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Abstract. Let L be an ample line bundle over a smooth complex projective n-fold X such that KX + L is nef.

We prove that H 0(X,OX(m(KX + L))) �= 0 holds for every m ≥ n(n + 1)/2 + 2.

1. Introduction

Let X be a smooth projective variety over C and L an ample line bundle over X. Then
the pair (X,L) is called a polarized manifold.

In the classification theory of polarized manifolds, it is important to study a condition
on the integer m for which |KX + mL| is free. Fujita’s freeness conjecture ([6]) predicts that
|KX + mL| is free for any m ≥ dim X + 1. In [11], Y. Kawamata gave an affirmative answer
to this conjecture in the case of dim X ≤ 4. In higher dimensional case, H. Tsuji ([17]) proved
that |KX + mL| is free for any m ≥ dim X(dim X + 1)/2 + 1 (see also [2]).

On the other hand when KX + L is nef, by virtue of the nonvanishing theorem due to

V. Shokurov ([16]), H 0(X,OX(m(KX + L))) �= 0 holds for m � 0. Then it is important to

find an integer m with H 0(X,OX(m(KX + L))) �= 0. Concerning this, F. Ambro ([1]) and Y.
Kawamata ([12]) proposed the following conjecture:

CONJECTURE 1.1. Let X be a normal projective variety and let B be a Q-effective
divisor on X such that (X,B) is a KLT pair. Let D be a nef Cartier divisor on X such that

D − (KX + B) is nef and big. Then H 0(X,OX(D)) �= 0 holds.

We note that if X is smooth, B = 0 and D := KX + L is nef, this implies that

H 0(X,OX(KX + L)) �= 0 holds for every polarized manifold (X,L) with KX + L nef.
In [12], Kawamata solved the conjecture above when X is 2-dimensional and when X is a
minimal 3-fold. In [10], A. Hoering solved it when X is a normal projective 3-fold with at
most Q-factorial canonical singularities, B = 0, and D − KX is a nef and big Cartier di-
visor. These results are immediate consequences of the Hirzebruch-Riemann-Roch theorem
and some classical results on surfaces and 3-folds. However in higher dimensional case, it is
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rather difficult to calculate dim H 0(X,OX(D)). In fact, Conjecture 1.1 is still widely open
for the case of dim X ≥ 4.

Concerning the effective nonvanishing of global sections of pluri-adjoint line bundles, Y.
Fukuma ([7]) proposed the following problem:

PROBLEM 1.2. Let (X,L) be a polarized manifold of dimension n with
κ(KX + L) ≥ 0. Find a positive integer mn depending only on n such that

H 0(X,OX(m(KX + L))) �= 0

holds for every m ≥ mn.

For the case of dim X ≤ 4, several results have been obtained (cf. [7], [8], [10]). In
higher dimensional case, the problem is yet to be investigated. In fact the existence of the
uniform bound mn as above still remains open.

The purpose of this article is to give the following partial answer to Problem 1.2 in higher
dimensional case.

THEOREM 1.3. Let (X,L) be a polarized manifold of dimension n such that KX + L

is nef. Then

H 0(X,OX(m(KX + L))) �= 0

holds for every positive integer m ≥ n(n + 1)/2 + 2.

We prove the theorem above in Section 4. The outline of the proof is as follows: By
the nefness of KX + L and the base point free theorem, we obtain a surjective morphism
f : X −→ Y to a smooth projective variety Y . Moreover, we obtain a big divisor B on Y

such that KY + B is nef and big (Lemmas 4.2 and 4.3). Then we can reduce the problem to
the study of the effective nonvanishing of global sections of multiples of KY + B. Namely, it
suffices to show the following:

THEOREM 1.4. Let Y be a smooth projective variety of dimension d , N a nef and big
divisor on Y and B a big divisor on Y . Then

H 0(Y,OY (KY + mN + B)) �= 0

holds for every m ≥ d(d + 1)/2 + 1.

Letting N := KY + B, by the theorem above, we deduce Theorem 1.3. In Section 3, we
prove Theorem 1.4, using the Kawamata-Shokurov concentration method ([13, Chapter 2])
and the technique adopted by Angehrn and Siu ([2]), and Tsuji ([17]) in their study of Fujita’s
freeness conjecture.

Throughout this paper, we work over the field of complex numbers C. Furthermore we
use the words line bundle and invertible sheaf interchangeably. If D is a Cartier divisor on a
variety X, then OX(D) denotes the corresponding line bundle over X.
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2. Preliminaries

In this section, we review some algebraic and analytic notions.

2.1. Nef and big line bundles. In this subsection, we shall recall some properties of
nef and big line bundles.

DEFINITION 2.1. Let X be a normal variety and D a Cartier divisor on X. Then
1. D is said to be nef , if D · C ≥ 0 holds for every irreducible curve C on X.

2. D is said to be big, if κ(X,D) = dim X holds,
where κ(X,D) denotes the Iitaka-Kodaira dimension of D defined by

κ(X,D) = lim sup
m→∞

log dim H 0(X,OX(mD))

log m
.

The following proposition called Kodaira’s lemma is fundamental.

PROPOSITION 2.2. Let X be a normal complete variety and D a big divisor on X.
Then for an arbitrary divisor M , we have |mD − M| �= ∅ for m � 0.

PROOF. See [13, Lemma 0-0-3]. �

By using Kodaira’s lemma and the Riemann-Roch theorem, we have the following:

PROPOSITION 2.3. Let X be a smooth projective variety of dimension n and D a nef
and big divisor on X. Then

h0(X,OX(mD)) = Dn

n! mn + O(mn−1)

holds, where h0(X,OX(mD)) := dim H 0(X,OX(mD)).

PROOF. See [5, Corollary 4.3]. �

2.2. Singularities of divisors. In this subsection, we review the notion of singulari-
ties of pairs.

DEFINITION 2.4. Let X be a normal variety and U := Xreg the nonsingular locus of
X. Since codim(X\U) ≥ 2 holds, every divisor on X is uniquely determined by its restriction
to U (cf. [9, Chapter II]). Then we can define the canonical sheaf ωX = OX(KX) of X by

ωX := i∗OU(KU) ,

where i : U ↪→ X is the inclusion.

DEFINITION 2.5. Let (X,D) be a pair of a normal variety X and an effective Q-divisor
D on X. A log resolution of (X,D) is a proper birational morphism μ : Y −→ X such that

Y is smooth and Exc(μ) ∪ μ−1∗ D has a simple normal crossing support, where Exc(μ) ⊂ X

denotes the exceptional locus of μ, and μ−1∗ D denotes the strict transform of D on Y .
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In order to consider singularities of pairs, we shall introduce the following notion.

DEFINITION 2.6. Let (X,D) be a pair of a normal variety and an effective Q-divisor
on X. Suppose that KX +D is Q-Cartier. Let μ : Y → X be a log resolution of (X,D). Then
we have the formula:

KY = μ∗(KX + D) +
∑

i

aiEi ,

where Ei is a prime divisor and ai ∈ Q. We call ai the discrepancy coefficient for Ei . The pair
(X,D) is said to have only Kawamata log terminal singularities (KLT) (resp. log canonical
singularities (LC)), if ai > −1 (resp. ai ≥ −1) holds for every i. The pair (X,D) is said to
be KLT (resp. LC) at a point x ∈ X, if (U,D|U) is KLT (resp. LC) for some neighborhood
U of x.

DEFINITION 2.7. Let (X,D) be a pair of a normal variety and an effective Q-divisor
on X. A subvariety W of X is said to be a center of log canonical singularities for (X,D),
if there are a log resolution μ : Y −→ X and a prime divisor E on Y with the discrepancy
coefficient e ≤ −1 such that μ(E) = W . The set of all centers of log canonical singularities
for (X,D) is denoted by CLC(X,D). For a point x ∈ X, we set CLC(X, x,D) := {W ∈
CLC(X,D) | x ∈ W }.

PROPOSITION 2.8. Let (X,D) be a pair of a normal variety and an effective Q-
Cartier divisor such that KX +D is Q-Cartier. Assume that X is KLT and (X,D) is LC. If W1

and W2 are the elements of CLC(X,D) and W is an irreducible component of W1 ∩W2, then
W ∈ CLC(X,D). This implies that if (X,D) is LC but not KLT at a point x ∈ X, there exists
the unique minimal element of CLC(X, x,D). (This minimal element is called the minimal
center of log canonical singularities of (X,D) at x.)

PROOF. See [11, Proposition 1.5]. �

2.3. Singular hermitian metrics and multiplier ideal sheaves. In the proof of The-
orem 1.3, we use singular hermitian metrics as in [5]. We here review the notions of singular
hermitian metrics and multiplier ideal sheaves.

DEFINITION 2.9. Let L be a holomorphic line bundle over a complex manifold X. A
singular hermitian metric h on L is given by

h = h0 · e−ϕ ,

where h0 is a C∞-hermitian metric on L and ϕ ∈ L1
loc(X) is an L1-local function on X. Then

we call ϕ the weight function of h with respect to h0, and (L, h) a singular hermitian line
bundle over X. The curvature current Θh of h is defined by

Θh = Θh0 + √−1∂∂ϕ ,

where Θh0 denotes the curvature form of h0 and ∂∂ is taken in the sense of currents.
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EXAMPLE 2.10. Let L be a holomorphic line bundle over a complex manifold X.
Suppose that there exists a positive integer m with Γ (X,L⊗m) �= 0. Let σ ∈ Γ (X,L⊗m) be
a nontrivial section. Then

h := 1

|σ |2/m
= h0

h⊗m
0 (σ, σ )1/m

is a singular hermitian metric on L, where h0 is an arbitrary C∞-hermitian metric on L (the
right hand side is independent of h0). Then by Poincaré-Lelong’s formula, the curvature
current Θh is given by

Θh = 2π

m
(σ) ,

where (σ ) denotes the current of integration over the divisor of σ .

DEFINITION 2.11. Let (L, h) be a singular hermitian line bundle over a complex man-

ifold X. The L2-sheaf L2(L, h) of (L, h) is defined by

L2(L, h)(U) := {σ ∈ Γ (U,L) | h(σ, σ ) ∈ L1
loc(U)} ,

where U runs over the open subsets of X.
Now we shall write h as h = h0 · e−ϕ , where h0 is a C∞-hermitian metric on L and

ϕ ∈ L1
loc(X) is the weight function of h with respect to h0. Then we define the multiplier

ideal sheaf I(h) of (L, h) by

I(h) := L2(OX, e−ϕ) .

Then we see that L2(L, h) = OX(L) ⊗ I(h) holds.

Multiplier ideal sheaves are very useful in investigating singularities of pairs. Using the
notation above, we shall define the multiplier ideal sheaves of divisors as follows:

DEFINITION 2.12. Let X be a smooth projective variety and let D = ∑
i aiDi be an

effective Q-divisor on X. For every i, let σi ∈ Γ (X,OX(Di)) be a global section with divisor
Di , and let hi be a C∞-hermitian metric on OX(Di). Then we define the multiplier ideal
sheaf I(D) of the divisor D by

I(D) := I
(

1∏
i hi(σi , σi)ai

)
.

The following proposition reveals a relation between multiplier ideal sheaves and singu-
larities of pairs (cf. Definition 2.6).

PROPOSITION 2.13. Let X be smooth projective variety of dimension n and let D be
an effective Q-divisor on X. Then (X,D) is KLT at a point x of X, if and only if I(D)x =
OX,x holds. In particular, if the multiplicity of D at x is greater than or equal to n, then
I(D)x �= OX,x .
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PROOF. See [14, Proposition 3.20]. �

In proving Theorem 1.4, the following vanishing theorem by Nadel ([15]) plays an im-
portant role.

THEOREM 2.14. Let (L, h) be a singular hermitian line bundle over a compact Käh-
ler manifold X and ω be a Kähler form on X. Suppose that the curvature current Θh of h is
strictly positive, i.e., there exists a positive constant ε > 0 such that Θh − εω is a positive
(1, 1)-current. Then I(h) is a coherent sheaf on X, and

Hq(X,OX(KX + L) ⊗ I(h)) = 0

holds for every q ≥ 1.

3. Proof of Theorem 1.4

In this section we prove Theorem 1.4. We set μ0 := Nd and fix a point y0 on Y . First
we shall construct a singular hemitian metric on some multiple of N with sufficiently large
singularity at y0.

LEMMA 3.1. Let ε be a positive number with ε < 1. Then

H 0(Y,OY (mN) ⊗ m
� d
√

μ0(1−ε)m�
y0 ) �= 0

holds for any sufficiently large integer m.

PROOF. We consider the exact sequence:

0 −→ OY (mN) ⊗ m
� d
√

μ0(1−ε)m�
y0 −→ OY (mN)

−→ OY (mN) ⊗ OY /m
� d
√

μ0(1−ε)m�
y0 −→ 0 .

Since N is nef and big, by Proposition 2.3, we have

h0(Y,OY (mN)) = μ0

d! md + O(md−1) (3.1)

for m � 1.
On the other hand, for a positive integer k, the sheaf OY /mk

y0
is a skyscraper sheaf at y0

and its rank is equal to
(

d + k − 1
d

)
= kd

d! + O(kd−1) .

Then letting k := � d
√

μ0(1 − ε)m�, by the exact sequence above and (3.1), we obtain the
conclusion. �

Let us fix a positive number ε < 1 and a positive integer m0 with

H 0(Y,OY (m0N) ⊗ m
� d
√

μ0(1−ε)m0�
y0 ) �= 0
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as in Lemma 3.1. Then we take a nontrivial global section

σ0 ∈ H 0(Y,OY (m0N) ⊗ m
� d
√

μ0(1−ε)m0�
y0 ) .

We define the effective Q-divisor Δ0 on Y by

Δ0 = 1

m0
(σ0)

and the singular hermitian metric h0 on N by

h0 = 1

|σ0|2/m0
.

Let α0 be the positive number defined by α0 := inf
{
α > 0 | I(hα

0 )y0 �= OY,y0

}
. Then by

Lemma 2.13, we get the inequality:

α0 ≤ d

d
√

μ0(1 − ε)
.

Fix an arbitrary positive number λ � 1/d . Since μ0 ≥ 1 holds, taking ε sufficiently small,
we may assume that α0 ≤ d + λ holds.

Let Y1 be the minimal center of log canonical singularities of (Y, α0Δ0) at y0, i.e., Y1

is the unique minimal element of CLC(Y, y0, α0Δ0) (cf. Proposition 2.8). Then one of the
following two cases occurs.

1. dim Y1 = 0, i.e., Y1 = {y0} holds.
2. dim Y1 > 0 holds.
First we consider the case of dim Y1 = 0. In this case, we can conclude the following:

LEMMA 3.2. If dim Y1 = 0 holds, then

H 0(Y,OY (KY + mN + B)) �= 0

holds for every m ≥ d + 1.

PROOF. We fix an integer m > α0. Then by α0 ≤ d + λ, we have m ≥ d + 1.
Since N is big, by Proposition 2.2, there exists an effective Q-divisor G on Y such that

N − G is ample. We may assume that the support of G does not contain y0. Let δ > 0 be a
sufficiently small rational number, and we set A := (m − α0)N − δG. Note that A is ample,
since N is nef. We fix a C∞-hermitian metric hA on A with strictly positive curvature. Then
we define the singular hermitian metric h on mN by

h := h
α0
0 · hA

|σG|2δ
,

where σG is a multivalued holomorphic section of the Q-line bundle G with divisor G. Since
h · hB has strictly positive curvature current, it follows from Theorem 2.14 that

H 1(Y,OY (KY + mN + B) ⊗ I(h · hB)) = 0
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holds. This implies that the restriction map:

H 0(Y,OY (KY + mN + B)) −→ H 0(Y,OY (KY + mN + B) ⊗ OY /I(h · hB)) (3.2)

is surjective. Now we may assume that y0 is not on the singular locus of hB , and hence
OY /I(h · hB) has isolated support at y0. Therefore by the surjectivity of (3.2), there exists

a global section τ ∈ H 0(Y,OY (KY + mN + B) with τ (y0) �= 0. In particular we obtain
H 0(Y,OY (KY + mN + B)) �= 0. We have thus proved the lemma. �

Next we consider the second case: dim Y1 > 0. In this case, we need to cut down the
support of OY /I(h

α0
0 ). Let Y ◦ be the set of points y on Y such that |mN | is free at y and

Φ|mN | is an isomorphism on a neighborhood of y for some m ≥ 1. Let y1 be a regular point

of Y1 with y1 ∈ Y ◦, and we set μ1 := Nd1 · Y1. Then we see that μ1 ≥ 1 holds. In the same
way as the proof of Lemma 3.1, we have the following:

LEMMA 3.3.

H 0(Y1,OY1(mN) ⊗ m
� d1

√
μ1(1−ε)m�

y1 ) �= 0

holds for every positive number ε < 1 and every integer m � 1.

Let l1 be an arbitrary positive integer, which will be specified later. Let ε′ < 1 be a
sufficiently small positive number and m1 a sufficiently large integer with

H 0(Y1,OY1(m1l1N) ⊗ m
� d1

√
μ1(1−ε′)m1l1�

y1 ) �= 0

as in Lemma 3.3. Then we take a nontrivial section

σ ′
1 ∈ H 0(Y1,OY1(m1l1N) ⊗ m

� d1
√

μ1(1−ε′)m1l1�
y1 ) .

As in the proof of Lemma 3.2, G is the effective Q-divisor on Y such that N −G is ample. Let
k1 be a positive integer such that A1 := k1(N − G) is Cartier. Then we have the following:

LEMMA 3.4. There exists a global section σ1 ∈ H 0(Y,OY (m1(l1 + k1)N)) such that
its vanishing order at y1 is at least � d1

√
μ1(1 − ε′)m1l1�, and the divisor (σ1) is smooth on

Y \ (Y1 ∪ Supp G).

PROOF. By Serre’s vanishing theorem, taking m1 sufficiently large, we may assume

that H 1(Y,OY (m1(l1N + A1)) ⊗ IY1) = 0 holds, where IY1 denotes the ideal sheaf of Y1.

We may also assume that H 0(Y1,OY1(m1A1)) �= 0 holds. Then the restriction map:

H 0(Y,OY (m1(l1N + A1))) −→ H 0(Y1,OY1(m1(l1N + A1))) (3.3)

is surjective.

Let τ be a general section in H 0(Y1,OY1(m1A1)). Then by the surjectivity of (3.3), the
section:

σ ′
1 ⊗ τ ∈ H 0(Y1,OY1(m1(l1N + A1)) ⊗ m

� d1
√

μ1(1−ε′)m1l1�
y1 )
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extends to a global section σ1 ∈ H 0(Y,OY (m1(l1N + A1))). Since G is effective, we may

consider σ1 as an element of H 0(Y,OY (m1(l1 + k1)N)). By virtue of Bertini’s theorem and
the surjectivity of (3.3), we can take σ1 such that (σ1) is smooth on Y \ (Y1 ∪ Supp G). So we
are done. �

We define the Q-divisor Δ1 on Y by

Δ1 := 1

m1(l1 + k1)
(σ1) ,

and the singular hermitian metric h1 on N by

h1 := 1

|σ1|2/m1(l1+k1)
.

Now let us fix a sufficiently small rational number 0 < ε0 < 1. We set

α1 := inf{α > 0 | I(h
α0−ε0
0 · hα

1 )y1 �= OY,y1} .

Then we get the following:

LEMMA 3.5. α1 ≤ d1+λ holds, where λ > 0 is the fixed number as mentioned earlier.

For the proof, we use the following elementary lemma (cf. [17, Lemma 6]).

LEMMA 3.6. Let a, b be positive numbers. Then

∫ 1

0

r
2d1−1
2

(r2
1 + r2a

2 )b
dr2 = r

2
(

d1
a −b

)

1

∫ r−a
1

0

r
2d1−1
3

(1 + r2a
3 )b

dr3

holds, where r3 := r2 · r−1/a

1 .

PROOF OF LEMMA 3.5. Let (z1, . . . , zd ) be a local coordinate on a neighbourhood
U of y1 in Y with Y1 ∩ U = {q ∈ U | zd1+1(q) = · · · = zd(q) = 0}. Then we set

r1 := (
∑d

i=d1+1 |zi |2)1/2 and r2 := (
∑d1

i=1 |zi |2)1/2. Now we fix a C∞-hermitian metric hN

on N and set a := � d1
√

μ1(1 − ε)m1l1�. By the construction of σ1, there exists a positive

constant C such that |σ1|2 ≤ C(r2
1 + r2a

2 ) holds on a neighbourhood of y1. Here | · | denotes

the norm with respect to h
m1(l1+k1)
N .

On the other hand, there exists a positive integer M such that |σ0|−2 = O(r−M
1 ) holds

on a neighbourhood of the generic point of Y1 ∩ U , where | · | denotes the norm with respect
to h

m0
N .
Then by the definition of α1 and Lemma 3.6, we have the inequality:

α1 ≤ l1 + k1

l1
· d1

d1
√

μ1(1 − ε′)
+ m1(l1 + k1)

m0
Mε0 .

Taking l1 sufficiently large and taking ε′ and ε0 sufficiently small, we obtain the desired
inequality. �
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Let Y2 denote the minimal center of LC singularities of (Y, (α0 − ε0)Δ0 + α1Δ1) at y1.
Since (Y, (α0 − ε0)Δ0) is KLT and (σ1) is smooth on Y \ (Y1 ∪ Supp G), we see that Y2 is a
proper subvariety of Y1.

Repeating the same process, we finally obtain the strictly decreasing sequence of subva-
rieties of Y :

Y � Y1 � · · · � Yr � Yr+1 = {yr} ,

points on Y :

y0, y1, . . . , yr ,

where yi is a regular point on Yi with yi ∈ Y ◦ for each i, and positive numbers:

α0, α1, . . . , αr ,

with the estimates αi ≤ di + λ, where di := dim Yi . Furthermore, we obtain global sections:

σ0 ∈ H 0(Y,OY (m0N)), σi ∈ H 0(Y,OY (mi(li + k1)N))) (i = 1, . . . , r)

for some positive integers m0, . . . ,mr and l1, . . . , lr .
Then for 2 ≤ i ≤ r , let Δi be the effective Q-divisor defined by

Δi := 1

mi(li + k1)
(σi),

and hi the singular hermitian metric on N defined by

hi := 1

|σi |2/mi(li+k1)
.

We note that Yj is the minimal center of log canonical singularities of the pair (Y, (
∑j−2

i=0 (αi −
εi)Δi + αj−1Δj−1) at yj−1 for every j = 2, . . . , r + 1. Then we can complete the proof by
an argument similar to that in the proof of Lemma 3.2 as follows.

Let m be a positive integer with m >
∑r−1

i=0 (αi − εi) + αr . Since αi ≤ di + λ holds for
every i, we have m ≥ d(d + 1)/2 + 1. Then we define the singular hermitian metric h+ on

(
∑r−1

i=0 (αi − εi) + αr)N by

h+ :=
( r−1∏

i=0

h
αi−εi

i

)
· hαr

r .

By the construction of hi , we see that OY /I(h+) has isolated support at yr .
Let us fix a sufficiently small rational number δ > 0. Let A′ be the Q-divisor on Y

defined by A′ := (m − ∑r−1
i=0 (αi − εi) − αr )N − δG. Since A′ is ample, there exists a C∞-

hermitian metric hA′ on A′ with strictly positive curvature. Let h′ be the singular hermitian
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metric on mN defined by

h′ := h+ · hA′

|σG|2δ
,

where σG is a multivalued holomorphic section of G with divisor G. Taking y0 generic, we
may assume that yr is not contained in the support of G. Hence we see that h′ has strictly
positive curvature current and the support of OY /I(h′) is isolated at yr . Then by Theorem

2.14, we have H 1(Y,OY (KY + mN + B) ⊗ I(h′ · hB)) = 0, and so the restriction map:

H 0(Y,OY (KY + mN + B)) −→ H 0(Y,OY (KY + mN + B) ⊗ OY /I(h′ · hB))

is surjective. Now we may assume that yr is not on the singular locus of hB , and
hence OY /I(h′ · hB) has isolated support at yr . Thus there exists a global section τ ′ ∈
H 0(Y,OY (KY + mN + B)) with τ ′(yr) �= 0. This completes the proof of Theorem 1.4.

4. Proof of Theorem 1.3

We shall prove Theorem 1.3. Let X be a smooth projective variety of dimension n

and L an ample line bundle over X such that KX + L is nef. By [16, Theorem 0.2], we
have κ(X,KX + L) ≥ 0. If κ(X,KX + L) = 0 holds, using [3, Lemma 3.3.2], we have

OX(KX + L) = OX, and so H 0(X,OX(KX + L)) ∼= C. Hence it suffices to consider the
case of κ(X,KX + L) > 0.

Since KX + L is nef, we see that (m − 1)(KX + L) + L is ample for every m ≥ 1. Then
by the base point free theorem ([13, Theorem 3-1-1]), we have the following:

LEMMA 4.1. The complete linear system |m(KX + L)| is base point free for every
positive integer m � 1. Moreover, there exists a C∞-hermitian metric h0 on KX + L with
semipositive curvature.

Let Φm : X ��� PH 0(X,OX(m(KX + L)))∗ denote the rational map associated with
|m(KX + L)|, where m is a positive integer with |m(KX + L)| �= ∅. Taking a sufficiently
large integer a, by Lemma 4.1, we obtain a surjective morphism f := Φa : X −→ Y , where
Y denotes the image of X. Further we may assume that κ(X,KX + L) = dim Y holds, and
that κ(F,KF +L|F ) = 0 holds for a general fiber F of f . Taking a suitable modification, we
may also suppose that Y is smooth. Then again by [3, Lemma 3.3.2], we see that KF + L|F
is linearly equivalent to OF .

Let l be a non-negative integer. We define the reflexive sheaf Bl on Y by

Bl := f∗OX(KX/Y + L + l(KX + L))∗∗ ,

where KX/Y := KX − f ∗KY is the relative canonical sheaf and ∗∗ denotes the double dual.
Since KF + L|F is trivial, Bl is an invertible sheaf on Y for every l ≥ 0. Moreover we have
the following:

LEMMA 4.2. Bl is big for every l ≥ 0.
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PROOF. Let hL be a C∞-hermitian metric on L with strictly positive curvature and h0

a C∞-hermitian metric on KX +L as in Corollary 4.1. Then we define the singular hermitian
metric hBl on Bl by

hBl (σ, σ ) :=
∫

X/Y

hl
0 · hL · σ ∧ σ , (4.1)

where σ ∈ Γ (Y,Bl) is a global section of Bl . Here the fiber integral in the right hand side is
defined by the following property:

∫

U

( ∫

X/Y

hl
0 · hL · σ ∧ σ

)
=

∫

f −1(U)

hl
0 · hL · σ ∧ σ

holds for any open set U in Y . We note that hBl is smooth on the smooth locus of f , and
may have singularities on the discriminant locus of f . Then by [18, Theorem 1.5] (see also
[4, Theorem 0.1]), we see that hBl has strictly positive curvature current. This completes the
proof of Lemma 4.2. �

We set B := B0 = f∗OX(KX/Y + L)∗∗. Then we obtain the Q-linear equivalence:

KY + B ∼Q
1

l
(KY + Bl−1) , (4.2)

and f∗OX(l(KX + L))∗∗ ∼= OY (KY + Bl−1) for every l ≥ 1. Consequently, we have

H 0(X,OX(m(KX + L))) ∼=H 0(Y, f∗OX(m(KX + L))∗∗)
∼=H 0(Y,OY (m(KY + B)))

(4.3)

for every m ≥ 1. In order to apply Theorem 1.4, we need to show the following:

LEMMA 4.3. KY + B is nef and big.

PROOF. It follows immediately from (4.3) that KY + B is big.

Let dVY be a C∞-volume form on Y . Then we may consider dV −1
Y as a C∞-hermitian

metric on KY . For every l ≥ 1, let hl be the singular hermitian metric on (1/l)(KY + Bl−1)

defined by hl := (dV −1
Y ·hBl−1)

1/ l . By (4.2), we may regard hl as a singular hermitian metric
on KY + B.

Since hBl−1 has semipositive curvature current, we see that

Θhl = 1

l
ΘhBl−1

+ 1

l
Θ

dV −1
Y

≥ 1

l
Θ

dV −1
Y

(4.4)

holds for every l ≥ 1. Let

ΘhBl−1
= (ΘhBl−1

)ac + (ΘhBl−1
)sing

be the Lebesgue decomposition, where (ΘhBl−1
)ac denotes the absolutely continuous part and

(ΘhBl−1
)sing denotes the singular part. Then by (4.1), we see that (ΘhBl−1

)sing is independent
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of l. Hence by taking a suitable modification of Y , we may assume that (ΘhBl−1
)sing is an

effective divisor independent of l. Then by the inequality (4.4), we have

(KY + B) · C = 1

l

∫

C

{(ΘhBl−1
)ac + Θ

dV −1
Y

} + 1

l
(ΘhBl−1

)sing · C

≥ 1

l
KY · C + 1

l
(ΘhBl−1

)sing · C

for an irreducible curve C. Letting l tend to infinity, we can conclude that KY + B is nef after
taking a suitable modification of Y . By the functoricality, we see that KY + B is nef, without
taking such a modification. We have thus proved Lemma 4.3. �

Then applying Theorem 1.4 for N = KY + B, we conclude the following:

LEMMA 4.4.

H 0(Y,OY (m(KY + B))) �= 0

holds for every m ≥ d(d + 1)/2 + 2.

By (4.3) and the lemma above, we have completed the proof of Theorem 1.3.
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