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Abstract. We introduce By,
CMO, local Morrey-type spaces, etc., and investigate the interpolation property of Bl -function spaces. We also

apply it to the boundedness of linear and sublinear operators, for example, the Hardy-Littlewood maximal and frac-

-function spaces which unify Lebesgue, Morrey-Campanato, Lipschitz, BP,

tional maximal operators, singular and fractional integral operators with rough kernel, the Littlewood-Paley operator,
Marcinkiewicz operator, and so on.

1. Introduction

The purpose of this paper is to introduce B} -function spaces which unify many function
spaces, Lebesgue, Morrey-Campanato, Lipschitz, B, CMO, local Morrey-type spaces, etc.
We investigate the interpolation property of B -function spaces and apply it to the bounded-
ness of linear and sublinear operators, for example, the Hardy-Littlewood maximal operator,
singular and fractional integral operators, and so on, which contains previous results and ex-
tends them to B, -function spaces.

Let R” be the n-dimensional Euclidean space. We denote by Q, the open cube centered
at the origin and sidelength 2r, or the open ball centered at the origin and of radius r, that is,

Q,:{y:(yl,yz,...,y,,)eR":lmax [yil <r} or
r=n

<i<
Or={yeR": |yl <r}.

For each r € (0, 00), let E(Q,) be a function space on Q, with quasi-norm || - ||g(g,)-
Let £ (R") be the set of all measurable functions f on R” such that f|p, € E(Q,) for all
r > 0. We assume the following restriction property:
flo, € E(Q;) and O0<t<r<oo

= flo, € E(Qy) and | fllew) < Celflew, (L.1)
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where Cg is a positive constant independent of r, t and f. For example, E = L”, Lip,,
BMO, etc. Then, for a weight function w : (0, oc0) — (0, co) and an exponent u € (0, oo],
we define function spaces B, (E) = B} (E)(R") and Bl‘f) (E) = Bl‘f) (E)(R™) as the sets of all
functions f € Eg(R") such that || f || g« (r) < 0o and ”f”B;(E) < 00, respectively, where

I £llBy 2y = [wE) f o) Lu([1.00).dr /1)

”f”Bg)(E) = ||w(r)||f”E(Qr) L“((O,oo),dr/r) .

In the above we abbreviated || f1o, | Ec0,) to | fllE(o,)-

In this paper we always assume that w has some decreasingness condition. Note that, if
w(r) — ocasr — oo, then B} (E) = B,‘;(E) = {0}. In particular,if w(r) =r~?,0 > 0and
u = 0o, we denote B (E)(R") and B“ (E)(R") by B, (E)(R") and B, (E)(R"), respectively,
which were introduced recently by Komori-Furuya, Matsuoka, Nakai and Sawano [25]. These
B, -function spaces unify several function spaces, see the following Examples 1-4. Moreover,
if E = LP, then B,‘j)(Lp)(R") is the local Morrey-type space introduced by Burenkov and
Guliyev [7], see Example 5.

EXAMPLE 1. Beurling [3] introduced the space B”(R") together with its predual
AP(R") so-called the Beurling algebra. Later, to extend Wiener’s ideas [46, 47] which
describe the behavior of functions at infinity, Feichtinger [16] gave an equivalent norm
on BP(R"), which is a special case of norms to describe non-homogeneous Herz spaces
K;"r(R”) introduced in [22]. The function space B”(R") and its homogeneous version

BP (R") are characterized by the following norms, respectively:

1 , 1/p
d d
o /Q 1) x) an

Ifllgr = Sup(

r>1

1 1/p
I fllgr = Sup( / If(X)I”dX> ,
r>0 Ol (o

where |Q,| is the Lebesgue measure of Q,. In this case B’(R") = By (LP)(R") and
BP(R") = By (LP)(R") witho = n/p.

EXAMPLE 2. Chen and Lau [13] and Garcia-Cuerva [18] introduced the central mean
oscillation space CMO? (R") with the norm

1 I/p
I fllemor = Sup< / |f(x) — fQ,I”dX) ;
r>1 |Qr| [P

and Lu and Yang [28, 29] introduced the central bounded mean oscillation space CBMO? (R")

with the norm
1 1/p
[f(x) = f ,.I”dX> ,
10/ /Q e

I fllcemor = SUP(

r>0
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where fp, is the mean value of f on Q,. Then CMO?” (R") and CBMO” (R") are expressed
by B, (E)(R") and B, (E)(R"), respectively, with E = L? (modulo constants), || f || co,) =
”f - er ”Ll’(Qr) and o = n/p.

EXAMPLE 3. Garcia-Cuerva and Herrero [19] and Alvarez, Guzman-Partida and
Lakey [2] introduced the non-homogeneous central Morrey space BP-*(R"), the central
Morrey space BP*(R™), the A-central mean oscillation space CMOP-*(R") and the A-
central bounded mean oscillation space CBMO?**(R") as an extension of B” (R"), BP(R"),
CMO?(R") and CBMO? (R"), respectively, with the following norms:

1 1 ) 1/p
I fllgps =su —<—/ [ f ()] dx) ,
e =2 e Jo,

1 1 , 1/p
11 = su —( f 1F )l dx) ,
grr =0 o Jo,

1
|Or|

1 1/p
I/ lcmorr = sup — ( /Q |f ) — fo,I” dX) and

r>1T

11 t/p
A1 ~A=Sup—<—/ If(X)—frl”dX) .
camort = o 1ol Jo, ¢
Then these spaces are expressed by B, (E)(R") and By (E)(R") with E = LP (or E = LP
(modulo constants)) and 0 =n/p + A.

EXAMPLE 4. If E = L, ; (Morrey space) or £, ; (Campanato space), then the func-
tion spaces By (L) (R™), By (L) (R"), By (L,2)(R™) and By (L,.,)(R") unify the func-
tion spaces in above examples and the usual Morrey-Campanato and Lipschitz spaces. Ac-
tually, if A = —n/p, then L, = L?. If 0 = 0, then Bo(L, ) (R") = BO(LP,A)(R”) =
L, (R") and Bo(L, ) R") = Bo(ﬁp,;\)(R") = L, R"). If x = 0, then £, (R") =
BMO(R") for all p € [1,00) (John and Nirenberg [23]). If A = « € (0, 1], then
Lpi@®R") = Lip,(R") for all p € [1, 00) (Campanato [12], Meyers [31], Spanne [45]).
B, -Morrey-Campanato spaces were investigated in [24, 25, 26, 30]. For the definitions of
L, 5 and L, 5, see Subsection 3.2.

EXAMPLE 5. Burenkov and Guliyev [7] introduced local Morrey-type space
LM pp , (R") with the (quasi-)norm

1N zbpo = 0@ Lrn) | 160,00 -

and investigated the boundedness of the Hardy-Littlewood maximal operator. LM g ;(R")
is expressed by Bl‘f) (E)(R") with E = L? and w(r) = w(r)/r. For recent progress of local

Morrey-type spaces, see [4, 5]. See also [6, 10] for interpolation spaces for local Morrey-type
spaces.
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In this paper we investigate the interpolation property of By, -function spaces

(B (EYR™), Byl (E)YR™), , = Bi(E)R").

0

Moreover, we give the interpolation property with w = wy ® (w1 /wp) for some pseudocon-
cave function & (Theorem 1). To do this we assume that, for any f € Eo(R") and for any
r > 0, there exists a decomposition f = f; + f/ such that

L s < {chqu(Q,) O<r1<r), 12
Celfle,) @ =<t<o0),
and
17 e < {0 O <z<en), (13)
Celfllecgy) (cr <t < o0),

where Cg, a, b, c are positive constants independent of r, # and f. We call such property the
decomposition property. For example, Lebesgue, Orlicz, Lorentz and Morrey spaces have the
decomposition property. Actually, f = fx, + f(1 — x,) is the desired decomposition, where
Xr 1s the characteristic function of Q,. Moreover, we prove that Campanato and Lipschitz
spaces also have the decomposition property (Proposition 1).

As applications of the interpolation property, we also give the boundedness of linear
and sublinear operators. It is known that the Hardy-Littlewood maximal operator, fractional
maximal operators, singular and fractional integral operators are bounded on B,-Morrey-
Campanato spaces, see [24, 25, 26, 30]. Using these boundedness, we get the boundedness of
these operators on BY (Lp,)\),BlLZ (Lp.y), B (Lp,3) and Bl‘f] (Lp.1), which are also generaliza-
tion of the results on the local Morrey-type spaces LM, ., (R").

We give notation and definitions in Section 2 to state main results in Section 3. We prove
them in Section 4 and give applications for the boundedness of linear and sublinear operators
in Section 5.

2. Notation and definitions

In this section we give several notation and definitions to state main result.
A function w : (0, 00) — (0, 00) is said to be almost increasing (almost decreasing) if
there exists a constant C > 0 such that

wr) < Cw(s) (w(r)=>Cw(s)) for r<s. 2.1

A function w : (0, 00) — (0, co) is said to satisfy the doubling condition if there exists a
constant C > 0 such that

w(r) < C for

c'< <
w(s)

=

<2. (2.2)

“ | N

N =
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For functions w1, wy : (0, 0c0) — (0, 00), we write w; ~ w> if there exists a constant C > 0
such that

W e for r 0. 2.3)

c!< <
wa(r)

Note that, if w; ~ wy, then BY (E) = BY (E) and BY (E) = BY (E) with equiv-
alent norms. Note also that, if w satisfies the doubling condition, then, for any n > O,
lw £ | no0rarsry 204 [0 F £,
by the restriction property of {E(Q,)}.

We denote by W*, u € (0, oo], the set of all almost decreasing functions w : (0, co) —
(0, 00) such that w satisfies the doubling condition and w € L*([1, 00), dr/r). Note that,
if w ¢ L%([1, 00),dr/r), then B4(E) = Bl‘,‘)(E) = {0}. We also denote by W* the set
of all almost decreasing functions w : (0, co) — (0, c0) such that w satisfies the doubling
condition and

Lu((1,00).dr/r) 2T€ equivalent each other,

/00 w(t) ? <Cw(), re(0,00), 2.4)

where C is a positive constant independent of . If w satisfies the doubling condition, then

o dt
w(r)fC/ u)(t)T, r € (0,00),

for some positive constant C independent of r, that is, the condition (2.4) implies that w(r) ~
froo w(t)dt/t. Then the condition (2.4) is equivalent that there exists a positive constant &
such that w(r)r? is almost decreasing, see [38, Lemma 7.1]. Therefore, we have the relation

WECW cW2 cW®, 0<ui<uy <oo.

Moreover, if w satisfies the doubling condition, then there exists a positive constant v such
that w(r)r” is almost increasing. Actually, take v such that C < 2V, here C is the doubling
constant in (2.2). Then, for »r < s, choosing an integer k such that 2k=l, < s < 2Ky we have

w(r)r’ < CRw(s)r’ < 2%%w(s)(s/28"1Y = 2"w(s)s" .

We say that a function @ : (0, co) — (0, 00) is pseudoconcave if there exists a concave
function ® : (0, 00) — (0, 00) such that ® ~ ©. All pseudoconcave functions satisfy the
doubling condition. Let @, be the set of all functions @ : (0, c0) — (0, co) such that, for
some constants C € (0, o) and ¢, ¢’ € (0, 1),

@(tr) e L&
< Cmax(t®,t°) forall r,t € (0,00).
e(r)

Then all functions ® € @, are pseudoconcave, see [41]. Note that ® € @, if and only if

there exist constants ¢, &’ € (0, 1) such that ® (r)r ¢ is almost increasing and that @(r)r_S,
is almost decreasing. In this case ¢ < &'.
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We consider a couple (Ao, A1) = (Byl(E), By (E)) or (Byl(E), By) (E)). For f €
Ag+ Ay, let

K(r, f; Ao, A) = _inf (I follag +rlifolla,) (0 <r <o0),
f=rftfi

where the infimum is taken over all decompositions f = fo + f1 in A9 + A. For a pseudo-
concave function ® and u € (0, oo], let

(Ao, A1, ©)y = if € Eo®") : [0 K . £1 A0, AD| ugom0rar ) < oo}.

We also consider the following:

(A0, A1, O 100 = | f € E®") : |[OGTVK (. f3 Ao, Ab)|

Lu([1,00),dr/r) = OO} :
In particular, for ®(r) = r?,0 e (0, 1), we denote (Ag, A1, @), and (Ag, A1, O)y, [1,00) DY
(Ao, A1)e,u and (Ao, A1)g,u, [1,00) TESPECtively.

3. Main results

In this section we investigate the interpolation properties of B,’j)(E ) = Bl‘f] (E)(R") and
B} (E) = B}, (E)(R"), using the restriction and decomposition properties (1.1), (1.2) and

(1.3) of {(E(Q), I 1E0) } gy <o

3.1. Interpolation. The main theorem is the following:

THEOREM 1. Assume that a family {(E(Qr), I - ”E(Qr))}0<r<oo has the restriction
and decomposition properties. Let ug, u1, u € (0, 00], wg, w; € W, ® € @, and

w = wo O(w/wo) .

For eachi = 0, 1, if min(u;, u) < oo, then we assume that w; € W*. Assume also that,
for some positive constant &, (wo(r) /w1 (r))r—¢ is almost increasing, or, (w1 (r)/wo(r))r—¢
is almost increasing. Then

(Bi (E)(R"), Byl (E)(R™), ©), = Biy(E)R"),

0

and

(Bi (E)(R"), Bl (E)(R™), ©)

0

u ooy = Bu(E)RY).

REMARK 1. The function w = wy ® (w;/wp) in Theorem 1 is in W, since the
function R(r, s) = r @ (s/r) is almost increasing with respect to both r and s. For properties
of pseudoconcave functions, see [21]. If (wo(r) /w1 (r))r ¢ is almost increasing, then wy (r)ré
is almost decreasing, that is, w; € W*. Similarly, if (w1 (r)/wo(r))r ¢ is almost increasing,
then wy € W*.
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Take ug = u; = oo, wo(r) = r=%, wi(r) = r~° in Theorem 1. Then we have the
following:

COROLLARY 1. Assume that a family {(E(Q,), Il - ”E(Qr))}0<r<oo has the restriction

and decomposition properties. Let u € (0, oo], 09, o1 € [0, 00) with oy # 01, © € O, and
w(r) =r~0eF70m). 3.1
Ifu < oo, we assume that oy, o1 € (0, 00). Then
(Boy (E)R™), By, (E)R"), ©), = BY(E)R"),
and

(Boo (E)Y(R™), Boy (E)R"), O), [ o) = Bu(E)R").

u, [1,

REMARK 2. Forany w € W*, there exist o0y, 01 € [0, 0c0) and @ € @, such that (3.1)
holds. Actually, since w(r)r" is almost increasing and w(r)r" is almost decreasing for some
positive constants v and n with v > 5, choosing o9, o1 € [0, 00) and ¢, ¢’ € (0, 1) such that

og>01, e£<é&, og—(og—o))s=v, og—(og—o01)e =1, (3.2)
and setting & as
O = w@)re,
we have
O (00 — (), @I — iy (3.3)

These show that ®(r)r~¢ is almost increasing and @(r)r“‘?/ is almost decreasing, that is
®ec,.

Conversely, for any ® € @, and oy, o1 € [0, c0) with ¢ > o1, the function w defined
by (3.1) is in W* by the relations (3.2) and (3.3).

EXAMPLE 6. Letoy, o € [0, 00), 00 > o1, wo(r) =r°, wi(r) =r°,a,B € (0, 1),
and let

w=wo Owi/wo), OF)=max(r®,rf).
Then

w(r) = max(r—(tfo-i-a(tfl —ffo))7 r—(@0+B (o —Uo))) ,
and ® € O, since

a(tr)
e(r)

< max(z%, tﬂ) forall r,t € (0, 00).
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EXAMPLE 7. Let £ be the set of all continuous functions £ : (0, c0) — (0, c0) for
which there exists a constant ¢ > 1 such that

£ 1 1
! < ﬁ < c¢ whenever - < 0gs <2 3.4)
(r) 2 7 logr
If £ € L, then, for all @ > 0, there exists a constant ¢, > 1 such that
e (r) < 6(r%) < culb(r) for 0<r <oo. (3.5)

For other properties on functions £ € L, see [33, Section 7]. For example, the following
function £g, g, is in L:

(log %)_ﬁ' O<r<eh,

g (r) = 1 (e7'<r<e), Pi.p2e(-00,00).
(logr)? (e <),
Let 0g, 01 € [0, 00), 09 > o1, wo(r) =r~%, wi(r) =r~°,0 € (0, 1), and let
w=woOwi/wy), O@)=rLr), teLl.
Then ® € @, and
wr) ~r %r), o=(1—68)oy+00.
We can take £g, g, as £.

Take u = 0o and O (r) = r? in Corollary 1. Then we have the following:

COROLLARY 2. Assume that a family {(E(Q,), Il - ”E(Qr))}0<r<oo has the restriction

and decomposition properties. Let oy, o1 € [0, 00) with og # 01,0 € (0, 1) and
o= (1—-6)og+00o;.
Then

(Boy (E)R™), By (E)R™M), = Bo(E)R"),

6,00
and
(Boy(EYR"), Boy (EYRY), . 11 ) = Bo (E)R").

Let E = LP. Then, using Corollaries 1 and 2 we have the following:

EXAMPLE 8. Takeog =0 € (0,00),01 = 0and 7 = (1 —0)o withd € (0, 1) in
Corollary 2. Then, since Bo(L?)(R") = LP(R"),

(Bs (LP)R™), LP(R™M), . = B (LP)(R"),
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and

(B, (LP)(R™), LP(R™)) o0y = Br(LP)RY).

6,00, [1,
EXAMPLE 9. Take u = 00,00 = 0 € (0,00), 01 = 0, w(r) = r?O0 () with
w € W*and ® € O, in Corollary 1. Then
(Bo (LM)(R™), LP(R"), @) = By (L")(R"),
and

(Bo, (LP)(R™), LP(R"), ©) =B (LR

00, [1,00)

EXAMPLE 10. Take u € (0, 00), 09,01 € (0,00), w(r) = r=%0O () with w €
W* and ® € @, in Corollary 1. Then

(Boy (LP)(R™), By, (LP)(R"), ©), = Bly(LP)(R"),
and

(Boy (LP)(R™), Bo, (LP)(R™), ©) = B,,(L")(R").

u, [1,00)
In this case Bl’j) (LP)(R") is the local Morrey-type space LM, 5(R") with w(r) = w(r)/r.

3.2. Morrey, Campanato and Lipschitz spaces. In this subsection, we consider
Morrey, Campanato and Lipschitz spaces as concrete examples of the function space E which
does not satisfy the lattice condition (3.11). Let

Qx,r=x+0,={x+y:ye0}.

For a measurable set G C R", we denote by |G| and x¢ the Lebesgue measure of G and the
characteristic function of G, respectively. We also abbreviate x o, to x;.

For a function f € Ll (R") and a measurable set G C R”" with |G| > 0, let

loc

1
- dy. 3.6
fc |Gl/Gf(y) y (3.6)

For a measurable function f on R”, a measurable set G C R” with |G| > O and ¢ € [0, c0),
let

m(G, f, ) =y e G:|f(M|>1}]. (3.7

We recall the definitions of Morrey, weak Morrey, Campanato and Lipschitz spaces be-
low. These function spaces have the restriction properties. The first two have also the support
property (3.10) and the lattice property (3.11), and then the decomposition property. The last
two also have the decomposition property by Theorem 2 and Proposition 1. Therefore, we
can take these function spaces as E in Theorem 1 and Corollaries 1 and 2.
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DEFINITION 1. LetU = R*orU = Q, withr > 0. For p € [1,00), A € R and
ae(0,1],1let L, (U), WL, (U), L, (U) and Lip, (U) be the sets of all functions f such
that the following functionals are finite, respectively:

1 1 » 1/p
IfllL,,w)= sup —<7 [fODI dy) ,
pr () ow.ncu st \ 10, )| Jow.s
1/p
1 (sup, ot m(Q(x,s), f, 1)
lfllwe,,w)= sup —( ,
P sy 5 10x, 9
1 1/p
1 fllz,,@w)y= sup —<7 [f() = fo, |de) ,
p2 (O Q(x,s)cU st |Q()C,S)| Q(x,s) o

and

I fllLip, @y = sup If&) = fOl

x,yeU, x#y |x —)’|°‘

Then L ;(U) is a Banach space and WL, (U) is a complete quasi-normed space. In
this paper we regard £, ,(U) and Lip,(U) as spaces of functions modulo constant func-
tions. Then £, 3 (R") and Lip,, (R") are Banach spaces equipped with the norms || f|| £, and

IIf “Lipa’ respectively.
By the definition, if A = —n/p, then L, _,;,,(U) = LP(U) and WL, _,,;p,(U) =
WLP(U), the weak L? space. If p = 1 and A = 0, then £ o(U) is the usual BMO(U).

REMARK 3. We note that By (L ;)(R") unifies L, ;(R") and BP*(R") and that

Bo (Lp,3)(R™) unifies £, ; (R") and CMO” *(RM). Actually, we have the following relations:
Bo(Lp)(R") = Ly(R"),  Bo(Lp)R") =L, (R"), (3.8)
Bitn/p(Lp.—n/p)(R") = BP*(R"),  Biyn/p(Lp—n/p)(R") = CMOP*R").  (3.9)

In the above relations, the first three follow immediately from their definitions, and the last
one follows from Theorem 3 below. We also have the same properties for the function spaces

By (Lp3)(R™) and By (L) (R™).

Here we state two known theorems which give the relations among Morrey, Campanato
and Lipschitz spaces. For the proofs of Theorems 2 and 3 below, see [12, 31, 45] and [32, 37],
respectively. For other relations among function spaces in Remark 3, see [25, Proposition 1].

THEOREM 2. Ifp € [1,00) and A = a € (0, 1], then, for eachr > 0, L, ;(Q,) =
Lip, (@) modulo null-functions and there exists a positive constant C, dependent only on n
and A, such that

CM S, r00 < 1 f Itipg0n < Cllfllz, (0 -

The same conclusion holds on R".
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THEOREM 3. If p € [1,00) and . € [—n/p,0), then, for eachr > 0, L, ;(Q,) =
L, 3(Qr). More precisely, the map f +— f— fg, is bijective and bicontinuous from L, ; (Q,)
to L, 3(Qr), that is, there exists a positive constant C, dependent only on n and X, such that

C NSz, nc00 < I = FollL,acn < CIF e, 00 -
The same conclusion holds on R" by using lim,_, » fo, instead of fo,.

Now we consider the decomposition property. Recall that £ (R") is the set of all mea-
surable functions f on R" such that f|g, € E(Q;,) for all r > 0. If the family {E(Q,)}
has the restriction property and the following two conditions, then it has the decomposition

property.
fEeEQ:), O<r<t<ooand supp f C Or = lfllew,) < CelfllEew,, 3.10)
g € E(Qy) and | f(x)| < |g(x)| for a.e.x € Q,

= f € E(Qy) and | fllew,) < Cellgllec,) -

(3.11)

A

Actually, for f € Eg(R"), letting
f(;zfxf’ ff:f_f(;’

we have the desired decomposition with a = b = ¢ = 1, where y, is the characteristic
function of Q,. Lebesgue, Orlicz and Lorentz spaces satisfy these conditions. Moreover,
Morrey and weak Morrey spaces also satisfy them.

Next we prove the decomposition property of Campanato spaces. For r > 0, let

L, x[ =<1,
hr(x) =h(x/r), h(x) = IAllLip, @y < 1. (3.12)
0, [x[=2,

PROPOSITION 1. Letp €[1,00)and x € [—n/p, 1]. Then the family {L, 5(Q,)} has
the decomposition property. More precisely, for any f € (L) o (R") and for any r > 0, let

for :(f_szr)hrs flr :f_(f_szr)hr-
Then f = f5 + f{,

Cllfllz,.c0n O<t<r)

I follz, . 0n <
PR T CH g,y (r <t <00),

and

O<t<r)

0
Ifillz,, 0 <
PRI ACS N, 0y (r <t < 00),

where C is a positive constant independent of r, t and f.
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PROOF. If0 <t <r,then fj = f — fo,., f| = fo, and

r r
“f() “‘CP,A(Q;‘) = “‘f“‘CP,A(Qt) ) ”f] “‘CP,A(Q;‘) = 0

If r <t < oo, then, by the same argument as [30, Lemma 3.5] we have

”f(;””ﬁp,)L(Q,) = C”f”Lp,)L(QSr) ’

and
L2, a0n S WFILys0n 162,00,
< flz, 00+ Clflz, 05
=Clflz,.cou -
Then we have the conclusion. O

By Theorem 2 we have the following:
COROLLARY 3. Leta € (0,1]. Then the family {Lip,(Q,)} has the decomposition
property.

Therefore, it turned out that we can take L, 5, WL 5, £p 3, BMO and Lip,, instead of
L? in Examples 8, 9 and 10. Actually, we have the following:

EXAMPLE 11. Takeog =0 € (0,00),01 =0and 7 = (1 —O)o withd € (0, 1) in
Corollary 2. Then

(Bs (E)®R"), ER"M), . = B:(E)R"),
and

(B, (E)(R™), E(R™)) = B.(E)(R"),

6,00, [1,00)
where £ = Ly, WLy 3, £y 4, BMO, or Lip,, with p € [1,00), A € [-n/p,0], u €
[-n/p,1]and a € (O, 1].

EXAMPLE 12. Takeu = 00,09 = 0 € (0,00), 01 = 0, w(r) = r 2@ (%) with
w € W*and ® € O, in Corollary 1. Then

(B-(E)R"), E(R"), ©)_ = B (E)R"),
and

(Boy (E)YR™), ER"), ) 11 o) = By (E)R"),

oo, [1,

where £ = L, WLy 3, Lp 4, BMO, or Lip,, with p € [1,00), A € [-n/p,0], u €
[-n/p,1]and @ € (O, 1].
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EXAMPLE 13. Take u € (0, 00), 09,01 € (0,00), w(r) = r— %O () with w €
W* and © € @, in Corollary 1. Then

(B (E)R™), By, (E)R"), @), = BU(E)R"),
and

(Boy (E)(R™), By, (E)R"), ©) = B (E)(R"),

u, [1,00)
where £ = Ly, WLy 3, Ly 4, BMO, or Lip,, with p € [1,00), A € [-n/p,0], u €
[-n/p,1]and « € (O, 1].
EXAMPLE 14. Letp €[1,00), A0, A1 € [-1/p,00),0 € (0,1)and X = (1 —O)Ao +
6A1. Then
(BPRO®"), BPMRY), = BPHR).

(CBMO?*(R"), CBMO”* (R")), - = CBMO”*(R"),
and
(BPHO®R™Y), BPMR")y 110y = BT R,
(CMOPH(R™), CMOPM(RM), 1y ) = CMOP*(R").

4. Proof of the main theorem

To prove the main theorem we need several lemmas. We also use a weighted Hardy’s
inequality by Muckenhoupt [35].

LEMMA 1. Let0 < up < uy <ooandw : (0,00) — (0,00). If w satisfies the
doubling condition, then

B,°(E)(R") C B,'(E)(R") and BZ)O(E)(R") C Bl’fjl (E)(R™)
with
”f”Bz)] (E) = C”f”Bﬁ)O(E) and ”f”Bz)] (E) = C”f”Bﬁ)O(E) ’
respectively, where C is independent of f.

PROOF. Let f € Bl (E).

”‘f”Bz,l (E) = Hw(r)”f”E(Qr) L*1((0,00),dr/r)

= [{lw sz,

L“l([2/*‘,21'),dr/r)}jeZ o

S [{fwehisiee,) e ”

= [{wehiflze, )]
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S H{Hw(’)”f”E(Qr) LMO([zf‘,zHl),dr/r)}jeZ

£"0

= ”w(r)”f”E(Qr) L”O((O,oo),dr/r) = ”f”Bs,O(E)

For f € By (E), take Jj = linstead of j € Z in the above calculation. a
LEMMA 2. Let functions ¢, G : (0,00) — (0, 00) satisfy the doubling condition,
e > 0and u € (0,00]. Assume that ¢ (r)r—° is almost increasing or ¢ (r)ré is almost
decreasing. Then
c™! G IlLu(0,00),dr/r) < I1G © @Il Lu((0,00),dr/r) < CNGILu((0,00),dr/r) »

and

c! G llLe1,00),dr/r) < NG 0 @llLu(1,00),dr/r) < CINGIILu((1,00),dr/r) »
where C is a positive constant depending only on ¢, u and the doubling constants of ¢ and G.

PROOF. If ¢ satisfies the doubling condition and ¢ (r)r—¢ is almost increasing, then
¢(r) ~ [g @) dt/t. Letgi(r) = [y ¢(t)dt/t. Then ¢y is continuous and ¢ ~ ¢1, that is, ¢y
satisfies the doubling condition and ¢ (r)r ~¢ is almost increasing. Let ¢ (r) = for ¢1(t)dt/t.
Then ¢, is differentiable, strictly increasing and ¢ ~ ¢>. In this case ¢o(r)r—¢ is almost
increasing, and then lim,_. ¢2(r) = 0 and lim, . ¢2(r) = oo. Therefore, ¢, is bijective
from (0, co) to itself. Moreover,

P pi)/r 1

o(r)  po(r) r

Using the doubling condition of G, we have

G o @liLe(0.00).dr/r) ~ |G © P2llLu((0,00).dr/r)
~ G 0 @2l Lu((0,00). (64 /2
= [GllLu(©.00).dr/r) -
Further, let ¢3(r) = ¢2(r)/¢2(1). Then ¢3(1) = 1 and ¢3 has the same properties as ¢.
Hence, using ¢3, we have

|G o @llLu(1,00),dr/r) ~ NG llLu((1,00),dr/r) -

If ¢(r)r® is almost decreasing, letting ¢i(r) = froo ¢(t)dt/t and ¢o(r) =
froo ¢1(t) dt/t, we see that ¢, is differentiable and bijective from (0, co) to itself, and

$)  di)/r 1

() ()

In this case, we also have the same conclusion. |

lim ¢po(r) =00, lim ¢(r) =0,
r—0 r—00
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THEOREM 4 (Muckenhoupt [35]). Letp € [1,o0]and1/p+1/p’ = 1. Let F*(r) =

Jo f@) dt and Fy(r) = [° f(t) di. Then

U F*ILr0.00) < CIVfIlLr©.00)

if and only if
00 1/p r , 1/p
sup (/ |U(r>|"dr> (/ V@O dt) <.
r>0 r 0
Also,
U FillLr0,00) < CIIV £liLr(0,00)
if and only if

r 1/p 00 ) 1/p
sup (/ |U(z>|sz) (/ V)P dt) < o,
r>0 0 r

4.1)

4.2)

In the above, we use the obvious modification when p = oo or p’ = 0o. That is, we regard

1/00
(fa” W (1) £ dt) a5 SUPye .y |W (O for0 <a < b < oo,

LEMMA 3. Letug,ui,u € (0,00], max(ug, u1) < u, wo, w; € W, @ € O, and

let

w=woOwi/wo), wsx=wo/wi.

(1) Let max(ug, u1) < oo and wy, w; € W*. Assume that w,(r)r—¢

creasing for some positive constant . For f € Bl‘f) (E), let

Fo() = wo@)" Il f ot ™" Uo(r) = (O wa(r)~h) r o,

is almost in-

< C”f”Bﬁ,(E) s

and
Fi0) = wi@®)" 1 f 1ot " Ui0) = (wa)O (wi(r)™H) /v
Then
r 1/ug 00 1/uy
HUO(F) / Fo(t) dt +'Ul(r> / i) di
0 L"/0(0,00) r L"/11(0,00)

where C is independent of f.

(i) Let ug = u = oo. Assume that w(r) is almost increasing. For f € Bl‘f) (E), let

Fot) = wo) | fllEcon, Uo(r) = O(wi(r)™").
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Then

< C”f”Bz,(E) s
L>°(0,00) )

H Uo(r)( sup Fo(t))

te(0,r)

where C is independent of f.
(iii) Let uy = u = oo. Assume that w,(r) is almost increasing. For f € Bl’f) (E), let

Fi@t) =will fllecey, Ui(r) = we(r)Owi(r)™).

|

where C is independent of f.

Then

=< C“f“B{j,(E) ,
L>(0,00) )

U1(r)< sup Fl(t)>

te(r,00)

REMARK 4. In the definition of Fyp and Fy of Lemma 3, using || |l £(0,)X[1,00) (")
instead of || f || (p,), we have the result for f € B} (E).

PROOF OF LEMMA 3. (i) We may assume that w,(r)r ¢ and @ (r)r ¢ are almost in-
creasing and @ (r)r®~! is almost decreasing for the same small . First note that, using these
properties and the doubling condition of &, we have that, fora > 0,

r —a dt r —a —ga dt
| (ew@™) "5 = [ (ow.0uwr) * (wawte) e
0 t 0 t

oo dt

< (00 wner) (war) [0S

~ (@a.m™) ",

and

g 1@ dt
/0 (wvow.0™h) T = fo
T o dt

< (w00 ) (werr)” [0S

r

T N (G A

a

~ (O ™)
Similarly, we can get

[ (ow.w) < < (ow.m )"

and

—a

[ (w-00w.07) "% £ (n0r0w.0)
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Let
Vo(r) = (O (w(r)™h) " r =10/ Vi(r) = (wi (O (wa(r)™H) " T
Part 1. Proof of

1/ug

Uo(r) /r Fo(t) dt
0

< CllflBx ) -
L4/"0(0,00)

Case 1: ug < u < oo.

00 ug/u r (u—ug)/u
(f wowrrmoar) ™ ([ oo ar)
d 0
00 ug/u r (o)1
:</ CICRORE ?)0 (/ (CITRORS) B % 0
" 0

S (Owm™)* (e ™) " =1.

Case 2: ugp = u < oQ.

<foo Uo(t)dt)( sup Vo(t)—l)
r te(0,r)

o uo d 1\ —u
= (/ (Ow«™h) 0%)( sup (@ wi(H™h) 0)

te(0,r)
uo —Uup
S (e@.™) " (Ow.m™) " =1.
Case 3: ug < u = oo. In this case

uo

o) = (0. ™))", Vo) = (Ow.™)"r.

( sup Uo(t)) </ vo(z)—ldz)
te(r,00) 0
_< sip (O(w.(n7) )(/0 (ew.™) t)

te(r,00)

Then

—1y %0 —1y) Ho
~ (e ™) " (O@.m™) T =1.
In any cases, Up and Vj satisfy the condition (4.1) in Theorem 4. Since
V. F = (e -1 “o 1—ug/u 7 ug —1
0 Fo(r) = (@) ™)) r 170 Mo ()0 | £ 1550, 7

= w()"l £l g, ",
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using Theorem 4, we have

r 1/ug 1/ug
Uo(r) / Fo(r) dr < | vor For)
0 L*/0(0,00) L4/"0(0,00)
1/ug
_ ug up —up/u
- lU(r) ”f”E(Qr)r LM/MO(O,OO)
= |w(r = o (Y -
( )”f”E(Qr) LU((0,00),dr /1) ”f”Bw(E)
Part 2. Proof of
00 1/uy
HUI(V)/ Fi(t)dt <CllflBxE)-
r Lu/ul(o’oo)

Case 1: u; <u < oo.

r uy/u 00 (u—uy)/u
</ Ul(t)“/”‘dt) </ V1(t)_”/(”_”‘)dt>

0 r

_ r o 1 u dt uy/u

—(/0 (w00 . 7)

o —uju/(u—u; (u=up)/u
x(/ (wewOw.0h) " )?)

uj

< (w00 ™) (wOw,m™H) " =1,

Case 2: u; =u < 00.

</rU1(t)dt>< sup Vl(t)_1>
0 te(r,00)
— ( /0 ' (weO )" ?)( sup (w*(t)@(w*(t)—l))_"')

te(r,00)
uy —u
< (O™ (wew,m™H) T =1.
Case 3: u; < u = 00. In this case

uy

i) = (w0, ™) " Vi) = (v, ™H) ",

< sup Ul(t)> ( / N Vl(f)_ldt)
te(0,r) r
u 0 —uy d
z( sup (w. (O w,(7) 1)(/ (CROCITNOW) th)

te(0,r)

Then
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< (00w ™)" (wrOw.H) =1
In any cases, U; and Vj satisfy the condition (4.2) in Theorem 4. Since
ViR E) = (000, 0)7D) " = ) ) £ g,
=wr) " I g,

using Theorem 4, we have

' o 1w 1/u
Ui f Fi(tydt < IO FE @I
r Lu/ul (0,00) L 1(0,00)
1/uy
_ uy ug —uy/u
= [wer £ g, pon o
L*((0,00),dr/r) - ”f”B:”u(E)'

(i) Since Up(r) = O (w«(r)~!) is almost decreasing,

N H( sup Uo(t)Fo(t))
L>(0,00) te(0,r)

- Hw(f)“f”E(Qr)

Uo(?)( sup Fo(t))

te(0,r)

L>°(0,00)

= vo oo

= ||f||339(5) :

L%(0,00) L>°(0,00)

(iii) Since U1(r) = w4 (r)® (w*(r)_l) is almost increasing,

5”( sup Ul(t)Fl(t))
L£%(0,00) 1€(r,00)

o ( s )

te(r,00) L>°(0,00)
=UtFtH :Hwt = 1 f Nl oo -
jvoRo], . = el ., o = 1 e
Therefore, we have the conclusion. a

PROOF OF THEOREM 1. We may assume that (wo(r)/wi(r))r ¢ is almost increasing,
by changing wo and w if need.
Part 1. Proof of

(B”0 (E)(R™), B”‘ (E)R"), ©), C B (E)(R"). (4.3)
Let f € (Buy (E)R™), By (E)(R), ©) and f = fo+ f1 with f; € By (E)R"),i =1,2.
Then
w) flle) < Cw@) (I follecn + 1 fillE))

< C% <u)0(r)||f0||E(Qr + %wl(”)”fl”E(Qr))



502 EIICHI NAKAI AND TAKUYA SOBUKAWA

G

—<||f||~ LUSVPYS )
= () BRI ()

“c @(un(r)) <|If0||B§%(E) + Z?—g;l|f1||g;11(,5)> )

wo(r)

Then, letting w, = wo/wi, we have

w) £ £, < COWs ™K (wilr), f3 BY (E)R"), BY (E)R")).

By Lemma 2 we have

o = ||w(r
11l gu ) H O llEen Lu((0,00).dr/r)

< @)K (watr), £ Bl EYRY, By (BYR)

L"((0,00),dr/r)

~

OC VK (1, f5 BIS(E)RY), B (E)RY)

0

L*((0,00),dr/r)
- ”f”(B,‘,‘,%(E)(R"), Bl (E)®), )

This shows (4.3).
Part 2. Proof of

(BL (E)R™), BY (E)R"), ©), D Bl (E)(R"). 4.4)
We may assume that 0 < max(ug, u1) < u < 00, since

(B (E)R™), BY(E)R™Y), @), D (B0 (E)R"), By (E)(R"), ©), .

Let f € Bl‘f) (E)(R™) and » > 0. From the decomposition property of { E(Q,)}, we can take
functions fj and f| satisfying f = f7 + f{,

o < {chqu(Q,) O<r<r), “s)
CellfllE(Qe) (r <t <o00),
and
T {O O=r=en, 4.6)
Cellfllecg,) (cr <t < 00).

Here we may assume that a > 1 and b > 1. We will show that f] € B{ff(’) (EYR™M), f] €
By (E)(R") and

O ws () YN s
@@ O™ N85 1000

+ | I N i,

< au gy - (47
L(O00).dr /) 1A ey - (47D
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Then, by Lemma 2
171 (Bu) (BY®M). By (E)RN), ©),

0

= H@(r‘l)K(r, fs BZ)O (E)RY), B;ll (E)(Rn)) HLM((O,oo),dr/r)

~

O, () ™K (wa(r), £3 B (E)RY), Blt (E)R™))|

L"((0,00),dr/r)

=

O ) DILf5 20 iy + 0 IO W) N |

L“((0,00),dr/r)
5 ”f”Bﬁ,(E) .

This shows (4.4).
Now we prove (4.7). From Lemma 3 we see that

o f 120 o<, |m®I £z,

< < X0
L"0((0,2ar),dt/t) L"1([r,00),dt/t)

and

H@(w*(Zar)—l)H wo I fllE) Li0(0.2ar).d1 /1)

L*((0,00),dr/r)

w0 ()™ w1 /0,

"

LA (Tr00).dt/0| Lu((0,00),dr/r)

5 ”f”B;f)(E) .

Therefore, to prove (4.7) it is enough to show

0O 1200 1 0. = PO NE@ 0 mr @)
and
IGIVATS I oo |1 718, oo 4.9)

Since wg € W if ug = oo, or wg € W* if ug < oo,

lwo ()l Lo (1r,00),d1 /6y S wo(r) S lwo )l Lxo (far,2ar),d1 /1) -
From (4.5) it follows that

011500 | 1 0,000

< [wowi iz,

wo(f u
LY0((0,r),dt /1) + 1 fIlE@an lwo )l L 0([r,00),dt/t)

< [wo sz

L0((0,2ar),dt/1)
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This shows (4.8). Next we show (4.9). From (4.6) it follows that

S [wionsizen

EAGIRA S

L"1((0,00),dt /1) L"1 ([cr,00),dt /1)

~ le(bt)”f”E(th) L1 ersoo).dt 1)

= Iz, e oot

If ¢/b > 1, then we have (4.9). If ¢/b < 1, then

H IO EQ@) |y (o conarso

— w1 100 + |wi 01 f s,

LI ([cr/b,r),dt/t) L"1([r,00),dt/t)

S w1z,

+ le(l)||f||E(Q,)

L"1([r,br/c),dt]t) L"1([r,00),dt/t)

< szl(nuan(Q»

L1 ([r,00),dt/1)

This shows (4.9).
Part 3. Proof of

(B (E)R"), Bl (E)R"), ©), |, o, C Bu(E)R"). (4.10)

i
Using L¥([1, 00), dr/r) instead of L*((0, 00), dr/r) in Part 1, we have the conclusion.
Part 4. Proof of

(B (E)(R™), Byl (E)(R"), ©)

0

, D BUL(E)(R"). (4.11)

u,[1,00

Instead of (4.7) we need

)‘@(w*(r)‘l)llféllgzg(E>

L“([1,00),dr/r)

+ | O @A gt )

< u (E) - 4.12
Leoo)drr) I/ 1By (&) 4.12)

By the same way as (4.8) and (4.9) we can get, forr > 1,

S [wooi rizn

Hwo(l)”for”E(Qt) o000y di /1)

LY ([1,2ar),dt/t)’

and

le(f)”f{”E(Qt) S le(l)”f”E(Qr)

L1 ([1,00),dt/t) L1 ([r,00),dt /1)

respectively. By Remark 4 we see that (4.12) follows from these inequalities. O
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5. Boundedness of linear and sublinear operators

In this section we consider the boundedness of linear and sublinear operators on
B4 (E)(R") and B,’j) (E)(R") with E = L ; or L, 3. Itis known that some classical operators
are bounded on B, (E)(R") and B, (E)(R"), see [25]. Applying the interpolation property,
we extend these boundedness to B} (E)(R") and B,’j) (E)(R™). We consider sublinear opera-
tors T defined on L. (R™). That is, the operator T satisfies that, for all f, g € Ll (R")

comp comp
and for a.e.x € R",

IT(f + 9@ =ITf)I+I[Tgx)|.

We also assume that

ITf(x)=Tgx)| < CIT(f —9)(x)] (5.1

for some positive constant C. For example, if T is linear, or, sublinear and 7' f (x) > 0 for all
f and a.e. x, then T satisfies the condition (5.1) with C = 1.

In general, for quasi-normed function spaces A; and B;, i = 0, 1, let a sublinear operator
T : Ao + A1 — Bp + Bj be bounded from A; to B;, i = 0,1, and satisfy (5.1) for all
f, g € Ao+ A1. If T is not linear, we also assume that B;, i = 0, 1, satisfy the lattice property
(3.11). Then we conclude that

K(r,Tf; By, B1) = CrK(r, f; Ao, A1),

where C7 is a positive constant dependent on 7 and C in (5.1). Therefore we can use the
interpolation property for the boundedness of T'. Actually, if T is linear, then

Tf=Tfo+Tf, Tfo€ Bo, Tf1 € B

for any decomposition f = fy + f1 in Ao+ A;. Hence
K(r,Tf; Bo, B1) = |ITfollg, + rlITf1lls, < Cr(lfollag +rllfilla,) -
If T is not linear, then, using (5.1) and the lattice property, we have
ITf(x) =T fox)| = CIT fi1(x)]
and
Tf=Tfo+ (Tf—Tfo), Tfoe Bo, Tf —Tfo < Bi.
Hence
K(r,Tf: Bo, B1) = ITfollgy +rIITf — Tfollg, = Crllfollag +rlifilla),

for any decomposition f = fy + f1in Ag + Aj.
We also point out that the condition (5.1) is important to extend L?-bounded operators to
bounded operators on Morrey spaces. Actually, there exists an L?-bounded sublinear operator
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T such that T does not satisfy (5.1) and that 7' cannot be extended to a bounded operator on
Morrey spaces, see Remark 5.

In this section, first we give the boundedness of the Hardy-Littlewood maximal and frac-
tional maximal operators in Subsection 5.1. Next we investigate singular and fractional in-
tegral operators and more general sublinear operators with (5.1) in Subsection 5.2. In Sub-
sections 5.3 and 5.4 we consider singular integral operators with the cancellation property
and modified fractional integral operators, respectively. Finally, we show the vector-valued
boundedness in Subsection 5.5.

If » = —n/p, then L, ; = L and BY (L, ,)(R") = BY(LP)(R") = LM, 5(R") with
w(r) = w(r)/r. Let BZ](WLP)(R") = WLM,, 5 R") with w(r) = w(r)/r, where WL? is
the weak L? space.

5.1. The Hardy-Littlewood maximal and fractional maximal operators. The
fractional maximal operators M, of order o € [0, n) are sublinear, which is defined as

1

Mo () = S o /Q Gl dy .
where the supremum is taken over all cubes (or balls) O containing x € R". If ¢ = 0, then
M, is the Hardy-Littlewood maximal operator denoted by M.

It is known that, for « € [0, n), p,q € [1, 0] and —n/p + « = —n/q, the operator My
is bounded from L? (R") to L4 (R") if p € (1, oo], and from L' (R") to WL (R") if p = 1.

It is also known that, for « € [0,n), p,q € [1,00), A € [-n/p,0), u € [—n/q,0),
w =XA+aandg < (A/u)p, the operator M, is bounded from L, ; (R") to L, ,(R") if
p € (1,00), and from L; 3 (R") to WL, ;,(R") if p = 1. In particular, the Hardy-Littlewood
maximal operator M is bounded from L, 5 (R") to itself if p € (1, o) and from L1 ; (R") to
WLy, [R"),see[14].

Moreover, the boundedness of M, on B,-Morrey spaces is known by [25, Theorem 7].
Using this boundedness and Example 13, we have the following:

THEOREM 5. Leta € [0,n), p,g € [1,00), A € [-n/p,0), u € [-n/q,0),u €
0,00], ® € O, and let

wr) =r°0¢"), o,te(0,00) with o > 1.
Assume that
u=r4+a, qg=<QA/uw)p and oc+ri+a=<0.

Then the operator My is bounded from B} (Lp ;)(R") to Bl (Ly ,)R") if p € (1, 00), from
By (L1)R") to By, (WLy ,)(R") if p = 1. The same conclusion holds for BZ) (Lp )R,

Taking A = —n/p and u = —n/q in Theorem 5, we have the following:
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COROLLARY 4. Leta €[0,n), p,q €[1,00),u € (0,00], ® € O, and let
wr)=wr)/r, wr)=r°600", o,tec (0, o00)witho >T1.
Assume that
—-n/g=-n/p+a and o —n/p+a=<0.

Then the operator My is bounded from LM p, ([R") to LMy, 5(R") if p € (1, 00), from
LMy, 5 [R") to WLMy,, 3 ([R") if p = 1.

For necessary and sufficient conditions for the boundedness of M on local Morrey-type

spaces, see [7].

5.2. Singular and fractional integral operators. We consider sublinear operators
T which satisfy (5.1) and the following condition: There exist constants « € [0, n) and
C € (0, 00) such that, forall f € L} (R"),

comp
Q _

rreot=c [ Il Idy. x g supp 5.2)
R |x =yl

where £2 is a function on R” which is homogeneous of degree zero and 2 € L?(S"~") for
some p € [1, co]. For example, singular and fractional integral operators satisfy (5.2) with
£2 = 1. More precisely, the singular integral operator T is defined by

Tf(x) = /R Ky fG)dy, xgsuppf, fe Ll (R (5.3)
with kernel K (x, y) satisfying the condition

IK@x, I =Clx—yI™", x#y, (5.4

and some regularity conditions. (For regularity conditions, see Yabuta [48] and references
therein.) Then the singular integral operator T satisfies the condition (5.2) with « = 0 and
it is bounded on L?(R"), p € (1, 00), and from L'(R") to WL!(R"). Moreover, under the
assumption that p € [1,00) and A € [—n/p,0), T can be extended to a bounded operator
on L, (R")if p € (1, 00), and from Ly (R") to WL, (R") if p = 1, see [14, 36, 40].
Fractional integral operators I, o € (0, n), are defined by

S
lo f (x) _/]R" mdy
Then I, satisfies (5.2) with this « and it is bounded from L” (R") to LY(R"), 1 < p < g < 00,
—n/p+a = —n/q, and from L' (R) to WL" =% (R). Moreover, under the assumption that
p.q € [1,00), & € [-n/p,0), p € [-n/q,0), A+« = pand g = (A/w)p, lo can
be extended to a bounded operator from L ; (R") to L, (R") if p € (1, 00), and from
Ly, R")to WLy ,(RY)if p =1, see [1, 14].
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For the L?”-boundedness of Calder6n-Zygmund singular integral operators

£2x -y
Tof(x)=pv. | ——=f(y)dy,
Re X — ¥l
and fractional integral operators with rough kernel

Q —
ot = [ 2 royay.
R X — ¥l

see [11] and [34], respectively.

REMARK 5. Let T be a sublinear operator satisfying (5.1) and (5.2) for some o €
[0,n). Let p,qg € [1,00), A € [-n/p,0), u € [-n/q,0) and u = A + «. Assume that T
is bounded from L”(R") to L9(R") or to WL (R"). Then, for f € L, (R") and R > 0,
T (f xr) is well defined and limg_~ T (f xg) exists a.e.on R”, or in LfOC(R"), with some
additional assumption on £2 in (5.2). Actually, fxg € LP(R") and we can prove that

IT(fxs)(x) =T(fxr)X)| = CIT(f(xs — xr)(x)] = 0

as R, S — oo for a.e. R”, orin L;’OC(R"), see [25, Lemmas 3 and 4]. Then, letting 7f =
limg_ 00 T(f xr) for f € Lp ;(R"), we can define T as a bounded operator from L ; (R")
to Ly, (R") orto WL, , (R"), see [25, Remark 15] in which we point out that we need the
condition (5.1). For example, the operator Tf = e'l/lLr@m pf, where M is the Hardy-
Littlewood maximal operator, is bounded on L? (R") but not well defined on Morrey spaces
in general.

REMARK 6. If T is a singular integral operator defined by (5.3), then the equality

lim T(fxr)(x) =T (fXx0(2r)(x) +/ K(x,y)f(y)dy

R=o0 R™\Q(2,2r)
holds for a.e.x € Q(z,r) and for any Q(z,r), see [36, 39, 43]. See also Rosenthal and
Triebel [42] for the extension of singular integral (Calderén-Zygmund) operators to Morrey
spaces.

Let T be a sublinear operator defined on Léomp(R”) and satisfy (5.1) and (5.2). It is
known that, under some conditions, if 7' can be extended to a bounded operator on Morrey
spaces, then T can be further extended to a bounded operator on B,-Morrey spaces, see [25,

Theorem 8]. Using this boundedness and Example 13, we have the following:

THEOREM 6. Let p,g € [1,00), A € [-n/p,0), u € [—n/q,0), u € (0,00], ® €
O, and let

wr)=r 0", o,7€(0,00) with o > 1. (5.5)

Let T be a sublinear operator defined on Ll (R") and satisfy (5.1) and (5.2) for some

comp

o €[0,n)and 2 € Lﬁ(S”_l) with p € [1, 0o]. Assume one of the following conditions:



BY -FUNCTION SPACES AND THEIR INTERPOLATION 509

) u=r4+a,p>p ando+r+a <0,

() u=r4+a,p>qando+r+n/p+a <O.
Assume in addition T can be extended to a bounded operator from L 5 (R") to Ly ,(R") or
to WLy  (R"). Then T can be further extended to a bounded operator from Bj, (L, 5)(R")
to B (Lyu)(R") or to B (WLy ,)(R"), respectively. The same conclusion holds for
Bl (Lp,)(R™).

REMARK 7. Let f € By(Lp)(R") and R > 0. Then fxg € B:(Lp;)(R") and

f(l=xRr) € Bo(Lp)(R"). Hence T (f xr), T(f(1—xgr)) and Tf = limg—oo T(f xr) are
well defined by [25, Theorem 8], see also its proof.

COROLLARY 5. Let T be a singular integral operator with kernel K (x, y) satisfying
the condition (5.4). Let p € [1,00), A € [-n/p,0), u € (0,00], ® € O, and define w by
(5.5). Assume that o + A < 0. If T is bounded on LP (R") with p € (1, 00), then T can be
extended to a bounded operator on BY,(Lp 3 )(R"). If T is bounded from L'(R") to WL (R"),
then T can be extended to a bounded operator from Bl (L1,,)(R") to BY(WL1,)(R"). The
same conclusion holds for Bl’j) (Lp )R,

COROLLARY 6. Let o € (0,n), p,g € [1,00), A € [-n/p,0), u € [—n/q,0),
u € (0,00], ® € O, and define w by (5.5). Assume that A +a = u, g < (A/Wp
and o + u < 0. Then fractional integral operators 1y are bounded from By (Lp ) (R") to
By (Lg )R if p € (1,00), and from By (L1;)(R") to BY,(WLg, ,)(R") if p = 1. The
same conclusion holds for Bl’j) (Lp )R,

Further, Theorem 6 is valid for the Calderén-Zygmund singular integral operators,
fractional integral operators with rough kernel, C. Fefferman’s singular multipliers, the
Littlewood-Paley operator, the Marcinkiewicz operator, Ricci-Stein’s oscillatory singular in-
tegral, the Bochner-Riesz operator at the critical index, and so on. For these operators, see
[15, 20, 27, 44].

Taking A = —n/p and u = —n/q in Theorem 6, we have the following:

COROLLARY 7. Let p,q €[1,00),u € (0,00], ® € O, and let
wr)=wr)/r, wr)=r600", o,te€ (0, 00)witho > 1.
Let T be a sublinear operator defined on Léomp(R") and satisfy (5.1) and (5.2) for some
o €[0,n) and 2 € LP(S"~") with p € [1, 0o]. Assume one of the following conditions:

(1) —n/g=—-n/p+a,p>p ando —n/p+a <0,

(i) —n/q=—-n/p+a,p>qgando —n/p+n/p+a <0.
Assume in addition T is a bounded operator from LP(R") to LY1(R") or to WL9(R").
Then T can be extended to a bounded operator from LMp, 5R") to LMy, 3(R") or to
WLMg, ;(R"), respectively.
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For the boundedness of singular and fractional integral operators on local Morrey-type
spaces, see [8, 9].

5.3. Singular integral operators with the cancellation property. Let « € (0, 1].
In this section we consider a singular integral operator T with kernel K (x, y) satisfying the
following properties;

K (x, y)| <
lx — y|"

for x #y;

C _ K
IK(x,y) — K@ )|+ Ky, x) — K(y,2)| < : (Ix z|>
lx = yI" \lx =yl

for |x —y| >2|x —z|;

/ K(x,y)dy:/ K(y,x)dy=0
r<|x—y|<R r<|x—y|<R

for 0<r <R <o0 and x e R",

where C is a positive constant independent of x, y, z € R". For n > 0, let
= Ko,
[x=yl=n

Then the integral defining T), f (x) is convergent whenever f € Lé’omp (R™) with p € (1, 00).
We assume that, for all p € (1, 0o), there exists a positive constant C}, such that for all n > 0
and f € Lgomp(Rn)’

1Ty fllp = Cpllfllp,

and that
lim T, f=Tf
n—0

exists in L? (R"). By this assumption, the operator T can be extended to a continuous linear
operator on L? (R"). We shall say the operator T satisfying the above conditions is a singular
integral operator of type . For example, Riesz transforms R;, j = 1,...,n, are singular
integral operators of type 1.

To define T for Campanato spaces, we first define the modified version of T, as follows:

Tnf(X)=/ | [K(x,y) = KO, )1 = x1)]f(»dy.
xX=y|=n

Then, for f € £, R"), p € (1,00), A € [-n/p, 1), we can show that the integral in the
definition above converges absolutely for all x and that f‘,, f convergesin L?(Q) asn — 0
for each Q (see the proof of [39, Theorem 4.1]). We denote the limit by T f.
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REMARK 8. If Tf is well defined, then T f is also well defined and Tf — T f is a
constant function. Furthermore, for the constant function 1, 7'1 is undefined, while 71 =0.
See [25, Remark 10] for details.

Let T be a singular integral operator of type k € (0, 1]. It is known that, under some con-

ditions, T can be extended to a bounded operator on Campanato spaces and on B, -Campanato
spaces, see [39, 40] and [25, Theorem 10], respectively. Using the boundedness on By -
Campanato spaces and Example 13, we have the following:

THEOREM 7. LetT be a singularintegral operator of type k € (0, 1]. Let p € (1, 00),
u € (0,00],0 € O, and let

wr)=r?00¢", o,te(0,00) with c >1. (5.6)
If —n/p+o0 <k andif € [—n/p, k — &), then T can be extended to a bounded operator

on By (Lp;)R") and BZ; (Lp, ) R™). Moreover, ifo < k and if A € [0,k — o), then T can
be also extended to a bounded operator on B (L1,)(R") and Bl‘f) (L1.0)@R"Y).

Let 2 = 0 in Theorem 7 we have the following.

COROLLARY 8. Let T be a singular integral operator of type k € (0,1]. Let u €
0, 0], ® € O, and define w by (5.6). If 0 < «k, then T can be extended to a bounded
operator on B} (BMO)(R") and Bl‘f) (BMO)(R").

By Theorem 2 we have the following:

COROLLARY 9. Let T be a singular integral operator of type k € (0,1]. Let u €
0,00], ® € O, and define w by (5.6). If 0 < 0 + o < k, then T can be extended to a
bounded operator on B} (Lip,)(R") and Bl’f) (Lip,) (R™).

5.4. Modified fractional integral operators. To define fractional integral operators
on Campanato spaces we define the modified version of I, @ € (0, n), as follows;

- 1 1—
Lo = [ f(y)( ___Lub )>d
Rn [x — ¥l [¥]

If I, f is well defined, then I:x f is also well defined and I, f — fa f is a constant function.
For the constant function 1, 1,1 = oo, while ial is well defined and also a constant function,
see [30, Remark 2.1] for example.

It is known that, under some conditions, ia is bounded on B,-Campanato spaces, see
[30, Theorem 2.6]. Using this boundedness and Example 13, we have the following:

THEOREM 8. Leta € (0,1), p,qg € [1,00), A € [-n/p, 1), u € [—n/q, 1) and
Ao =pu. Letu € (0,00], ® € O, and let

wr)=r°0¢"), 0,7 € (0,00)witho > T. 5.7
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Assume that o + .+« < 1. Assume also that p and q satisfy one of the following conditions:

G p=landl <g <n/(n —a);
() l<p<n/aandl <q < pn/(n — pa);
(i) nfo < p <ocoand1 < q < oo (in this case, 0 < u < 1).

Then I, is bounded Sfrom By (Lp)RY) to By (Ly, )R and from BZ)(EP,A)(R”) to
BY (L) (R™M).

If » =0,then £,; = BMO. If 0 < A < 1, then £, ; = Lip,. Therefore, we have the
following:

COROLLARY 10. Leto,B,y € (0,1)anda + B = y. Letu € (0,00], ©® € O,
and define w by 5. 7) with o + B+ 0 < 1. Then I is bounded from B, (BMO)(R") to
BY (Lip,) (R"), from Bl (Lipg) (R™) 10 Bis (Lip,, ) (R"), from Bl (BMO)(R") to B (Lip,) (R")
and from Bl (Lipg) (R") t0 BY (Lip, ) (R").

5.5. Vector-valued boundedness. In this section we state the vector-valued inequal-
ities for By, (L p,»)(R") and BZ] (Lp ) @RY).

DEFINITION 2. LetU = R" or Q, withr > 0. Let p € [1,00), A € Rand v €
(0, oo]. For

E=L", WLP, Ly, or WLy;,

let E(£V)(U) be the sets of all sequences of functions { f j}‘]?i | such that the following func-

oo 1/v
(Zmr’)
j=1

where we use the obvious modification when v = oo.

tional is finite:

3

15l eenyw) = '
EU)

Then {(E(@”)(Qr), Il - lE@vy o)) }O<r<oo has the restriction and decomposition proper-
ties for E = LP?, WL?, L, or WL, 3, since

e v 1/v o] 1/v
(Z\ s ) = (Dm”)
j=1 j=1
1/v

00 1/v oo
(merr’) = (Zw“) Xr -
j=1 j=1

DEFINITION 3. Letp €[1,00),X € R, u,v € (0, c0] and w € W*. For

and

Qr

r

E=LP, WLP, Lp; or WLy,
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let B (E(£"))(R") and BZ)(E(E”))(R”) be the sets of all sequences {fj}?il’ fi € Eg@®R™M),

such that ||{ f; il | Bx (E(ev)) < 00 and ||{fj}‘]’.‘;1 IIB%(E(ZU)) < 00, respectively, where

13152

B (E(LY)) — HUJ(V) H {f] }j:I HE(/ZU)(Q,) LU([1,00).dr/r) s

|35 ] BU(E(Y) = Hw(r) [t52 ”E(ZU)(Qr)

Lu((0,00),dr/r)

We consider sublinear operators 7" as in Subsection 5.2 on vector-valued function spaces,
that is,

T {152 = ATF5S

Then the vector-valued boundedness of T on B,-Morrey spaces is known, see [25, Theo-
rem 14]. Using this boundedness and Example 13, we have the following:

THEOREM 9. Let

{p,q €[1,00), Ae[-n/p,0), uel-n/q,0),ve(l,o0l,u e (0,o0], 55

wr)=r?00"), ® €O,, ando,t € (0,00) witho > 1.
Let T be a sublinear operator defined on Léomp(R") and satisfy (5.1) and (5.2) for some

o €[0,n) and 2 € LP(S"~ 1) with p € [1, 0o. Assume one of the following conditions:

) u=r+a,p>p ando +r+a <0,
() u=r4+a,p>qando+r+n/p+a <O.

If T can be extended to a bounded operator from L, ;(L°)(R") to Ly, (£°)(R")
or to WLy, (£")YR"), then T can be further extended to a bounded operator from
Bt (Lp . (€V)R") to Bl (Lg, . (€°))R™) or to By (WLg, , (£)(R"), respectively. That is,

H<§;|Tfj|v>l/u )SCH<]§|JZ'|U>1/U

, if pe(l,00),
B{f;(Lp,)»)

By (Lg.u
and

, ifp=1,
BY(Ly3)

H(ngfﬂv)l/v 5C“<§;|fj|”>l/v

where we use the obvious modification when v = oo. The same conclusion holds for
By, (Lp 2 (£7))(R™).

By (WL

COROLLARY 11. Letp,A,u,v,®,0,t and w be as in (5.8). Assume thato + A < 0.
If a singular integral operator T is bounded on LP (¢')(R") with p € (1,00), then T can
be extended to a bounded operator on By, (L, (£°))(R™). If T is bounded from L") (RM)
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to WL (£¥)(R™), then T can be extended to a bounded operator from BY (L1, (€")(R") to
BY (WL, (£")(R"). The same conclusion holds for BZ; (Lp(€7))(R™).

COROLLARY 12. Leta € (0,n),andlet p,q, , u,u,v, ®, 0,1 andw be as in (5.8).
Assume that p = A+ o, q < A/ u)p and o + » + a < 0. Then fractional integral op-
erators 1y are bounded from By (L, 5 (£°))(R") to By (Lg  (£")R™) if p € (1,00), and
Sfrom By (L1 ;(€")(R") to By (WL4  (L*)(R™) if p = 1. The same conclusion holds for
BY (Lpa(€")R™).

On fractional maximal operators My, @ € [0, n), using Theorem 9 and [25, Theorem 15],
we have the following:

COROLLARY 13. Let«a € [0,n), and let p,q, ), L, u, @, 0,7t and w be as in (5.8).
Assume that @ = A + o and g < (/) p. Assume also one of the following conditions.

() o+A+a <0andv € (1, o0],
(i) o +A4+a =0andv = oc.

Then the operator My can be extended to a bounded operator from Bl (L, (£"))(R") to
By, (Lgu(L")R") if p € (1,00), and from By, (L, (€")(R") to By, (WLg ,,(€"))(R") if
p = 1. The same conclusion holds for BZ; (Lp s (€))(R™).
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