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A Lefschetz Trace Formula for p"-torsion Etale Cohomology
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Abstract. A Lefschetz trace formula is proved for p”-torsion étale cohomology of open algebraic varieties
defined over a finite field of characteristic p. These are analogues of Deligne’s conjecture on Lefschetz trace formula
for ¢-adic cohomology, which was proved by Fujiwara.

1. Introduction

The aim of this paper is to prove a certain Lefschetz trace formula for p”-torsion étale co-
homology of open algebraic varieties defined over a finite field of characteristic p. A version
of this formula for £-adic étale cohomology (¢ # p) was originally conjectured by Deligne,
and proved by Fujiwara [7] in full generality. It is an important tool in arithmetic geometry;
for example, it is used in the proof of the local Langlands correspondence for GL,, over a p-
adic field by Harris-Taylor [13], and the Langlands correspondence for GL,, over a function
field by Lafforgue [17].

We first recall Deligne’s conjecture. We fix prime numbers p and £ such that £ # p. Let
¥, be a finite field of characteristic p with g elements and k an algebraic closure of ;. Let X¢
and Yy be separated I, -schemes of finite type and ag: Yo — Xo XspecF, Xo @ morphism of
IF;-schemes. For an IF,;-scheme Sy, we denote by S the base change So X spec F, Spec k. Similar
notation will be used for morphisms of [F,-schemes. We put a; = pr| oa and a; = pr, o a,
where pr (resp. pr,) is the first (resp. second) projection of X Xgpecx X. We denote by Fry
the g-th power Frobenius endomorphism on X. We put afm) = Fr'y o a;. We write a™ for
the correspondence such that (a™); = afm) and (a"™), = ap. We denote by DY (X, Q) the
derived category of bounded complexes of Q,-sheaves with constructible cohomology. (For
more detail of this category, see for example [5].)

THEOREM 1.1 (Deligne’s conjecture [7, Corollary 5.4.5]). We assume that a; is
proper and ay is quasi-finite. Then there exists an integer N depending only on X, Y and
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the correspondence a such that, for any integer m > N, any object K € Df (X, Qy) and any

morphismu € Hom(a{m)*K, a!ZK), we have

Tr(u | RI(X.K)) = Y naive-loc:(u).

z€Fixa(m

In the above equality, we define u by the composite

adj adj
RI.(X, K) =5 RI.(Y,a™*K) & RI.(Y,abK) <> RIL(X, K)

and naive-loc; (1) by the trace of the composite

z dj
Ky =@ K); = @K). > P @K = (@naK)w —> K.

z’Eaz’] (w)

where we put w = afm)(z) = as(2).
Now it is natural to ask if such a trace formula also holds for étale cohomology with
Zp-coefficients. For this question, we can find the following negative answer. We put Xo =

— Al _ 1 : Al
Yo = A]Fp and ag = A AL By where A]Fp is the affine line over IF, and A AL JJEp A]Fp —

AIIF,, X SpecF,, AIIFI, is the diagonal. We define Hci (Al Lp) = 1<1r_nn HL’,' (Al 7/ p™). If the formula

held in this situation, we should have

D (=D Trid | HI(A}. Zp) = #lz € Ap | 27" =2}

1

for sufficiently large m. The left-hand side is equal to zero since H, é (Al, Z/p") is zero for any
i and n. However the right-hand side is equal to p™, which is a contradiction. Nevertheless,
we have

SO (=1 TrGd | HE(AL Z/p") = #(z € AL 127" =2} (mod p")
i
for any integer m > n. In addition, for étale cohomology with p-torsion coefficients, a special

version of the Lefschetz trace formula was already proved in [2, Fonction L modulo £" et
modulo p]. Thus the following question is still meaningful:

QUESTION 1.2. Does an analogous statement of Deligne’s conjecture hold for étale
cohomology with p”-torsion coefficients? Namely, can we find a sufficiently large integer N
such that for any integer m > N, any bounded complex K of flat constructible Z/ p"-modules
on X, and any u € Hom(afm)*K, ayK), we have

Tr(uy | RI.(X, K)) = Y naive-loc; (u)?

zeFixa™)
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The results of this article give some affirmative answers to the question. We have two
main results. One of them requires almost no assumption on the schemes, but it can only be
applied to the graph of an automorphism of finite order and to p-torsion coefficients. The
precise statement is as follows:

THEOREM 1.3. Let Xo be a separated F,-scheme of finite type and ap1: Xo — Xo
an IFy-automorphism of order r on Xo. Then for any constructible F ,-module Gy on Xy, any
integer m > 1 and any morphism ug € Hom(a(()rln)*Go, Go) of order r, we have

Tr(u | RE(X,G) = ) Tr(uy | G,

xeFix(a(m)
where G (resp. u) is the pull-back of G (resp. ug) to X.

The other result is a statement for more general correspondences and for p"-torsion
coefficients. However it requires the smoothness of X and Y, lifts of X, Yo, ag, and the
Frobenius endomorphism of X over the ring of truncated Witt vectors of length n, smooth
compactifications of the lifts, and freeness of some cohomology groups. To state it precisely,
we define some notation. For an F,-scheme Sp, we denote by P, the p-th power map on
the structure sheaf of Sp. For any field « of characteristic p, we write W, (k) for the ring
of Witt vectors of length n over «. For any W, (IF;)-scheme /), we denote by .# the base
change %0 Xspec w, (F,) Spec Wy (k). The pull-back of a sheaf Go on %y to . is denoted
by G. Similar notation is used for morphisms of W, (IF,;)-schemes and those of sheaves on
Wi (F4)-schemes. Since the canonical morphism 0 X spec w, (F,) Spec Fy — 7 induces an
equivalence between the category of €tale sheaves on .% and that on %o X spec w, (7, Spec Fyg,
we identify étale sheaves on %) X spec w,, (F,) Spec IF, with their push-forwards by the canonical
morphism.

THEOREM 1.4. Let X¢ and Yy be smooth IF4-schemes and ap: Yo — Xo XSpecF, X0
an IF4-morphism. Suppose that there exist smooth W, (F;)-schemes Zo and % and a W, (IF4)-
morphism ag: % — 20 XSpec W, F,) Zo such that the triple (Zo, %, o) is a lift of

(Xo, Yo, ap) over W, (F;) and there exist proper smooth Wy (F;)-schemes yo and @0, a
W, (F,)-morphism oy : Yo — 2o X Spec W, (F,) 2o, and a oo-semi-linear ring homomor-
phism dj@yo : 070 — (’)70 such that

(a) Zo (resp. %) is an open W, (Fy)-subscheme of 2o (resp. % o) and the diagram

4]
% — 20 XSpec W, (F,) 20

ao

@O — y0 X Spec Wy (Fyq) y0

is cartesian,
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(b) «ay is proper, oy is étale, and © is a closed immersion,
(©) Do := 2o~ 2o is a Cartier divisor which is flat over W, ),
(d qj@yo is a lift of the p-th power map of(’)yo ®w, ¥, Fq,
(e) the defining ideal To of P is q)o? -stable.
0

Let G be a locally free constructible Z.] p™-module on Xo. We put Gy = 50|X0. Suppose
that

) Hg (X, G) (resp. H(Z', G ®z/pr 1)) is free over 7/ p" (resp. Wy, (k)) for any i.
Then there exists an integer N such that, for any integer m > N and any homomorphism

ug € Hom(a(()rf)*Go, ag,Go), we have the following equality

D =D T | HA(X,G) = ) Tr(uz | Go).

z€Fix(a(m)
Ifn = 1, then we can take N = 1.

REMARK 1.5. (i) If Xy is a curve, the condition (e) follows from the conditions (a),
(b), (c), and (d) (see [15, 1.1.2]).

(i) The existence of the lifts can be proved if X is an ordinary abelian variety, due to
Serre-Tate’s theory (see [16]). However, if X is a curve and the genus of X is at
least two, then Fry,, cannot be lifted ([18, Lemma 1.5.4]). In the case of general di-
mensions, such non-existence for proper smooth I, -schemes with positive Kodaira
dimensions is proved by Dupuy [4].

(iii)) The condition (f) holds if X is an open subscheme of a projective curve or an
ordinary elliptic curve, and Gy is the constant sheaf Z/p". The author expects
that the assumption (f) can be removed if we can calculate the traces in the derived
category of perfect Z/ p" -complexes instead of the category of Z/ p"-modules.

If, in addition to the assumptions of Theorem 1.4, the schemes are proper, then we can
verify such a trace formula not only for sheaves but for perfect complexes:

THEOREM 1.6. We assume that X( and Yo are proper and smooth over F. Let K¢ be
a complex in Dpert(Xo, Z/ p"). We assume the following conditions:
o There exists a lift (Zo, %, ao) of the triple (Xo, Yo, ag) to W, (Fy) such that " and
% are smooth over W, (k), a is closed immersion, and ay is étale.
o There exists a lift @ g, : O g — O g, of the p-th power map ®x, on Ox,.
o Hi(X,K) (resp. H(Z , K ®z/pn O)) is free over L/ p" (resp. Wy (k)) for each i.

Then there exists an integer N such that, for anym > N and any ug € Hom(a(()rf)*Ko, a(’fz Ko),
we have

Tr(uy | RC(X.K) = > Tr(u: | K2).

zeFixa™)
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Since the proof is similar to that of Theorem 1.4, we omit it.

Although the assumptions of Theorem 1.4 are slightly complicated, the conditions (d),
(e), and (f) become unconditional if n = 1. Moreover, we can then take N = 1. Thus we
obtain the following:

COROLLARY 1.7. Suppose that there exist proper smooth IF4-schemes Xoand Y and
an F,-morphism ay: Yo — Xo X Spec F, X satisfying the conditions (a), (b), and (c) in

Theorem 1.4. Then, for any integer m > 1, any smooth constructible I ,-module Go on X,

and any uq € Hom(a(()rf)*Go, aa‘zGo), we have

Y (=D Tr | H(X,G) = ) Tr(u; | Gy,

z€Fixa™)

where we put Gy = 50|X0.

As an application of Corollary 1.7, we obtain a relation between p-torsion étale coho-
mology and £-adic cohomology. Under the notation and the assumptions of Corollary 1.7, we
put Yo = Xo, app = id, Go = Z/ p, and up = id. Then we have

Z(—l)" Tr((Fr’y o a)* | H.(X, Z/p)) = #Fix(Fry oa;) (mod p)

for any m > 1. By the Lefschetz trace formula in [7], there exists an integer M > 1 such that,
for any integer m > M, we have

Z(—l)" Tr((Fr'y o an)* | HA(X, Q) = #Fix(Fry oa1).

1

Therefore for any m > M we have

D (=1 Tr((Fry o a)* | HA(X, Q) (mod p)
=Y (=D Tr((Fry oa)* | H(X,Z/p)). 1

Thus, in some sense, we have the ¢-independence (mod p) including £ = p of the
alternating sum Y (—1)! Tr((Fr'§ o ap)®).

The article is organized as follows: In Section 2 we recall some cohomological opera-
tions. In Section 3 we give a proof of Theorem 1.3. The assertion for a; = id is already
known ([2, Fonction L modulo ¢"* et modulo p, Théoréme 4.1]). By using a method in [3],
we extend the result to the case where a; is an automorphism of finite order. In Sections 4 and
5, we prove some facts needed in Section 6. In Section 4, we present a generalization of the
so-called “Woods Hole formula” ([10, Exp. III, Corollaire 6.12]), which is a trace formula for
coherent cohomology. In Section 5, we recall some facts on semi-linear algebra. A proof of
Theorem 1.4 is given in Section 6, which goes as follows: First, by using an exact sequence
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of Artin-Schreier type (Lemma 6.1), we rewrite the left-hand side of the formula in terms
of coherent cohomology. Then we apply to it the trace formula proved in Section 4 and we
obtain the result.

Notation

Every ring appearing in this paper is assumed to be commutative with 1.

In this paper, we fix a prime number p. We denote by [, the finite field of ¢ elements,
where ¢ is a power of p. We fix an algebraic closure k of IF,. For any field « of
characteristic p, we write W, (k) for the ring of Witt vectors of length n over k. We
write og: W, (Fy) — W, ([F,) (resp. o: W, (k) — W, (k)) for the lift of the p-th
power map on I, (resp. k).

For any W, (IF;)-scheme %), we denote by . the base change ) Xsgpec Wi (F,)
Spec W, (k). The pull-back of a sheaf Gg on . to . is denoted by G. Similar
notation is used for morphisms of W, (IF,;)-schemes and those of sheaves on W, (IF,)-
schemes.

Let Zo and % be W, (IF,)-schemes. We assume that a lift Fr 4, of the Frobenius
endomorphismon 2 X Spec W, (F,) Spec [F; exists. For morphisms of W, (IF;)-schemes

fo: % — Zpand ag: % — 2o X Spec Wy (F,) Zo, we put fo(m) = fo oFr’:‘% and

a(()’”) = (aé'l”), a(2), where we write ag; (resp. o) for the composite of «p and the

first (resp. second) projection of 2o X w, ) Zo. We also define f ™ and ™ in the
same way.

Let A be a ring. We denote by D(A) the derived category of the category of A-
modules. We denote by Dperf(A) the full subcategory of D(A) which consists of
perfect complexes, that is, complexes which are quasi-isomorphic to bounded com-
plexes of projective A-modules of finite type.

In this article, sheaves and cohomology are always considered on the étale site of a
scheme.

Let X be a scheme and A a sheaf of rings on X. We denote by D(X, A) the derived
category of the category of .A-modules on X and by D™ (X, A) the full subcategory
of D(X, A) consisting of complexes K*® with H'(K*) = 0 for all sufficiently large i.
We denote by ®f4: D= (X, A) x D™ (X, A) - D™ (X, A) the derived tensor product
functor. If F is a flat A-module, we write ® 4 F instead of ®f4 F.

We denote by Dperf(X, A) the full subcategory of D(X, .A) which consists of perfect
complexes, that is, complexes which are locally quasi-isomorphic to bounded com-
plexes of locally free .A-modules of finite type.

Let A be a constant sheaf whose value is a Noetherian torsion ring. We denote by
thf(X , A) the category of complexes of A-modules on X which are of finite tor-
dimension and with constructible cohomology.

If A = Oy, we simply write D(Oy) (resp. D™ (Ox), Dperf(Ox)) for D(X, Ox)
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(resp' D_(Xa OX)9 DPCI‘f(X5 OX))'

2. Cohomological operations

In the section, we recall some cohomological operations.

2.1. Cohomological operations. Let X and Y be quasi-compact and quasi-separated
schemes and f: Y — X a separated morphism of finite type of schemes.

2.1.1. Sheaves of A-modules. Let A be a Noetherian torsion ring. We denote by C(X, A)
(resp. C(Y, A)) the category of étale sheaves of A-modules on X (resp. Y). We denote by
fe: C(Y, A) — C(X, A) (resp. f*: C(X, A) — C(Y, A)) the direct (resp. inverse) image
functor associated to f. Since f; is a left exact functor and f is finite-dimensional, it induces
aright derived functor Rf,.: D(Y, A) — D(X, A). We often denote Rf by f for simplicity.
Since f* is an exact functor, it induces a functor from D(X, A) to D(Y, A) which we also
denote by f*. For any complex K € D(Y, A), we write adj: K — f. f*K for the adjunction
map.

Let j: V — U be an open immersion of schemes. We write j: C(V, A) — C(U, A)
for the extension-by-zero functor. Since j) is exact, it induces a functor from D(V, A) to
D(U, A) which we also denote by ji. By Nagata’s compactification theorem [1], the mor-
phism f: Y — X factorsas f = f o jy, where f: Y — X is a proper morphism of schemes
and jy: Y < Y is an open immersion. We define the direct image functor with proper sup-
port fi: D(Y, A) — D(X, A) by the composite of jy, and f,. We note that, if X is the
spectrum of an Artinian local ring with separably closed residue field, then the functor f
(resp. fi) on C(Y, A) is equal to the global section functor I'(Y, ) (resp. the global section
with proper support functor I'.(Y, e)).

The functor f* sends Db (X, A) to Db (Y, A). In addition, by [9, Exp. XIV, Théoréme

ctf ctf
1.1] and [9, Exp. XVII, Théoreéme 5.2.10], the functor fi sends D%(Y, A) to DZ.(X, A). In

particular, if X is the spectrum of an Artinian local ring with sep;trfably closed residue field,
then RI.(Y, K) belongs to Dperf(A) for any K € Dé’tf(Y, A).

If f is étale, then the functors f; and f* are exact, and f; is the left adjoint functor of f*
(see for example [6, Chapter I, Lemma 8.2]). Hence, for any K € D(X, A), we can define a

natural homomorphism Trz, g : fi f*K — K, called the trace map.

2.1.2. Ox-modules. We denote by C(Oyx) (resp. C(Oy)) the category of Ox-modules
(resp. Oy-modules). We can naturally define the direct image functor fi: C(Oy) — C(Ox)
and its right derived functor D(Oy) — D(Oyx), which we also denote by f. If f is proper
and smooth, then by [11, Exp. III, Example 4.1.1 and Corollaire 4.8.1], the functor f; sends
Dperf(OY) to Dperf(OX)-

We write f~! for the inverse image functor of étale sheaves. We define the functor f*
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as follows:

f*C0x) > CO: G TG ® Oy.
f~10x
Since f* is right exact, we can define its left derived functor D~ (Ox) — D~ (Oy), which
we also denote by f*. If a complex K is in Dpe;f(Ox), then f*K is in Dperr(Oy).

For any complex K € D™ (Ox), we write adj: K — f, f*IC for the adjunction map
which coincides with the composite of the adjunction map K — f f 'K defined in (2.1.1)
and the canonical morphism f, f 'K — fi f*K.

If f is finite and étale, then we have the trace map

Trei: fofK = K
for any K € D(QOyx). This morphism is functorial with respect to /C.

2.2. Cohomological correspondences. Let S be the spectrum of an Artinian local
ring. Let X and Y be separated schemes of finite type over S.

2.2.1. Correspondences. Leta: Y — X xgs X be an S-morphism. Such a morphism is
called a correspondence. We denote by Fix a the fiber product ¥ x x»x X of the correspon-
dence a and the diagonal Ayx/s: X — X x5 X:

Fixa — X

l lm

Y —2 > X xg X.

We write aj (resp. az) for the composite of a and the first (resp. second) projection of X x g X.
We assume that a; is proper and a3 is étale.

Let K be a complex in D(X, A) and u € Hom(a} K, a3 K). We define u) by the compo-
sition

RI:
RI(X,K) —— (@ J)RI“(Y a*K) RI.(Y, aE‘K)—>RF(X K).
For any geometric point z of Fix a, we put K; = (a]K); = (a;K);. Then the stalk
u;: K, = (@{K); - (a;K), = K;

is an endomorphism on K.
Furthermore we assume that X and Y are proper over S. Then ay is finite. For any
complex K in D™ (Ox) and u € Hom(ajK, a;K), we also define u, by the composition

RT(Tr)

RI'(X, IC) RF(Y aijK) —— RT'(Y, a;K) — RI'(X, K) .
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Let K be a complex in D™ (Oyx) and u € Hom(aj K, a;K). For any connected component
of Fixa, we put Kg = i;ai"IC = i;ai‘IC and
ug =igu: Kg =igaik — iza3K = Kg,
where we write ig for the closed immersion 8 < Y.

2.2.2. Push-forward for correspondences. We consider open immersions jx: X < X
and jy: Y < Y, and correspondencesa: ¥ — X xs X and@: ¥ — X xg X such that the
diagram

is commutative. We assume that a; and a; are proper. Let K be a complex in D(X, A). Then
we define

BC: jy!aikK — E;jxyK
by the composition

. Jjriay(adj) e . C e adj _, .
jras K R S ina jxjx K = jyijya, jx1K — a; jx K.

By the properness of a1 and a1, we also have the morphism

. Jxi(adj) . — . — .
ixtK —— jxiawai K = jxianai K =ay jyai K =a, jyaiK .

Thus, by adjointness, we can define
BC: ET]'X!K — jy!aTK .
For any u € Hom(aj K, a5 K), we define jiu € Hom(a7 jx1K, a; jx1K) by the composition

. BC, . Jyu o, BCy _, .
ajjx K — jyiafK — jyia;K —=a;jx1K .

2.2.3. Frobenius correspondences. Let X( be an [F,-scheme and G¢ an abelian sheaf on
Xo. Since the morphism frx, = (idx,, o Xo) induces the identity on the étale topos of Xy,

we have fr}‘(OGo = Gy. Hence we have Frj‘(0 Go = Go. Let f: X — X be the base change
morphism by IF;, — k. Then we have the following canonical isomorphisms

FryG = Fri f*Go — (f o Frx)*Go = (Frx, o f)*Go — f*Fry,Go= f*Go=G.

We call the composite of the above morphisms the Frobenius correspondence of G and denote
it by Frg. The Frobenius correspondences commute with base change, that is, for any mor-
phism go: Yo — Xo of F;-schemes, the pull-back g*Frg is the Frobenius correspondence of
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¢*G. For any integer m > 1, we put

Frl = Frg o FriFrg o - o Fr" ™V Firg.

In view of this isomorphism, we may work with the morphism uo € Hom(ag, Go, ag,Go)

instead of ug € Hom(a(()T)*Go, ag,Go) as in Question 1.2.
Let Zp be a W, (F,)-scheme. Since the étale topos of 2" and that of 2" X spec w, (k) Spec k
are naturally equivalent, we can define the Frobenius correspondence for any sheaf on 2.
We often denote by Fr the Frobenius correspondence for a sheaf on Xg or on 2y for
short.

3. The case of an automorphism of finite order

First, we recall the Lefschetz trace formula for the Frobenius correspondence which is
proved in [2, Fonction L modulo ¢ et modulo p]. Then we deduce Theorem 1.3 by using the
method in the proof of [3, Proposition 3.3].

THEOREM 3.1 ([2, Fonction L modulo £" et modulo p, Théoreme 4.1]). Let X¢ be a
separated scheme of finite type over F,, and A a Noetherian reduced ring of characteristic p.

Then for any object Ky in thf(Xo, A) and any integer m > 1, we have
Tr((Frg) | RI(X, K)) = Z Tr((Frg)x | Ky) .
x €Fix(Fr% xid)

PROOF OF THEOREM 1.3. By replacing the base field F; with Fym, we may assume
thatm = 1.

We put ag := (ao1, id): Xo — X0 XspecF, X0. Since X is separated of finite type over
F, and ag; is of finite order, we can construct a finite partition Xo; of X¢ such that X¢; is
locally closed in X, affine, agi-stable for each i, and G is smooth on X¢,;. Then we have

Tr((u o Fr)y | RIL(X, G)) = Y _Tr((u o Fr)y | RI.(Xi, Gy))

and

Y. Tr(woFn,|Gy=) Y Ti((uoFn,|Gy),

xeFix(aD) i xeFix(ai(l))

where a; (resp. G;) is the restriction of a (resp. G) to X;. Hence we may assume that X is
affine and G is smooth.

We put X1 = X0 XspecF, SpecF,r, G1 = Golx, and u1 = uglx,. We denote by o the
isomorphism on the scheme SpecF,r associated to the g-th power map on F,-. Since X is
affine, by using ap1 XspecF, . o~ as a descent datum, we can construct a scheme X(’) over I,

such that X(’) X Spec F, SpecF,r ~ X1 and agl) is the relative Frobenius endomorphism of X
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with respect to X(’). Since G is smooth, we can also construct a sheaf G(’) on X(’) such that
Gglx, =~ Gy and u o Fr is equal to the Frobenius correspondence on G with respect to Gy,
Therefore by Theorem 3.1 we obtain

Tr((uoFr) | RI(X.G) = Y Tr(oFnx|Gy).

xeFix(aD)

4. Woods Hole formula

In this section we prove a trace formula for coherent sheaves, which is a generalization
of the Woods Hole formula ([10, Exp. III, Corollaire 6.12]). We use this theorem in Section
6.

THEOREM 4.1. Let S be the spectrum of an Artinian local ring. Let X and Y be proper
smooth schemes over S. Leta: Y — X xg X be a closed immersion over S. Assume that ay
is étale and the homomorphism daj : ai"QX/S — Qyys is zero. Then for any KK € Dpert(Ox)
and u € Hom(a{KC, a5 K), we have

Tr(u. | RO(X.K) = Y Trgs(Tr(up | Kp)).

Bemy(Fixa)

REMARK 4.2. Since X and Y are smooth over S and da; = 0, the scheme Y meets
transversally the diagonal of X, that is, Fix a is étale over S [8, Corollaire 17.13.6]. Hence
Fix a is a finite direct sum of the spectra of local Artinian rings which are étale over S.

Before starting the proof, we recall residue symbols in [14, Chapter 111, §9]. We consider
the following commutative diagram of schemes

IB(—i>Z
DN,
s,

where i is a closed immersion, f is smooth of relative dimension d, and g is étale and finite.
We denote by Zg the defining ideal of 8. Since g is étale, the natural morphism

Tp/T; — Qs ® Oz/Tp
Oz
is an isomorphism. Taking /\d of the both sides of the above isomorphism, we have

d
NZs/Z5 > Q%/Sg@ Oz/Zs.
VA
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We note that /\d s /I§ is an invertible sheaf on 8.

Now we take an Oz-sequence s1, ..., sq generating Zg and a global section w of Q% /s
We denote by w the global section of Q‘é /s ®0; Oz /1 obtained from w and by 51, ..., 5q
the global sections of Zg /I§ obtained from s1, ..., s4. By the above isomorphism, we can

regard @ as a global section of /\d g /Ié. For any 7 € T'(B, Og), we define

Resz/s (1’ @ ) = Trgys (1’ -w®(ds /\'~'/\d§d)_1),
S1 ... S84

which is an element of I'(S, Oy).

PROOF OF THEOREM 4.1. We put m = dim X. We denote by d; (resp. d3) the com-

posite of d : Oxxsx — Qxxsx/s and the first (resp. second) projection of Qxxx/s =
pr’fo/S D prﬁQX/S.

By the corollary of the Lefschetz-Verdier trace formula [10, Exp. III, Théoréme 6.10 and
Remarques 6.11], we obtain

Tr(us | RT (X, K))

daty Ao ANdotyy ANdist A - Adys
= ) Resxxx/s <Tr(u,3 | Kp) . tm sl s .
Beno(Fixa) ! mo Sl e S

where sq, ..., sy is an Oy x-sequence generating the defining ideal of Y nearby 8, and
1, ..., ty is an Oxxgx-sequence defined as follows. Since a o ig is a closed immersion
and B is étale over S, there are an open neighborhood X’ of 8 in X and an étale morphism
X' — S[Th, ..., Ty] such that the following diagram is commutative:

p——X'

SCH S[T17 RG] Tm]s
where the bottom row is the zero section. We denote by xi, ..., x,, the sections of Oy
corresponding to 71, ..., T);. By the above diagram, we obtain a,(x;) € Zg for eachi. In

addition, 1 ® x; —x1 ® 1,..., 1 ® x, — x;, @ 1 generate the defining ideal of the diagonal
Ax: X < X xgX nearby B since X' is étale over S[Ty, ..., T;,]. Weputt; = 1Qx; —x; Q1.
Then we obtain
doty A -+ Ndotyy Ndist A - ANd
Res <Tr(u/5 | IC/S) 20 2lm 151 lsm)
... ty St ... Sm
o ... tm ST ... Sm

=Res <TI‘(M13 | Kp) d1@x) A ANd(1 @ xw) Ndist A--- /\dlsm>
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=Res <Tr(u/5 | Kp) d1@x) A= ANd(1® xp) Adsy A ---Adsm)

f1 ... ty St ... Sm

=Resy/s (Tr(uﬂ | Kp) dax(x) A - Ad(aa(xm)) ) ’

ar(x1) —ai1(x1) ... ax(xm) —ai(xm)

where we write Res instead of Resxxx/s for simplicity. At the last equality we use the
property of [14, Chapter II1, §9, (R3)].
By the definition of x1, ..., x;,, for each i, we can write

ar(xi) =Y cijlar(x)) — ai(x)))

j=1

nearby B, where each ¢;; is a section of Oy. Since aj oig = az o ig and da; = 0 by
assumption, we have

m
day(x;) =Y _ cjjdar(x))
j=1

as sections of igQy/s. Thus we obtain ¢;; = §;; in Op, where §;; is Kronecker’s delta.
Therefore, by [14, Chapter 111, §9, (R6)], we have

Resy/s (Tr(u/s | Kg) d(ay(x) A« A d(ax(xm)) )

ax(x1) —ai(x1) ... ax(xm) —ai(xm)
_ det(cij) - d(ax(x1) —ar(x1)) A -+ - Ad(ax(xm) — a1 (xm))
=Resy/s (Tf(”ﬂ | Kp) ax(x) —ar1(x1) ... ax(xp) —ai(xp) )

=Trg;s(Tr(ug | Kﬁ)det(cij)lﬂ)
:Tl‘/g/g(Tr(uﬂ | IC/S)) .

5. Some semi-linear algebra

In this section, we recall some semi-linear algebra, which we will use in Section 6. We
putd = [F,; : Fp].

LEMMA 5.1. Let My be a W, (IF,)-module of finite type and ®@y: My — My a op-
semi-linear endomorphism. We put Fy = d5g and M = My W, (F,) W, (k). We write
D: M — M (resp. F: M — M) for the o-semi-linear (resp. W, (k)-linear) extension of
D (resp. Fo) to M. Then the following assertions hold:

(1) The morphism 1 — @ : M — M is surjective.
(2) We have M®/p (M®) = (M/pM)®.
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(3) The canonical morphism M® ®z)pn Wn(k) — M is injective. Moreover, @ and F
are nilpotent on the cokernel of this morphism.

PROOF. (1) We prove the assertion by induction on n. If n = 1, this assertion follows
from [12, Exp. XXII, Proposition 1.2]. We assume that the assertion holds for n — 1. We have
the commutative diagram

0 pM M M/pM ——0
ll—@ ll—@ ll—@
0 pM M M/pM ——0

where the horizontal sequences are exact. We note that pM (resp. M/pM) has a natural
W, —1(k)-module (resp. k-vector space) structure of finite type. By the induction hypothesis
(resp. the case n = 1), the endomorphism 1 — @ on pM (resp. M/pM) is surjective. Hence,
by the above exact sequence, the endomorphism 1 — @ on M is surjective.

(2) By the snake lemma, we have the following exact sequence

0— (pM)® - M® > (M/pM)® — 0.

Hence we have M® /(pM)® = (M/pM)®. In addition, we have the following commutative
diagram with exact rows

0 M| p] M pM 0
ll—¢> l/l—<l> ll—ip
xp
0 M| p] M pM 0,

where we put M[p] = Ker(M L M). As we have shown above, the endomorphism 1 — @
on M| p] is surjective. Applying the snake lemma to this diagram, we have p(M®) = (pM)®.
Therefore we obtain M® /p(M®) = (M/pM)®.

(3) We prove the assertion by induction on n. If n = 1, it follows from [12, Exp. XXII,
Corollaire 1.1.10]. We assume that it holds forn — 1.

First, we will prove the former statement. By the proved assertion (2), we have the
following exact sequence

00— (pM)? ——= M? —— (M/pM)® —0.
Tensoring this diagram with W,,(k), we obtain the following exact sequence

0— (pM)? @z pn-1 Wy—1 (k) — M® Qg0 Wy (k) — (M/pM)® Qp, k —0.
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Thus we have the following commutative diagram with exact rows

0— (pM)® @7, -1 Wa—1 (k) —= M® Q70 Wy (k) — (M/pM)® ®p, k — 0

| ! l

0 M M M/pM ——0.

By the induction hypothesis (resp. the case n = 1), the left (resp. right) vertical arrow of the
above diagram is injective. Hence the middle vertical morphism is also injective, that is, the
former assertion for n also holds.

We prove the latter statement. We put

M' = Coker(M® ® W, (k) > M).
Z/p"
By the snake lemma, we have
M'/pM’ ~ Coker ((M/pM)¢ Qk — M/pM> .
]Fq

Now we need the following lemma:

LEMMA 5.2. Let M’ be a W, (k)-module and ®: M’ — M’ be a Z/ p"-linear endo-
morphism. We assume that ® is nilpotent on M'/pM’. Then @ is nilpotent on M’.

PROOF. By assumption, there exists an integer e > 1 such that ®¢ = 0 on M'/pM’.
Let xo be an element of M’. For each integer i > 0, we can inductively find x;+; € M’ such
that @°(x;) = px;+1. Thus we have @"¢(x) = p"x, = 0. Therefore @ is nilpotent. |

We return to the proof of Lemma 5.1.(3). By the case n = 1, the endomorphism @ on
M’/pM’ is nilpotent. Therefore, by Lemma 5.2, & is also nilpotent on M’.

We will show that F is nilpotent on M’. We fix an integer e such that ®9¢ = 0 on M’.
Since F coincides with @9 on My, we have F¢ = 0 on the image of My in M’. Hence F¢ =0
on M’, that is, the morphism F is nilpotent on M’. O

LEMMA 5.3. Under the notation of Lemma 5.1, we assume that M is free over W, (k)
and M® is free over 7./ p". Then there exists an integer N > 1 such that the following
assertion holds: Let ¢ be a W, (k)-linear endomorphism on M which stabilizes M®. Then,
foranym > N, we have

Tr(p o F™ | M%) = Tr(p o F™ | M) .
Ifn=1andpo F = F o @, then we can take N = 1.
PrROOF. By Lemma 5.1(3), we have the exact sequence

0> M® @ Woh) > M —> M —0,
Z/p"
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where we put M’ = Coker(M? ®z/pn Wn(k) — M). By assumption, M® @ W, (k) is a
free W, (k)-module of finite rank. Since W, (k) is a Gorenstein ring, the W, (k)-module
M® ® W, (k) is injective. Hence the above sequence splits. Thus M’ is a finite projective
W,, (k)-module, and we have

Tr(p o F™ | M) =Tr(p o F™ | M®) + Tr(p o F™ | M').

By Lemma 5.1(3), we can take an integer N such that the equality @4V = 0 on M’
holds. Then, for any m > N, we have Tr(p o F™ | M’) = 0 and the equality in Lemma 5.3
holds.

We assume thatn = 1 and po F = Fog. Then go F is nilpotent on M’. Hence all of the
eigenvalues of ¢ o F are zero. Therefore, for any m > 1, we have Tr(p o F | M') =0. O

6. Proof of Theorem 1.4

In this section, we shall prove Theorem 1.4. Before starting the proof, we recall a short
exact sequence of Artin-Schreier type.

LEMMA 6.1. Let k be a perfect field of characteristic p and Z a flat W, (k)-scheme.
We denote by o the Frobenius endomorphism of W, (k). Suppose that there exists a o -semi-
linear endomorphism @ : Oz= — O which is a lift of p-th power endomorphism on the
structure sheaf of 2~ x Spec W, (k) Spec k. Let 9 be a closed flat Wy, (k)-subscheme of 2 whose
defining ideal T is ®-stable. We put 2" = Z ~ 9. We denote by j the open immersion

X — Z. Let G be a locally free constructible 7] p"-module on 2. We put G = G| 4.
Then we have the following short exact sequence

0—=jG—>GOT 2 G®T——>0.

PROOF. For any integer | < m < n, we put ym =2 X Spec W, (k) Spec Wy, (k). We
define &, and @,, similarly. First, we prove the exactness of the sequence

0—>Z/p" —> O5 —> O 0

by induction on m. The case of m = 1 is the usual Artin-Schreier sequence. We assume the
assertion holds for m — 1. Since O~ is flat over W), (k), the sequence

0—04 | Oz, Oz, 0.

is exact. Furthermore, we have the inclusion Z/p™ C Ker(1 — @,,) since @ is o-semi-linear.
Hence, by the induction hypothesis, the assertion also holds for m. We can also obtain such a
sequence for Z by the assumptions that & is flat over W, (k) and ®Z C 7.
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We denote by i the closed immersion 2 < 2. By tensoring the obtained sequences
with G and i ~'G, we have the following short exact sequences

0—)5—)5@(9?2)6@0?—)0
and

0 i-1G ("6 ®0y "% (i716)® 0y —=0.

From these sequences, we obtain the following diagram

— J— 1_ —

0 G CROyp— >GRO ——>0

| l !

00— ii ™' — in((i7'0) ® 09) =2 i((i7'C) ® Oy) —= 0,

where the horizontal sequences are exact. Here, the left vertical arrow is the morphism which
appears in the short exact sequence

0— jij'G6—G ——=i,i 'G——=0
and the middle and right vertical arrows are the composite of the canonical morphisms

GROp — G (0x/I) = ix((i"'G)®0y).
Hence we obtain the required sequence by using the snake lemma. O

PROOF OF THEOREM 1.4. We denote by i (resp. j) the closed (resp. open) immersion
Do — X (resp. Zo — ?O), We use the same notation for the closed (resp. open)
immersion Z < 2 (resp. Z — Z).

We denote by fyo the endomorphism (idyo, (poyo) on Z o and by Fry0 the W, (Fy)-

. . d -~ . .

endomorphism (1dy0, ¢7o) on 2o, where we putd = [F, : IF;]. We write Fr- for the
base change of Fry0 by W,(Fy) — W, (k). We put Go=Go® O?o and Gy = Eol,/% =
Go ® Og;. Recall that 7 is the defining ideal of the complement %y = 2o~ 20. We

put G = Go ® Tp, which is a locally free Oyo-module since 7y is locally generated by a
non-zero divisor of 070' We put dﬁao = idg, ® @@70. We also define @ as well. By
the assumption (e), gg) is q)go-stable and we define ®% by the restriction of ®§0 to g(g. We

define @¢ in the same way. We sometimes denote by @ these homomorphisms for short. For
a op-semi-linear morphism of Oyo-modules V: Gy — G, we denote by W’ the (’)yo-linear
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homomorphism f;}, g1 — G associated to . We put
C 0
. d = =
Frg =idg, ® @ Fr%ogo —Gp.
Then, by the assumption (e), the morphism Frg0 : Fr*y Go — G is factorized as
0

x o /
Fryogo - — > go

l (1)
Frg

Fr*yoao —% Go.

We denote by Frg(/) the top horizontal morphism in the diagram (1). Changing the base of the
above diagram by W, (F;) — W, (k), we obtain the diagram

Fr%g/ - o g/

|

We write Frg (resp. Frg) for the bottom (resp. top) horizontal morphism in the diagram (2).
For simplicity, we sometimes write Fr for these morphisms and their pull-backs. We remark
that the composite

Fro/
g
/ — * / _ % / 0 ’
Gy — Fr%*Fr% Gy = Fr%go —G
coincides with CDé, and @ is the o-semi-linear extension of ®%' Since ag; is proper, the
0
following diagram is cartesian as that of topological spaces:

01
NH——= 2

T2 e

Ty 7.
Thus we have 50_21 (Z o~ 20) C 50_11 (Z o~ 20) as topological spaces, and we have

@' Zo- Oz, , C @y Lo Og,)

re red

Since @ is étale, we obtain

%1 T O, C @' Do Oz, € @' T Ogr) =Ty To O (3)

re red
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Since G is smooth and 2 is dense in 2, there exists a unique morphism o : @}, Gy —

63250 such that ug|g, = uo (see for example [9, Exp. XVI, Proposition 3.2]). By the inclu-

sion (3) and the flatness of @y, the morphism u#p ® id: ES 1? — 6325 is factorized as

/

173
— / 0 —x
@190 — — = @2%
_. = u®id _, =
Ol(ngO - aozgo .
Therefore we have the following diagrams

. oy .
oy, 1Go —— a, 1Go

o,

—x o/ 0 —x 7/
a9 — %Y
and

— RT (adj — RT (up) — RT(Ti —
RT(Z 0. G)) L RE @ o, @5, G') ——L RT (T o, @400') e RT(Z 0, G})

RT(®) RF(di)l

RT (adj) RT (ug) RT(Tr)

RT(Z 0, G)) — RT %o, @},G)) —= RT (@0, @, G') —— RT (20, G)).

We note that the composite

RT(adj —
RIW(Zp. Go) Y RE (@ o, @5, jiGo)

RI(j —
KLU, RE (@ o, @y 1Go)

KD, RIW( 2. Go)

coincides with 1.

“

)

(6)

LEMMA 6.2. The diagram (5) is commutative. Moreover, if n = 1, then the diagram

(6) is also commutative.
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PROOF. The commutativity of the square (5) follows from the fact that, in the following

diagram

a81]'!G0 a82].!G0
ESIEQ L 58260
a01 g6 a(>|)<2g(/)
/ ()

all the squares except (5) are commutative and the morphism (x) is injective.

Now we assume n = 1. We write CD@O for the p-th power map on (’)@0. We put

f@o = (id@O, CD@O). As before, 05@0 induces og-semi-linear endomorphisms on E&E@,

ESZEO, &31%, and EOZQ(’). We also denote these by @yo. For any oy-semi-linear endomor-

phisms W, we write W’ for the corresponding (’)@O-homomorphism.

For the commutativity of (6), we shall show that of the following diagram

_ ) _ RI'(Tr)
RU (T, G "L Rr @ o, 75,6)) L RU @y, w,0) % RT (T G)
RF(cb)l/ RF@W%)l Rr@m@o)l Rl‘(di)l N

— RT (ad (ug) T
RU(Z 0.6 "% ke @, 2,0 S RE @ o, w06 T RO (T 0, G

The commutativity of the right and left squares of the diagram (7) follows from the commu-
tative diagrams

and

adj
* ! —  —% % / _ = % —%x O/
yogo - O‘01*0‘01fyogo = 0‘01*f@0°‘01g0

@’ o105, P’
01D
adj 2o

Gy —— @01:2,9,

_ * =k 2/ ¥ = —x o _ 1T * /
o — o = O 57\ W0 —
02*]({,?/0 02g0 f%() 02x% OZgO f%OQO
-~ 502*5324’, @’
@02« Pz l
-0 Tr

F02,Tin0) — > G
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The commutativity of the middle of the diagram (7) follows from the commutative square

_ . = u®id _, —
010190 > 0602g0

@51 ‘p@() lagz ‘p@()
&3150 ﬁ0—®id> &0250
and the commutative diagram (4). |
By Lemma 6.1, we obtain the exact sequence

-

0 JG g2 g 0. ®)

This induces the following long exact sequence
: o 1TH@) e
> H(Z,G) —— H'(Z,G) — > H(Z,G) —— -

Since 2 is proper over W, (IF,) and Q(’) is a coherent Oyo-module, the W, (IF,)-
module H i(yo, g(’)) is finitely generated for each i, the canonical homomorphism
H (Z0.Gy) ®w, ¥, Wak) = H'(Z,G') is an isomorphism, and we have

H' (Frg)) ®w, ¥, Wa(k) = H' (Frg)) .

By Lemma 5.1(1), the o-semi-linear map 1 — Hi(q)g/) is surjective. Thus, for each index i,
we have the following exact sequence

1—H! (®)
_

0 ——= H(Z,G) ——= H!(Z,G) H(Z,G) ——0.

By Lemma 6.2, we have the following commutative square
HA(Z,G) —— H(Z, 7))
lul l/u’
H{(Z,G)——= H(Z.,G)).
Therefore, by Lemma 5.3 and the assumption (f), we have
Tr((w o ™), | H(Z, G)) = Tr(uy o (Fr)}' | H(Z', G))
= Tr(u, o (Frg)}! | H'(Z.G))) O
=Tr(w o F™), | H(Z.G")



470 MEGUMI TAKATA

for any integer m > N, where we take an integer N large enough so that N > n and
Tr(uy o (Frg))" | HA(Z, G)) = Tr(u, o (Frg))2 | H'(Z7,G))

holds for any m > N and any index i. We note once again that if » = 1 we can take N = 1
by Lemma 5.3 and Lemma 6.2.
Since dFr";?, = 0, oy is étale, and G’ is locally free of finite rank, we can apply Theorem

4.1 to Tr((u’ o Fr'™),) | RT(Z, G))):

Tr((u' o F™), | RO(Z.G)) = Y Tr((' oFr)g | Gp). (10)

Bemy(Fixa™)

We remark that the morphism 8 — S is an isomorphism since W, (k) is a strict Henselian
ring.

If B € mo(Fixa™), then we have Tr((u o Fr)g | QI/B) = Tr((u o Fr)g | Gg) by the
definition of u’. If B does not belong to 7o (Fix &™), then we have Zg = 0. Thus Gy = 0and

we obtain Tr((u’ o Fr)g | g/;) = (. Therefore we obtain Theorem 1.4 by the equalities (9) and
(10). O
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