propositions, we introduce the permutation matrix A :=
> 0 Bnt1—k 1+« and the block-matrix>:

L™ o

o | (3.7)

F:=

where L™ and U™ are defined as follows:

-1 k -1 k
L=, + Z Pm—2k—1 ZEm—2k+j,j+1 + Z Pm—2k-2 ZEm—Zk—l+j,j+1 ,
k=0 j=0 k=0 j=0
1
ulml .— 0
| o] aLmla

4Forn + 1 =2m + 1, the row indices are increased by 1, and we instead have:

Q) mt1-k 14k + QP dttkmti—k =0 and Q% Vg 14k + Q) mt2tknt1—k =0.
1

1 — 1=

n+1 n+

SForn + 1 = 2m + 1, the upper-left block of F is LU+ and it is convenient to instead define Pm—2k ‘=

D" O m 1k, 14k ad pom——1 1= (=11 | I 14k
n+1
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For example, when m = 4:

1 1 0 0 O
pa_ | e 1 U — 1 0 p
p2 pi 1 ’ L pi
p3 0 0 1 1

LEMMA 3.3. The following block-matrix identities hold for allm > 1:

_ L[m—l] | 0
0 _
FQ” = |: 0 ‘ ylm+1] :| ; (3.8)
. Lim=2 | o
00 (OO _
PROOF. These follow directly from (3.6) and (3.7). d

To make the connection with Section 2, we now define R as in (2.1) using the entries
P1, ..., Pm, defined above, and take p,,+1—k := pr. Then:

PROPOSITION 3.4. R = FRF~!. Hence, the characteristic polynomial of R is:
n
pe) =x" 4y a1
k=1

PROOF. Using (3.9), we obtain RFI1! = FQTOQTOL O

n+1

PROPOSITION 3.5. Let S be defined as in (2.3) via the entries of R = FRF™!. Then
S = FSFT.

PROOF. Letting J,' := FJ~'F', we find, by definition (3.5) of S and Lemma 3.4,
that FSFT = R™J ;1 , so we shall prove the proposition by determining the entries of R™J ;1 .

Inspecting J ~1 first, we see that®:

| 0 | _Linlglml T
I = [ O mI T ‘ 0 } :

Since Re; = e, forall 1 < k < n, we then find that:

er, k=1,

R™J " le; =
p {pk—161+---+plek—1+ek, 2<k<m,

OWhen n + 1 = 2m + 1, this follows by (3.8), and the bottom-left block is ylnt1 m+]T,
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and the first m columns of FSFT and S agree. We now determine the last 7, columns of R”J ;1
by applying it to the flag:

F:0CFCRC -CFRERT Fi=<eul....eut1—k >k -

From the form of L"1UM T we observe that —J[_,le,,+1 = e,,, and that:
_J;Ien+1—k_em—k €E<en,....€u_kt1 >R, YV1I<k<m-—1.

As aresult, =J1 F; = R"Fy forall 0 < k < m — 1, and hence, R"J ;! Fi = SS™TF; by
Proposition 2.2. But Fy is fixed by S~T since it is lower-triangular with 1s on its diagonal, so
R’”J;l]-'k = SF; for 0 < k < m — 1. Therefore, the last m columns of FSFT are the last m
columns of S, and this concludes the proof. ]

We remind the reader that, bearing in mind the points in the footnotes, all of the above
results hold for all n + 1 > 4. Thus, we arrive at the following:

THEOREM 3.6. S + ST has the same signature as the diagonal matrix
diag (=1)"*' p(mo), ... (=1)""' p(a)).

PROOF. By Proposition 3.5, S + ST and S + ST are congruent via FT. Since real
symmetric matrices are diagonalizable, congruence implies that they have equal rank and
signature, and thus, the theorem follows by Propositions 3.4 and 2.3. O

To conclude, we state what this means in terms of solutions to the ¢¢*-Toda equation
(1.1). It was shown in [9, 10, 11, 15] that solutions w; : C* — R are in one-to-one correspon-
dence with real numbers y; satisfying y; — y;—1 > —2 for all i, where 2w;(z) ~ y; log|z| as
|z] = 0. Whenn+1 = 2m, the corresponding eigenvalues of R are exp(:t % (yj+2j+ 1)),
0<j<m-—1,with

0<7(m+D=<7Wn+3)=<- <5 ma1+2m—1)<m.

The condition S + ST > 0 means that these points must interlace with the (n + 1™ roots of
unity, implying that:

O<w+l<2<y+3<d4<---<2m—-2<yp1+2m—1<2m,

and this means that |y;| < 1for j =0,...,m — 1.
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