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Abstract. We prove a generalization of the Strichartz estimate for the inhomogeneous wave equation
Ou(t, x) = f(¢, x) in the space-time R 141 e estimate the solution in vector-valued homogeneous Besov spaces

Bg o (R; sz (R™)). Such an estimate shows the time differentiability of the solution of fractional order.

1. Introduction

In this paper, we study the following Cauchy problem for the wave equation:
Ou(r, x) = f(t,x), ey
u0,x) =uo(x), 8u0,x) =ui(x). 2

Here, (¢,x) € Rt with n >2and = 312 — A is the usual d’ Alembertian.

It is well-known that the solution to the wave equation satisfies the inequality called
“Strichartz estimate”, which shows space-time integrability of the solution [6, 10, 14, 7].
Similar estimates are also known for various kinds of wave and dispersive equations, e.g.,
the Klein-Gordon [2, 4, 10, 14, 13], the Schrodinger [5, 17, 14], and the Airy (linear part of
the K-dV) [8] equations, and have played important roles in the analysis of related nonlinear
problems.

We begin with the definition of function spaces. For a function f defined on R",
we define the Fourier transform of f by f(é) = (F)E) = fRn e~ f(x)dx and
the inverse Fourier transform of f by (F -1 f )(x) = fRn el f (&) d& respectively, where
de = Qn)™"de. Letw = (—A)'/2 = F1g|.Z. Fors e Rand 1 < r < o0, the ho-
mogeneous Sobolev space I:I,S = I:I,S (R") is defined by I:I,S = w SL", where L" = L"(R")
denotes the usual Lebesgue space. If r = 2, we simply write H® = H2Y To define the ho-
mogeneous Besov space B,S = Bf’z(R”), we need the Littlewood-Paley decomposition. Let
n € C3°(R) be a nonnegative even function satisfying suppn C {z;1/2 < |r| < 2} and
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Z?‘;_Oo n(t/2/) = 1fort # 0. Forany j € Z, we put ¢;(x) = [pn €*n(|€|/27) d€. The
homogeneous Besov space is then defined by
ad 1/2
B ={ue s @y B ={ 3 22lgs x w72} < oo)

. (x)

j=—00
Precisely, we identify two tempered distributions if their difference is a polynomial since
[lut; Brv || = 0 if and only if u is a polynomial. By the Plancherel theorem, we see that HS =
B; On the other hand, H¥ C BYif 1 <r < 2and H® D B! if 2 < r < oo. We refer the

reader to [1, 15] for further details about these spaces.
Similarly we define spaces of vector-valued functions. For a Banach space E and 1 <

q <00, let LY(E) = L1(R; E). We put ¢;(t) = fR e"Ty(r/27) dr for any j € Z. For any
0 € Rand 1 < g < 0o, we define the E-valued Besov space Bg(E) = Bg’z(R; E) by

. X & ) 1/2
By(E) = {u € ' (R; E); |lu; BY(E)|| = { > 2Ny ws Lq(E)IIZ} < oo}.

j=—00

For vector-valued Besov spaces, we refer the reader to [12].
Now we precisely state the Strichartz estimate. Following the notation in [6], we intro-
duce the symbols

_n+1/1 1 _ | 1 1 s — 1 1
B(r) = ) (5_;)’ y(@r)=mn-— )(5—;), (U—n(i—;),

andr =r/(r — 1) for | <r < oco. The solution to (1)—(2) satisfies the following inequality:

. . o - g g
s LB + 180z LIBTPH S Nlwo, un): B x B+ 1£ LAGBPH)L )

wheres e R,0 <2/q = y(r) < 1 with (n,q,r) # (3,2,00), and B8 = B(r). For the proof,
see [6, 10, 14] when g # 2 and [7] when g = 2 respectively.

On the one hand, by the inequality (3) we can estimate fractional order spatial-derivatives
of u; on the other hand, this inequality contains only the first order time-derivative of u. Since
the wave equation is second order both in ¢ and x, it is natural to expect that the solution
should have the same regularity in both variables. Indeed, Brenner [2] has pointed out that
such an estimate holds for the homogeneous Klein-Gordon equation. For the homogeneous
wave equation, namely (1)—~(2) with f = 0, the corresponding estimate ||u; Bg (B} P N <
I (uo, u1); HsH0 % I-'IS+0_1|| easily follows from (3) as in the proof of Theorem 1 below.
We can further expect that such an estimate holds for the inhomogeneous equation if the
inhomogeneous term has appropriate regularity. Pecher [11] proved such an estimate for
the inhomogeneous Schrédinger equation, and Uchizono-Wada [16] slightly improved his
estimate. Their methods are also applicable for the wave equation, and the corresponding
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inequality is the following:

llus BEBEP)| + N10,uz BE (B PN < Mo ur); HYTY x B+

50 ps+h—1 Hs+p—1
05 BB+ D L CE B )
+

Here, ¢ > 0 s a sufficiently small number, and g (0), r1(0) are defined by
1/q10) =20 —-1)/qg+1—-6, 8(n®)=1/q10)—1+6—8.

However, the inequality (4) is not optimal from the scaling point of view. To see this, we
consider the scale change

u, f) = (uy, fr) = W>Su(rs, Ax), N2 £ (e, dx) . (5)

We can easily check that both (1) and (3) are invariant under this scaling. On the other hand,
(4) is not scale-invariant, and therefore is not optimal.

In the present paper, we aim at improving Pecher’s estimate and obtaining a scale-
invariant estimate for the fractional time-derivative of the solution to (1)—(2). In order to

state our theorem, we introduce the space Z;}ﬁ,, which is the completion of 7 (R1+") ={u e

S R'™™); [gn x%u(t, x) dx =0 forany & € Z'} } by the norm
1/2

o0 ) 1/2 o0 .
lus 23, ={ > 22y, (;k)u;L%L’)uz} ~{ > e (;k)u;Lq(BDuz}

j=—00 j=—00
The main theorem in this paper is the following:

THEOREM 1. Lets e Rand0 <0 < 1. Let1 < q,r,q1,r1 < oosatisfy0 <2/q =
y(r) < Lwith (n,q,r) # (3,2,00),r1 <2and 1/q1 —8(r1) =1—06 + B with B = B(r).
Then for any (ug, u1) € Ht? x HST=Vand f € Bg(B;Jrﬂ_l) N Z';;]Jf,ﬂ]_l, the solution to
(1)—(2) satisfies the estimate

s BE(BSA)| + N0,u: BY (B =P~

. . _ - . —1 . —
< Mo, )z BH0 s B0 f1 BOBP Yy n zo b1 (6)

REMARK 1. (i) We can easily check that both sides of (6) is invariant under the trans-
form (5) with s replaced by s + 6.

(i) Minkowski’s inequality shows ZJ, 5" > L9 (B~ if g < 2, and ZJF7"
LB P Y if g > 2.

(i) If 6 < 1/2, then q1(0) < 2. Therefore, putting (q1,71) = (q1(6), r1(6)), we have

s s4+B—1 . -1 ; —1

ZythT o LB o M Lo @ (BTN Therefore (4) follows from (6). On the
other hand, (4) does not follow from (6) when 6 > 1/2, although (6) is a scale-invariant
refinement of (4). Even in this case, a slight modification of the proof of Theorem 1 gives a

simpler, alternative proof of (4) (see the remark at the end of §2).
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(iv) The space Zf , (precisely the inhomogeneous counterpart of this space) was intro-
duced by Chemin and Lerner [3] for the analysis of the Navier-Stokes equations.
(v) Similar estimate also holds for the Schrédinger equation [9].

2. Proof of Theorem

We put vy = 9w 'u £ iu and rewrite (1)~(2) to the following first-order system:
0 v+ Flwvy = a)_lf, (7
v1(0) = vo+ = 0 'uy £iug. ®)
Furthermore, by the propagator U4 () = exp(Litw), we convert (7)—(8) to the integral equa-

tions

t

vi(t) = Us(vos + /0 Us(t — Yo F(t)dr’ . ©)

Since B;' =w "’ BS , without loss of generality we may assume s = 0. Therefore the inequality
(3) is clearly equivalent to
. 5 +B—1
e LIBPY | < llvo.s L2+ 11 £ LIBET D], (10)
and Theorem 1 follows from the proposition below:

PROPOSITION 1. LetO <0 < 1. Letl <gq,r,q1,r1 <ocosatisfy0 <2/qg=y(r) <
1 with (n,q,r) # (3,2,00),r1 <2and1/q1 —&(r1) =1 —60 + B with B = B(r). Then for
any vo + € H? and f € Bg(B}B_l) N Z'glfrll , the solution to (7)—(8) satisfies the estimate

. . . . - B—1 . _
lvss BYBTPY| < vo.es BN+ 11 £ BLGBE T nz87 1)1 (11)

PROOF. We only prove the estimate for vy, so that we omit the subscript “+”. We can
estimate the homogeneous and the inhomogeneous terms separately, and the homogeneous
estimate is quite easy. Indeed, the Fourier transform shows ¢ *) U (t)vo = U (2)@; *(x) Vo,
and hence we obtain by (10)

o0
1U@vo; BIBAOIP= Y 22 |U1)g; ¥ i LY (B H))? (12)

j=—00

o
S 22 2oy 1 v L2~ luos HJP.

j=—00

We proceed to the inhomogeneous estimate. In what follows we assume vy = 0, so that

t
va)z/nua—ﬁﬁw*fQSmh
0

Then we see by the Fourier transform



SOLUTIONS TO WAVE EQUATIONS 509

t t o0
0.6 = [ e = [ ORI [ e gax
0 0

00 LitT _ yitlel
= | == _fkéar.
/_ooi|s|(r—|s|>f” s)dr

Here, f (1, &) denotes the Fourier transform of f in the space-time. Therefore, v = v; — v3
with

oo 154

e ~

0 9 = p.v. - . 9 d 9
nies) =p /_ooz|s|(r— g’ 0O

) 00 1 - N
~ _it]E| _ = HltlE]
B2t ) = "l pov. /_Oo T ey @O dT =" Mo®).

By the residue theorem,
] o0 eltr _l ) it\é\
p-v. /_oo 71’@ e dt = 2 sign(t)e , (13)

and hence we obtain

v(t) = %/oo sign(t — U (t — o™ f()dt' — U )y .

Therefore, using the formula ¢; *) U (t) = U (t)@; *(x) and the inequality (10), we can show

o0
l; BYB7A)IP = ) 2% )¢ v LB

j=—00
o0 o0
4 o .
S Y 2%, ik LIBEHIP+ > 2% g, x o L2
j=—00 j==00

The first term of the right-hand side is | f; Bg (B}3 _1)||2. To estimate the second term, we
further decompose

R SR hat 71 9V 91C2 )
9iE)po(§) =p-v. /_oo iE](r — [£D)

= U1;(&) + 2 (6),

Fe é)dt+/oo 9 = %)

F(r.6)d
o iElc—jgy O

where % (1) = lec:j—Z i (1). Similarly as above, the formula (13) yields

l o0
Y= ——/ sign(U (—1)g; * xj * o f(t)dt .
2 00 (x) )



510 NAOYA SAEKI AND TAKESHI WADA

We estimate v ; by a duality argument. To that end, we take an arbitrary function w € L.
Since U (1) is a unitary operator in L, from the inequality (10) we see

1 [ _
(W1, w2 | < 5/ ‘(‘Pj ¥ xj* 0 L f(), UMw), 2| dt
00 (x) (t)
1 _ _ . .
<5l x o L LIBD I IU@yw; L9 (B7P))|
< llxj (s;)w—l s LYGBD)| w; L.
Since w is arbitrary, we obtain ||V1;; L?|| < 1% *q) f5 L'?(Bf‘l)u, which yields
o0
. . . _1
> 22y L S BLGBETP

j=—00

We next consider Y, ;. We put

K(t.x) = // pifTHixE @0(|§|)(1 — Xo(7)) v de .
R+ i(z — &)

On the support of the integrand, we have [t — |£|| > 1/4. Therefore, the integration by parts
shows that (1 + |¢t]| + |x|)"K (t,x) € L®R'*™) for any nonnegative integer m. We also
introduce the rescaled function K (t, x) = 2"/ K (2/t, 2/ x). Then

j+2
Yoj(x) = // Kj(—t,x —x") Z o * 0\ f(t, x)) dtdx’ .
RH»n - (x)
k=j-2
For g1, r1 in the assumption of the proposition, we can choose 1 < gp, ro < oo such that
1/go+1/q1 =1/ro+ 1/r1 — 1/2 = 1. Applying the Holder and the Young inequalities, we
see

j2
s L2 < 1K L)Y llgwe % o7 f5 L9 (L)
el S
j+2
:2(n—1/40—n/r0)1||[(; LIo(L"0)]| Z ok * a)_lf; La (L™
o, W
j+2
~ 20701 %" 27K gy &5 LIL,
X
k=j—2

sincen — 1/qo —n/ro = 1/q1 — §(r1) — 1 = B — 6. Therefore, we obtain

o0 o0
> 2y 2P S Y 22D X I LIL> = 11f: 28017

Jj=—00 j=—00
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Collecting these estimates, we can prove the proposition. |

REMARK 2. Lete > 0 be a sufficiently small number, and let 1/g1 + — §(r1,+) =

1 — (0 £¢)+ B. Then we see

e -1
Y VM LIPS Y0 20T gy fr Lo (o))
‘ 69)

Jj=—00 j=—00

oo
+ Zz2(ﬂ—l—€)]|l¢] * f’ Lq1,+(Lr1v+)”2
o, @)

SUf LB + 113 L2+ BE-DIP.

1+

Therefore we obtain

. . . . - B—1 < n_
lvss BOBIP < o,z HOL+ 1Lf3 BEBE DI+ D 11f: L0+ (B

[S1E5
+
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