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Abstract. We discuss the Hausdorff dimension of certain sets related to Diophantine approximations over
an imaginary quadratic field Q(+/d). We show that, for an infinite subset A of Z[w]\{0}, the set of z € C with
|z —a/r| <1/ |r|1+p having infinitely many solutions of a € Z[w] and r € A with some p > 0 has Hausdorff
dimension 2(1 4 y)/(1+ p), where y is the sup of & such that )~ . 4 1/(|r|2)h diverges. This result is a version of a
result by G. Harman for complex numbers without the coprime condition. In particular, this result implies a version
of the classical Jarnik-Besicovitch result when we take A = Z[w]\{0}. We also discuss the Hausdorff dimension
of the set of complex numbers which have infinitely many solutions to the Diophantine inequality concerning the
Duffin-Schaeffer conjecture over Q(Vd).

1. Introduction

In the theory of Diophantine approximations, we usually use the Hausdorff dimension
to measure the size of the exceptional sets. In 1929, V. Jarnik [5] proved that the Hausdorff
dimension of the set of r € R such that the inequality

‘ m 1
r——| < —
n n4

has infinitely many solutions of rational numbers m /n is 2/q for g > 2, and also in 1934 A.
S. Besicovitch [1] proved the same result. G. Harman [4] then showed a more general result
that the Hausdorff dimension of the set of @ € R such that the inequality |ga — p| < ¢~°
with (p,g) =landy =sup{f0<h:) .4 nh diverges} for some infinite set .4 of positive
integers has infinitely many solutions of rational numbers p/q, equalsto (1+y)/(1+p). We
note that V. Jarnik and A. S. Besicovitch’s results can be followed as its corollary. G. Harman
also proved that the Hausdorff dimension of the set of real numbers those have infinitely many
solutions to the Diophantine inequality concerning the Duffin-Schaeffer conjecture [3] is 1 by
using this result.
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In this paper, we show a similar result for the imaginary quadratic fields. For a given
square-free negative integer d, we define

| A+ VD, ifd=1 (mod4),
| V4, ifd=2,3 (mod4),

and denote by Z[w] the ring of integers of Q(v/d). In order to avoid the problem of different
prime factor decompositions of an integer in Z[w], we consider ideals for the uniqueness of
the prime factor decomposition.

We define the set

E:[(a,r):a,reZ[w],r;éO,geF}
r
and

F={x+yw:x,yeR,0<x,y<1}.

Our main result is the following, which is a complex number version of Theorem 10.6 in [4].

THEOREM 1. For an infinite subset A of Z[w]\{0}, let

1\"
v:sup{h>0zz<w> :oo}.
reA

For a real number p with p > v, define the set
a
D= [Z elF: ‘z - —‘ < |r|_(1+p) has infinitely many (a,r) € ¥ withr € A} .
r

2(1+v)
I+p °

Then we have dimg D =

If the class number of Q(+/d) is 1 and A = Z[w]\{0}, then we have v = 1 and we see
that for any z € D there exist infinitely many pairs of a and r in Z[w] with r # 0 such that
lz—a/r| < |r|~1*?) holds and (a, r) = (1), where (a, r) = (1) means that the ideals () and
(r) are coprime. This is because of the following: (i) if a’/r' = a/r, |z —a'/r'| < |r'|71+P)
and |r'| > |r| hold, then |z — a/r| < |r|~1*#) also holds; (ii) there are at most finitely many
pairs of @’ and r’ with a’/r’ = a/r such that |z — a’/r'| < |r/|~1*P) holds. Thus, in this
case, there is no difference between the inequality with and without the coprime condition on
a and r. This situation is the same as V. Jarnik and A. S. Besicovitch’s result for real numbers.
However, it seems to be not obvious if the class number is not 1.

COROLLARY 1. Suppose that the class number of Q(v/d) is 1 and put

Dy = !Z elF: ‘z - ﬂ‘ < 1r|7*) has infinitely many (a,r) € ¥ with (a,r) = (1)} .
r

then dimy Dy = %for,o > 1.
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We also consider the set of solutions related to the Duffin-Schaeffer conjecture for complex
numbers from Theorem 1. Following the Duffin-Schaeffer conjecture for real numbers in [3],
we can state it as follows in the case of complex numbers (see [2]).

CONJECTURE 1 (acomplex version of the Duffin-Schaeffer conjecture). Suppose
that U ((r)) is a non-negative function with

\1’2
> a((ry) )

Ir|?
reZlw]\{0}
diverges. Define the set

a

D1={zeF;‘Z_;‘< W((r))

|r]
Then D1 has full Lebesgue measure in .

has infinitely many (a,r) € X with (a,r) = (1)} .

Here ®((r)) is the Euler function for ideals, that is, it denotes the number of reduced residue
classes modulo (r). Toward this conjecture, we show the following theorem without assuming

(a,r) =(1).

THEOREM 2. Suppose that V((r)) is a non-negative function such that

qJZ
PR I() l:g )

reZlw]\{0}
diverges. Define the set
v
D> = {z elF: ‘z — ﬂ‘ < |((r)) has infinitely many (a,r) € E} .
r r

Then we have dimyg Dy = 2.

REMARK 1. Recently, the author proved that if W((r)) = (’)(|r|_1) then D; has full
Lebesgue measure (see [2]). The author believes that Theorems 1 and 2 hold with the coprime
condition (a, r) = (1). However, the distribution of % with (a, r) = (1) in the fundamental
region IF is not uniform for some r € Z[w]\{0} and this fact makes difficulty to prove them.

REMARK 2. In 1991, H. Nakada and G. Wagner [7] showed Gallagher’s 0-1 laws over
the complex numbers, that is, either D; or its complement is a set of Lebesgue measure 0
even if

Z W2((r)) = 0. (1)

reZ[w]\{0}

If ZreZ[w]\{O} @ ((r)W2((r)|r|~? < oo, then the normalized Lebesgue measure of D is 0
due to the Borel-Cantelli lemma. We can not ignore the possibility that the measure of the set
D> equals to 0 under the condition (1). In the last section of this paper, by following an idea
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of Duffin and Schaeffer [3], we construct a counter example by giving a sequence of W ((r))
which satisfies (1) but the measure of D, under our choice of {W((r))} is not 1.

2. Proof of the results

First, we define closed disc Z in the complex plane with

I:[ze@:‘z—g‘<5},

r

where § is a positive real number and a, r € Z[w] with r # 0. We adopt the following as the
definition of the Hausdorff dimension of a subset of complex numbers (see [1] and G. Harman

[4] chapter 10).

DEFINITION 1. Suppose that D is a set of complex numbers. The Hausdorff dimen-
sion of D is equal to d (dimy D = d) if it satisfies the next two conditions:
(1) For any B8 > d and any ¢ > 0, there exist a sequence of closed discs in the complex plane
of {Z; }7‘;1, such that
(@)D C U‘]’-‘;II s

(o8]
(b) Z(diam(I j))’S < 1, where diam(-) denotes the diameter of the closed disc,
j=1
(c)diam(Z;) < ¢, forany j € N.
(2) For any B < d, there exists ¢ > 0, such that there is no sequence of closed discs in the
complex plane satisfies all of the above (a), (b) and (c).

Before we prove Theorem 1, we first give two lemmas which will be used later.

Let § be a positive real number. For any a, r € Z[w] with r # 0, put

To(a,r,8) = {ze@:‘z—f

r

< 5} :
Moreover, for any r € Z[w] with r # 0 and any closed disc Z in C, we denote by N(r, T)
(resp. N'(r, 7)) the number of a € Z[w] satisfying Zo N T # ¢ (resp. Zo(a, r, 8) C I).

LEMMA 1. Let T be a closed disc with diameter ¢ and 8, n real numbers with 0 <
8 < %{ and 0 < n < 1. Then there exist positive constants c1(d, ), c2(d, n) and Ro(d, n),

depending only on d and 1, satisfying the following: for any r € Z[w]\{0} with ¢ > |r|"~!
and |r| > Ro(d, 1), we have

N, T) < cr(d, m¢3ir?,

N'(r,T) = ca(d, n)¢*Ir|?.

PROOF. We only consider the case of d = 1 (mod 4). In fact, we can prove the case
of d = 2,3 (mod 4) in the same way. Suppose zo € Cisthecenterof Zie. Z ={z € C:
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|z — zol %}. If Zy(a, r, §) intersects Z, then we consider the bigger disc 7 = {z € C :

<
<

|z — zol % + 8} and count the number of lattice points of a € Z[w] with a/r € T’ for a

fixed r € Z[w]\{0} to estimate N (r, 7). Let c1(d) = Y52 be the diameter and ¢2(d) = Y54
be the area of the parallelgram F. Then we have

(5 +9) + 42’

Il
()
Ir|?

@Clr|+c1(d))?

N(r,1) <

T
< -
c2(d)
T
= ——(IrP? + 2c1@)¢|r] + ¢{ (@) -
c2(d)
Since ¢ > |r|" !, ¢~ r|7! — 0as |r| tends to co. So we have that for |r| > Ro(d, ) with
some large Ro(d, n), there is some c1(d, n) > 0 such that

N(r,T) < ci(d, )3ir®.

Similarly we count the number of lattice points in a smaller disc to estimate N’ (r, Z) as fol-
lows:

/ 7[((% - ) - LI"(.(‘I))Z
N D > )
irl?
=@ (G -er@)
: d
) (%"'2 - &2)§|r| + c%(d)) .

So for |r| > Ro(d, n), there is some c2(d, n) > 0 such that

N'(r,T) > ca(d, )3 |r|?.
O

The next lemma gives the estimate of the number of two different closed discs which intersect
each other described in Lemma 1.

LEMMA 2. Given a positive integer Q. For § > 0 and a,r € Z[w] which r # 0 and

a/r € F, put
a
I(a,r, 6) = {zeIE‘: ‘z——

r

< 3} .
Consider

G={Z(a,r,8) :(a,r) e X, r €C}
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for any subset C of{r e A:|r|* € (0, Q]}, where A is any infinite subset of Z[w]\{0}. Then
there is some constant k'(d) > 0 depending on d such that

Y. 1| 4Nk @8 Q%eP @
1,J€6
I#T.INT#¢

where Ny is the number of units of Q(v/d).

PROOF. We have

)SINEIED SIID SINED SEND DI

7,7€G r,seC  a,beZlw] r,seC a,beZw]
I#J.INT #¢ %,?EF %,?eﬂ*‘
0< ﬂ—é)<25 O<l|as—br|<8|rs|

Y Y o @
r,seC a,keZlw]
%,%eﬂ?
0<k|<28Q
as=k (mod (r))
for k = as — br. Let U = (r, s) and then there are ideals R’ and S’ such that (r) = UR’ and
(s) = US’. First, we consider the number of k with

U | (k) and 1< |k|> < 48%0°. @)

Let us denote by 7' (¢) the number of ideals whose norms are smaller than or equal to ¢t > 0
and by N(-) the norm of ideal. Put (k) = UU’ with an ideal U’, then the number of (k) which
satisfies (4) equals to the number of U’ with N(U') < 452 Q2 /N(U) which is smaller than
T (482Q%/N(U)). Fix one k € Z[w] which satisfies (4) and suppose that ag, by € Z[w] and
ai, by € Zlw] are two different pairs of integers with k = ags — bor = ais — bijr. Then
we have (a9 — a1)S’ = (bg — b1)R’ which shows that ag and a; are in the same residue
class modulo the ideal R’. Since the number of residue class modulo the ideal R’ is N(R’)
and the number of a € Z[w] with a/r € F is |r|> and these integers a are all in different
residue classes modulo the ideal (7), the number of pairs of a, b € Z[w] with k = as — br is
|r2N~1(R") = N(U) for fixed k € Z[w]. Thus we have

22 22
3 1<Nd-T<45 Q )-N(U) <4Ndk/(d)5 9 N(U)
a,kellw] N(U) N(U)

a bep

0<lk|<250
as=k (mod (r))

= 4Nk (d)8 07,
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with some k’'(d) > 0. Note that N is always a constant. The constant k'(d), depending on
d, exists since the number of units in an imaginary quadratic field is finite and the sequence
{T (n)/n} converges to some constant depending on d by Theorem 1.114 in [6]. By the above
result and inequality (3) we have

Do 1| < DD ANGK ()8 QF = 4NgK ()8 Q% (C).
r.seC

Z,.JeG
T#T.INT #¢

Now we will give the proof of Theorem 1.

PROOF OF THEOREM 1. First, we show (1) of Definition 1 holds for the set D. For
any 8 > 2(1 +v)/(1 + p) and any ¢ > 0, we can choose a sufficiently large X > 0 with

28
T !

o < ¢ and
1tp 2
(X)—2 rea (¢

Ir1>>X
This is possible since (pB + B)/2 — 1 > v, which means

PBYB
> ()
—2 < 0.
reA Ir
We denote by {Z1, Z,, ...} the collection of the discs of the form Zy(a, r, |r|~1=P), where

a € Zlw], r € A, |r|2 > X, and a/r € F. Then the set D can be covered by the union of
{Z; }?‘; | and this satisfies condition (a) in Definition 1. Next, we have

2 )/3 28
- = - 1
= > (i Y — w1
(a,r)ex (|r| P reA (|V|2)

r%A TARED ¢
[rl*>X

Z diam(Z; )
j=1

which satisfies condition (b) in Definition 1. Condition (c¢) holds for our choice of the closed
discs with |r|? > X, which satisfies

. 2 2
dlam(I]) = MTP < ﬁ <é
for all j € N. Thus we see that the set D satisfies (1) of Definition 1, i.e., dimyD <
2(1 +v)/(1 + p) holds.
Next, we show that the set D satisfies (2) of Definition 1, i.e., dimyg D > 2(1+v)/(14p).
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Pick some g with 0 < g < v such that
D UrP) T =00
reA

Then there are infinitely many integers of K satisfying

K9
reA 0g
TKLIrP<K

We show this by a contradiction. Suppose there are only finitely many rational integers of
{K1, K3, ..., Ky} which satisfies (5) with some N € N. Let %Ko =max(K1, K2, ..., Kn),

then we have
1 g
> (pp) =~

re./l4
Ir><% Ko

For any K > K( we have
Z 1< K—g
reA h 10g2 K-
TKLIrP<K
This shows
1)? 1 1
L Gr)- T ot Tt

eA
Ir?>1Ko TKo<Ir1? <Ko Ko<|r[?<2K

g g
< ) (Ko)g " <i) (22K0)g +
log?(Ko) Ko/ log*(2Kyp)
1 1 1
log?(Ko)  log*(2Ko) log (2?Ko)

oo
1
—ey L 6
rg)(koerk/)Z = ©)

with kg = log(Kp) and k¥’ = log 2. Hence we have
D)™ < oo,
reA

which gives the contradiction.
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Next, let 8 < 2(1 4 g)/(1 + p) and choose 1 > 0 for Lemma 1 with
/(1 1 /149 B
g - - 9 - - . T A .
n m1n<4(p 9) 4(1+p 2))
Choose a sequence of integers of {K; }"o o satisfying the following conditions:

(i) Ko =1,

€L
(i) K1 > max{ZRé(d, ), (4Ngk'(d)), 247 (2%2(,1 )7
(iii) 2log>(2|r|?) < |r|*" forall r € Z[w]\{0} w1th Ir|? > Kl,

1 L
[ T+p }

3

(iv) Kl s K”" and K; > 4K forall j > 1, (7
(Kj)9 1 .
v) 1> —72"—and (K91 - >2forall j > 1,
,%:4 log?(K ;) ! log® K !

1K <IrP<K;

where c¢2(d, n) and Ro(d, n) are from Lemma 1 and k’(d) is the constant from Lemma 2. Let
D' = D N, where F’ is a subset of IF defined by

1 1
,_1to <_}‘

F = C: <
{ZE 2 1

Since dimy D’ < dimg D, it is enough to show that dimyg D’ > %"’;) by checking (2) of

Definition 1. Put ¢ = 2K, /2 and we will show that for any sequence of closed discs of
{Z; } ° | which satisfies condmons (b) and (c) in Definition 1 does not satisfy (a), that is, if

> (diam(Z)))F < 1 (8)
j=1
and
1

1\2
diam(Z;) < e =2 (—) forall j e N
K>

hold, then D’ ¢ U°° I We construct a collection of nested sets {JJ}oo 1 with 71 D Jb D
J3D - sothatJ ﬂ W JjCcD andJ ¢ U°° 1Zj. Then we have D’ ¢ U°° Z; which

completes our proof.

To do this, we define a sequence of positive real numbers {¢ }°° ~o Withe; =2(K; )_lﬁ

for any j > 0. We construct the nested sets {JJ}oo | by induction such that it satisfies the

following four properties:

(P1) J; is a union of M; disjoint closed discs with diameters ¢; = 2(K; )_H_p

(P2) For any Z,, with diameter between ¢; and ¢;_1, we have Z,, N J; = ¢.
(P3) For any z € Jj, there exista € Z[w] and r € A with (1/2)K; < Ir? < K ; such that
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2 —a/r| < (Kj))~ 2" with ¢ € F;
(P4) Mj > (K;)'T9-21,

By (P3), we have 7 C D’. Since J; is compact forall j € N, J = ﬂ‘]’.‘;ljj # ¢. By (P2),
foranya € J wehavea ¢ I; forall j € N,soa ¢ U?illj which shows J ¢ U?‘;llj.
o0

Thus it is enough to construct {7} =1 with the above four properties to show D’ ¢ U‘]?‘;II -

By (7), we can choose aset C; C {r € A: K1/2 < |r|*> < K1} such that

(K1)?
log? K

<Gl < (K)? ©)

where |C1| denotes the cardinal of the set C;. Then we construct 71 by using the closed discs
centered at a/r € ' with r € C; and their radius are &1/2 which are wholly within F’.
V€C| |r|2
It’s obvious that these closed discs all satisfy the property (P3). By the choice of ¢ we have
chosen, they also satisfy the property (P2). By Lemma 2 for § = ¢1/2, the number of pairs

By Lemma 1, the number of closed discs we could choose is more than %‘l’”) >

of discs intersect to each other is at most 4N k' (d)(K1)'~*|C1|>. Remove one disc from each
pairs of discs intersect to each other and denote by M; the number of the left closed discs such
that property (P1) holds. Now we confirm that M satisfies the property (P4). Indeed we have

Cz(ds Tl) 2 / 1— 2
My > === Ir? — 4NakK' (@) (K1)~ 1C |

V€C|
ds
- e 77) Z 2(|r|2)1—n 10g2(2|r|2) _4Ndk/(d)(K1)—277(K1)1+g—277
V€C|
2"¢y(d, _ _
> 2D (k) o (K€ — (K)o
n
> (LQ(‘Z LS 1) (Kp)' o2

> (K)o,

The above discussion implies that 71 can actually be constructed. Suppose J; has already
been constructed and now we will construct J;41. Similarly to the choice of C1, we can find

Cit1 C{reA: Kj11/2 <|r|* < Kj4+1} which satisfies

(Kj+1)?

<ICjl < (Kjq1)Y. (10)
log® K j+1 ! !

We only use the closed discs of {z € C : [z —a/r| < gj41/2} witha/r e F andr € Cj 4
which are wholly within J; C J; C F’ to construct Jj41 so that J;4 satisfies (P3). The
steps of our construction of J;1 are as follows:

(step 1) Choose all the closed discs {z € ' : |z — a/r| < €j41/2} which are wholly within
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Jj.
(siep 2) Remove the closed discs which intersect to each other such that all the left closed
discs are all disjoint.
(step 3) Remove all the closed discs which intersect some closed discs in {Z j}‘]?il whose
diameter is between ;1 and ;.
(step 4) Confirm the number of closed discs, that is, whether M ;11 > (K4 1)1+9 ~21 or not.
(step 5) If (step 4) satisfies property (P4), then define J;11 as the union of the left closed
discs.

Let{ =¢jand 8

€j+1/2 = (Kj+1)_l+Tp. By our choice of {K;} in (7) we have § <

(4Kj)—”7” < (1/4)ej = (1/4)¢. From our choice of K in (7) with (K ;4+1)!™7 > (K;)!*7,

the number of closed discs which are wholly within J; is more than

ca(d, mMjer Y I (11)
rECjJr]

by using Lemma 1. By Lemma 2 for § = ¢;41/2, we have that the number of pairs of closed
discs which intersect to each other is less than

NG @) () (54021017 = ANk @ (K ) 11 (12)
Define
Fi={Tce€ {Ij}j?‘;l tejq1 < diam(Z) < g},
and put

1—n

e
) < diam(Z) < sj} ,

1—p

1 e
F;Z)Z{IefjtsjﬂSdiam(Z)<2(K_ ) }
Jj+1

By Lemma 1, we have that the number of closed discs in J;+1 which intersect some closed
discs in Fj is less than

. 5 . 2
> Y ad. pdam@) P+ Y > <§(dlam(I) + ej+1)|r|> (13)
TeFV reCjn TeF? reCin
J J
for some c1(d, n) > 0. From (8) we see

Y ad diam@)* Y rP= Y ei(d, n)(diam(2))* P (diam(@)? Y |

Zer! reCjsi Zer! reCjt1
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<ad,meE)* P Y 1P

rECj_H
Since
(I+p) (+p)
1 e G %)) 1 5= 2=p)—4np 1 p—g+4n
(e))> P =27 —) <4 (— <4 (— :
K; K; K
we have
Y ad, miam(@)? Y P < dad, KNI P L (4
:Z'E]_‘j(_l) rECj+1 rECjH

The estimate of the second sum in (13) is

5 2 1\ TRe-h)
>y (E(diam(I) + ej+1)|r|) <100 <K‘ 7|
TeFPDreCiy j+l reCjqy
J
1\ 5
<100 ri* |, (15)
<Kj+1) Z
rECjJr]
since
1 — —
( ")(2—ﬁ)—3n=1—4n—é+@>u+@ >0.

2 22 T 14p 2

Finally, we estimate M1 in (step 4). From (11), (12), (14), and (15) we have

Mjpi = co(d, Mg Y |rl> — 4NgK () (K ) 7P1C 411

rECjJr]

—dei(d, (KNI P | = 100K ) Y kP (16)

reCjy reCjt
By (7) and 4n < p — g, we have
4Nk (d)(K j+1)' 7ICj1]?
SANGK (d)(Kj41)' 7" (K j41)%
SANGK (d) (K j41)' 974
= ANk () (K j+1)9 (K je) 71K jp) "

1, s (Kjr1)d 1 1=
= 4Nk (d)= - 2177 (K1) —5 2 2K log?(K
ak'( )2 ( ]+1) IOgZ(Kj_H) ) Jj+1 g7 ( ]+1)
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<ANgK (@)K D7 1P (17)

rECj_H
From (16) and (17), we get
M

> ( > (cz(d, MM —dcr(d, ))(K )97~ — (4Ngk'(d) + 1oo>(Kj+1)—3”)
rECj_H

> ( 21 | (4eatdam) (K 770721 —derd ) (K I~ = 4Nk (@)+100) (K j41) ")

rECj_H

Here, we can add some more conditions to our choice of {K;} forall j > I:

K| > (M + QNK () +50))ﬁ , (18)
ca(d, n)
+2 7
(Kj_l)p n—g\"
K> (2= ) 19
f>< 2e2(d. ) ) )

By (19), we have

(Kjp1) 7" < (K72 (Kj) ™ < (Kj) 727 - 2c2(d, n)(K j)97P~21

and then we see

Mjpi> | Y Ir | 2ea(d, ) (K j)97P72" (2— <M+<2Ndk/<d>+so>> (Kp‘z")
rECj_H C2(d, n)
> ( D 1P| 2ea(d., ) (K9P0
rECj_H

Since

(Z 2= >0 2. (e log? 2l

rECj+1 rECj+1

(Kjr1)? <1 )1_" 2
> 2 (oK) log¥(Kj4)
log?(Kj1) \2 7 !

=2"(Kj)!7"
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and by (19), we have

(ks 5 i) L
2¢2(d, m)
This gives
_ (Kj+1)™"
M (K - I=n+g o d, A
1> 2"(Kjy1) c2(d, n) 20, 1)

=2"(K j41) I > (K ) O

which satisfies the property (P4). So we can actually construct J;+1 from J;. By this con-

2(1+v)
T+p

proof of Theorem 1. O

struction, we have © . Z;. Thus we see that dimg D’ > , which completes the
truct have D" ¢ U3Z,7;. Th that dimg D" > hich completes th.

Next, we give the proof of Theorem 2 by using Theorem 1.

PROOF OF THEOREM 2. From Theorem 1.1 in [2] we see if W((r)) = O(jr|~") then
Dy has the full Lebesgue measure which also means dimy Dy = 2. Thus it is enough to
only consider the case of W((r)) = O(|r|~!) doesn’t hold, i.e., there are infinitely many
r € Z[w]\{0} such that W((r)) > |r|~'. Let’s define

W((r)), ifw(r) > |r™",
0, otherwise,

() = {

and put A' = {r € Z[o]\{0} : U((r) # 0}. If 3,4 P(())P2((r)|r|~2 converges,
then Zr¢A’ O((M)W((r)|r| 2 diverges. By Theorem 1.1 in [2] again, the Hausdorff di-
mension of the set D, is 2 for the sequence {W((r))}. Now let’s consider the case of
Dored <I>((r))‘~i12((r))|r|_2 diverges. In this case, it is enough to prove it with {\il((r))} in-
stead of {W((r))}.

We restrict \il((r)) < 1 for all r € Z[w]\{0} without loss of generality. For any given
e >0,let

Am) = {r e A+ r|7" Ve < Qo ((r)) < |r|7™)
for 0 < m < [¢~'] and put
Ale™ D =(re A : /7 < W) < Ir) 71y,
Since
A G
YW= Y V() =oc,

reA m=0reA(m)
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there is at least one m with 0 < m < [5_1] such that

> ) =0 (20)
reA(m)

with |A(m)| = oco. By (20) and (|r|>)™™¢ < 1, there exists a sequence of {3,} of pairwise
disjoint nonempty subsets of A(m) satisfying the following conditions:

() A=U2 B,.

(2) Let n < n’ be any positive integers. Then, for any r € BB, and r’ € B,/, we have |r| < |r/].
(3) For any positive integer n, we have

1 me
1< — <2.
% (i)
reB,
For any n € N, put n, = 27". Then there exists k, € N such that

Z L me+ny, - 1 (21)
|r|2 on—1

reBy

holds for any k > k;,. So we have a sequence {k,} with k1 < k» < k3 < --- which satisfies
21). Put B = U‘J?i 1 Bk;» then B is an infinite subset of A(m) and obviously satisfies

() -

reB

For any h > me, there exists some ng € N with &7 > me + n,, for all n > ng, which shows

26 - = Ge) 22 ()

-1 =
reB reu;‘_():l Bkj Jj=no reBkj
1\" N 1
-y () eyl e
not |r|? = 2i-1
rEUj:l Bkj

Thus B is an infinite subset of A(m) satisfies

1\"
E (—| |2) =00, ifh <ms,
,

reB

1\"
Z<_2) < o0, ifh > me.
reB Ir]

Let
;o ] a 1
D; = {Z clF: ‘z— —‘ < 7|r|1+(m+1)8

has infinitely many (a,r) € ¥ withr € B} .
,
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Then we have dimyg D, > dimHDé since Dé C Dy. Letv = me and p = (m + 1)e. By
Theorem 1 we see

2(1+v)  2(1+me)

2 > dimy Dy > dimy D5 = l+p 14+me+e

>2—2¢.

Since ¢ > 0 is arbitrary, we have dimy Dy = 2. |

3. Anexample

In this section, we show a counter example stated in Remark 2 following the example
of [3]. We denote by X the normalized Lebesgue measure of F, i.e., A(F) = 1, and give a
sequence {W((r))} with Zrez[w]\{o} W2((r)) = oo such that A(Dy) < 1. First, we give the
complex version of Lemma V in [3] as follows:

LEMMA 3. Let R and € be given positive numbers. There is an infinite sequence
{W((r))} of non-negative numbers with W ((r)) = 0 for all but finitely many r such that

2
W) > 1, Zcb((r))m < cqe, W((r)) = 0 whenever |r| < R,

Ir|?
where cq is some constant depending on d, but for z € T the inequality

V()

I

a
-7 <

r
for some a, r € Z[w] can be satisfied only in a set of A-measure smaller than ¢.

PROOF. Let N, be the number of units of the imaginary quadratic field Q(+/d). Fix

. /—d .
some o > 0 witha < I E and we can choose prime numbers pi, p2, ..., px such that

1 1
1~|——)>1~|——
< Di Nga

1
where p; > R for 1 < i < k, since Z — diverges. Denote by (u) a principal ideal as

k

i=1

p:prime
W) = (p)P2)---(pr) = l_[ P¢ where P denotes the prime ideal and ¢ > 0. Note that
P(u)
here we do not need (p;) are all prime ideals, and for any ideal U with U | (u) it can be

denoted by U = l_[ P with 0 < ¢’ < c. We define W ((r)) as follows:
PIU

@212

W)y =1 e if |r| >~1and )| (u)
0, otherwise.
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Define the set

a W((r
Eg = U ZEFZ‘Z——‘<£
r |7
la><|r?
aeZlw]

and put

E= ] Ep.

("))
(r)#(1)

Since E () C Eqy forall (r) with (r)|(u), we have

Nga 2 , 5 2Nk (d)m
ME)Y=ME)) <mT— « —— K d)|u|" = ———a < ¢
(E) = () < 7y = K@l = =0

Also we have

k
o o
Yo v = ol > > Naps (]‘[(1 +pi) — 1)
reZlw]\{0} u reZlw]\{0} u i

(M) ("))
(r)#(1) (N#D)

and

U2((r)) Nga ®((r)) _ Ngo o)
2 NI ET =TT L T S 2 waye
reZ[w]\{0} r)|(u) U:ideals
(r)|(u) (r)#(1) Ul(u)
(r)#(1)

N NdO[ 1 Py
T ul 2 (N(U))l/znq’(P %

U:ideals PIU
U(u)
e gy (1 QO G o)
Tl e U NPT (NPT (N(P)172
Nja 2 _ v —d
m [Ty _2N,1a<—k,(d)ne.

P(u)

Thus, we see that the sequence {W((r))} with W((r)) defined above is the required finite
sequence. a

Now let Ry = 1 and we have a sequence {\Il(l)((r))} which satisfies Lemma 3 with
R = Ry and ¢ = 27!, Then for some R, with W((r)) = 0 for all [r] > R»,
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let R = Ry, and ¢ = 272 and we have another sequence {\D(z)((r))} which satisfies
Lemma 3. We do this process infinitely many times and obtain infinitely many sequences
of (W (N}, {(TD(r))}, ..., (¥™ ()}, ... Let ¥((r)) = Y22, ¥®((r)) for all
r € Z[w]\{0}, then we see

Y A =00,

reZlw]\{0}

whereas

2
Z q;((r))m < 00

2
reZlw]\{0} |r|

However, A-measure of the set of z € [F satisfies inequality |z — a/r| < W((r))/|r| is smaller
than 1 by our choice of {W((r))}, which means A(D,) < 1. Thus even Zrez[w]\{o} LIJZ((r)) =
0o, we cannot ignore the possibility of the case A(D;) = 0, and from our choice of {W((r))}
we see ) D ((r)W2((r)|r| ™% < oo in this case.
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