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Abstract. In this paper, we give sufficient conditions for orbits of Hermann actions to be weakly reflective in
terms of symmetric triads, that is a generalization of irreducible root systems. Using these sufficient conditions, we
obtain new examples of weakly reflective submanifolds in compact symmetric spaces.

1. Introduction

Ikawa, Sakai, and Tasaki ([6]) proposed the notion of weakly reflective submanifold as
a generalization of the notion of reflective submanifold ([8]). In [6], they detected a certain
global symmetry of several austere submanifolds in a hypersphere, and classified austere or-
bits and weakly reflective orbits of the linear isotropy representation of irreducible symmetric
spaces. They gave a necessary and sufficient condition for orbits of the linear isotropy rep-
resentation of irreducible symmetric spaces to be an austere submanifold (further, weakly
reflective submanifold) in the hypersphere in terms of root systems. We would like to gener-
alize this fact to compact Riemannian symmetric spaces. However, it is known that austere
orbits of the isotropy action of compact symmetric spaces are reflective submanifolds. There-
fore, we consider Hermann actions which are a generalization of isotropy actions of compact
symmetric spaces. Ikawa ([4]) introduced the notion of symmetric triad as a generalization
of the notion of irreducible root system to study orbits of Hermann actions. Ikawa expressed
orbit spaces of Hermann actions by using symmetric triads, and gave a characterization of the
minimal, austere and totally geodesic orbits of Hermann actions in terms of symmetric triads.
However, weakly reflective orbits have not been classified yet. In this paper, we give sufficient
conditions for orbits of Hermann actions to be weakly reflective in terms of symmetric triads.

Let G be a compact, connected, semisimple Lie group, and K, K, be symmetric sub-
groups of G. We consider the following three Lie group actions:

1. (Ka x K1) ~ G (ka, k1)g = kagk[" ((ka, k1) € K2 x K1),
2. Ko v G/K1 1 kami(g) = mi(kag) (ky € K»),
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3. Ki ~ Ko\G :kima(g) = ma(gky D) (ki € Ky).

The K»>-action and the Ki-action are called Hermann actions. Orbits of the (Ky x Kj)-
action have properties which are similar to orbits of Hermann actions. In particular, by using
Tkawa’s method, we characterize a minimal orbit and an austere orbit of the (K, x K1)-action
in terms of the symmetric triad determined by (G, K1, K»). Since totally geodesic orbits of
Hermann actions are reflective submanifolds, we only consider austere orbits which are not
totally geodesic.

The organization of this paper is as follows. In Section 2, we prepare the foundation for
the following sections. In 2.1, we recall the definition of weakly reflective submanifolds, and
their main properties. In 2.2, we review the notion of root systems and symmetric triads. In
particular, a minimal point, an austere point and a totally geodesic point are discussed. In
Section 3, we express the second fundamental form of orbits of the (K, x Kj)-action on G
(Theorem 3), and characterize a minimal orbit and an austere orbit in terms of the symmetric
triad of (G, K1, K2) (Corollaries 2, 3). In Section 4, we give sufficient conditions for orbits
of the above three group actions to be weakly reflective (Theorems 4, 5). Moreover, applying
Theorem 5, we will construct new examples of weakly reflective submanifolds in compact
symmetric spaces.

The author would like to thank O. Ikawa, T.Okuda and H. Tamaru for their useful advices.

2. Preliminaries

2.1. Weakly reflective submanifolds. We recall the definitions of reflective subman-
ifold and weakly reflective submanifold. Let (M , {,)) be a complete Riemannian manifold.

DEFINITION 1. Let M be a submanifold of M. Then M is a reflective submanifold of

M if there exists an involutive isometry oy of M such that M is a connected component of
the fixed point set of os. Then, we call oy, the reflection of M.

DEFINITION 2. Let M be a submanifold of M. For each normal vector £ € TXJ-M at

each point x € M, if there exists an isometry oz on M which satisfies os(x) =x, 06(M) =M
and (dog).(§) = —&, then we call M a weakly reflective submanifold and o¢ a reflection of
M with respect to &.

If M is a reflective submanifold of M , then oy is a reflection of M with respect to each
normal vector & € TXLM at each point x € M. Thus, a reflective submanifold of M is a

weakly reflective submanifold of M. Notice that a reflective submanifold is totally geodesic,
but a weakly reflective submanifold is not necessarily totally geodesic.

DEFINITION 3 ([3]). Let M be a submanifold of M. We denote the shape operator of
M by A. M is called an austere submanifold if for each normal vector & € Tle , the set of
eigenvalues with their multiplicities of A% is invariant under the multiplication by —1.
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It is clear that an austere submanifold is a minimal submanifold. Ikawa, Sakai and Tasaki
proved that a weakly reflective submanifold is an austere submanifold.

LEMMA 1 ([6]). Let G be a Lie group acting isometrically on a Riemannian manifold
M. For x € M, we consider the orbit Gx. If for each & € TxJ- Gx, there exists a reflection of
Gx at x with respect to &, then Gx is a weakly reflective submanifold of M.

PROPOSITION 1 ([6]). Any singular orbit of a cohomogeneity one action on a Rie-
mannian manifold is a weakly reflective submanifold.

2.2. Symmetric triads. We recall the notions of root system and symmetric triad.
See [4] for details.

Let (a, (-, -)) be a finite dimensional inner product space over R. For each o € a, we
define an orthogonal transformation sy : @ — a by

2{a, H)
o
(o,

namely sy is the reflection with respect to the hyperplane {H € a | (o, H) = 0}.

so(H)=H — (H €a),

DEFINITION 4. A finite subset X' of a \ {0} is a root system of a, if it satisfies the
following three conditions:
1. Span(X) = a.
2. Ifa, B € X, thensy(B) € X.
3. 2o, B/, a) € Z (a, B € X).

A root system of a is said to be irreducible if it cannot be decomposed into two disjoint
nonempty orthogonal subsets.

Let X be a root system of a. The Weyl group W(X) of X is the finite subgroup of the
orthogonal group O(a) of a generated by {sy | ¢ € X}.

DEFINITION 5 ([4] Definition 2.2). A triple (X, X, W) of finite subsets of a \ {0} is
a symmetric triad of a, if it satisfies the following six conditions:

¥ is an irreducible root system of a.

X is aroot system of a.

(-HhW =W, X=X UW.

X N W is a nonempty subset. If we put/ := max{||e| | € XN W}, then X NW =
{a e X[l <}

5. Fora e Wand A € X\ W,

(o, &)

(o,

bl

2

is odd if and only if s, (L) € W\ X
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6. Foroa e WandA e W\ X,

o, 1)
2
(

is odd if and only if s,(A) € X\ W.

3

Let (X, X, W)bea symmetric triad of a. We set
I'={(Heal| (A H)e@/DZ (e X))},
I'sow =(H €a| (A H) e (@/2)Z (e ZNW).

A point in I" is called a fotally geodesic point. It is known that I' = I'snw. We define an
open subset a, of a by

b4
o= ) {Hea‘ (h, H) & 7Z, (, H) ¢5~|—nZ} .
reX,aeW
A point in a, is called a regular point, and a point in the complement of a, in a is called a sin-
gular point. A connected component of a, is called a cell. The affine Weyl group W (%, X, W)

of (£, X, W)isa subgroup of the affine group of a, which defined by the semidirect product
O(a) X a, generated by

{(s;\, 2nm k) ‘A eX,ne Z} U {(sa, Ma)
(A, A) (o, &)

The action of (s;, (2nm/(A, X))A) on a is the reflection with respect to the hyperplane {H € a |
(A, H) = nm}, and the action of (sy, ((2n + 1) /{c, o)) on a is the reflection with respect
to the hyperplane {H € a | (¢, H) = ((2n + 1)/2)m}. The affine Weyl group W, 2, W)
acts transitively on the set of all cells. More precisely, for each cell P, it holds that

a= U sP.

seW(Z,Z,W)

aeW,neZ}.

We take a fundamental system IT of X. We denote by X the set of positive roots in 2.
Set ¥t = £+t N X and WT = £ N W. Denote by IT the set of simple roots of X. We set

Wo={aeW" |a+rgW(ell).

From the classification of symmetric triads, we have that Wy consists of the only one element,
denoted by &. We define an open subset Py of a by

(a, H) <

SN

P():{HGU.

,(A,H)>O(Ae]7)}. (1)
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Then Py is a cell. For a nonempty subset A C IT U {a}, set

H e Py AMHY>0Mhe AN
A (w, H)y =0(u e IT'\ 4)
PA = e
0 . < (n/)2) (ifaeA) |’
(a, H) -
L (m/2) (if& & A)

then

Pg = U P§* (disjoint union) .
ACTU(G)

DEFINITION 6 ([4] Definition 2.13). Let (¥, X, W) be a symmetric triad of a. Con-

sider two mappings m and n from X to R>o := {a € R | a > 0} which satisfy the following
four conditions:

1. Forany A € f],
(1-1) m@) = m(=21), n(A) = n(=2),
(1-2) m(x) > Oifandonlyif A € X,
(1-3) n(A) > Oifand only if A € W.

2. Wheni e X, a e W, s € W(X), thenm(L) = m(s(})), n(a) = n(s(a)).

3. Wheni € X, o0 € W(X), thenm(A) +n(h) = m(o (L)) +n(o(1)).

4. Leth ¢ YXNW,a € W. If 2{a, A)/{c, @) is even, then m(A) = m(so(1)). If
2{ct, M) /{a, ) is odd, then m (L) = n(sy(1)).

We call m(A) and n(«) the multiplicities of A and o, respectively.

Let (f], X, W) be a symmetric triad of a with multiplicities m and n. For H € a, we set

mp=— Y. mQ)cot{i, H)A+ > n(@tan{e, Ha.
rext acWh
(M H)gnZ (. HYg(m/2)+7 L

The vector m p is called the mean curvature vector at H. A vector H € a is a minimal point
ifmyg =0.

PROPOSITION 2 (Theorem 2.14 in [4]). Let (f], X, W) be a symmetric triad of a with
multiplicities. For H € aand o = (s, X) € W(f), X, W), set H =oH € a, then

my = s(mp) .

THEOREM 1 (Theorem 2.24 in [4]). For any nonempty subset A C IT U {&}, there
exists a unique minimal point H € POA.

A vector H € ais an austere point if the subset of a with multiplicities defined by

{—cot(x, H)A (multiplicity=m(A)) | A € X, (A, H) & nZ}
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U {tan(a, H)a (multiplicity=n(a)) |« € W, (a, H) & (7/2) + nZ}

is invariant with multiplicities under the multiplication by —1. An austere point is a minimal
point.

PROPOSITION 3 ([4] Theorem 2.18). A point H € a is austere if and only if the fol-
lowing three conditions holds:

1. (\,H) € (m/2)Z forany A € (X \ W)U (W \ X).
2. 2H € Fzmw.
3. m(A) =n(A) forany . € X N W with (A, H) € (x/4) + (7w /2)Z.

Ikawa gave the classification of symmetric triad and determined austere points for symmetric
triads with multiplicities.

3. Minimal orbits and austere orbits

In this section, we consider Hermann actions and associated actions on Lie groups which
are hyperpolar actions on compact symmetric spaces. An isometric action of a compact Lie
group on a Riemannian manifold M is called hyperpolar if there exists a closed, connected and
flat submanifold S of M that meets all orbits orthogonally. Then, the submanifold S is called a
section. A. Kollross ([7]) classified the hyperpolar actions on compact irreducible symmetric
spaces. By the classification, we can see that a hyperpolar action on a compact symmetric
space whose cohomogeneity is two or greater, is orbit-equivalent to some Hermann action.

Let G be a compact, connected, semisimple Lie group, and K, K> be closed subgroups
of G. For each i = 1, 2, assume that there exists an involutive automorphism 6; of G which
satisfies (Gg;)o C K; C Gg,, where Gy, is the set of fixed points of 6; and (G;)o is the identity
component of Gg,. Then the triple (G, K1, K») is called a compact symmetric triad. The pair
(G, K;) is a compact symmetric pair for i = 1,2. We denote the Lie algebras of G, K; and
K> by g, £ and £;, respectively. The involutive automorphism of g induced from 6; will be
also denoted by 6;. Take an Ad(G)-invariant inner product (-, -) on g. Then the inner product
(-, -) induces a bi-invariant Riemannian metric on G and G-invariant Riemannian metrics on
the coset manifolds M| := G/K; and M, := K\G. We denote these Riemannian metrics
on G, My and M; by the same symbol (-, -). These Riemannian manifolds G, M| and M, are
Riemannian symmetric spaces with respect to (-, -). We denote by m; the natural projection
from G to M; (i = 1, 2), and consider the following three Lie group actions:

o (Kax K) G :(ka,k)g =kagky" ((ka, k1) € Ko x K1),
o Ko My :kymi(g) = mi(kag) (k2 € K»),
o Ki~ M :kima(g) = ma(gk; ) (ki € K1),

for ¢ € G. The three actions have the same orbit space, and in fact, the following diagram is
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commutative:

G 2 M,

”‘l lﬁl

M, —_— K>\G/K1,
2

where 77; is the natural projection from M; to the orbit space K2\G /K. Ikawa computed the
second fundamental form of orbits of Hermann actions in the case 616> = 6,61. We can apply
Ikawa’s method to the geometry of orbits of the (K> x Kj)-action. For ¢ € G, we denote
the left (resp. right) transformation of G by L4 (resp. Rgy). The isometry on My (resp. M>)
induced by L4 (resp. Ry) will be also denoted by the same symbol L4 (resp. Ry).

Fori =1, 2, we set

m; ={X €gl0;(X)=—-X}.
Then we have an orthogonal direct sum decomposition of g that is the canonical decom-
position:
g=tdm;.

Let e denotes the identity element of G. The tangent space Ty, ) M; of M; at the origin 7; (e)
is identified with m; in a natural way. We define a closed subgroup G of G by

Gin={g9€G|0i(g) =09)}.

Hence ((G12)0, K12) is a compact symmetric pair, where K13 is a closed subgroup of (G12)o
defined by

K2 ={k € (Gi2)o | 01(k) = k}.
The canonical decomposition of ((G12)9, K12) is given by
g2 =E Nk)® (mNmy).

Fix a maximal abelian subspace a in m;Nmy. Then exp(a) is a toral subgroup in (G12)g. Then
exp(a), m1(exp(a)) and ma(exp(a)) are sections of the (K x Ki)-action, the K>-action and
the K-action, respectively. To investigate the orbit spaces of the three actions, we consider an
equivalent relation ~ on a defined as follows: For Hy, Hy € a, H] ~ H; if K> exp(H1)K1 =
K> exp(Hz) K. Clearly, we have Hy ~ H» if and only if K>y (exp(H1)) = Komy(exp(H?)),
and similarly, Hy ~ Hj if and only if Kjm(exp(H1)) = Kima(exp(Hz)). Then we have
a/~= K»>\G/K;. For each subgroup L of G, we define

Np(a) = {k e L | Ad(k)a = a},
Zi(@)={keL|Adk)H = H (H € a)}.
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Then Z; (a) is a normal subgroup of Ny (a). We define a group J by
J = {(Is1.Y) € Nk, (0)/ Zk,nk, (@) X a | exp(=Y)s € K1} .
The group J naturally acts on a by the following:
(s, Y)H = Ad(s)H + Y (([s].Y)e J, Hea).
Matsuki ([9]) proved that
K)\G/K| Za/J.

Hereafter, we suppose 616> = 6,61. Then we have an orthogonal direct sum decomposition
of g:

g= (i NE) & (m Nmz) & (¢ Nmz) & (m NE).
We define subspaces of g as follows:
b={Xetint|[a X]={0}},
VENmy) ={X et Nmy | [a, X] ={0}},
VimNty) ={X em Nt |[a, X]={0}}.
For A € a,
to={XetiNtk |[H[H X]=—( H)’X (Hca)},
m, ={X em Nmy | [H,[H,X]]=—( H)?X (H € a)},
Vit Nmy) = {X ety Nmy | [H, [H, X]] = —(, H)*X (H € 0)},
VibmiNg) = {X emNe | [H, [H X1 =~ H)?X (H € a)}.
We set
={rea\{0}] & #{0}},
W= {a € a\ {0} | Vg (&1 Nm) # {0},
T=XUW.
It is known that dim €, = dimm, and dim V)\L(El Nmy) = dim VAL (m; N &) for each

A € X. Thus we set m(}) := dim¥,, n(x) := dim Vkl(El N my). Notice that X is the root

system of the pair ((G12)0, K12), and ¥ is a root system of a (see [4]). We take a basis of a
and the lexicographic ordering > on a with respect to the basis. We set

=reX|rA>0, xt=xnEt, wr=wnxt.

Then we have an orthogonal direct sum decomposition of g:
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=60 Y LOad Y MmOVENMS Y Vit Nmy)
rext rext aeWt

VNG ® Y Vimink).

acW+t

Furthermore, we have the following lemma.

LEMMA 2 ([4] Lemmas 4.3 and 4.16). 1. For each A € X7, there exist orthonor-
mal bases {Sy, ;i Y1<i<m) and {Ty, ;i }1<i<mn) of & and m,,_respectively such that for any
Hea,

[H,Sil=A H)T,,;, [H T il=—AH)S.;, [SxiThil=~2,

Ad(exp H)Sy.,; = cos(r, H)S).; +sin(x, H)T) ;,
Ad(exp H)T).,; = —sin(A, H)S, ; +cos(A, H)T) ; .
2. Foreacho € W™, there exist orthonormal bases {Xa,jhi<j<n@ and (Yo, j}1<j<n@) Of
VO[l (81 N my) and Val (mq N &) respectively such that for any H € a

[H,Xa’j]=<(¥,H>Ya’j, [H5Y0l,j]=_(aﬂH>X0l,ja [X(X,jay(x,j]:aa

Ad(exp H) Xy, j = cos{a, H) Xy, j + sin{a, H)Yy
Ad(exp H)Yy,j = —sin{o, H) X j + cos{o, H)Yy j .
Using Lemma 2, Ikawa proved the following theorem.

THEOREM 2 ([4] Corollaries 4.23, 4.29, 4.24, and [2] Theorem 5.3). Let g= exp(H)

(H € a). Denote the mean curvature vector of Komi(g) C My at m1(g) by m}q Then we

have:
(D
dLy'my = — Z m()\) cot(h, H)A + Z n(e)tan(a, H)o .
rext aeW™t
(A H)gnZ (0, H)(m/2)+7Z

(2) The orbit Kom1(g) C M, is austere if and only if the finite subset of a defined by
{—Acot(r, H) (multiplicity =m\)) | A € X1, (A, H) & nZ}
U{a tan(e, H) (multiplicity = n(a)) | o € W, (o, H) & (1/2) + nZ}

is invariant under the multiplication by —1 with multiplicities.
(3) The orbit Kom1(g) C M is totally geodesic if and only if (., H) € (w/2)Z for each
re Tt
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We can apply Theorem 2 for orbits Ky1m2(g) C M>. Thus, we have the following corollary.

COROLLARY 1. The orbit Kom1(g) is minimal (resp. austere, totally geodesic) if and
only if K1m2(g) is minimal (resp. austere, totally geodesic).

Now we consider the second fundamental form of orbits of the (K> x K{)-action on G.
For H € a, we set

Sy={eX|(\H) enl), Wy ={aeW|aH) e (/2)+rZ},
Sy=YXyUWy, Sh=2tnxy, Wh=wrnwy, £ =2,uw}.

Let g = exp(H) (H € a). Then we have

d
Ty(K29K1) ={ —exp(tX2)g exp(—tX1) X1ety, Xo € {’2}

dt =0
=dLy((Ad(9)™"&2) + £1) )

:dLg<E0€9V(mmE2)€9 Yo o me ) Viming)

reX T\ Xy aeWH\Wy
VB Nm)e Y Le Yy Vi mmz)>, 3)
rext aeWT
T, (K2gK1) = dLg((Ad(g)~'m2) Nmy) )
:dLg<a€B Y@ Y Vi(m mez)). Q)
rezd acW;

For X = (X3, X1) € g x g, we define a Killing vector field X* on G by

(reG).

d
(X*)p = i exp(rX2) p exp(—1X1)
! t=0

Then
(X*)p = (dL,)(Ad(p) ' X2 — X1)

holds. If X, = 0, then X™* is a left invariant vector field. Denote by V the Levi-Civita
connection on G. By Koszul’s formula, we have the following.

LEMMA 3. Letge G, X = (X2,X1), Y =D2,Y1) € g X g. Then we have

1 _ _
(Vxr %), = =2dLg[Ad(9) ™ X2 = X1, Ad(9) ™ Y2 + V1]

PROOF. By Koszul’s formula, we have

UVxsY*, Z) =X"(Y*, Z) + Y(Z, X*) — Z(X*, Y¥)
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forany X = (X2, X1), Y = (Y2, Y1) € g x g, Z € g. Computing the right side of the above
equation at e, we have

2(Vx+Y*, Z))e = (—ad(X2 — X1) (Y2 + 1), Z)
for all Z € g. Hence we obtain
1
(VX*Y*)e=—§[X2—X1,Y2+Y1]- (6)
Since d L4 is an isometry, we have

(Vx«Y*) g =dLy(V

—1y*
dL;lx*dLg YH..

Further, we have
L' X*) = dL; (X*)gn = dL;'dLgi(Ad(gh) ™' Xo — X1)

= dLy(Ad(h)"'Ad(g)"' X2 — X))
= (Ad(9) ' X2, X1);  (h€G).

Thus,

dL,'X* = (Ad(g)”" X2, X1)*
holds. Summarizing the above, we obtain
(V3-7"), = —5dLy[Ad) ™ X — X1, Ad9) 2 + 111,

d

For H € a, we denote the second fundamental form of the orbit K,gK1 C G by By. By
Lemma 3, we can express By for H € a.

THEOREM 3. For H € a, we set g = exp(H) and

Vi= Y me Y Vimint),

reX N\ Xy aeWH\Wy
V= Y @ Y Vitinm.
rext acWt

Then we have the following:

1. For X € &, By(dLyg(X),Y) =0 whereY € Ty(K29K1).
2. For X € V(¥ Nmyp),
0 Y et @ Vim Nt))

dL-'By(dL X),dL4(Y)) =
g Bu(dLg(X),dLy(Y)) _%[X’Y]L Yew).
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3. For X e V(m; N§y),
Y eVmnNeg) V)

0
dL7'By(dLy(X),dL,(Y)) =
g Bu(dLg(X),dLy(Y) %[x,y# ¥ ey .

4. For S,i (b€ Z1, 1 <i <m()),
0 (Y € V)

AL 'By(dLy(Si),dLg(Y) =14 1
g g T —E[SA,,»,Y]l (Y eV).

5. For Xgi (@ e WH, 1 <i <n(a)),
0 (Y € V)

dL;'By(dLy(Xai),dLg(Y)) = 1
g gifeils By —E[Xa,i,Y]l (Y ew).

6. For T, ; (A € >+ \ X, 1 <i <mQ)),
° dL;lBH(dLg(TA,i), dLg(Ty,j)) = cot(u, H)[T5. i, Sﬂ,j]J_
where pneXt\ Xy, 1 <j<mu).
o dL;'By(dLy(Tyi).dLy(Yp j)) = —tan(B, H)[ Ty, Xp ;1"
where BeWT\ Wy, 1 <j<n().
7. ForYy; (@ € WH\ Wy, 1 <i <n(a)),

dLg'Br(dLg(Ya). dLg(Yp ) = — tan(B, H)[Yai. Xp,j1*

where B € WH\ Wy, 1 <j <n(B)).

Here, X+ is the normal component, i.e. the ((Ad(g)_lmz) N my)-component, of a tangent
vector X € g.

PROOF. By a simple calculation, we have the following:
e For X € £y, dLgy(X) = (X, 0)3.
e For X € V(& Nmy), dLy(X) = (0, —X)j.
e For X € V(mi Nty), dLy(X) = (X, 0)p.
For S, (b€ T, 1 <i <m()),dLy(S5,i) = (0, —S5.i)g-
ForTh; (A€ X7\ Xy, 1 <i <m(h)),

*

Sai

dLg(Ty,i) = <—m

, — COt()x, H)S)L,l'>
g

e For Xo; (@ € WH, 1 <i <n(@)),dLg(Xa.i) = (0, =X¢.1)}-
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o ForYy; (@ € W\ Wy, 1 <i<n(),

*

Ya,i
dLg(Yy,i) = (m, tan(a, H>Xa,i>g

Then, applying Lemma 3, we have the consequence. We show only 3, since other cases
showed by similar calculation. If Y € V (mj N €), then we have

_ 1
dLy'Bu(dLy(X),dLy(Y)) = —E[X, Yt =0,
since [X,Y]et N&. Y =T,,; (A € YT\ Xy, 1 <i <m())), then we have

1
dLy' By (dLg(X),dLg(T, ) == 51X, T = 2cot(h, H)S i1

=[X, cot(r, H)Sy ;1.

Since [X, Sy ;] € VAl (m1N¥y), we consider the following three cases. When A & W, VAl (miN
£) = {0}. Thus [X, S».;] = 0. When X € W\ Wg, then [X, cot(A, H)S; ;] is a tangent vector.
Thus [X, cot(A, H)SA,,']L = 0. When A € Wy, cot(r, H) = 0, since (A, H) € (7/2)+ (nZ).
Thus [ X, cot(A, H)SM]J- =0.IfY =Y, (x € WT\ Wy, 1 <j <n()A)), then we have

dLy'Bu(dLy(X),dLy(Ya ) =[X, tan(e, H) X ;1"

Since [X, Xq,j] € mg, we consider the following three cases. When o ¢ X, my = {0}.
Thus [X, Xy, ;] = 0. Whena € X'\ Xy, then [X, tan(a, H) X, ;] is a tangent vector. Thus
[X, tan(c, H)Xow-]L = 0. When ¢ € Xy, tan{o, H) = 0, since (o, H) € (7Z). Thus
[X, tan{o, H) X 1+ = 0. If Y € V5 C &, then we have

-1 __l _ J__l €L
dLg'By(dLy(X),dLy(V)) = —[X, =Y]" = J[X, Y]".

By the above arguments, we have 3. O

We denote the mean curvature vector of the orbit K> g K at g by my. By Theorem 3, we
can see that the following corollary.

COROLLARY 2. For H € q,

dLy'my = — Z m(X) cot(r, H)A + Z n(e) tan{o, H)et .
AEX T\ Ty aeWH\Wy

Moreover, dL;lmH = dL;lm;I holds. Hence, an orbit KogK1 C G is minimal if and only
if Kom(g) C My is minimal.

Next, we consider austere orbits of the (K> x Kp)-action on G. By using (f], X, W),
Ikawa gave a necessary and sufficient condition for an orbit of the K»-action to be an austere
submanifold. Similarly, in the (K> x Kp)-action, we also have a necessary and sufficient



550 SHINJI OHNO

condition for an orbit to be an austere submanifold. We investigate the set of eigenvalues

of the shape operator AdLgE of K19K> C G for each normal vector dL & € TgLKngl =

dLg((Ad(g)_lmz) Nmy). Foreach g € G, we denote the isotropy subgroup of the (K> x K1)-
action on G at g by (K2 x K1) 4. Notice that (K3 X K1) 4 is isomorphic to the isotropy subgroup
(K1)7,(g) of the Ky-action at 2 (g). The isotropy subgroup (K> x K1)g4 acts on the normal

space Tgl (K29K1) by the differential of the (K> x Kj)-action. Then we have

d
d(ky, ki)g(dLg(§)) = Ekzg exp(t&)k; ! =dLgy(Ad(k1)§) .
t=0

Therefore, the representation of (K2 x Kj)g is equivalent to the adjoint representation of
(K1)7y(g) OD (Ad(g)_lmz) Nmy. Since Lie((K1)x,(g)) = €1 N (Ad(g)_lkz), the Lie algebra
Lie((K1)xy(g)) @ ((Ad(g)_lmg) N myp) is an orthogonal symmetric Lie algebra with respect
to 61. Moreover, when g € exp(a), a is a maximal abelian subspace of ((Ad(¢9)"'my) Nmy).

Thus, a is a section of the representation of (K1)z,(g) on (Ad(g)~'my) N'my. Therefore, we
have

U d(ky, k1) gdLga = T, KagK . )
(k2,k1)e(KaxKy)g

Thus, without loss of generality we can assume & € a. Hence, by Theorem 3 we have
AL (dLy(8.0), dLg(T;.)) ®)

0 —(1/2)(%, §) }
—(1/2)(x, &) —cot(r, H)(4, §)

(e X\ Zy, 1 <i<m®),

= (dLgy(S5.i), dLg(T}.i)) [

AE ALy (Xy ), dLg(Ya, ;) )

0 —(1/2)(a, &) }
—(1/2)(, &) tan(a, H)(a, §)

(@eWr\ Wy, 1<j<n@),

= (dLg(Xq,j),dLg(Yy,))) [

andfor X e g @ VE Nm) @ V(imi Nt) P ZAEZ‘; ¢ D ZaeW,j V(j‘(kl Nmy),

ALEGL,(X) =0. (10)
Therefore, the set of eigenvalues of A9L¢¢ is given by

costh HDE L5 &) (multiplicity = m(0) | 4 € ¥\ 5 (11)

— , ultiplicity = m
2sin(n, H) phetly H

in{ar, H) + 1 o
M(a, &) (multiplicity = n(a)) | « € wt \ Wu

2 cos{a, H)

U{0 (multiplicity = )}
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where [ = dim(¢y @ ZAEZ‘H LA VE Nm) P ZaEWH V(j‘(h Nmy) @ V(im NE)).

PROPOSITION 4 ([6] p.459). Let E be a finite subset of a finite dimensional vector
space a with an inner product {, ). Then, (i) and (ii) are equivalent.

(i) Forany& € a, the set {{a, &) | a € E} with multiplicity is invariant under the multipli-
cation by —1.
(ii) The set E is invariant under the multiplication by —1.

Thus, we have the following corollary.

COROLLARY 3. Let g = exp(H) (H € a). Then the orbit KogK1 C G is austere if
and only if the finite subset of a defined by
cos(h, H)y £ 1
{  2sin(A, H)
sin{a, H) £1
{ 2 cos{a, H)

A (multiplicity = m (X)) ‘ re Xt \ Z‘H}

o (multiplicity = n(x))

aeW+\WH}

is invariant under the multiplication by —1.
It is easy to prove that the following proposition.
PROPOSITION 5. Foreach H € a,
E ={—Xcot(x, H) (multiplicity = m(1)) | A € X1\ Ty}
U{a tan(a, H) (multiplicity = n(a)) |« € W\ Wy}

is invariant under the multiplication by —1 with multiplicities if and only if

E costh  H) =1, utiplicity = m() | 2 € Z*\ ©
=1 —————"— ) (multiplicity = m
2sin(h, H) Pty 1
sin{o, H) £+ 1 L +
———— o (multiplicity = n(«)) | « € W\ Wg
2 cos{a, H)

is invariant under the multiplication by —1 with multiplicities.
PROOF. The equation E = —E holds if and only if (i) and (ii) hold, where

() (A, H) € (x/HL (he T\ Zp),
(i) if (A, H) € (w/4) + (w/2)Z, then m(L) = n(}).
When E = —E holds, foreach A € >+ \ Z~‘H, if (A, H) € (w/2)Z, then it holds either one of
the following:
e L€ XYy and
sin(A, H) +1  sin(A, H) — 1
2cos(h, HY ~ 2cos(i, H)
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e L€ Wy and

cos(h, H)+1  cos(A, H) —1
2sin(A, H) ~ 2sin(A, H)

Further, if (A, H) € (7/4) 4+ (7 /2)Z, then it holds either one of the following:
e m(A) =n(\) and

cos(r, Hy + 1 sin{A, H) + 1 d cos(A, Hy —1 sin(A, H) — 1
= s an - =
2 sin(A, H) 2cos(r, H) 2sin(A, H) 2 cos{r, H)
e m(A) =n(\) and
cos(A, H) + 1 sin(A, H) — 1 d cos(A, Hy —1 sin(A, H) + 1
= , an - = .
2sin{x, H) 2cos(r, H) 2sin(A, H) 2 cos{r, H)
This implies that E’ = —E’. The converse is shown by the same way. O

COROLLARY 4. Let g = exp(H) (H € a). The orbit K2gK1 C G is austere if and
only if Kom(g) C M is austere.

REMARK 1. There is no correspondence in totally geodesic orbits. For example, when
61 and 6 cannot be transformed each other by an inner automorphism of g, K;eK1 C G is
not totally geodesic, but Komi(e) C M is totally geodesic (see (4) and (5) in Theorem 3).

4. Main Theorem

In the previous section, we saw a correspondence of austereness of orbits of the (K2 X
K1)-action and the Kj-action. In this section, we consider weakly reflective orbits of the
(K2 x Kp)-action, the K»-action and the Ki-action, and give two sufficient conditions for an
orbit to be weakly reflective. The first sufficient condition is the following:

THEOREM 4. Assume K| and Ky are connected. Let ¢ = exp(H) (H € a). If
(A, H) € (n/2)Z for any ) € X, that is, H € T, then the orbit K>gK1 C G is weakly
reflective.

PROOF. Weseto = L991L;1. Then o satisfies the following conditions:

l.o(g) =gy,
2. 0(K29K1) = K29K7,

3. do(§) = —§ (§ € T;(K2gK1)).
Clearly, 0 (g) = ¢ holds. By Lemma 2, we have Ad(g%)t> = €. Since K> is connected, we

have gszg_2 = K. In addition, since 610, = 6,0, we have 01, = €. Thus, we also have
01(K>) = K». Therefore, for (kp, k1) € K» x K1,

o(kagky") = (9%61(k2)g 2 gk, € K2gKi .
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Hence, o (K2gK1) = KagK1. Since T;-(K2gK1) = dLg(Ad(g)~" (m2) Nmy), we have
do(§) =dLg61(dL,;" (€)) = —dLgdL,' (§) = —&

Therefore, o is a reflection of K>gK; at g with respect to each normal vector dL & €
T; (K2gK1). 0

COROLLARY 5. The orbit KoeK1 C G is weakly reflective.

REMARK 2. Under the same condition as Theorem 4, we can prove that K> (g) C
M; and Kimy(g) C M, are weakly reflective. However, Ikawa proved Komi(g) C M)
and Kjm(g) C M, are reflective. Hence Kom(g) C M; and Kjma(g) C M; are totally
geodesic, but K»¢K is not necessarily totally geodesic. In fact, when 6; and 6, cannot be
transformed each other by inner automorphism of g, then there is no totally geodesic orbit of
the (K, x Kj)-action on G.

Let W(X, X, W) be a subgroup of the affine group O(a) x a which is generated by

{(s)” 2nm A) ‘ re X, neZ}U{(sa,Ma>
(A, A) (o, )

Then, we have the following lemma.

LEMMA 4 ([4] Lemmas 4.4 and 4.21).

O!EW,nGZ}.

wWE, Z,w)ycJ
Using the above lemma, we have the following lemma.

LEMMA 5. Let g = exp(H) (H € a). Then, for each ) € Z~‘H, there exists k) €
Nk, (a), such that

1.

k;., exp _Z(A,H))\ k) € (K2 x Ki)g,
(0, %) !

2{A, H
d (k)\, exp(— (<A’A)>A> kk> (dLg§) =dLg(5:&) (£ €n).
’ g

PROOF. By the definition of W(i‘, X, W), foreach A € fJH,

2<A’H>A W, W
<S*’ o) )e (2 W)

Since W(ﬁ, X, W) C f, there exists k) € Nk, (a), such that

0L H)Y ) (. H)
<[’“]’ SRV )‘> = <“’ SRV )‘> '
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By the definition of J , we have

< )k)\eKl.
For 1,
k 20, H Ak Hk, e Z(A’HU
(*’ exp( Y )*) - exph) <<m> )
Ad(k,)H 200, H) H Z(A’HU = H) =
=exp(Ad(ky) )eXp( Ty )—f»qv(n + ) )—eXP( )=9g.
For 2,

=dLys3(§).

<)"7 )‘> t=0

d(k;\, exp(—z(k’ H>A) kl> (dLg§) = i - exp (H + 153 (£))
g
O

PROPOSITION 6. Forany H € a, if Sy is nonempty, then >y is a root system of
Span(f]H).

PROOF. We set g = exp(H). We consider the orthogonal symmetric Lie algebra
(Ad(g)"'&2) N &) @ ((Ad(g) 'mz) Nmy) .
By Lemma 2, we can decompose the Lie algebra as the following:
(eo @) o Yy Viwmn m2>> ® <a &Y me Yy Vimn '»’2)) :
reXh aeWy reXh aeWy

It is the root space decomposition of the orthogonal symmetric Lie algebra with respect to
a. (|

REMARK 3. By Proposition 6 and Theorem 6, for any symmetric triad of aand H € a,
if £y is nonempty, then Xy is a root system of Span(X).
For each H € a, denote by W(Xy) the Weyl group of Xy. The second sufficient

condition is the following:

THEOREM 5. Let g =exp(H) (H € a). If Span(Xy) = a and —id, € W(Zy), then
K>gK1 C G, Kami(g) C My and K1m2(g) C My are weakly reflective.

PROOF. By the equation (7), it is sufficient to prove the existence of a reflection with

respect to d L 4§ for each & € a. Since —id, € W (X ), there exist i1, ..., € Xp such
that sy, - --s,, = —idq. By Lemma 5, there exists k,; € Nk, (a) foreach u; (1 <i <1/). We
set

(i, H)
K =exp<—27u')k €Ki,
Hi (mispi) )"



WEAKLY REFLECTIVE SUBMANIFOLDS 555

and
o = (ky,, k;“)---(km, k;”) € (K2 x Ky)g.
Then, o is a reflection of K> gK; with respect to d L & for each § € a. Indeed,
o(9) =g, o(KxgK1)=KygKy, do(dLy(§)) =dLgsy, - su,(§) = —dLg§
hold. Similarly, o1 = ky, -- -k, is a reflection of Komi(g) at 71(g) with respect to dL4&.

The isometry o2 = k), - - - k;,, is a reflection of Ky72(g) at w2(g) with respect to dRg&. O

In [6], they mainly studied weakly reflective submanifolds in $” and CP”. The cohomogene-
ity of Hermann actions on rank one symmetric spaces must be one. Therefore, by Proposition
1, singular orbits of Hermann actions on rank one symmetric spaces are weakly reflective.
However, when the cohomogeneity of Hermann action is two or greater, applying Theorems
5 and 4, we have new examples of weakly reflective submanifolds in compact symmetric
spaces. We assume that (G, K1, K7) satisfies one of the following conditions (A), (B) or (C).

(A) G is simple and 61 and 6, can not transform each other by an inner automorphism of g.

(B) There exist a compact connected simple Lie group U and a symmetric subgroup K of U
such that

G=UxU, Ki=AG={(u,u)|uecU}, Kr=KxK.

(C) There exist a compact connected simple Lie group U and an involutive outer automor-
phism o such that

G=UxU, K =A4AG={(u,u)|uelU},
Ky ={(u1,u2) | (0(u2), o)) = (u1,u2)}.
Ikawa proved the following theorem.

THEOREM 6 ([5]). Let (G, K1, K2) be a compact symmetric triad which satisfies one
of the conditions (A), (B) or (C). Then the triple (Z, 2, W) defined as above is a symmetric
triad with multiplicities. Conversely every symmetric triad is obtained in this way.

It is known the following proposition.

PROPOSITION 7 ([10]). Let X be anirreducible root system of a. Then —idq & W (X))
ifand only if ¥ = A, Dor11, Ee (r > 2).

Let IT = {A1, ..., A} be a fundamental system of X', and set Wy = {a}. We define H; € a
by the following equations:

(Hi,Aj) =00 #j), (Hi, @) =m/2.
Then, {Hj, ..., H,} is a basis of a. We have the following lemma.

LEMMA 6. Span(Xy) =aifandonlyif H=0, Hj, ..., H, for H € Py.
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PROOF. Let H € a. By definition of Z~‘H, we have
2(A, H) . 2(A, H)
Spi» ————Ar | e WX, X, W), sy, ————A|H=H
(A, A) (A, A)

foreach A € Z~‘H. By Proposition 2, we have sympy = mpy for A € fJH. Thus, if Span(fJH) =
a, then my = 0. On the other hand, for H € Py, there exists the nonempty subset A C [T U
{a} such that H € POA. By Lemma 2.25 in [4], X'y and Wy does not depend on H, but only

A. Thus, when Span(Xy) = a, each point in POA is a minimal point. Therefore, by Theorem
1, if Span(f] y) = a, then POA = {H}. This implies that H is a vertex of ‘Py. Therefore,
H =0, H,..., H. Conversely, when H =0, Hy, ..., H,, we have Span(f]H) =a O

For each symmetric triad of a, austere points are classified in [4]. Using the classification, we
investigate Z:‘Hl. (1 < i < r) for each type of symmetric triads.

In order to state our results below, we shall follow the notations of irreducible root sys-
tems and the set of positive roots in [1]. For instance,

Bl =feitej|1<i<j<rjUfe|l<i<r},
CH={eitej|1<i<j<rjU{2e|1<i=<r},
D;":{ei:i:ej|1§i<j§r},
BC;":{ei:i:ej|1§i<j§r}U{el~|1§i§r}U{2€i|1§i§r}.
For the set of positive roots above, the sets of simple roots are given as follows:
OBH=NOBCH={r=e —er....;.h—1=€—1—e, A =¢]},
H(C;”):{M=e1—ez,...,)»,_1=e,_1—e,,A,=26,},
H(D;"):{M=e1—ez,...,kr_1=e,_1—e,,A,=e,_1+e,}.
41. Typel-B,. Tt =Bf Wt={¢|l1<i<r},

a=e =M+ +Ar.

(1) When m(%e;) = n(+e;) A point H € Py is austere which is not totally geodesic if and

only if H = (1/2)H,. Since Span(f] 1) # a, the point (1/2) H, does not satisfy the sufficient
condition in Theorem 5.

(2) When m(%e;) # n(£e;) If H € Py is austere then it is totally geodesic. In this case, H;
is a totally geodesic point foreach 1 <i <r.
A compact symmetric triad whose symmetric triad is type I-B, is one of the following:

1. (SO(r +s+1), SO(r +s5) x SO(t), SOr) xSO(s+1)) (r<t, 1=<ys),



WEAKLY REFLECTIVE SUBMANIFOLDS 557

2. (G, K1, K») which satisfies condition (C) where
(U, Fix(0)) = (SO2m +2n + 2), SO2m + 1) x SO2n + 1))
forr=m+n, m>2.
4.2. Typel-C,. Xt =Cf, Wt =D,
a=e+er=A1+2h 4+ 201+ A,.
Then a point H € P, is austere which is not totally geodesic if and only if H = H; (2 <i <
r —1), (1/2)H;. Foreach H; = (m/4)(e1 +---+e€) (2 <i<r—1),wehave
E};{_ =fes—e |1 <s<t=<i}Uleste|i+1<s<t=<r}
Uf2¢5|i+1<s=<r},
W}; =fes+e |1 <s <t <i}.
Hence, fJH[. = D; @ C,_;. Therefore, by Proposition 7 and Theorem 5, if i is even, then
Krexp(H;)K1 C G, Kymi(exp(H;)) C My, Kim(exp(H;)) C M, are weakly reflective.
When i is odd, since —idq € W(X), H; does not satisfy the sufficient condition in Theorem

5.

A compact symmetric triad whose symmetric triad is type I-C, is one of the following:
. (SO(4r), SO(2r) x SO2r), U(2r)),

. (SU@r), SO2r), S(U(r) x U(r))),

- (E7, SU@®), Es-U(1)) (r=23),

. (G, K1, K») which satisfies condition (C) where

(U, Fix(0)) = (SU@2r), SOQ2r)) (r = 2) or (SUQ2r),Sp(r)) (r>2).

2w N =

43. Typel-BC,-A]. Xt =BC/,Wr={e|1<i=<r},
G=er=A+ ot

(1) When m(%e;) = n(+e;) A point H € Py is austere which is not totally geodesic if and

only if H = (1/2)H,. Since Span(f]H) # a, H does not satisfy the sufficient condition in
Theorem 5.

(2) When m(%e;) # n(£e;) If H € Py is austere then it is totally geodesic. In this case, H;
is a totally geodesic point foreach 1 <i <r.
A compact symmetric triad whose symmetric triad is type I-BC,-A is one of the fol-
lowing:
L SU@Fr +s+1), SUF +5) xU@), SUF) xUs+0) <t 1<),

2. (Sp(r+s+1), Sp(r +s) x Sp(t), Sp(r) x Sp(s +1)) (r <t, 1 <y)),
3. (SOUr +4), UQ2r+2), UQ2r+2)).
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Where, we set

and define U'(n) := {g € SOQn) | JgJ ' = g}.
4.4. Typel-BC,-B.. X+ =BCS, Wt =B,
d=ej+ex=A1+20+---+2A .

When r = 2, if m(te; £ e2) = n(te; £ e2), then H € Py is austere which is not totally
geodesic if and only if H = (1/2)H, Hy. If m(£e; &+ e3) # n(Le; £ er), then H € Py is
austere which is not totally geodesic if and only if H = H;. Since Hy = (7w /4)(e1 + €2), we
have 2;2 = {e1 — ey}, W;;z = {e1 + e3}. Thus Z:‘Hz = A%. By Proposition 7 and Theorem 5,
Krexp(H2)K1 C G, Komi(exp(Hy)) C My, Kym(exp(Hz)) C M; are weakly reflective.

When r > 3, H € Py is austere which is not totally geodesic if and only if H =
(1/2)Hy, Hi (2 <i < r). Foreach H; = (w/4)(e1+---+¢) (2 <i <r), we
have fJHl. =D;® BCﬁ_i. Therefore, by Proposition 7 and Theorem 5, if i is even, then
Kyexp(H)) K1 C G, Kam(exp(H;)) C My, Kima(exp(H;)) C M are weakly reflective
foreach 2 < i < r. When i is odd, since —idq, ¢ W(X), H; does not satisfy the sufficient
condition in Theorem 5 for 3 < i < r. Since Span(fi(l/z)yl) # a, the point (1/2) H; does
not satisfy the sufficient condition in Theorem 5.

A compact symmetric triad whose symmetric triad is type I-BC,-B, is one of the follow-
ing:

1. (SOQ2r + 2s), S(OQ2r) x O2s)), U(r+s)) (r <s),
2. (Eg, SU(6) - SU2), SO10)-U(()) (r =2),
3. (E7, SO(12) - SU(2), Ec-U(1)) (r =2).

4.5. Type I-F4. X+ = FI, Wt = {shortrootsinFs} = Dy, [T = {A] = €3 —
e3,hy =e3—eq, 3 =eq, A = (1/2)(e1 —e2 —e3 —eq)}, @ = e1 = A1 + 242 + 343 + 2X4.
A point H € Py is austere which is not totally geodesic if and only if H = Hy = (/2)e.
Then we have

XH, = {Fea, Le3, ey, T(ex £ e3), E(ex L eq), £(e3 L es)},
Wh, = {£e1, £(e1 £ e2), £(e1 £ e3), £(e1 L es)}.
Hence
of =By

Therefore, by Proposition 7 and Theorem 5, the orbits Krexp(H4)Ki C G,
Komi(exp(Hs)) C My and Kmo(exp(Ha)) C M, are weakly reflective.
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A compact symmetric triad whose symmetric triad is type I-F4 is one of the following:

1. (Eg, Sp(4), SU(6) - SU(2)),

2. (E7, SU(8), SO(12) - SU(2)),

3. (Eg, SO(16), E7-SU(2)),

4. (G, K1, K») which satisfies condition (C) where

(U, Fix(0)) =(Eg, Sp(4)) or(Es, F4) .
4.6. Typell-BC,. Xt =B, Wt =BC/,
a=2e =27 +---+2A .

A point H € Py is austere which is not totally geodesic if and only if H = H; (1 <i < r).
For H; = (7 /4)(e1 + - - - + €;), we have f];i = C; @ B,_;. Therefore, by Proposition 7 and
Theorem 5, K> exp(H;)K1 C G, Komi(exp(H;)) C My, Kima(exp(H;)) C M, are weakly
reflective foreach 1 <i <r.

A compact symmetric triad whose symmetric triad is type II-BC, is one of the following:

1. (SU(r+s), SO(r +s), S(U(r) xU(s)) (r <ys),
2. (SO@r +2), SOQ2r +1) x SOQ2r + 1), UR2r + 1)),
3. (Eg, Sp(4), SO(10)-U(1)) (r =2).

4.7. Type IlI-A,. By Proposition 7, —id, ¢ W(X). Moreover, for each H € a,
W(Ey) C W(X)since Xy C X. Hence —idqg & W(Zp). Thus, any austere point does not
satisfy the sufficient condition in Theorem 5.

A compact symmetric triad whose symmetric triad is type III-A, is one of the following:

1. SUQ2r +2), Sp(r + 1), SOQ2r +2)),

2. (E¢, Sp@4), Fy) (r=2),

3. (UxU,A(U x U),K x K) where (U, K) is a compact symmetric pair whose root
system is type A,  (condition (B)).

4.8. Typelll-B,. X" =W" =B/,
d=ej+ex=A1+20+---+2A .

Apoint H € Fo is austere which is not totally geodesic if and only if H = (1/2)H;, H; (2 <
i <vr).

For each H; = (w/4)(e1 + --- + ¢;), we have f]Hi = D; @ B,_;. Therefore, by
Proposition 7 and Theorem 5, if i is even, then Ky exp(H;)K1 C G, Kaymi(exp(H;)) C
M;, Kim(exp(H;)) C M, are weakly reflective for each 2 < i < r. When i is odd,
since —idq ¢ W(X), H; does not satisfy the sufficient condition in Theorem 5. Since
Span(f] H,) 7 a, the point (1/2) Hy does not satisfy the sufficient condition in Theorem 5.

A compact symmetric triad whose symmetric triad is type III-B, is one of the following:
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1. (Ux U, AU x U),K x K) where (U,K) is a compact symmetric pair whose root
system is type B,  (condition (B)).

49. Typelll-C,. Xt =W =C/,
a=2e =27+ +20_1+ .

If m(£2e;) # n(2e;), then a point H € Py is austere which is not totally geodesic if
andonlyif H = H; (1 <i <r —1). If m(£2e¢;) = n(+2e;), then H € Py is austere which
is not totally geodesic if and only if H = (1/2)H,, H; (1 <i <r —1). For each H; =
(m/4)(e1+---+e) (1 <i<r—1),wehave ZN‘H,. = C; & C,_;. Therefore, by Proposition
7 and Theorem 5, K> exp(H;)K1 C G, Kaxmi(exp(H;)) C My, Kima(exp(H;)) C M, are
weakly reflective for each 1 < i < r — 1. Since Span(fi(l /2)H,) # a, the point (1/2)H,
does not satisfy the sufficient condition in Theorem 5. A compact symmetric triad whose
symmetric triad is type III-C, is one of the following:

1. (SU@r), S(UR2r) x U2r)), Sp(2r)),

2. (Sp(2r), U(2r), Sp(r) x Sp(r)),

3. (Ux U, A(U x U), K x K) where (U, K) is a compact symmetric pair whose root
system is type C,  (condition (B)).

4.10. Type I1I-BC,. >t=wt= BC;’_,
a=2e =21 +---+ 2.

Apoint H € P, is austere which is not totally geodesic if and only if H = H; (1 <i < r). For
each H; = (m/4)(e1+- - -+e;) (1 <i <r),wehave fJH,. = C;®BC,_;. Therefore, by Propo-
sition 7 and Theorem 5, K7 exp(H;)K1 C G, Kpmi(exp(H;)) C M1, Kim(exp(H;)) C My
are weakly reflective foreach 1 <i <r.

A compact symmetric triad whose symmetric triad is type III-BC, is one of the follow-
ing:
SuU@r + 2s), S(UQ2r) x UQ2s)), Sp(r+s)) (T <s),
(SU2E2r+1)), SUQ2r+1) xUQ2r+1)), Sp2r+1)) (1=r),
(Sp(r +s), U(r +s), Sp(r) x Sp(s)) (r <s),
(Ee, SU(6)-SUQ2), Fs) (r=1),
(Ee, SO(10) - U(1), Fs) (r=1),
(Fs, Sp(3) - Sp(1),SO(9)) (r=1),
U xU,AWU x U), K x f) where (U, f) is a compact symmetric pair whose root
system is type BC,  (condition (B)).

4.11. Typelll-D,. ¥+ =W+t =D/,

NNk W=

a=e+er=rA+20+ - +2x 2+ r_1+A,.

A point H € ?0 is austere which is not totally geodesic if and only if H; 2 < i < r —
D, (1/2)Hy, (1/2)Hy—1, (1/2)H,, (1/2)(H1+H,—y), (1/2)(H1+H,), (1/2)(H,—1+H,).
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For each H; = (m/4)(e1 + ---+€) 2 < i < r —2), we have ¥y, = D; @ D,_;.
Therefore, by Proposition 7 and Theorem 5, if r and i are even, then Kjexp(H;)K| C
G, Kym(exp(H;)) C M, Kim(exp(H;)) C M, are weakly reflective for each 1 <
i <r. When H = H; (i or r isodd), (1/2)H;, (1/2)H,—1, (1/2)H,, (1/2)(H, +
H._y), (1/2)(H1 + H;), (1/2)(H,—1 + H,), H does not satisfy the sufficient condition
in Theorem 5.

A compact symmetric triad whose symmetric triad is type III-D, is one of the following:

1. (U x U, AU x U), K x K) where (U, K) is a compact symmetric pair whose root
system is type D,  (condition (B)).

4.12. Type IlI-E¢. By Proposition 7, —id, ¢ W(X). Moreover, for each H € a,

W(fJH) C W(Z~‘) since ¥y C X. Hence —idg & W(Z~‘H). Thus, each austere point does not
satisfy the sufficient condition in Theorem 5.
A compact symmetric triad whose symmetric triad is type III-Eg is one of the following:

1. (UxU,A(U x U),K x K) where (U, K) is a compact symmetric pair whose root
system is type E¢  (condition (B)).

4.13. Typelll-E;. X7 = W' =E7, [T = {1, A2, 23, A4, As, A6, A7},
a =20 +2A + 423 +4rg +3%5 + 206 + A7

A point H € Py is austere which is not totally geodesic if and only if H =
Hy, Hy, Hg, (1/2)H7. Since Span(fi(l/z)m) # a, the point (1/2)H7 does not satisfy the
sufficient condition in Theorem 5.

(1) When H = H; We have 2;] = XF N Spany{A2, A3, A4, A5, Ag, A7), W;;] = {a}.

Since (&, ;) =02 <i <7), ¥y, L Wp,. Hence, fJH] is isomorphic to X'y, & Wy,
as a root system. Since {A2, A3, A4, A5, Ag, A7} is a fundamental system of X'y, we can see

2'n, = Dg. Hence, we have f]Hl = Dg @ Aj. Therefore, by Proposition 7 and Theorem 5,
K> exp(H) K1 C G, Kami(exp(Hy)) C My, Kima(exp(Hy)) C M are weakly reflective.

(2) When H = H, We have
Ty, = ZF N Spang (i1, A3, ha, As, ke, A7),
Wa, = {Xo, 20+ A7, Ao+ A6+ A7, Ao+ A5+ A6+ A7, Ao+ A4+ As+ A6+ A7,
A0+ A3+ Aa+ A5+ Ae + A7, Ao+ A1+ A3+ Aa+ As + A6 + A7),
where Ag = A1 + 2X2 + 2A3 + 3X4 + 2)5 + Ag. Hence,
My, == {ko, A1, A3, A4, A5, A6, A7}

is a fundamental system of 2}12- Fori = 1,3 <i < 6, we have (Ag, A;) =0, (Ao, A7) =
(A6, A7). Thus, ITy, corresponds to the Dynkin diagram of type A7. Therefore, we obtain
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f]Hz = A;. By Proposition 7, we have —idy, ¢ W(fJHz). Thus, Hy does not satisfy the
sufficient condition in Theorem 5.

(3) When H = Hg Similarly, we set Ag = A2 + A3 + 2A4 + 2A5 + 246 + A7. Then, the set
My = {Xo, A1, A2, A3, A4, A5, A7}

is a fundamental system of f]HS. For2 <i < 5,i =7, we have (A9, A;) =0, (Ao, A1) =
(A1, A3). The set [Ty, corresponds to the Dynkin diagram of type D¢ @ A;. Thus, we

have fJHO = D¢ @ Aj. Therefore, by Proposition 7 and Theorem 5, K exp(Hg)K| C
G, Koxmi(exp(Hg)) C My and Km(exp(Hp)) C M, are weakly reflective.
A compact symmetric triad whose symmetric triad is type III-E7 is one of the following:

1. (U x U, AU x U), K x K) where (U, K) is a compact symmetric pair whose root
system is type E7  (condition (B)).

4.14. Type 1I-Eg. >t = wt = E;_, IT = {A1, A2, A3, A4, A5, Ag, A7, A8}, @ =

2A1 + 3A2 +4X3 + 644 + Sh5 + 4he + 347 + 2X13. A point H € Py is austere which is not
totally geodesic if and only if H = Hj, Hg.

(1) When H = H; We set A\g = 2A1 + 2Xy + 313 + 4Aq + 3A5 + 2X¢ + A7. Then,
the set [Ty, = {Ao, A2, A3, A4, A5, Ag, A7, Ag} is a fundamental system of E‘Hl. For each
2 <i = 7,wehave (Ao, A;) =0, (Ao, Ag) = (A7, Ag). Thus [Ty, corresponds to the Dynkin

diagram of type Dg. Hence, ¥ 1, = Dg. Therefore, by Proposition 7 and Theorem 5, we have
K> exp(H1)K1 C G, Kym(exp(Hy)) C My, Kima(exp(Hi)) C M are weakly reflective.

(2) When H = Hg We have Z‘;g =Xtn Spang{ii, A2, A3, A4, A5, Ae, A7}, Wy = {a}.
Foreach 1 <i <7, we have (&, A;) = 0. Thus, ¥y, 1 Wg,. Hence fJHB is isomorphic to
Z:‘HS = Y, @ Wy, as aroot system. Since the set {A1, A2, A3, A4, A5, Ag, A7} is a fundamental

system of Xy, we can see that X'y, = E7. Thus, f}Hg = E7 & Aj. Therefore, by Proposition
7 and Theorem 5, K7 exp(Hs)K1 C G, Komi(exp(Hg)) C My, Kim(exp(Hg)) C M are
weakly reflective.

A compact symmetric triad whose symmetric triad is type III-Eg is one of the following:

1. (U xU,A(U x U), K x K) where (U, K) is a compact symmetric pair whose root
system is type Eg  (condition (B)).
4.15. Typell-Fs. Xt = WH =F/, [T ={A1 = e —e3,00 = €3 —e4, A3 =

es, ha = (1/2)(e1 —ex—e3—es)}, . = e1 +e2 =21 + 32 +413+2X4. Apoint H € Py is
austere which is not totally geodesic if and only if H = Hy = (7w /4)(e1 +e2), Hy = (7/2)e;.
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(1) When H = H; We have b)) 1, = Cas. Therefore, by Proposition 7 and Theorem 5,
K> exp(H1)K1 C G, Kym(exp(Hy)) C My, Kima(exp(Hi)) C M are weakly reflective.

(2) When H = H4; We have b)) H, = Ba4. Therefore, by Proposition 7 and Theorem 5,
K> exp(H4)K1 C G, Kami(exp(Hs)) C My, Kima(exp(Hs)) C M are weakly reflective.
A compact symmetric triad whose symmetric triad is type III-F4 is one of the following:

1. (U x U, AU x U), K x K) where (U, K) is a compact symmetric pair whose root
system is type F4  (condition (B)).

4.16. Typelll-G,. Xt =Wt =G, T = (A =e1 —ez, hy = —2¢1 — ey + €3},
a=—el —ey+2e3 =3A +2X.

A point H € Py is austere which is not totally geodesic if and only if H = H, =
(r/12)(—ey — es + 2e3) = (1/12)(3A1 + 212). We have 2;2 = (M), W;;Z = {311 + 212}
Thus, i‘;z = {A1, 311 4+ 2A2} Therefore, by Proposition 7 and Theorem 5, K> exp(H2)K1 C
G, Kymi(exp(H2)) C My, Kima(exp(H2)) C M are weakly reflective.

A compact symmetric triad whose symmetric triad is type III-G; is one of the following:

1. (Ux U, AU x U),K x K) where (U, K) is a compact symmetric pair whose root
system is type G2 (condition (B)).
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