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On Functional Relations for Witten Multiple Zeta-functions

Soichi IKEDA and Kaneaki MATSUOKA

Nagoya University and Nagoya University
(Communicated by M. Tsuzuki)

Abstract. In this paper we discuss functional relations for the multi-variable version of Witten zeta-functions
associated with the Lie algebra sl(r) (r = 3, 4, 5).

1. Introduction

Let g be a semisimple Lie algebra and s € C. The Witten zeta-function {4(s) attached to
g is defined by

Lo(s) =) (dimp)~*,
o)

where p runs over all finite dimensional irreducible representations of g. Zagier defined the
function ¢4(s) in [12]. The special values of ¢4(s) were introduced and studied by Witten
in [11]. In [5] Matsumoto and Tsumura defined the multi-variable version of Witten zeta-
functions associated with semisimple Lie algebrasl(r +1) (r =1,2,...)

00 r or—j+1 j+k—1 —Sjk
iry® = > [ TI (Z n) : (1.1)

ny,ng,...n,=1j=1 k=1 v=k
where

S = (Sjx)1<j<ri<k<r—j+1 € Co+h/2 Rsje>1).

The general definition of the multi-variable version of Witten zeta-functions was given in [4].
Recently, the multi-variable version of Witten zeta-functions are also called the zeta-functions
of root systems (see [3]). Since the values of the Witten zeta-function have applications
for theoretical physics (see [11] and [12]), we may expect that the multi-variable version of
Witten zeta-functions also have some applications. However, as far as the authors know, such
applications have not been found yet.
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Some relations for the special values of certain multiple zeta-functions were studied by
many authors, for example [2, 8, 9]. In [10] Tsumura found the functional relations between
¢s1(3) and the Riemann zeta-function

Loty (k, 1, 8) 4+ (=11 (5,1, 5) + (= 1)/ Lai3) (5, &, D)
k

=2 > e _Dik-j)

Jj=0
j=k (mod 2)

/21 . o .
/4 l4+j—-2u—-1 .
X (im) < J. . )Z(s~|—l+J—2u)
— 2w)! J—2un

I,L_

k . G212 !
—4 > QT onk—) Y, o= D, tl—v)

— — 2u+1)! —
j=0 n=0 v=0

Jj=k (mod 2) v=l (mod 2)

<v+j—2u—l
X

-1 ){(s+v+j—2u).

In [6] Nakamura obtained

Co13y (ko 1, 8) + (=) o103y (s, 1, k) + (= 1DF g3y (s, k, 1)

[k/2] .
k+1—-2j—1 ) )
=2 :( / >;(2]>c<s+k+l—zj>
j=1

k—2j
[1/2) . (1.2)
k+1—-2j—1 ) )
+2J§< [ 2 >§(2])§(s+k+l—2])

- <<k+li_1>+<k+§_1>>;(s+k+l)
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by a method different from that of Tsumura. In [5] Matsumoto and Tsumura obtained
Cst(4) (51, 0,52, 2k + 1,53, 20 + q) — (= 1) Zs1a) (51, 0, 52, 21 + q, 53, 2k + 1)
— Csi(a) 2k +1,52,51,20 +q, 0, 53) — Ls1(4)(51, 2L + g, 2k + 1,52, 0, 53)
=Cs13)(51 + 2k + 1,52 + 2l + g, 53)

_ 2
—2Z¢(2k 2 )Z(zzﬂﬁz] 2")%

rd 2j+1-2p 2p)!
(1.3)
X C13)(s1, 82,83 + 2l +2j+qg+1—2p)
2v+q +2j —2,0)( 1)Pm?P
+ 4 21 —2v 2k —2 -
Zc( )Z¢( nZ( 2 RS
X C13)(S1, 82,83 +2v+2j + g+ 1 —2p)
—202DC_4(2k +1; 51, 52, 53)
and
Cs1a) (51, 0, 82, 2k, 53,21 4+ q) + (= 1) 8514y (51, 0, 52, 21 + ¢, 53, 2Kk)
+ CB[(4)(2ka 52,81, 21 + CIa 05 S3) - CB[(4)(S17 21 + CIa 2k’ §2, 07 s3)
= —¢a13)(s1 + 2k, 52 + 21 + g, 53)
20+q+2j—20— 1\ (=1)Pr?r
+23 02k —2)) ( =T
Z Z 2j—=2p (2p)!
(1.4)
X Cs13)(51, 52,53 + 2L +2j +q — 2p)
204+q+2j—2p— >(—1)pn2p
—4 21 —2v 2k —2 -
Zc( )Z¢( nZ( 2 —2p-1 IS
X Cs13)(S1, 82,53 +2v+2j+q + 1 —2p)
— 202D CE(2k; 51, 52, 53),
where ¢(s) = !5 — 1)z (s),
Cs13) (81, 82, 83 + 2k+ 1) (if g =0);

C_yQk+1;51,52,53) = 2’;=0¢(2k —2)) z 02j =20+ 1) ((zlp)ff;f
x&s13)(S1, 82,83 +2j +2 —2p) Gf ¢g=1)
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and

—&s1(3)(S1, 82, 83 + 2k) (if g =0);
_1)07[2/0

. i—1 .
C2 (ks s1,52,83) = 1 251 2k —2) Y0202 — 2p) Gl 5r
xZs13)(51, 82,83 +2j + 1 —2p) (if g=1).

Komori, Matsumoto and Tsumura mentioned the existence of functional relations for Z4(s)
in [3, p. 163], but they did not give an explicit formula. Nakamura conjectured that some
functional relations for the multi-variable version of Witten zeta-functions are obtained by
using multiple Lerch value relations (see p. 552 in [7]). We note that Komori, Matsumoto
and Tsumura obtained a functional relation for zeta-functions without any 0 index (see [3,
Theorem 7.1]).

In this paper we study functional relations for Zs(3), {si4) and {s(s). In particular,
we give an elementary proof of functional relations for these functions. Our results include
functional relation (1.2) and a simpler form of (1.3) and (1.4). We guess that we can apply
our method to g((-+1) for all r and zeta-functions without any 0 index.

2. Statement of main results

In this section we show the statement of our main results.
Let k,I € N and s, 51,52, ...,510 be complex variables. Let RS(i1,i2,...,i5) =
N(sip + 55y + -+ +siq) foriy, iz, ..., ig € {1,2,...,10}. Let

Dy ={s; € C| RS(1) > 1},

Dé ={(s1,8) € C? | RS2) > 1,RS(1,2) > 2},

D3 = {(s1, 52,83) € (o | RS(1,3) > 1,RS(2,3) > 1,RS5(1,2,3) > 2},

Dy = {(s1, 52, 53, 54, 55, 5) € C° |
RS(3,5,6) > 1,RS(1,4,6) > 1, RS(2,4,5,6) > 1,
RS(2,3,4,5,6) > 2, RS(1,3,4,5,6) > 2, RS(1,2,4,5,6) > 2,
RS(1,2,3,4,5,6) > 3},

Ds = {(s1, 52, 53, 54, 55, 56, 87, 53, 89, 510) € C'* |
RS4,7,9,10) > 1, RS(3,6,7,8,9,10) > 1, R§(2,5,6,8,9,10) > 1,
RS(1,5,8,10) > 1, RS(3,4,6,7,8,9,10) > 2, RS(1,2,5,6,8,9,10) > 2,
RS(2,4,5,6,7.8,9,10) > 2, RS(2,3,5,6,7,8,9,10) > 2,
RS(1,4,5,7,8,9,10) > 2, RS(1,3,5,6,7,8,9,10) > 2,
RS(2,3,4,5,6,7.8,9,10) > 3, RS(1,3,4,5,6,7,8,9,10) > 3,
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RS(1,2,4,5,6,7,8,9,10) > 3, RS(1,2,3,5,6,7,8,9,10) > 3,
RS(1,2,3,4,5,6,7,8,9,10) > 4}.

. k+l—j—1
K~=K(k,l,1):=< ) >
J k—]
k4l—j—1
Lj=L(k,l,j):=<+l J )
—

The following theorems are our main results.

THEOREM 2.1.

21

Let f3(s1, 52, s3) be a complex function in the region D3. Let g(s) be

a complex function in the region Dy and h(s1, s2) be a complex function in the region D).
Assume that the following relations hold.

(@) f3(s1,52,83) = f3(s2, 51, 53).
(b) f3(s1,52,0) = g(s1)g(s2).
(©) f3(s1,0,52) = h(s1, 52).

(d)
k .
fls k) =Y (=D TKig(gls +k+1— j)
j=2
I
+ DL +k+I =)
j=2
+ (DK (s + kL= 1)+ g(s +k+1).
(e)

k l

filk ls) =Y Kjh(j.s+k+1—j)+Y Lih(j.s+k+1—j).

j=1 j=1

(f) h(s1,82) + h(s2,51) = g(s1)g(s2) — g(s1 + 52).
Then we have
(—D*f3(s. k. D)+ (=D f3(s.1,K) + f3(k, L,'s)

[k/2] .

k+1—-2j—1 . .

=2§j< Dy )mwm@+ku—w)
j=1 —

”mc+wm—1

Y )g(2j)g(8+k+l—2j)
—4J

j=1

— <<k+ll(_1>+<k+§_1>>g(s+k+l).

Q2.1
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In particular, we can take f3 = {513y, § = ¢, h = {2, where the function {; is Euler double
zeta-function

1
$a(s1,82) = Z Tl

1<m<n

In this case relation (2.1) holds for all s € C except for the singularities of each side of (2.1).
Note that we can obtain functional relation (1.2) by Theorem 2.1.

THEOREM 2.2. Let f4(s1, $2, 83, S4, S5, S6) be a complex function in the region Dj.
Let g(s) be a complex function in the region D> and f3(s1, s2, 53) be a complex function in
the region D3. Assume that the following relations hold.

(@) f3(s1, 52, 83) = f3(s2, 51, 53).

(b) fa(s1, 52,53, 54, 55, 56) = fa(s3, 52, 51, 55, 54, S6).

(©) fa(s1,52,53,54,0,0) = g(s3) f3(s1, 52, 53).

(d) fa(s1, 52,54, 53,0, 55) = fa(sa, 51, 54, 53,0, 55).

(e)
k .
fals1,52,k,83,0,1) = > (=D T Kg(j) f3(51, 2,53 + k+1 = j)
j=2
!
+ 3 (=DFLj fa(s1. 52,0, 53+ k+1— .0, )
j=2
+ (=D 'Ky falsr, 52, Los3 +hk+1-2,0,1).
()
k
fak, 0,52, 51,1, 53) = ZKjf4(j, 0,s2,51,0, 83 +k+1—j)
j=1
!
+ZLjf4(0,0,S2,S1,j,S3 +k+1—j).
j=1
(g
g(s) f3(s1, 52, 53)
= f4(s1, 52,0, 53,0,5) + fa(s1,0,0,s, 52, 53) + fa(s,0, 52, 51,0, 53)
+ f3(s1, 82,83 +5) + f3(s1 +5,52,53).
(h)

Sfa(s1,82,1,53,0,1) = fa(s1,0,0, 1,52, 53 + 1) + f4(1,0, 52, 51,0,53 + 1)
+ f3(s1, 82,83 +2) + fa(sy + 1, 52,53 +1).
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Then we have
(=DX fa(s1, 52, k, 53,0, 1) + (=1 fals1, 52,1, 53,0, k)
+ fa(k, 0,52, 51,1, 83) + fa(l, 0,51, 52, k, 53)

k/2] .
k+1-2j—1 . '
222< / )g(ZJ)fs(sl,sz,sg +k+1-2j)

o k—2j
[1/2] .
k+l—2j—1\ .
+2) T e@ frGs1, 255 + K +1—2))
, 1—2j
o 2.2)
k
k+1—j—1 , '
—Z< J. >f3(51+],S2,S3+k+l—])
, k—j
j=1
I
kl—j—1 . .
_Z< l—j’ >f3(32+J,S1,S3~I-k+l—J)
j=1

k+1-—1 k+1-—1
—<< +k )—I—( +l >>f3(81,S2,S3~|—k+l)-

In particular, we can take f4 = {54y, f3 = {s13), § = ¢. In this case relation (2.2) holds for
all (s1, 52, 53) € C3 except for the singularities of each side of (2.2).

Note that we can obtain a simpler form of (1.3) and (1.4) by Theorem 2.2.

THEOREM 2.3. Let f5(s1, 52, 53, S4, S5, S6, 57, 58, 89, S10) be a complex function in the
region Ds. Let g(s) be a complex function in the region Dy and fa(s1, $2, 53, S4, S5, Se¢) be a
complex function in the region D4. Assume that the following relations hold.

(@) fa(si, 52,83, 54,85, 56) = fa(s3, 52, 51, 55, 54, S6)-

(b) f5(s1, 52,53, 54, 55, S6, 57, 58, 59, 510) = [5(54, 83, 52, S1, 57, S6, 55, 59, 58, 510)-

(©) f5(s1, 52,53, 84, 55, 86, 0, 57,0, 0) = g(s4) fa(s1, 52, 53, 55, 56, 57).

(d) f5(s1, 82, 53, 59, 54, 55, 0, 56, 0, 510) = f5(53, 52, 51, 59, S5, 54, 0, 56, 0, 510)-

(e)
fs5(s1, 82,53, k, 54, 55,0, 6, 0,1)

k

=Y (=D K f5(51, 52,53, > 54,55, 0, 86 + k +1 = j, 0,0)
j=2

1
+ > (=DFLj fs(s1. 52,53, 0,54, 55,0, 56 + k +1 = j. 0, j)
j=2

+ (=DM UK f5(s1, 52,53, 1, 84,85, 0,56 + k +1—2,0,1).
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®
f5(k, 0, 52, 53, 51,0, 85, 54, [, S6)
k
= ZKjf5(j, 0, 52, 83, 51,0, 85,54,0,5¢ +k+1— j)
j=1
I
+ 3 L f50.0, 50,5351, 0,55, 54, j. 56+ k+1— j).
j=1
®
f5(s1,0,0, 53, k, 52,1, 84, 55, S6)
k
= ZKjf5(S1,0, 0,s3,j,52,0,84,85,5 +k+1—j)
j=1
I
+ D L f5(51,0,0,53,0, 5. j. 54,55, 86 + k +1— j).
j=1
(h)

9(8) fa(s1, 82, 53, 54, 55, S6)
= f5(s1, 52, 83, 0, 54, 55,0, 56, 0, 8) + f5(s1, 52, 0,0, s4, 0, 53, 5, 55, 56)
+ f5(s51,0,0, 53,5, 52,0, 54, 55, 56) + f5(s,0, 52, 53, 51, 0, 55, 54, 0, 5¢)
+ fa(s1, 52, 83, 54, 85, 56 + 5) + fa(s1, 52,83, 54 + 5, 55, S6)
+ fa(s1 + 5,52, 53, 54, 55, 56).
@)
f5(s1, 82,83, 1, 54, 55,0, 56, 0, 1)
= f5(51,52,0,0,54,0,53,1,55,5 + 1)+ f5(s51,0,0, 53, 1, 52,0, 54, 55, 56 + 1)
+ f5(1,0, 52, 53,51, 0, 55, 54,0, 56 + 1) + fa(s1, 52, 53,54 + 1, 55,56 + 1)
+ fa(s1 + 1, 52,83, 54,85, 56 + 1) + fa(s1, 52,53, 54,55, 56 +2).
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Then we have

(=D fs(s1, 52,83, k, 54,85, 0,86, 0, 1) + (=)' f5(s1, 52, 53, 1, 54, 55, 0, 56, 0, k)
+ f5(k, 0, 52, 53,51, 0, 55,84, 1, 56) + f5(1, 0, 52, 51, 53, 0, 54, 55, k, 56)

+ f5(s1,0,0, 53, k, 52, 1, 54, 55, S6)

[k/2] .
k+1—2j—1\ . .
=23, g 9(2)) fa(s1, 52,53, 54, 85,56 +k +1—2])
P k—2j

& kt1-2j-1
+ZZ< . )g(zj)f4(517527s3154755,S6+k+l —2j)
e 1 —2j

2.3
L k+l—j—1 . . @3
—Z o — i (fa(s1.52.53, 54+ j. 55,56 +k+1—j)
=1 /
+ fa(s1 4 j. 52,53, 84, 85.56 + k+1— )))

!
k+1—j—1 . '
_Z< l—j’ >(f4(s3132,S1,S5+],S4,s6+k+1_])

j=1

+ fa(s3 + j, s2.51, 85,54, 56 + k+1— j))

k+1—1 k+1-1
— << 1 >+< k >>f4(81,S2,S3,S4,sS,56_|_k_|_l)‘

In particular, we can take f5 = {515y, fa = {sua), 9 = ¢. In this case relation (2.3) holds for
all (s1, 52, 83, 54, 55, 56¢) € Co except for the singularities of each side of (2.3).

In [1] Bradley, Cai and Zhou stated that
(—D¥ oty (51, 52, K, 53,0, 1) + (= 1) Coreay (51, 52, 1, 53, 0, k)

+§5[(4)(k7 05 S27sl5l5s3)+§5[(4)(1507 slaS27ka S3)
max (k,l) . .
k+1—-i-1 k+1—i—1 :
= _l 1 .
) 2.4)
X Ls13)(s1, 82,83 +k +1 —1i)

k .
k+1l—i-—1 . )
+§< 11 >{§(1)§51(3)(81,52,S3+k+l—l)
i=1

— Cai)(s1 i 52,83+ k+1— i) — Lai3)(s1, 82,83 + k + 1)}

holds, but the right hand side of (2.4) includes the factor ¢(1). Hence, strictly speaking,
relation (2.4) is not valid. By Theorem 2.2 we obtain a functional relation which does not
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include ¢(1). The proof of our theorems are inspired by [1] and based on some elementary
calculations.
Since we can take

sin(27s1) sin(27 sp) sin(27s3)
aS1+S2 (261)S3

f3(s1,82,83) = ., g=h=0

in Theorem 2.1,

sin(27s1) sin(27sy) . . . sin(27 s6)
as1+52+s3 (za)54+S5 (361)36

fa(s1, 52, 83, 54, 54, S¢) = , f3=9g=0

in Theorem 2.2 and
sin(27s1) . ..sin(2w s19)
as1ts2+53+54(2g)S5+56+57 (33859 (4g)s10

f5(s1, 52, 83, 54, 55, S6, 57, 58, 59, §10) =

fa=9=0

in Theorem 2.3, where a > 0, we can not characterize ¢4((3), {51(4) and ¢s((5) by the functional
relations (2.1), (2.2) and (2.3), respectively.

3. Lemmas for the proof of Theorems

In this section, we collect some auxiliary results and definitions.
Let No = 0. By (1.1) we have

ror—j+1

oven® = Y T TT Mt =N

1<Ni<--<N, j=1 k=1
Note that we have

Cs12)(81) = ¢(s1)

o]

1 1
S1,82,83) = —_ = s 3.1
Cﬁ[(?’)( 1552, 83) Z niln?(nl +12)%3 Z Nfl(Nz _ N1)s2N;3 G.D

ny,np=1 I<N1 <N
Lsiay(s1, 52, 83, 54, 55, 56)
ad 1
ny'nyn (n1 4 n2)% (na + n3)*s (ny + no 4 n3)% (3.2)

ny,nz,n3=l1

1
- 1§N1<ZN2<N3 Ni' (N2 = N1)* (N3 = N2)* Ny* (N3 — N1)™S N3
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and
Cs1(5)(S1, 82, 83, S4, 85, S6, 57, 58, 59, S10)
> 1

ny'nynnyt (ny + n2)s(ny 4 n3)% (n3 + ng)*

ny,nz,n3,ng=l

1
x s (3.3)
(n1 + n2 +n3)%8(n2 + n3 +n4)(ny +ny + n3 + ng)*10 :

1
- 1SN1<1%;N3<N4 Nfl (N2 = N1)®2(N3 — N2)*(Ng — N3)S4N;5

1
X : .
(N3 — N1)% (N4 — N2)7N3* (N4 — N1)* N,

By elementary calculations, we can check that the sum (3.1) (resp. (3.2), (3.3)) is abso-
lutely convergent in the region D3 (resp. D4, Ds).

The following formulas are similar to the harmonic product formulas for Euler—Zagier
multiple zeta-functions. The method of the proof of lemmas can be used for general cases. For

example, £ (s)8s1(5)(51, 52, 53, S4, 55, 56, 57, 58, 59, 510), $s1(3) (51, 52, 53)51(3) (54, 55, S6), ELC.
LEMMA 3.1 (seep. 5[1]). We have
£($)Es1(3) (81, 52, 53)
= L1y (51,52, 0,53, 0,8) + Ls1(4)(51, 0, 0, 5, 52, 53) + Ls1(4) (5, 0, 52, 51, 0, 53)
+ Z513) (51, 82, 53 + 5) + Ls13)(s1 + 5, 52, 53) .

PROOF. This lemma was used in p. 5 [1], but we give a new proof. We have

1

o
1
$($)8s13)(51, 82, 83) = Z =5 Z 5 53
N3=1 N3 I<N1<MN; Nl (N2 — Nl)S2N2

(T + & + ¥ + %

1<Ni<Ny<N3 1<Ni<N3<Ny 1<N3<N| <N, 1<N1<N,=N3

1
LY )y S
1<N1=N3<N> Ny'(N2 = N1)™2N,' N3

o]

. !

51,52 53 s
ni et 11 119 (11 + 12)% (11 + 2+ n3)

o0
1
+
Z ny' (n2 + n3)%2(n1 + na + n3)% (ng + na)*

ni,np,n3=1
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— 1
+
2 (n1 + n2)s1n3 (4 na 4 n3)%nj

nl,nz,n3:1

+ Cs13) (81, 52, 53 +5) + Ls1(3)(s1 + 5, 52, 53)
= Cs1(4)(51,52,0,53,0,5) + Ls14)(51, 0, 0, 5, 52, 53) + Ls104) (5, 0, 52, 51, 0, 53)
+ Ls13) (815 52, 83 + 5) + Ls1(3) (51 + 5, 52, 83) .

LEMMA 3.2. We have
$(s)Cs14) (51, 52, 53, 54, 55, 56)
= Ls1(5)(51, 52, 53, 0, 54, 55, 0, 56, 0, 5) + Ls1(5)(51, 52, 0, 0, 54, 0, 53, 5, 55, 56)
+ Ls1(5)(51, 0,0, 53, 5, 52, 0, 54, 55, 56) + Ls1(5) (5, 0, 52, 83, 51, 0, 55, 54, 0, 56)
+ Cs14)(s1, 82, 83, 84, 55, 56 + 5) + Ls1(a) (81, 52, 53, 54 + 5, 55, S6)
+ sty (s1 +5, 52, 83, 54, 55, 56) -
PROOF. We have

£ (8)Es14)(S1, 52, 53, 54, 85, S6)

-y 1
fot N; LN, NS N7' (N2 — N1)%2(N3 — N2)%3Ny* (N3 — Ny N3

(X s ¥ sy

1<Ni<Ny<N3<N4 1<N|<Ny<N4<N3 1<Ni<N4y<Ny<N3
PN D DR D )
1<N4<Nj<Ny<N3 1<Ni<N;<N3=N4 1<N|<Ny=N4<N3
1

O SR [
1<N1—1§<N2<N3 Nfl(Nz — N1)*2(N3 — NZ)S3N54(N3 - Nl)SsN;ONi

o]

1
B Z ny'nyn3 (ny + n2)% (ny 4 n3)% (n1 + na + n3)e(ng + ny + n3 + ng)*

ni ,nz,n3n4:l

o]

1
+ :
Z ny'ny’ (3 + na)’(ny + no)ss

ny,ny,n3ng=1

1
X
(n2 +n3 +n4)55(ny +ny +n3 +ng)*s(ny +ny + n3)*
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o]

1
_l’_
2 n (n2 + n3)2n (ny + na + n3)

ny,n,n3ng=1

1
X
(n2 +n3 +nqg)Ss(ny +ny +n3 +ng)*s(ng + ny)*

o]

+ Y = !

R (i n)Sinng} (ny +na 4 n3)%4(n3 + na)*s(n1 + na + n3 + na)’on]

+ Cs14)(S1, 52, 53, 54, 85, 56 + 5) + Es1(a) (51, 52, 53, 54 + 5, 55, S6)
+ Ls1a)(s1 + 5, 52, 53, 54, 55, S6)
= $s1(5)(51, 52, 53, 0, 54, 55, 0, 56, 0, 8) + Ls1(5) (51, 52, 0, 0, 54, 0, 53, 5, 55, 56)
+ $s1(5)(51, 0,0, 53, 5, 52, 0, 54, 55, 56) + s1(5)(5, 0, 52, 53, 51, 0, 55, 54, 0, 56)
+ Cs1(a) (51, 52, 53, 54, 55, 56 + 5) + Ls1(a) (51, 52, 83, 54 + 5, 55, 56)

+ Co1a)(s1 + 5, 52, 53, 54, 55, 56) -

The following lemma is a kind of partial fraction decompositions.

LEMMA 3.3. Letk,l € N,a € R\ {0}. Then we have

1 k ci d;
_ >4 P
xk(x~|—a)l j;x/—i_i_l (x_l_a)lv
where
¢j = (=1 (l +k— J= 1>a—l—k+j
k—j
and

di = (=DF Prk=J =1\ —iwksj

PROOF. Let f(x) = x%(x + a)~’. By Lemma 1 we have
k—j

= Gy i g < W
I D () T g V) .
BRI e T

(+k=j=D' iy

PR S A G B
=D (k — ) — 1!
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= (=¥ <l A 1)a_l_k+j

k—j
and
[—j ;
4= T aim, g & T )
= lim (—1)’—1—(1+k_j_ DY ikt
(- jlx>-a (k—1)!
_ (_l)k(l—l—k—j— D! iy
(= DItk —1)!
o Dbk =J =1\ i ssj
I—j

The following lemmas are important in the proof of Theorem 2.3.
LEMMA 3.4. Letk,l € N. We have
k
$s1(5)(81,52,53,k,54,55,0,56,0,0) =Z(—l)k_jKj§5[(5)(s1,sz,sg, J»54,55,0, 56+k+41—7,0,0)
j=2

I
+Z(—1)ij§5[(5)(Sl, 52,53, 0,54,55,0,s6+k+1—,0,j)

j=2

+ Es(s1, 82, 83, 84, 55, 86, k, ) ,

where
Es(s1, 82, 53, 54, 55, 56, k, 1) = (=D " K1 ¢e15) (51, 52, 53, 1, 54, 55, 0,56 + k +1—2,0,1)

= (=DK1 (Cats)(51, 52, 0,0, 54,0, 53, 1,55, 56 + k +1— 1)
+ £51(5)(51,0,0,53,1,52,0,54,55,56 +k+1— 1)+ 515)(1,0,52,53,51,0,55,54,0,56 +k + 1 — 1)
+ Cs1ay (51, 82,83, 84 + 1,85, 56 + kK +1 — 1) + Es1a)(s51 + 1, 52, 53,84, 85,56 +k+1 — 1)

+ L1y (51, 82, 53, 54, 55, 56 + k +1)) .

We have
k

¢s15)(k, 0, 52, 53, 51, 0, 85, 54, 1, S6)=ZK/‘§5[(5)(J', 0, 2,53,51,0,55,54,0,86 +k +1—j)
j=1

I
+Z L;j¢s15)(0,0, 52,53, 51,0, 55,84, J, 56 + k +1—j)
j=1
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and
k
Cs15)(51, 0,0, 83, k, 52,1, 54, 55, S6)=Z Kits15)(51,0,0, 53, j, 52,0, 54, 85,56 +k +1— j)
j=1

I
+)  Ljsis)(51,0.0.53, 0.5, j. 54,55, 56 + k +1— j) .
j=1

k+1-2

kH_Z) = ( 1 ). By Lemma 3.3 we have

PROOF. Note that (*"]

Cﬁ[(s)(sls 52,83, ks 54, 85, Os 56, Os l)
o0

-y !

51852 853 g ok 1
nymymng=1 11 12 13 (1 +n2)% (2 +n3)% (ny +na +n3)%ny(ny +no +n3 +n4)

k
= > (DK jtais)(s1. 52, 53, . 54, 85,0, 56 + k +1 = j,0,0)
j=2

!
+ Z(—l)ijg“s[(s)(Sl, $2,53,0,54,55,0,86 +k+1—j,0, /)
j=2
+ (=D* K1 Lsis) (51, 52, 53, 1, 54, 55,0, 56 + k +1—2,0,1).
By the method similar to the proof of Lemma 3.2, we have

Cs15) (81, 82, 53, 1,84, 55,0, 86 +k+1—2,0,1)

o]

3 :
ny' nyny () +n2)%(ny + n3)%s () +na + n3)se k=2

ny,np,n3=1

[e.e]

1 <1 1 )
x——— 3 ==
ni+n +n3 ng nyp+ny+n3+ng

}14:1

o]

1
2 ny'ny’n3’ (n1 +n2)%(na + n3)%s(n1 + no + nz)se it

}’l],}’lz,}'l}:l
1 1
X _t
< Z na ny+ny+ n3)

1<ng<nyi+ny+n3

- | (E.4)

Lo S o NI (N2 = N1 (N3 — N3 N (N3 — Npyss gt =\ 4= Na

+ Csia)(s1+ 1,52, 53,54, 85,56 +k+1)
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s OND SR SEEED DR »

1<N|{<Ny<N4<N3 1<Ni<N4<Ny<N3 1<N4<N|;<Ny<N3 1<N{<Ny=N4<N3

+ > :

) k+1—1
1<N1—N4<N2<N3) Nil (N2 — N1)*2(N3 — NZ)AY3N§4(N3 - Nl)SSN?fﬁ—i_ B Ny

+ Loy (81, 82, 83, 84, 85, 56 + k + 1)

= L51(5)(51,52,0,0,54,0,83,1,85,56 +k+1— 1)+ 515 (51,0,0,53,1,52,0,54,55,56 +k+1—1)

+ &s15)(1,0,52,53,51,0,55,54,0,56 +k+1 — 1)+ L514) (51,52,83,54 + 1,55, 56 +k+1—1)

+ Co1a)(s1 + 1, 52, 83, 54, 85,86 + kK +1 — 1) 4 Ls14)(51, 52, 53, 54, 55, 56 + k + 1) .
Similarly we have

{5[(5)(k1 07 52,83, 81, Os §5, 84, ls S6)
— 1

= 2 nyny (n1 4 n2)*1 (n3 + na)*s (n1 +na +n3)% (1 + na + n3 +ng)%

nl,nz,n3,n4:1
G0l

X
nk(ny — (n1 +ny + n3 + na))!

Il
™M~

K;its15(J,0,52,53,51,0,55,54,0,56 +k+1— j)

~.
Il
—_

!
+ Y LjZai5)(0, 0,52, 53, 51,0, 55,84, j, S6 + k +1— j)
j=1

and

{5[(5)(5‘11 07 O, 53, k, 52, l, 54, 85, S6)

> 1

n'ny} (n2 + n3)%2(ny + ny + n3)%(na + n3 + ng)%s(ny + na + n3 + ng)se

5 -1
(n1 +n)k(ny +ny — (n1 + na + n3 + ny))!

ni ,nz,n3,n4:1

Kk
= ZKst[(S)(Sl, 0,0,53,/,52,0,54,85, 56 +k+1—j)
j=1
!
+ ZLst[(S)(Sl, 0,0,53,0,5,j,54,85, 56 +k+1—j).
j=1
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By the method similar to the proof of Lemma 3.4, we can easily obtain the following
lemmas.

LEMMA 3.5. Letk,l € N. We have

k
Cai3) (s, k, 1) = > (=DM TKe(e(s +k+1— )
j=2
1
+Y (=DFLioa(s +k+1—j. j)
j=2

+ (DMK, s+ hk+1—1) 4+ (s +k+1)

and
k l
Caiay (k. 1.5) =Y Kioa(jos+k+1—j)+ Y Lita(j.s+k+1—j).
j=1 j=1
LEMMA 3.6. Letk,l € N. We have
k .
Lot (51,52, K, 53,0, 1) = Y (=D T K 2(/)Eo13 (51, 92, 53 + k +1— j)
j=2
I
+ Y (=DFLjLaiay (51,520, 53+ k +1— /.0, j)
j=2
+ (DK Loty (51,52, Lss +k+1—2,0,1)
and
k
Csiay(k, 0,82, 51,1, 83) = ZKj§5[(4)(j, 0,52,51,0,83 +k+1—j)
j=1

!

+ ZLj§5[(4)(07 0,s2,81, j,83+k+1—j).
j=1

4. Proof of main theorems

In this section we prove Theorem 2.3. By the method similar to the proof of Theorem
2.3, Lemma 3.1, Lemma 3.5 and Lemma 3.6, we can easily obtain Theorem 2.1 and Theorem
2.2.



34 SOICHI IKEDA AND KANEAKI MATSUOKA

PROOF OF THEOREM 2.3. Let U(sy, 52, 53, 54, S5, S6, k, 1) be the left-hand side of
(2.3). Note that we have

f5(s1, 52,83, 1,84, 55,0, 56,0, 1) = f5(s3, 52, 51, 1, 55, 54,0, 56,0, 1)

= f5(53,52,0,0,55,0,51, 1,54, 5 + 1) + f5(53,0,0, 51, 1, 52,0, 55, 54, 56 + 1) @1

+ f5(1,0, 52, 51, 53, 0, 54, 55,0, 56 + 1) + fa(s3, 52, 51,55+ 1, 54,56 + 1)
+ fa(s3 + 1, 52, 51, 85, 54, S6 + 1) + fa(s1, 52, 53, 84, 85, S¢ + 2)

and
9(8) fa(s1, 52, 53, 84, 55, 56) = g(s) fa(s3, 52, S1, 55, S4, 56)
= f5(s1, 82, 53,0, 54, 55, 0, 56, 0, 5) + f5(s3,52,0,0, 55,0, 51, 5, 54, S6)
+ f5(s3,0,0, 51, 5, 52,0, 55, 54, 56) + f5(s,0, 52, 51, 53, 0, 54, 55, 0, 5¢)

+ fa(s1, 52, 83, 84, 55, 56 + 8) + fa(s3, 52, 51, 55 + 8, S4, 86) + fa(s3 + 5, 52, 51, 85, 54, S6)
“4.2)

by (a), (d), (h) and (h) in Theorem 2.3. By (b), (e), (f), (g) in Theorem 2.3 we have

U(s1, 82, 53, 84, 55, S6, k, [)
k
= > (=D/K;g(j) fals1. 52,53, 54,55, 56 + k +1 — )
j=2
1
+ ZLjf5(81,S2,S3,0, s4,55,0,56 +k+1—,0,))
j=2

- KlfS(sl, 82,83, 15 84, 85, 07 S6 +k + l - 25 07 1)

I
+Z(—l)ijg(j)fzt(Shsz,S3,S4,S5,S6 +k+1—))
j=2
k
+ZKjf5(Sl,Sz,S3,0, 54,55,0,86 +k+1—j,0,))
j=2

- LlfS(sl, 82,83, 15 84, 85, 07 S6 +k + l - 27 05 1)

k
+ZKjf5(j,O, $2,53,51,0,55,54,0,56 +k+1— j)
j=1
!
+ Y Ljf5(0,0, 52,53, 51,0, 85,54, j, 56+ k+1 = j)
j=1
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!

+ ZLjfs(j,O, 52, 51,53,0,54,55,0,56 +k+1—j)
j=1

k
+ > K £5(0,0, 52, 51,53, 0, 54, 85, j, 6+ k +1— /)
j=1

k
+ 3 K f5(51.0,0, 53, j, 52, 0, 54, 55, 56 +k +1 — j)
j=1

!
+ ZLjfs(SuO, 0,s3,0,52, j, 54,85, 56 +k+1— j)
j=1

k
=Y (=D K;g(j) fals1, 52, 53,54, 85, 56 + k +1 — j)
j=2

!

+ Z(_l)ijg(j)ﬂ(Sh $2,583,54, 55,56 +k+1—j)
j=2

k

+ Y Kj(fs(s1, 52,53, 0,54,85,0, 56 + k+1— j,0, j)
j=2

+fS(S17s270107s4107s31jss57s6+k+l _j)
+fS(S],O,O,S3,j,s2,0,s4,S5,S6+k+l _])

+ f5(j,0,52,53,51,0,55, 54,0, 86 +k+1—j))
1

+ Y Li(fs(s1.52.53.0, 54,550,586 + k+1— j.0, j)
j=2

+ f5(s3,52,0,0,55,0,51, j, 54,56 + k +1—j)
+ f5(s3,0,0, 1, j,52,0,585,54, 56 +k+1— j)
+ £5(j. 0,52, 51,53, 0, 54, 85,0, 56 + k+1 — J))
+ Ki(—f5(s1, 52,53, 1,54,55,0,56 + k+1—2,0,1)
+ f5(s1,52,0,0,54,0,53, 1,55, 56 +k+1—1)
+ f5(51,0,0, 53, 1,52,0, 54,585,856 +k+1—1)
+ f5(1,0,52,53,51,0, 55,54, 0, 56 + k +1 = 1))
+ Li(—f5(s1,52, 53,1, 54,55,0,86 +k +1—2,0,1)



36 SOICHI IKEDA AND KANEAKI MATSUOKA

+ f5(53,52,0,0,55,0,51, 1,54, 56 +k+1—1)

+ f5(s3,0,0, 51, 1,52,0, 55, 54,856 +k+1—1)

+ f5(1,0, 52,51, 53,0, 54,55,0, 56 +k+1—1)).
By (4.1), (4.2), (d), (h) and (i) we have

U(s1, 52, 83, S4, 55, 56, k, [)

k
=D (DIKjg(i) falst. 2,53, 50 85,56 +k +1 = j)
j=2
l

+ Z(—l)ijg(j)f4(S1, $2,53,84,85,56 +k+1—j)
j=2

k
+ ZKj(g(j)ﬂ(Sl, $2,53,54,55,5 +k+1—j)
j=2

— fa(s1, 82, 83, 54, 85, 86 + k + 1) — fa(s1,52,53,84 + j, 85,86 +k+1—j)

— fa(s1+ J, 52,53, 84,55, 856 + k+1— j))
k

+ ZLj(g(j)f4(sl, 52,53, 54,55,86 +k+1—j)
=2

— fa(s1, 52,83, 54, 85,56 + k +1) — fa(s3, 52, 51,85+ j, 54,56 +k+1— )

— fa(s3+ j, s2, 51,55, 54,56 + k +1 — J))

+ K1 (— fa(s1, 52,53, 54, 85,56 + k +1) — fa(s1, 52,53, 54 + 1,85, 56 +k+1—1)
— fa(s1 + 1, 52,53, 54,85, 56 + k+1— 1))

+ Li(—fa(s1, 52,53, 54, 55,56 + k +1) — fa(s3, 52, 51,85+ 1, 54,56 +k+1—1)
— fa(s3 + 1,82, 51,85, 54,86 +k+1—1))

k721 k+1-2j—1
_22 ( )g(zj)f4(slv52153754155156+k+l—2j)
[1/2]

k+1-2j . .
+2 E < J )g(2j)f4(S1,S2,S3,S4,S5,S6+k~|-l—2J)
1

j=
k
k+1—j—1
—Z<+ j )(f4(S1,sz,S3,S4,S5,S6+k+l)
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+ fa(si, 82,53, 54+ J, 55,56 + k +1— j)+ fa(si + j, 52, 53, 54, 55, s6 +k+1— j))

1 .
k+1—j—1
—E < * J )(f4(S1,sz,S3,S4,S5,S6+k+l)

i

+ fa(s3, 52, 51,85 + J, sS4, 56 + k +1 — j)+ fa(s3 + j, 52,51, 55, 54, s6+k+1— ).

Since we have

by

and

(="

== + 9

n n n—1

we obtain (2.3). By Lemma 3.4, we can easily see that we can take f5 = s1(5), f4 = Cs1(4),
g=2g. O
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