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Abstract. The aim of this paper is to establish the uniqueness theorem for the Cauchy problem for the heat
equation with the Tikhonov condition on the Heisenberg group. To do this, we give Green’s formula and show the
existence of a Lipschitz cut-off function on the Heisenberg group in accordance with the idea in [7].

1. Introduction

It is known that the Cauchy problem for the heat equation⎧⎨
⎩
∂ut (x)

∂t
= Δut(x) , in R

d × (0, T )

ut (x)|t=0 = u0(x)

for any continuous function u0 has at most one bounded solution. Furthermore, if ut (x) solves
the Cauchy problem with an initial value u0 = 0 and satisfies the condition

|ut (x)| ≤ CeC|x|2

for some constant C and all t > 0, x ∈ R
d , then u ≡ 0. This is called the Tikhonov theorem

on the Euclidean space (see [17]).
On the other hand, the Tikhonov theorem on a Riemannian manifold was given in [6] and

[7] with a complete proof. Moreover this theorem on the Carnot groups having the Heisenberg
group as a typical example was given in [9] with a comment that one can obtain exactly the
same proof in [7] by existence of Lipschitz cut-off function and integration by part.

Accordingly, we focus on the Heisenberg group and give a complete proof of the
Tikhonov theorem for the Cauchy problem of the heat equation on the Heisenberg group,⎧⎨

⎩
∂Us(g)

∂s
= ΔHdUs(g) , in H

d × (0, S)

Us(g)|s=0 = U0(g),
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following the proof in [7].
The Heisenberg group is also the simplest and typical example of the sub-Riemannian

manifold. Moreover it is a step 2 sub-Riemannian manifold. The sub-Riemannian manifold
may be interpreted as a generalization of the Riemannian manifold. The difference is that
the motion for the sub-Riemannian manifold is restricted to the horizontal direction (for the
Riemannian manifold, we can measure the velocity and distance in all directions). Since it is
difficult to consider the sub-Riemannian manifolds, we only consider the Heisenberg group
case which has been investigated by many mathematicians.

Recently, we have studied the heat kernel method on the Heisenberg group (see [13] and
[14]). The heat kernel method, introduced in [11] by T. Matsuzawa, is the method to charac-
terize the generalized functions on the Euclidean space by the initial value of the solutions of
the heat equation. The Tikhonov theorem on the Heisenberg group plays an important role to
construct the heat kernel method on the Heisenberg group.

The plan of this paper is as follows: In section 2, we will recall the definition and the
properties of the Heisenberg group and give the sub-Riemannian metric on the Heisenberg
group. In section 3, we consider the Lipschitz functions and the gradient in the Heisenberg
group. We also give Green’s formula on the Heisenberg group. Finally, in section 4, we will
give the statement and the proof of the our main theorem.

2. The Heisenberg group H
d

First of all, we fix some notations. We use a multi-index α ∈ Z
d+, namely, α =

(α1, . . . , αd), where αi ∈ Z and αi ≥ 0. So, for x ∈ R
d , xα = x

α1
1 · · · xαdd and

∂αx = ∂
α1
x1 · · · ∂αdxd , where ∂

αj
xj = (∂/∂xj )

αj . MoreoverΔ = ∑d
j=1 ∂

2/∂x2
j .

We recall the definition and the properties of the Heisenberg group. We refer to [1], [2],

[4], [8], [15] and [16]. Let g = (x, y, t) and g ′ = (x ′, y ′, t ′) ∈ R
d × R

d × R = R
2d+1. Then

we define the group law of R2d+1 by

(x, y, t)(x ′, y ′, t ′) = (x + x ′, y + y ′, t + t ′ + 2(x ′ · y − x · y ′)), (1)

where x · y = ∑d
j=1 xjyj . The group R

2d+1 with respect to the group law defined by (1) is

called the Heisenberg group and denoted by H
d . Its identity element is e = (0, 0, 0) and the

inverse of the element (x, y, t) is (x, y, t)−1 = (−x,−y,−t). The Heisenberg group H
d is a

locally compact Hausdorff group and its Haar measure is the Lebesgue measure dxdydt . The

left-invariant vector fields in the Heisenberg group H
d as R2d+1 are represented by

Xj = ∂

∂xj
+ 2yj

∂

∂t
, Xd+j = ∂

∂yj
− 2xj

∂

∂t
and X2d+1 = ∂

∂t

for j = 1, 2, . . . , d and these make a basis for the Lie algebra of Hd . Since their first brackets

[Xj,Xd+j ] = −4X2d+1 ,
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the induced geometry is step 2. The sub-LaplacianΔHd on H
d is defined by

ΔHd =
2d∑
j=1

X2
j .

We consider the heat operator

∂

∂s
−ΔHd

on H
d × (0,∞).
Let λ > 0. Then we define the dilations δλ by

δλ(x, y, t) = (λx, λy, λ2t)

for (x, y, t) ∈ H
d . The homogeneous dimensionQ of Hd is given byQ = 2d+2. Moreover,

a function u from H
d to C is called the Heisenberg-homogeneous of degree k ∈ Z if u ◦

δλ = λku for λ > 0. Especially the Heisenberg-homogeneous of degree of the distance

function ρ defined by ρ(g) = ((x2 + y2)2 + t2)
1
4 for g = (x, y, t) ∈ H

d is one, that is,

ρ(λx, λy, λ2t) = λρ(x, y, t). The following estimate also holds:

ρ(g ′−1
g) ≤ ρ(g)+ ρ(g ′) . (2)

The distance between two points g and g ′ in H
d is given by dK(g, g ′) := ρ

(
g ′−1g

)
.

Especially, we denote by dK(g) the distance from the origin. This distance function ρ is
called Korányi norm and the distance dK is called Korányi distance.

The horizontal distribution is defined by Hg = spang {X1,X2, . . . , X2d }. Then we shall

consider the non-degenerate, positive definite bilinear form 〈·, ·〉 : Hg × Hg → R at any

point g ∈ H
d such that 〈Xi,Xj 〉 = δi,j (i, j = 1, 2, . . . , 2d), where δi,j means Kronecker’s

delta. The length l(γ ) of the horizontal curve γ (t), t ∈ [a, b] is defined by

l(γ ) =
∫ b

a

〈γ̇ (t) , γ̇ (t)〉 dt .

The Carnot-Carathéodry distance dCC(g, g ′) between two points g, g ′ ∈ H
d is defined by

the infimum of the lengths of all smooth horizontal curves joining g to g ′ (see [1]). These
distances are bi-Lipschitz equivalent. Thus, there exists a constant C1 > 1 such that

1

C1
dCC ≤ dK ≤ C1dCC (3)

(for instance, see [10]).
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3. The Lipschitz functions and the gradient ∇̃ in H
d

Let f be a function on H
d . Then we say that f is L-Lipschitz on H

d if there exists a
constant L such that

|f (g)− f (g ′)| ≤ LdCC(g, g
′)

for any g, g ′ ∈ H
d . The constant L is a called the Lipschitz constant of f . The set of

all Lipschitz functions on H
d is denoted by Lip(Hd). We define the Lipschitz semi norm

‖f ‖Lip(Hd ) of f by

‖f ‖Lip(Hd ) = sup
g,g ′∈Hd , g �=g ′

|f (g)− f (g ′)|
dCC(g, g ′)

.

From the definition, we can see that Lip(Hd) ⊂ C(Hd) immediately.
Let the function η �→ η+ be defined by

η+ =
{
η , η > 0 ,
0 , η ≤ 0

for η ∈ R.

PROPOSITION 1. Let dCC(g, E) = inf
z∈E dCC(g, z) for any non-empty set E ⊂ H

d and

any point g ∈ H
d . Then the function g �→ (dCC(g, E) − R)+ for some R > 0 is 1-Lipschitz

function on H
d .

PROOF. We prove Proposition 1 dividing it in two cases, (i) case dCC(g, E) > R

and dCC(g ′, E) ≤ R (dCC(g, E) ≤ R and dCC(g ′, E) > R), (ii) dCC(g, E) > R and
dCC(g

′, E) > R. Assume that dCC(g, E) > R and dCC(g ′, E) ≤ R. Then we can see that

(dCC(g, E)− R)+ − (dCC(g
′, E)− R)+ = dCC(g, E) − R ≤ dCC(g, g

′).

Next we shall consider the case (ii) dCC(g, E) > R and dCC(g ′, E) > R. For any ε > 0,
there exists z ∈ E such that

dCC(g
′, E) ≥ dCC(g

′, z)− ε .

Thus, by using the triangle inequality, we obtain

(dCC(g, E)− R)+ − (dCC(g
′, E)− R)+ = dCC(g, E)− dCC(g

′, E)

≤ dCC(g, z)− (dCC(g
′, z)− ε)

= dCC(g, z)− dCC(g
′, z)+ ε

≤ dCC(g, g
′)+ ε

for any ε > 0. Therefore for any two point g, g ′ ∈ H
d , we have

(dCC(g, E) − R)+ − (dCC(g
′, E)− R)+ ≤ dCC(g, g

′) .
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This completes the proof of Proposition 1. �

Let dCC(g) = dCC(g, e). Then from Proposition 1, we can see that the function

(dCC(g) − R)+ is 1-Lipschitz function. On the other hand, let the gradient ∇̃Hd on H
d be

defined by ∇̃
Hd = (X1, . . . , Xd,Xd+1, . . . , X2d ).

The following Proposition 2 is known (see [3], [5] and [12]):

PROPOSITION 2. For any L-Lipschitz function f on H
d , the value Xjf (g) exists for

almost all g ∈ H
d, j = 1, 2, . . . , 2d , and

|Xf | =
⎛
⎝

2d∑
j=1

(Xjf (g))
2

⎞
⎠

1
2

≤ L a.e .

This Proposition 2 implies the following Proposition 3:

PROPOSITION 3. We have the following estimate:

|∇̃Hd (dCC(g)− R)+| ≤ 1 .

As a remark, in [12], R. Monti also obtain the following result

|∇̃Hd dCC(g)| = 1

for all g = (x, y, t) ∈ H
d such that (x, y) �= (0, 0).

By an easy calculation, we have the following product rule and the chain rule of the

gradient ∇̃Hd for the C∞ functions on H
d :

∇̃Hd (f g) = f ∇̃Hd g + g∇̃Hd f, ∇̃Hdψ(f ) = ψ ′(f )∇̃Hd f

for ψ ∈ C1(R). Moreover we can express that

∇̃Hd f =
2d∑
i=1

Xi(f )Xi

for f ∈ C∞
0 (H

d). By an integration by parts, we can obtain
∫
Hd

Xi(f )Xi(h)dg = −
∫
Hd

fX2
i (h)dg (4)

for f, h ∈ C∞
0 (H

d).

By (4), we have for f, h ∈ C∞
0 (H

d),

∫
Hd

〈∇̃Hd f, ∇̃Hd h
〉
dg =

∫
Hd

〈
2d∑
i=1

Xi(f )Xi,

2d∑
j=1

Xj(h)Xj

〉
dg
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=
2d∑
i=1

∫
Hd

Xi(f )Xi(h)dg

= −
2d∑
i=1

∫
Hd

fX2
i (h)dg

= −
∫
Hd

fΔHd hdg .

PROPOSITION 4. Let f, h ∈ C∞
0 (H

d). Then we have the following equality:
∫
Hd

fΔHd hdg = −
∫
Hd

〈∇̃Hd f, ∇̃Hd h
〉
dg.

4. The uniqueness theorem for the heat equation on H
d

We will show the following uniqueness of the solution to the heat equation on H
d .

THEOREM 1. Let 0 < S ≤ ∞ be fixed and Us(g) be a solution to the Cauchy problem⎧⎨
⎩
∂

∂s
Us(g) = ΔHdUs(g) ,

U0(g) = 0
(5)

in H
d × (0, S) and be a continuous function in H

d × [0, S]. Assume that for some g0 ∈ H
d

and for any R > 0, we have the following estimate:
∫ S

0

∫
B(g0,R)

U2
s (g)dgds ≤ ef (R) ,

where f (r) is a positive increasing function on (0,+∞) such that
∫ ∞ r

f (r)
dr = ∞ .

Then U ≡ 0 in H
d × (0, S).

By using the distance function adCC(g)2 for some constant a > 0 as f , Theorem 1
immediately implies the following Corollary 1:

COROLLARY 1. Let Us(g) be a solution to the Cauchy problem (5) in H
d × (0, S)

and be a continuous function in H
d × [0, S] satisfying the condition: There exists a constant

C > 0 such that

|Us(g)| ≤ CeadCC(g)
2
, (g, s) ∈ H

d × (0, S) (6)

for some constant a > 0. Then U ≡ 0.
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By (3), we can rewrite the condition (6) in Corollary 1 by using the Korányi distance dK
as follows: There exists a constant C > 0 such that

|Us(g)| ≤ CeadK(g)
2

for some constant a > 0.
Let BR = B(g0, R) = {g ∈ H

d | dCC(g, g0) ≤ R}. Then to prove Theorem 1, we give
the following Lemma 1.

LEMMA 1. Let Us(g) be the solution of the heat equation in H
d × (a, b). Assume that

Us(g) extends to a continuous function in H
d × [a, b]. Assume also that, for any R > 0,

∫ b

a

∫
BR

U2
s (g)dgds ≤ ef (R) ,

where f is a positive increasing function on (0,+∞) such that
∫ ∞ r

f (r)
dr = ∞ .

Then for any R > 0 satisfying the condition

b − a ≤ R2

8f (4R)
,

we have the following inequality:∫
BR

U2
b (g)dg ≤

∫
B4R

U2
a (g)dg + 4

R2 .

By using this Lemma, Theorem 1 can be proved by the same method as the proof of
Theorem 11. 9 in [7]. Therefore we will only show the proof of Lemma 1.

The proof of Lemma 1. Let σ(g) be a Lipschitz function on H
d with the Lipschitz

constant 1. Then, fix a real l �∈ [a, b] and put

ξ(g, s) = − σ 2(g)

4(l − s)
on H

d × [a, b] . (7)

Then we have

|∇̃Hd ξ(g, s)| ≤ σ(g)

2(l − s)
.

Since

∂ξ

∂s
= − σ 2(g)

4(l − s)2
,
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we obtain
∂ξ

∂s
+ |∇̃Hd ξ |2 ≤ 0 . (8)

Now we define a function χ(g) by

χ(g) = min

{(
3 − dCC(g, g0)

R

)

+
, 1

}

for a given R > 0 and g0 ∈ H
d . Then we can see that the function χ satisfies 0 ≤ χ ≤ 1 on

H
d , χ ≡ 1 in B2R and χ ≡ 0 outside B3R . Since the function dCC(g, g0) is the 1-Lipschitz

function, we can see that χ is the 1/R-Lipschitz function. By Proposition 2, we obtain

|∇̃Hd χ | ≤ 1/R .

Since all the balls in H
d are relatively compact sets, the function χ(g) has a compact support.

Hence for any fixed s ∈ [a, b], the function Uχ2eξ of g also has a compact support.
Now multiplying the heat equation

∂U

∂s
= ΔHdU

by the function Uχ2eξ and integrating it over Hd × [a, b], we have
∫ b

a

∫
Hd

∂U

∂s
Uχ2eξ dgds =

∫ b

a

∫
Hd

(ΔHdU)Uχ
2eξ dgds . (9)

The integral with respect to the variable s of the left hand side in (9) becomes
∫ b

a

∂U

∂s
Uχ2eξds = 1

2

∫ b

a

∂(U2)

∂s
χ2eξ ds = 1

2

[
U2χ2eξ

]b
a

− 1

2

∫ b

a

∂ξ

∂s
U2χ2eξ ds . (10)

Since

pq ≤ 1

4
p2 + q2

for p > 0 and q > 0, by the product rule, the chain rule and the Schwarz inequality, we have

−〈∇̃HdU, ∇̃Hd (Uχ
2eξ )

〉 = −〈∇̃HdU,
(∇̃HdU

)
χ2eξ + U

(∇̃Hd χ
2eξ

)〉

≤ −χ2eξ |∇̃HdU |2 + |U ||∇̃HdU ||∇̃Hd ξ |χ2eξ

+ 2|∇̃HdU ||χ |∇̃Hd χ ||U |eξ

≤ −χ2eξ |∇̃HdU |2 + |U ||∇̃HdU ||∇̃Hd ξ |χ2eξ

+ 1

2
|∇̃HdU |2χ2eξ + 2|∇̃Hd χ |2|U |2eξ

=
(

−1

2
|∇̃HdU |2 + |∇̃HdU ||∇̃Hd ξ ||U |

)
χ2eξ + 2|∇̃Hd χ |2U2eξ .
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Thus we obtain

−〈∇̃Hd U, ∇̃Hd

(
Uχ2eξ

)〉 ≤
(

−1

2
|∇̃HdU |2 + |∇̃HdU ||∇̃Hd ξ ||U |

)
χ2eξ

+ 2|∇̃Hd χ |2U2eξ . (11)

By (8), (9), (10), (11) and Proposition 4, we have
[∫

Hd

U2χ2eξdg

]b
a

=
∫ b

a

∫
Hd

∂ξ

∂s
U2χ2eξ dgds + 2

∫ b

a

∫
Hd

∂U

∂s
Uχ2eξdgds

=
∫ b

a

∫
Hd

∂ξ

∂s
U2χ2eξdgds + 2

∫ b

a

∫
Hd

(ΔHdU)Uχ
2eξdgds

=
∫ b

a

∫
Hd

∂ξ

∂s
U2χ2eξdgds − 2

∫ b

a

∫
Hd

〈∇̃HdU, ∇̃Hd (Uχ
2eξ )

〉
dgds

≤
∫ b

a

∫
Hd

∂ξ

∂s
U2χ2eξdgds

+ 2
∫ b

a

∫
Hd

{(
−1

2
|∇̃HdU |2 + |∇̃HdU ||∇̃Hd ξ ||U |

)
χ2eξ + 2|∇̃Hd χ |2U2eξ

}
dgds

≤
∫ b

a

∫
Hd

(−|∇̃Hd ξ |U2 − |∇̃HdU |2 + 2|∇̃HdU ||∇̃Hd ξ ||U |)χ2eξ dgds

+ 4
∫ b

a

∫
Hd

|∇̃Hd χ |2U2eξdgds

= −
∫ b

a

∫
Hd

(|∇̃Hd ξ ||U | − |∇̃HdU |)2
χ2eξdgds + 4

∫ b

a

∫
Hd

|∇̃Hd χ |2U2eξdgds

≤ 4
∫ b

a

∫
Hd

|∇̃Hd χ |2U2eξdgds .

Hence we obtain
[∫

Hd

U2χ2eξdg

]b
a

≤ 4
∫ b

a

∫
Hd

|∇̃Hd χ |2U2eξdgds . (12)

Since |∇̃Hd χ | ≤ 1

R
, supp |∇̃Hd χ | ⊂ supp χ = B3R and χ ≡ 1 in B2R , by (12) we obtain

∫
BR

U2
b e
ξ(g,a)dg ≤

∫
B4R

U2
a e
ξ(g,b)dg + 4

R2

∫ b

a

∫
B4R\B2R

U2eξ dgds . (13)

By Proposition 3, we can set σ(g) = (dCC(g) − R)+. Put l = 2b − a /∈ [a, b] in (7).
Since

b − a ≤ l − s ≤ 2(b − a)



370 YASUYUKI OKA

for any s ∈ [a, b], we have

ξ(g, s) = − σ 2(g)

4(l − s)
≤ − σ 2(g)

8(b − a)
≤ 0 .

Hence we can see that

ξ(g, b) = − σ 2(g)

4(l − b)
= 0 , g ∈ BR ,

ξ(g, a) = − σ 2(g)

4(l − a)
≤ 0 , g ∈ B4R

and

ξ(g, s) ≤ − σ 2(g)

8(b − a)
≤ − R2

8(b − a)
, g ∈ B4R \ B2R .

Therefore from (13), we obtain the following estimate
∫
BR

U2
b dg ≤

∫
B4R

U2
a dg + 4

R2

∫ b

a

∫
B4R\B2R

U2 exp

(
− R2

8(b− a)

)
dgds . (14)

By the assumption of Lemma 1, we have
∫ b

a

∫
B4R

U2dgds ≤ ef (4R) and b − a ≤ R2

8f (4R)
.

Hence from (14) we obtain
∫
BR

U2
b dg ≤

∫
B4R

U2
a dg + 4

R2 exp

(
− R2

8(b − a)
+ f (4R)

)

≤
∫
B4R

U2
a dg + 4

R2
exp (−f (4R)+ f (4R))

=
∫
B4R

U2
a dg + 4

R2 .

This completes the proof of Lemma 1. �

ACKNOWLEDGMENT. The author would like to thank the referee for very careful read-
ing of this manuscript and for pointing out several mistakes as well as for the valuable com-
ments and suggestions.



UNIQUENESS THEOREM 371

References

[ 1 ] O. CALIN, D-C. CHANG and P. GREINER, Geometric Analysis in the Heisenberg Group and Its General-
izations, AMS/IP Studies in Advanced Mathematics, 40, American Mathematical Society, Providence, RI,
2007.

[ 2 ] L. CORWIN and F. P. GREENLEAF, Representations of Nilpotent Lie Groups and Their Applications: Volume
1, Part 1, Basic Theory and Examples, Cambridge University Press, Cambridge, 1990.

[ 3 ] B. FRANCHI, R. SERAPIONI and F. SERRA CASSANO, Approximation and imbedding theorem for weighted
Sobolev spaces associated with Lipschitz continuous vector fields, Bollettino U. M. I. 7, 11-B (1997), 83–
117.

[ 4 ] G. B. FOLLAND, Harmonic Analysis in Phase Space, Princeton University Press, Princeton, N. J., 1989.
[ 5 ] N. GAROFALO and D. M. NHIEU, Lipchitz continuity, global smooth approximations and extension theorems

for Sobolev functions in Carnot-Carathéodory spaces, J. Anal. Math. 74 (1998), 67–97.
[ 6 ] A. GRIGOR’YAN, On stochastically complete manifolds, DAN SSSR 290 (1986), no. 3, 534–537 (in Russian).
[ 7 ] A. GRIGOR’YAN, Heat Kernel and Analysis on Manifolds, AMS, International Press, Providence, 2009.
[ 8 ] R. HOWE, On the role of the Heisenberg group in harmonic analysis, Bull. Amer. Math. Soc. 3 (1980), 821–

843.
[ 9 ] BUMSIK KIM, Poincaré inequality and the uniqueness of solutions for the heat equation associated with subel-

liptic diffusion operators, arXiv: 1305.0508v1 [math. AP], 2 May 2013.
[10] S. LI and R. SCHUL, The traveling salesman problem in the Heisenberg group: Upper bounding curvature,

Trans. Amer. Math. Soc. 368 (2016), 4585–4620.
[11] T. MATSUZAWA, A calculus approach to the hyperfunctions I, Nagoya Math. J. 108 (1987), 53–66.
[12] R. MONTI, Some properties of Carnot-Caratheodory balls in the Heisenberg group, Atti Accad. Naz. Lincei

Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 11 (2000), no. 3, 155–167.
[13] Y. OKA, The Schwartz kernel theorem for the tempered distributions in the Heisenberg group, Hokkaido Math.

J. 44 (2015), 425–439.
[14] Y. OKA, A characterization of the tempered distributions supported by a regular closed set in the Heisenberg

group, Tsukuba J. Math. 39 (2015), no. 1, 97–119.
[15] E. M. STEIN, Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory Integrals, Princeton

University Press, Princeton, N. J., 1993.
[16] S. THANGAVELU, An Introduction to the Uncertainty Principle: Hardy’s Theorem on Lie Groups, Birkhäuser,

Boston, 2004.
[17] A. N. TIKHONOV, Uniqueness theorem for the equation of heat conduction, Matem. Sbornik 42 (1935), 199–

215 (in Russian).

Present Address:
GENERAL EDUCATION, DEPARTMENT OF CREATIVE ENGINEERING,
NATIONAL INSTITUTE OF TECHNOLOGY, KUSHIRO COLLEGE,
2–32–1 OTANOSHIKE-NISHI, KUSHIRO-SHI, HOKKAIDO 084–0916, JAPAN.
e-mail: oka@kushiro-ct.ac.jp



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Japan Color 2001 Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 1
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages false
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages false
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Japan Color 2001 Coated)
  /PDFXOutputConditionIdentifier (JC200103)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /ARA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /BGR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CHS (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CHT (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CZE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DAN (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ENU (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ESP (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ETI (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /FRA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /GRE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HEB (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HRV (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HUN (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ITA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <FEFFff08682aff0956fd969b6587732e53705237793e306e51fa529b6a5f306b90693057305f002000410064006f0062006500200050004400460020658766f830924f5c62103057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e30593002>
    /KOR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /LTH (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /LVI (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /NLD (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /NOR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /POL (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /PTB (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /RUM (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /RUS (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SKY (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SLV (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SUO (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SVE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /TUR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /UKR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (Japan Color 2001 Coated)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive true
      /IncludeLayers false
      /IncludeProfiles true
      /MarksOffset 0
      /MarksWeight 0.283460
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /JapaneseWithCircle
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


