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Abstract. Motivated by the famous Champernowne construction of a normal number, R. Adler, M. Keane,
and M. Smorodinsky constructed a normal number with respect to the simple continued fraction transformation. In
this paper, we follow their idea and construct a normal series for the Artin continued fraction expansion in positive
characteristic. A normal series for Lüroth expansion is also discussed.

1. Introduction

After D. G. Champernowne [4], a number of works have been done for constructions of
normal numbers for various types of expansions of numbers, mostly by finitely many digits.
In this paper, we are interested in constructions of normal formal power series with respect to
expansions with countably many digits (polynomials).

We consider a sequence of rational numbers {rn} given as follows

r1 = 1

2
, r2 = 1

3
, r3 = 2

3
, r4 = 1

4
, r5 = 2

4
, r6 = 3

4
, r7 = 1

5
, r8 = 2

5
, . . . .

For each rational number rn, n ≥ 1, we expand it as a simple continued expansion as follows:

rn = 1

an,1
+ 1

an,2
+ · · · + 1

an,kn

, an,kn �= 1 .

For examples, k1 = 1, k2 = 1, k3 = 2 and a1,1 = 2, a2,1 = 3, a3,1 = 1, a3,2 = 2. Then, we
define a real number x̂ by
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x̂ = 1

2
+ 1

3
+ 1

1
+ 1

2
+ · · · + 1

an,1
+ · · · + 1

an,kn

+ 1

an+1,1
+ · · · .

In 1981, R. Adler, M. Keane, and M. Smorodinsky ([1]) showed that x̂ is normal in the sense
that for any sequence of positive integers (b1, . . . , b�) the sequence of partial quotient an of x̂

satisfies that

lim
N→∞

1

N
#{1 ≤ n ≤ N : (an, . . . , an+�−1) = (b1, . . . , b�)} = μG(〈b1, . . . , b�〉) .

Here, μG is the absolutely continuous invariant measure, which we call the Gauss measure,
for the continued fraction transformation and

〈b1, . . . , b�〉 = {x ∈ (0, 1) : a1(x) = b1, . . . , a�(x) = b�} ,

where an(x) denotes the nth partial coefficient of the simple continued fraction expansion of
x. We can regard the construction of x̂ as a continued fraction version of the Champernowne
normal number construction [4].

Now, let F be a finite field of q elements, F[X] be the set of polynomials of F-coefficients,

F(X) be the set of rational functions induced by F[X], and F((X−1)) is the set of formal power

series of F-coefficients. For f ∈ F((X−1)), we define

deg f =
{

k , if f = akX
k + ak−1X

k−1 + ak−2X
k−2 + · · · with ak �= 0 ,

−∞ , if f = 0

and

|f | = qdeg f , L = {f ∈ F((X−1)) : deg f < 0} .

For f ∈ L, there exists a sequence of polynomials A1(f ), A2(f ), . . . , in F[X] such that
deg An(f ) ≥ 1 and

f = 1

A1
+ 1

A2
+ · · · ,

which means

lim
N→∞

∣∣∣∣∣f − 1

A1
+ 1

A2
+ · · · 1

AN

∣∣∣∣∣ = 0 .

We call this continued fraction expansion of f the Artin continued fraction expansion of
f (see [2]). Indeed, we can uniquely obtain {An(f ), n ≥ 1} in the following way: For

f = akX
k + ak−1X

k−1 + · · · ∈ F((X−1)), we put

[f ] =
{

akX
k + · · · a1X + a0 , when deg f = k ≥ 0 ,

0 , otherwise
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and

{f } = f − [f ] .

We call [f ] and {f } the polynomial part and the fractional part of f respectively. For f ∈ L

we define the continued fraction transformation T of L (the Artin map) by

T (f ) =
{ {

1
f

}
= 1

f
−

[
1
f

]
, if f �= 0 ,

0, if f = 0 .

Then, we have An(f ) =
[

1
T n−1(f )

]
for T n−1(f ) �= 0, n ≥ 1. If f ∈ L ∩ F(X) then we have

f = 1

A1
+ 1

A2
+ · · · 1

An

when T k(f ) �= 0, 0 ≤ k ≤ n− 1 and T n(f ) = 0. Let μ denote the normalized Haar measure
of L with respect to the addition. It is well-known that μ is an invariant measure for T (e.g.
see [3]). For each B ∈ F[X] with deg B = k ≥ 1,

μ({f ∈ L : A1(f ) = B}) = 1

q2k
.

Moreover, for each Bm ∈ F[X], 1 ≤ m ≤ �,

μ(〈B1, . . . Bm〉) = μ({f : A1(f ) = B1, . . . , Am(f ) = Bm}) = 1

q
2

∑m
j=1 deg Bj

.

We say that f ∈ L is continued fraction normal if the partial quotient An of f satisfies that

lim
N→∞

1

N
#{1 ≤ n ≤ N : An = B1, . . . , An+m−1 = Bm} = μ(〈B1, . . . , Bm〉)

for any choice of B1, . . . , Bm ∈ F[X] with deg Bj ≥ 1, 1 ≤ j ≤ m.
Now suppose that a linear order ≺ on F is given. We extend the linear order to F[X].

If deg(P ) < deg(Q), then we set P ≺ Q; For P = anX
n + an−1X

n−1 + · · · + a1X + a0,

Q = bnX
n + bn−1X

n−1 + · · · + b1X + b0, polynomials of the same degree, we say P ≺ Q

when ak = bk , k > k0 and ak0 ≺ bk0 for some 0 ≤ k0 ≤ n.
We list up all polynomials P ∈ F[X] \ {0} of deg P < n by

Pn,1 ≺ Pn,2 ≺ · · · ≺ Pn,qn−1

and also all monic polynomials Q ∈ F[X] \ {0} of deg Q = n by

Qn,1 ≺ Qn,2 ≺ · · · ≺ Qn,qn .
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Then we have a sequence of fractions

P 1,1

Q1,1
, . . . ,

P 1,q−1

Q1,1
, . . . ,

P 1,1

Q1,q

, . . . ,
P 1,q−1

Q1,q

,
P 2,1

Q2,1
, . . . ,

P 2,q2−1

Q2,1
, . . . .

Note that the denominators are monic polynomials arranged in the increasing order start-
ing from degree 1 polynomials. For each denominator the numerator runs over polynomials
whose degree is less than the degree of the denominator. Also note that the number of P/Q’s

such that Q is monic of deg Q = n and deg P < n, P �= 0 is qn(qn − 1) = q2n − qn. For an
example, if F = {0, 1} (q = 2) with 0 ≺ 1, then

1

X
,

1

X + 1
,

1

X2
,

X

X2
,
X + 1

X2
,

1

X2 + 1
,

X

X2 + 1
,

X + 1

X2 + 1
,

1

X2 + X
, . . . .

We expand each Pn,k

Qn,m
, n ≥ 1, 1 ≤ m ≤ qn, 1 ≤ k ≤ qn − 1 as

Pn,k

Qn,m

= 1

A
(n,m,k)
1

+ 1

A
(n,m,k)
2

+ · · · + 1

A
(n,m,k)
kn,m,k

and define h ∈ L as

h = 1

A
(1,1,1)
1

+ · · · + 1

A
(1,1,q−1)
k1,1,q−1

+ 1

A
(1,2,1)
1

+ · · · + 1

A
(1,2,q−1)
k1,2,q−1

+ · · ·

+ 1

A
(n−1,qn−1,qn−1−1)
k
n−1,qn−1,qn−1−1

+ 1

A
(n,1,1)
1

+ · · · + 1

A
(n,qn,qn−1)
kn,qn,qn−1

+ · · ·

=: 1

A
�
1

+ 1

A
�
2

+ 1

A
�
3

+ · · · .

THEOREM 1. For any order ≺ on F, h ∈ L constructed in the above is continued
fraction normal.

Main point of the proof of this theorem is the following. In the case of real numbers,
the cardinality of (not necessarily irreducible) fractions in (0, 1) with denominators less than

or equals to n is 1 + 2 + · · · + n − 1 = n(n−1)
2 = O(n2) and that of fractions in (0, 1) with

denominator n is n − 1. On the other hand, in the formal Laurent series, the cardinality of

rational functions R
S

of 0 ≤ deg R < deg S < n is O(q2n) which is the same order as that of

polynomials of 0 ≤ deg R < deg S = n (S monic). Moreover, each irreducible rational R
S

of 0 ≤ deg R < deg S < n equals to qn−deg S fractional functions of R′
S ′ with deg S′ = n, S′

monic and deg R′ < n. This might destroy “normality” if we have chosen a “bad” order ≺
since there could be a long sequences of A

(n,m,k)
1 , . . . , A

(n,m,k)
kn

of “bad normality”. We will
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show that this never happens because there are sufficiently many “good” rationals R
S

if n is
sufficiently large.

It is also possible to construct the normal series h� by listing up only irreducible R
S

. The

proof of the normality of this case is easier than that of h. In the sequel, we start with h� show-
ing it being continued fraction normal, in §2. Then we show, in §3, that h is also continued
fraction normal. Finally, in §4, we give a brief comment concerning Lüroth series in the set
of formal power series L. Originally, Lüroth series is a sort of a linear version of the simple
continued fractions. Later on, A. Knopfmacher and J. Knopfmacher [7] consider its formal
power series version. Then its metric property was discussed in [6], [8], and S. Kristensen [9].
It is not difficult to see that the method discussed in §2 also works here. We discuss this point
in §4.

2. Irreducible construction

In this section, we start with the explicit definition of h�. We put

Pn = {(U, V ) : V is monic, 0 ≤ deg U < deg V = n}
and

P∗
n = {(U, V ) ∈ Pn : U and V are coprime} .

We list up all rational functions U
V

, (U, V ) ∈ P∗
n :

Un,1

Vn,1
,

Un,2

Vn,2
, . . . ,

Un,q2n−q2n−1

Vn,q2n−q2n−1
.

Here we note that the cardinality of the set P∗
n is q2n − q2n−1, see [5] for example. We can

choose any order for
{

Un,�

Vn,�

}
. For each Un,�

Vn,�
, we consider its Artin continued fraction expansion

Un,�

Vn,�

= 1

An,�,1
+ 1

An,�,2
+ · · · + 1

An,�,γ (n,�)

.

We denote by γ (n, �) the length of the Artin continued fraction expansion of Un,�

Vn,�
. We define

h� ∈ L by

h� = 1

A1,1,1
+ · · · + 1

An,�,1
+ 1

An,�,2
+ · · · + 1

An,�,γ (n,�)

+ · · ·

+ 1

An,q2n−q2n−1,1

+ · · · + 1

An,q2n−q2n−1,γ (n,q2n−q2n−1)

+ 1

An+1,1,1
+ · · ·

=: 1

A
�
1

+ 1

A
�
2

+ · · · .
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THEOREM 2. The powers series h� ∈ L is continued fraction normal.

We denote by Pn(f )
Qn(f )

the nth convergent of the Artin continued fraction expansion of

f ∈ L, that is Pn(f ) and Qn(f ) are given by(
Pn−1(f ) Pn(f )

Qn−1(f ) Qn(f )

)
=

(
0 1
1 A1(f )

)
· · ·

(
0 1
1 An(f )

)
.

LEMMA 1. For every (U, V ) ∈ P∗
n , we have

μ

({
f ∈ L : Pk(f )

Qk(f )
= U

V
for some k ≥ 1

})
= 1

q2n
.

PROOF. Since
∣∣f − U

V

∣∣ < 1
|V |2 implies U

V
= Pk(f )

Qk(f )
for some k ≥ 1 (see [11]) and

∣∣∣∣f − Pk(f )

Qk(f )

∣∣∣∣ <
1

|Qk(f )|2 = 1

q2n
,

the first 2n coefficients a1, . . . , a2n of f = a1X
−1 + a2X

−2 + . . . are determined by U
V

. On

the other hand, for every f = a1X
−1 + a2X

−2 + · · · ∈ L such that a1, . . . , a2n are the same

as those of U
V

has the same kth convergent Pk(f )
Qk(f )

= U
V

. �

To prove Theorem 2, we show that for any finite sequence of polynomials B =
(B1, . . . , Bs) with deg Bj ≥ 1, 1 ≤ j ≤ s

lim
N→∞

1

N
#{1 ≤ n ≤ N : (A�

n, . . . , A
�
n+s−1) = B} = 1

q
2

∑s
j=1 deg Bj

.

LEMMA 2. The number of irreducible U
V

such that (U, V ) ∈ P∗
n such that their Artin

continued fractions have length k, 1 ≤ k ≤ n, is(
n − 1

k − 1

)
(q − 1)kqn .

PROOF. By the assumption of this lemma, all U
V

under consideration are of the form

1

A1
+ · · · + 1

Ak

.

Thus, the leading coefficients of A1, . . . , Ak have (q − 1)k choices. Since deg Aj ≥ 1 and∑k
j=1 deg Aj = n, we have the assertion of this lemma. �

Note that

n∑
k=1

(
n − 1

k − 1

)
(q − 1)kqn =

n−1∑
k=0

(
n − 1

k

)
(q − 1)k+1qn = q2n−1(q − 1) = #P∗

n . (1)
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LEMMA 3. The sum of lengths of Artin continued fraction expansions of irreducible
U
V

with (U, V ) ∈ P∗
n is

q2n−q2n−1∑
�=1

γ (n, �) = q2n−2 (q − 1)(n(q − 1) + 1)

PROOF. From Lemma 2, we have the left hand side of the assertion is equal to
n∑

k=1

k

(
n − 1

k − 1

)
(q − 1)kqn =

n∑
k=1

(
n − 1

k − 1

)
(q − 1)kqn +

n∑
k=1

(k − 1)

(
n − 1

k − 1

)
(q − 1)kqn

=
n−1∑
k=0

(
n − 1

k

)
(q − 1)k+1qn +

n−1∑
k=0

k

(
n − 1

k

)
(q − 1)k+1qn

= q2n−1(q − 1) + (n − 1)q2n−2(q − 1)2

= q2n−2 (q − 1)(n(q − 1) + 1) . �

We fix B = (B1, . . . , Bs), Bj ∈ F[X], 1 ≤ j ≤ s in the subsequent discussion. For
ε > 0,

U

V
= 1

A1
+ · · · + 1

Ak

is said to be ε-good if∣∣∣∣ 1

k − s + 1
#{0 ≤ i ≤ k − s : Ai+1 = B1, . . . , Ai+s = Bs} − μ(B)

∣∣∣∣ < ε .

In this case, we say also that (A1, . . . , Ak) is ε-good.

LEMMA 4. For any ε > 0 and η > 0, there exist a measurable subset Eε of L and a

positive integer k0 such that μ(Eε) > 1 − η and for each f ∈ Eε the kth convergents Pk(f )
Qk(f )

are ε-good for all k ≥ k0.

PROOF. By the Birkhoff ergodic theorem (see [10] for the ergodicity of T ),

lim
k→∞

1

k

k−1∑
i=0

1B(T if ) = μ(B) for almost every f ∈ L .

This means for all ε > 0 there exists k0 = k0(f ) such that∣∣∣∣∣1

k

k−1∑
i=0

1B(T if ) − μ(B)

∣∣∣∣∣ < ε (2)
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for any k ≥ k0. We put

Eε,K = {f ∈ L : (2) holds for all k ≥ K − s + 1} .

Then Eε,K is a measurable set and f ∈ Eε,K for some K > 0 for almost every f ∈ L. Thus
we see μ(∪∞

K=1Eε,K) = 1, which shows the assertion of the theorem. �

LEMMA 5. For each η > 0 and k0 there exists a positive integer n0 such that

μ({f ∈ L : deg Qk0(f ) ≤ n0}) > 1 − η .

PROOF. Put

Dk0,m = {f ∈ L : deg Qk0(f ) = m} .

Then L = ∪∞
m=k0

Dk0,m. Thus there exists n0 such that

μ

( n0⋃
m=k0

Dk0,m

)
> 1 − η . �

LEMMA 6. For each η > 0, there exists a positive integer n0 such that

#

{
(U, V ) ∈ P∗

n : U

V
is not ε-good

}
< ηq2n

holds for any n ≥ n0.

PROOF. By Lemma 4, we have k0 and Eε,k0 with μ(Eε,k0) > 1 − η
2 and by Lemma 5

we have n0 such that

μ({f ∈ L : deg Qk0(f ) > n0}) <
η

2
.

For n ≥ n0, let U
V

, (U, V ) ∈ P∗
n , be not ε-good. Then each f ∈ L with Pk(f )/Qk(f ) =

U/V satisfies f /∈ Eε,k0 or deg Qk0(f ) > n ≥ n0. Therefore, we have

⋃
(U,V )∈P∗

n
U/V not ε-good

{
f ∈ L : Pk(f )

Qk(f )
= U

V
for some k

}
⊂ {f ∈ L : deg Qk0(f ) > n0} ∪ Ec

ε,k0
.

By Lemma 1, we have

#{(U, V ) ∈ P∗
n : U

V
is not ε-good}

q2n
< μ(Ec

ε,k0
) + μ({f ∈ L : deg Qk0(f ) > n0}) < η .

�

PROPOSITION 3. For any ε > 0, there exists n1 such that(
An,1,1, . . . , An,q2n−q2n−1,γ (n,q2n−q2n−1)

)
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is ε-good for any n ≥ n1.

PROOF. We may assume that ε < 1. We apply Lemma 6 with ε
2 and η < ε

4q2 for a

given ε. Then there exists n0 such that for n ≥ n0 the number of all non ε-good (A1, . . . , Ak)

with
∑k

i=1 deg Ai = n is less than ηq2n. Thus, the sum of the length of all non ε-good

sequences (A1, . . . , Ak) of length k, 1 ≤ k ≤ n is smaller than ηnq2n.
Let Wn be the number of occurrence of B = (B1, . . . , Bs) in the sequence(

An,1,1, . . . , An,q2n−q2n−1,γ (n,q2n−q2n−1)

)
. Then, from (1) (#P∗

n = q2n − q2n−1), Lemma 3,

and Lemma 6, we see

Wn ≥
(
q2n−2 (q − 1)(n(q − 1) + 1) − ηnq2n − (s − 1)(q2n − q2n−1)

) (
μ(B) − ε

2

)
≥ q2n−2(q − 1)(n(q − 1) + 1)

(
μ(B) − ε

2

)
−

(
ηnq2n + s(q2n − q2n−1)

)
.

Since η < ε
4q2 , for n ≥ 4qs

ε
we have

Wn ≥
(
q2n−2(q − 1)(n(q − 1) + 1) − s + 1

)
(μ(B) − ε) .

On the other hand, by the similar way we also see that

Wn ≤
(
q2n−2(q − 1)(n(q − 1) + 1) − s + 1

)
(μ(B) + ε)

holds for any sufficiently large n. Hence, there exists n1 such that∣∣∣∣ Wn

q2n−2(q − 1)(n(q − 1) + 1) − s + 1
− μ(B)

∣∣∣∣ ≤ ε

holds for any n ≥ n1. �

PROPOSITION 4. For any ε > 0, there exists n2 such that(
A1,1,1, . . . , An,q2n−q2n−1,γ (n,q2n−q2n−1)

)
is ε-good for any n ≥ n2.

PROOF. We may assume 0 < ε < 1. Then, from Proposition 3, we find n1 such that(
An,1,1, . . . , An,q2n−q2n−1,γ (n,q2n−q2n−1)

)
, n ≥ n1

are all ε
3 -good. From Lemma 3,

n1∑
k=1

q2k−q2k−1∑
�=1

γ (k, �) = O
(
n1 q2n1

)
.
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Thus we can find n2 so that n2 ≥ n1 and for any n ≥ n2

n1∑
k=1

q2k−q2k−1∑
�=1

γ (k, �)

n2∑
k=1

q2k−q2k−1∑
�=1

γ (k, �)

<
ε

3
,

n(s − 1)

n2∑
k=1

q2k−q2k−1∑
�=1

γ (k, �)

<
ε

3
.

This shows the assertion of this proposition. �

PROOF OF THEOREM 2. For ε
2 > 0, we apply Proposition 4. Then there exists n2(

ε
2 )

such that for N ≥ n2(
ε
2 )

(A
�
1, A

�
2, . . . , A

�
L) with L =

N∑
n=1

q2n−q2n−1∑
�=1

γ (n, �)

is ε
2 -good. For N ≥ n2(

ε
2 ) consider L with

N∑
n=1

q2n−q2n−1∑
�=1

γ (n, �) +
M−1∑
�=1

γ (N + 1, �) < L ≤
N∑

n=1

q2n−q2n−1∑
�=1

γ (n, �) +
M∑

�=1

γ (N + 1, �) ,

(3)

where M ≤ q2(N+1) − q2N+1. Here UN+1,1
VN+1,1

,
UN+1,2
VN+1,2

, . . . ,
UN+1,M

VN+1,M
contains at most K <

ε
2q2(N+1) non ε

2 -good rational functions.
Then we have

#{ 1 ≤ j ≤ L − s + 1 : (A
�
j ,A

�
j+1, . . . , A

�
j+s−1) = B}

≥ (L − K(N + 1) − M(s − 1))
(
μ(B) − ε

2

)
. (4)

From Lemma 3, L ≥ Nq2N(1 − 1
q
)2, and M ≤ q2N+2 − q2N+1, the right hand side of (4) is

less than L(1 − ε
2 )(μ(B) − ε

2 ) if we choose n3 ≥ n2(
ε
2 ) sufficiently large and N ≥ n3.

We can show the estimate from above by the same way. This shows that

(A
�
1, A

�
2, . . . , A

�
L) is ε-good for L of (3) with N ≥ n3. �

3. Proof of Theorem 1

As in the previous section, we fix B = (B1, . . . , Bs), where Bj ∈ F[X] with deg Bj ≥ 1,
1 ≤ j ≤ s. For any positive number ε < 1 we consider n0 in Lemma 6.

LEMMA 7. For any η > 0, there exists a positive integer n1 ≥ n0 such that

#{(RU,RV ) ∈ PN : R monic (U, V ) ∈ P∗
k for some 1 ≤ k ≤ n0}

#PN

< η (5)
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holds for any N ≥ n1.

PROOF. Since there are q2k − q2k−1 pairs (U, V ) ∈ P∗
k and qN−k monic polynomials

of degree N − k, the numerator of (5) is

n0∑
k=1

(q2k − q2k−1)qN−k = qN(qn0 − 1) . (6)

Since #PN = q2N − qN , we complete the proof. �

LEMMA 8. The sum of the lengths of Artin continued fraction expansions of U
V

,

(U, V ) ∈ Pn, is equal to n(q − 1)q2n−1.

PROOF. For any (RU,RV ) ∈ Pn with (U, V ) ∈ P∗
k and a monic polynomial R,

deg R = n − k, the Artin continued fraction expansion of RU
RV

is the same as that of U
V

. Thus,
from Lemma 3, the sum of the lengths is calculated as

n∑
k=1

q2k−q2k−1∑
�=1

γ (k, �)qn−k =
n∑

k=1

q2k−2(q − 1)(k(q − 1) + 1)qn−k

= (q − 1)qn−1
n∑

k=1

(
kqk − (k − 1)qk−1

)

= n(q − 1)q2n−1 . �

LEMMA 9. The sum of the lengths of Artin continued fraction expansions of U
V

,
(U, V ) ∈ Pk , 1 ≤ k ≤ n, is

q
(
nq2n+2 − (n + 1)q2n + 1

)
(q + 1)(q2 − 1)

(=: Ŵn) .

PROOF. This follows directly from simple calculation by Lemma 8 :

n∑
k=1

k(q − 1)q2k−1 = nq2n+1

q + 1
− q

(
q2n − 1

)
(q + 1)(q2 − 1)

. �

PROOF OF THEOREM 1. First we consider fractions by polynomial pairs in PN . The

total length of their Artin continued fraction expansions is (q − 1)Nq2N−1 as shown in
Lemma 8. Lemma 7 shows that there exists a positive integer n1 ≥ n0 such that the to-

tal length of reducible polynomials RU
RV

, with (RU,RV ) ∈ PN and deg V ≤ n0, is less

than n0(q
2N − qN)η for any N ≥ n1. By Lemma 6, among other rational functions U

V
,

(U, V ) ∈ PN , at most

η ·
N−n0∑
j=0

qjq2(N−j) (7)
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rational functions are not ε-good. This shows that the sum of lengths of Artin continued

fraction expansions of all those rational functions is less than ηNq2N+1

q−1 . Thus the number of

occurrence of B in the sequence of polynomials by the concatenations of Artin continued
fraction expansions of all elements in PN is estimated from below by(

ŴN − ηNq2N+1

q − 1
− (q2N − qN)(s − 1) − n0(q

2N − qN)η

)
· (μ(B) − ε) .

Then dividing by ŴN , we see the frequency of B is larger than(
1 − C · η − O

(
1

N

))
(μ(B) − ε) as N → ∞ ,

where C is a positive constant. Similar to the proof of Proposition 3, we choose an appropriate
η and have a positive integer n2 ≥ n1 so that the frequency of B in the above is larger than
μ(B) − 2ε for any N ≥ n2. We can estimate from above by the same way and see that the
sequence of polynomials arising from the concatenations of Artin continued fractions of all
elements in PN is 2ε-good for N ≥ n2. From Lemma 9, we can find n3 ≥ n2 such that∑n0

j=1 Ŵj∑n
j=1 Ŵj

< ε for n ≥ n3 .

Now we consider positive integer L such that

n∑
j=1

Ŵj ≤ L <

n+1∑
j=1

Ŵj

for some n ≥ n3. We put

Z(L) = #
{

1 ≤ j ≤ L − s + 1 :
(
A

�
j ,A

�
j+1, . . . , A

�
j+s−1

)
= B

}
.

Note that there are at most q2n+3 1
q−1η non ε-good rational functions U

V
such that

(U, V ) ∈ {(U, V ) ∈ Pn+1 : deg V ≥ n0} (see (7))

and there are at most qn+1(qn0 − 1) rational functions U
V

such that

(U, V ) ∈ {(U, V ) ∈ Pn+1 : deg V < n0} (see (6)) .

Then we have

Z(L) ≥(L − s + 1)(μ(B) − 2ε) − n0

n0∑
j=1

Ŵj − η(n + 1)q2(n+1)

q − 1

− n0q
n+1(qn0 − 1) − (s − 1)(q2(n+1) − qn+1) .
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Dividing by L, we see that

Z(L)

L − s + 1
≥ μ(B) − 3ε ,

where we had chosen η appropriately. The estimate from above also follows in the same way.
Consequently, we have the assertion of the theorem. �

4. Lüroth series

In this section we apply our method adopted in §2 to Lüroth series in positive character-
istic, which was introduced in A. Knopfmacher and J. Knopfmacher [7]. Let S be a map of L
onto itself by

S(f ) =
{([

1
f

]
− 1

)([
1
f

]
f − 1

)
, if f �= 0 ,

0 , if f = 0 ,

for f ∈ L. We put An(f ) =
[

1
Sn−1(f )

]
and have the expansion of f by the following

f = 1

A1(f )

+
∞∑

n=2

1

A1(f )(A1(f ) − 1)A2(f )(A2(f ) − 1) · · ·An−1(f )(An−1(f ) − 1)An(f )
,

which we call Lüroth expansion of f . The nth convergent of Lüroth expansion is

1

A1(f )
+

n∑
k=2

1

A1(f )(A1(f ) − 1)A2(f )(A2(f ) − 1) · · ·Ak−1(f )(Ak−1(f ) − 1)Ak(f )

and the degree of its denominator polynomial is deg An(f ) + ∑n−1
k=1 deg Ak(f ).

It is easy to see that the Lüroth expansion of a rational function may not be finite. Indeed,

for example, a rational function A−1
(A−1)A−1 is a fixed point of S and have the expansion

1

A
+ 1

(A − 1)AA
+ 1

(A − 1)A(A − 1)AA
+ 1

(A − 1)A(A − 1)A(A − 1)AA

for any A ∈ F[X] with deg A ≥ 1. However, we have the following proposition.

PROPOSITION 5. For any rational function U
V

∈ L, there exists positive integers n and

m (n �= m) such that Sn(U
V

) = Sm(U
V

).

PROOF. Due to the definition of S, S(U
V

) is also a rational function and the denominator
of its degree is less than deg V . There are only finitely many polynomials of degree less that
deg V , which shows the assertion of this proposition. �
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For this reason, we do not use all rational functions to construct normal series associated
with the Lüroth expansion. The simple idea is that making use of cylinder sets. We arrange a
sequence of polynomials by concatenating sequences of cylinder sets to construct the normal
series with respect to Lüroth series.

It has been shown that S is μ-preserving and

μ ({f ∈ L : A1(f ) = B1, . . . , An(f ) = Bn}) = μ(〈B1, . . . , Bm〉) = 1

q2
∑n

j=1 deg Bj
(8)

for any finite sequence of positive degree polynomials B1, . . . Bn ∈ F[X]. In this sense, we
can define the normality of Lüroth series in positive characteristic : f ∈ L is said to be Lüroth
normal if

lim
N→∞

1

N
#{1 ≤ n ≤ N : An = B1, . . . , An+m−1 = Bm} = μ(〈B1, . . . , Bm〉)

for any choice of B1, . . . , Bm ∈ F[X] with deg Bj ≥ 1, 1 ≤ j ≤ m, where Aj denotes the
j -th coefficient of the Lüroth expansion of f for j ≥ 1. We infer form these that the sequence
of polynomials constructed in §2 also gives the Lüroth normal series. Indeed the following
theorem is a direct consequence of (8) :

THEOREM 6. For any sequence of polynomials {An} in F[X] with deg An ≥ 1 for
n ≥ 1,

1

A1
+ 1

A2
+ · · ·

is continued fraction normal if and only if

1

A1
+

∞∑
n=2

1

A1(A1 − 1)A2(A2 − 1) · · · An−1(An−1 − 1)An

,

is Lüroth normal.

Now let’s define the set of cylinder sets as

Ξn =
{
〈B1, . . . , Bs〉 : cylinder sets such that

s∑
j=1

deg Bj = n

}
.

Then #Ξn = #P∗
n = q2n − q2n−1. We arrange all elements of Ξn in any order and list up

their components (polynomials) just like we did in §2. Furthermore we concatenate these
finite sequences of polynomials, n ≥ 1. Then we get an infinite sequence of polynomials
C1, C2, . . ..
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COROLLARY 7. Let Ci ∈ F[X] be given as above. Then

h∗ = 1

C1
+

∞∑
n=2

1

C1(C1 − 1)C2(C2 − 1) · · ·Cn−1(Cn−1 − 1)Cn

is Lüroth normal.

The proof of this proposition is exactly the same as that of §2.

ACKNOWLEDGMENTS. The first author was supported by the National Research Foun-
dation of Korea (NRF) (2012R1A1A2004473). The second and the third authors were sup-
ported in part by the Grant-in-Aid for Scientific research No. 24340020 and No. 15K17559,
respectively, the Japan Society for the Promotion of Science.

References

[ 1 ] R. ADLER, M. KEANE and M. SMORODINSKY, A construction of a normal number for the continued fraction
transformation, J. Number Theory 13 (1981), 95–105.

[ 2 ] E. ARTIN, Ein mechanisches system mit quasiergodischen bahnen, Abh. Math. Sem. Univ. Hamburg 3 (1924),
170–175.

[ 3 ] V. BERTHÉ and H. NAKADA, On continued fraction expansions in positive characteristic: equivalence rela-
tions and some metric properties, Expo. Math. 18 (2000), 257–284.

[ 4 ] D. G. CHAMPERNOWNE, The construction of decimal normal in the scale of ten, J. London Math. Soc. 8
(1933), 254–260.

[ 5 ] K. INOUE and H. NAKADA, On metric Diophantine approximation in positive characteristic, Acta Arith. 110
(2003), 205–218.

[ 6 ] J. KNOPFMACHER, Ergodic properties of some inverse polynomial series expansions of Laurent series, Acta
Math. Hungar. 60 (1992), 241–246.

[ 7 ] A. KNOPFMACHER and J. KNOPFMACHER, Inverse polynomial expansions of Laurent series, Constr. Approx.
4 (1988), 379–389.

[ 8 ] A. KNOPFMACHER and J. KNOPFMACHER, Metric properties of algorithms inducing Lüroth series expan-
sions of Laurent series, Astérisque 15 (1992), 237–246.

[ 9 ] S. KRISTENSEN, Some metric properties of Lüroth expansions over the field of Laurent series, Bull. Austral.
Math. Soc. 64 (2001), 345–351.

[10] R. PAYSANT-LEROUX and E. DUBOIS, Ètude mètrique de l’algorithme de Jacobi-Perron dans un corps de
sèries formelles, C. R. Acad. Sci. Paris Ser. A-B 275 (1972), A683–A686.

[11] W. M. SCHMIDT, On continued fractions and diophantine approximation in power series fields, Acta Arith.
95 (2000), 139–166.



694 DONG HAN KIM, HITOSHI NAKADA AND RIE NATSUI

Present Addresses:
DONG HAN KIM

DEPARTMENT OF MATHEMATICS EDUCATION,
DONGGUK UNIVERSITY-SEOUL,
SEOUL 04620, KOREA.
e-mail: kim2010@dongguk.edu

HITOSHI NAKADA

DEPARTMENT OF MATHEMATICS,
KEIO UNIVERSITY,
YOKOHAMA 223–8522, JAPAN.
e-mail: nakada@math.keio.ac.jp

RIE NATSUI

DEPARTMENT OF MATHEMATICS,
JAPAN WOMEN’S UNIVERSITY,
TOKYO 112–8681, JAPAN.
e-mail: natsui@fc.jwu.ac.jp



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Japan Color 2001 Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.6
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Japan Color 2001 Coated)
  /PDFXOutputConditionIdentifier (JC200103)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /JPN <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (Japan Color 2001 Coated)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive true
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 0
      /MarksWeight 0.283460
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /JapaneseWithCircle
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


