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Abstract. We study the rational torsion subgroup of the modular Jacobian variety Jo(N) when N is square-
free. We prove that the p-primary part of this group coincides with that of the cuspidal divisor class group for p > 3
when 3 { N, and for p > 5 when 3 | N. We further determine the structure of each eigenspace of such p-primary
part with respect to the Atkin-Lehner involutions. This is based on our study of the Eisenstein ideals in the Hecke
algebras.

Introduction

In this article, we study the rational torsion subgroup Jo (N )(Q)ors of the Jacobian variety
Jo(N) of the usual modular curve Xo(N) over Q, when N is square-free.

This is a sequel to our previous work [Oh2] in which we studied the same problem for
J1(N) of prime level N. The method here is, basically, similar to that paper, but there are
dissimilarities as well, mainly due to the existence of oldforms in the space of cusp forms of
weight two with respect to IH(N).

Before stating our main result, we briefly recall known facts on Jo(N)(Q)ors- The study
of this group began with works of Ogg. Namely, when N (> 5) is a prime, he proved that

o the cuspidal divisor class group of Xo(N), the subgroup of Jo(N)(Q)ors generated by
the difference of two cusps of Xo(N), is of order (N — 1)/(N — 1, 12),

in [Ogl], and conjectured that
e this cuspidal divisor class group coincides with Jo(N)(Q)ors,

in [Og2]. In the seminal paper [Ma], Mazur then proved, among others, that this conjecture is
valid.

The above result on the cuspidal class number has been extended to other modular curves
by many mathematicians, starting in 1970’s with a series of papers by Kubert and Lang, cf.
[KL]. For our present purpose, Takagi’s result [T] on the cuspidal class number of Xy(N)
plays an important role.

As for the rational torsion in Jo(V), after Mazur’s work, the following were known:
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Lorenzini [L] proved that the prime-to-6 p part of Jo(p”)(Q)ors is contained in the cus-
pidal divisor class group; and also that the same holds for the prime-to-2p part when p # 11
(mod 12), for prime numbers p > 5. He also determined the structure of the prime-to-2 p part
in the latter case.

Agashe [A] recently proved that, if E is an elliptic curve over Q of square-free conductor
N (thus there is a morphism Jy(N) — E over QQ), and if p is a prime not dividing 6N and
dividing the order of E(Q)ors, then p is a divisor of the cuspidal divisor class number of
Xo(N).

In this paper, we study the same theme as in [A]. Thus we let N be a square-free positive
integer, in the rest of this introduction. It is then known that all cusps of Xo(N) are rational
over Q. Therefore the cuspidal divisor class group C(N), i.e. the group generated by the
classes of differences of two cusps of Xo(N), is a subgroup of Jo(N)(Q)iors- (By a classical
theorem of Manin and Drinfel’d, every element of C(N) is torsion.) The following is the main
result of this paper, in which we indicate by “[ p*>°]" the p-primary part:

THEOREM. Let N be a square-free positive integer, and let C(N) be as above. Then
we have

Jo(N)(@rors[p™1 = C(N)[p™]

for all prime numbers p > 3 when N is not divisible by 3; and for all prime numbers p > 5
when N is divisible by 3.

In the text, this is stated as Theorem (3.6.2), in which we give a finer statement: One can
decompose Jo(N)(Q)iors[p>] = C(N)[p] as a direct sum of eigenspaces with respect to
the Atkin-Lehner involutions of Jo(N), and we determine the group structure of each direct
summand.

To obtain such a result, we need a detailed study of the Eisenstein ideals in the Hecke
algebras. To study these objects, we of course use the theory of modular forms.

As for the modular forms, we consider the following three types of spaces of modular
forms (holomorphic at cusps) and subspaces of cusp forms

MA(TH(N); R) 2 SA(IH(N); R),
MB(IH(N); R) 2 SE(Iv(N); R)
My#(Io(N); R) 2 S5 5 (I(N); R)

over a ring R, each of which has its own merit. The first (resp. the second) spaces are those
of modular forms and cusp forms in the sense of Deligne-Rapoport and Katz (resp. Serre
and Swinnerton-Dyer), while the third spaces are those of regular differentials on the modular
curve. (The superscript wA» (resp. “B”) corresponds to Mazur’s notation: Our M?(Fo (N); R)
(resp. M? (I'H(N); R))is A(R) (resp. B(R)) in [Ma, I1, 4].) See Section 1 for their definitions,
properties and interrelations.
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When R = Q and k = 2, the above three kinds of spaces all coincide, and these are
acted on by the Hecke operators 7' (/) (for prime numbers / not dividing N), U (I) (for prime
numbers / dividing N) and the Atkin-Lehner involutions wy (for positive divisors d of N).
The Hecke algebras T (N; Z) and T(N; Z) considered in this paper are the subalgebras of the
endomorphism algebras of these spaces of modular forms and cusp forms generated by all
T (I) (I: as above) and wg over Z, respectively. Thus, when N is a prime, T(N; Z) is exactly
the ring T considered in [Ma, II, 6]. Although T coincides with the algebra generated by
all T (1) and U(N) in the prime level case, we note that T(N; Z) definitely differs from this
latter type of algebra for general N. We think that these algebras 7 (N; Z) and T(N; Z) are
rather suited to control modular forms and cusp forms, especially the Eisenstein series, for
our purpose. See Section 2 for our results in this direction.

One can consider T(N; Z) as a subalgebra of End(Jo(/N)) in a natural manner. To study
Jo(N)(Q)1ors, as initiated by [Ma], an essential role is played by the Eisenstein ideal /7 of
T(N; Z). By definition, it is the ideal generated by 7' (/) — (1 + /) for all prime numbers / not
dividing N. The most important ingredient of the proof of our main theorem is the explicit
formula of the index of Iz in T(N; Z), up to a power of 2, which turns out to be the order of
C(N) by Takagi’s formula, again up to a power of 2. This result is stated as Theorem (3.1.3)
in the text, in which we give a more precise description, decomposing Iz and T(N; Z) into
eigenspaces with respect to the Atkin-Lehner involutions over Z[1/2]. In Section 3, after
proving this theorem, we complete the proof of our main theorem.

1. Preliminaries on modular curves and modular forms

1.1. Modular curves. Let N be a positive integer. We first recall known facts on the
modular curves attached to the congruence subgroup

(1.1.1) TH(N) = { [i b} € SLy(7)

d

¢ =0 (mod N)} .

For more details, see Shimura [Sh], Katz and Mazur [KM] and Deligne and Rapoport [DR].
The group above acts on the complex upper half plane H, and the (open) Riemann surface
TI'h(N)\H is compactified by adding cusps FO(N)\]P’1 (Q). We denote by Yo(N),q (resp.
Xo(N) @), or simply by Yo(N) (resp. Xo(N)) when there is no fear of confusion, Shimura’s
canonical model of Ih(N)\H (resp. its compactification IH(N)\(H U P'(Q))) defined over
Q.

These curves have natural models over Z. Namely there is the coarse moduli scheme
Yo(N) 7z classifying the pairs (E, Cy) consisting of

e an elliptic curve E over a scheme S, and
(1.1.2) e its IH(N)-structure Cy (i.e. a finite flat S-subgroup scheme of E[N]

which is locally free of rank N and cyclic).
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(Here and henceforth the bracket [z] indicates the kernel of multiplication by n.) When the
base schemes are restricted to (Q-schemes, the resulting coarse moduli scheme is given by
Yo(N). There is the natural compactification Xo(N),z of Yo(N),z (i.e. the normalization of
the projective j-line via Yo(N),z — Yo(1),z = Spec(Z[j])). We have

(1.1.3) {Yo(N) =Yo(N);z ®z Q,

Xo(N) = Xo(N)/z ®2 Q.

For any ring R, we set

(1.1.4) {Yo(N)/R :=Yo(N)z ®z R,

Xo(N)/r := Xo(N);z ®z R.

Yo(N),r and Xo(N), g are smooth over R and the scheme of cusps Xo(N);g — Yo(N)/r is
étale over R whenever N is invertible in R.
For a positive divisor d of N such that (d, N/d) = 1, any matrix of the form

(1.1.5) Wy = [;‘fé dyw} o, y, 2, weZ, detWy =d)
normalizes IjH(N), and induces involutive automorphisms of IH(N)\H and IH(N)\ (H U
P!(Q)) which depend only on d. Further, these induce automorphisms of Yo(N) and X (N)
over Q, which we denote by the symbol wy.

These automorphisms wy have the following description in terms of moduli: For
(E, Cy) over S as above, set

(1.1.6) wq(E, Cn) = (E/Cnld], E[d]/Cn[d] x5 Cn/CnI[d]) .

The correspondence (E, Cy) +— wy(E, Cy) induces an involutive automorphism of the
coarse moduli scheme Yy(N),7z and extends uniquely to Xo(N),z. We then obtain auto-
morphisms of Yy(N),g and Xo(N),g which coincide with the ones described in the classical
context when R = C or Q. All these automorphisms will be denoted by w, indifferently.
All wg’s commute with each other. If N = lf' -« Iy is the prime decomposition and
d= ZZ"I . ll.e]:" , then we have w; = Wiy W e and the group
i 'k

(1.1.7) GaL:={wg |d >0, d|N, (d,N/d)=1} C Aut(Yo(N),z) or Aut(Xo(N),z)

is an elementary abelian group of type (2,...,2) of order 2™ generated by wye (i =
1,...,m).

Let p be a prime number, and assume that N = pM with M prime to p. We recall
the description of Xo(N) JF, [DR, VI, 6]: When E is an elliptic curve over an F,-scheme
S, and Cys (resp. Cy) is a To(M)-structure (resp. a I'p(N)-structure) on E/S, consider the
correspondence:
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(E,Cpy) — (E, Cy xs Ker(Frob))

(resp. (E, Cn) — (E,CN[M]))
where Frob : E — E is the Frobenius morphism. Now YO(N)/]F,, (as well as YO(M)/]FP)
is the coarse moduli scheme of the same type as above in characteristic p, and this induces a
morphism over I,

@ : Yo(M)r, = Yo(N)/F,

(resp. ¢ : Yo(N)r, = Yo(M)/F,) .
The morphism w, ® (resp. cw)) is then induced from the correspondence:

(E,Cy) > (E®, CP x5 Ker(Ver))

(resp. (E, Cn) = (E/Cnlpl, Cn/CnIpD)
where Ver : E(P — E is the Verschiebung, and C](f) C E@ corresponds to Cy C E. All
these morphisms extend to compactified schemes, which we denote by the same symbols, and
we have the following commutative diagram:

Xo(M)r, Xo(M)w,
& uy
(1.1.8) Xo(N)/r,
c cWp
Xo(M)r, Xo(M)/r,

Here, ® and w, ® are closed immersions, and Xo(N) /F, is the union of the images of ® and
w), ®, crossing transversally at the mutually IF ,-conjugate supersingular points. The compos-
ites cw) o ® and ¢ o w), P are the Frobenius morphism of Xo(M),r,, to itself.

1.2. Algebraic theory of modular forms. Let N be a positive integer. In this sub-
section, we recall modular forms of level N in the sense of Deligne and Rapoport [DR] and
Katz [K1], [K2]. Since we use this notion only over the base rings in which N is invertible,
we will always assume that R is a Z[1/N]-algebra, in this subsection.

Aside from the I (N)-structure (1.1.2), we will make auxiliary use of the notion of the
I' (N)-structure ¢ and the I, (N)-structure i for an elliptic curve E over an R-scheme S:

¢:Z/NZ xZ/NZ S E[N] (an isomorphism of S-group schemes),

1.2.1)
iy < E[N] (aclosed immersion of S-group schemes).

DEFINITION (1.2.2). Let k be a positive integer. A modular form f (not necessarily
holomorphic at cusps) of weight k over R with respect to I'H(/N) is a rule which assigns to each

pair (E, Cy) as in (1.1.2) over an R-scheme S an element f(E, Cy) € HO(S, Q?I/‘S), where
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g s is the direct image of §2 }E /s to S, satisfying the following compatibility: If g : §" — §
is a morphism of R-schemes and

(E,Cy) «<L— (E',C))

l l

S D — S’
g
is a cartesian square, then we have f(E’,C)) = g*f(E,Cy). We denote by

MA(R, Iy(N), k) the space of all such forms.

Similarly, we define the spaces of modular forms M A(R, I'(N),k) and
MA(R, I'y(N), k) replacing the above Cy by ¢ and i, respectively.

There is an equivalent way of expressing an element of M*(R, I'y(N), k): Consider
a triple (E, Cy,w) over S = Spec(B) where (E, Cy) is as above, and w is a B-basis of
H O(Spec(B), oy 5) (which is supposed to be free over B). Then we may consider an element

of MA(R, IH(N), k) as a rule fp which assigns to every such triple (£, Cy, ) an element
fo(E, Cn, w) € B satisfying:

e The formation of fy(E, Cn, w) is compatible with cartesian squares
(1.2.3) in the same sense as above; and
e fo(E,Cn, ) = 17*fo(E,Cy, w) forany A € B*.

Indeed, the correspondence f <« fo with f(E,Cy) = fo(E,Cy, a))a)‘g’k identifies
MA(R, IH(N), k) with the set of all fy as above. Similarly for I'(N) and I',(N) in place
of I'H(N).

Fix a primitive N-th root of unity ¢y € Q, and set

(1.2.4) R[¢N] = R ®zpyn) Z[1/N, ¢N].

Consider the Tate curve Tate(g) over R[¢n]1((g'/™)); [K1, A1.2], [KM, (8.8)]. There is the
canonical invariant differential w¢,, on this curve.

DEFINITION (1.2.5). An element f € M*(R, IH(N), k) is called holomorphic
(at cusps) (resp. a cusp form) if fo(Tate(q), Cn,wean) € RIZN]((g'/")) belongs to
RIZNIIg N1 (resp. ¢'/N - R[¢n1llg/N])) for any Ih(N)-structure Cy on Tate(g). The
subspace of such holomorphic forms (resp. cusp forms) is denoted by M,?(FO(N ); R) (resp.
S,?(FO(N ); R)). Replacing the above C by I"(N)- or I'},(N)-structures, we define the spaces
MAC(N); R), SM(I(N); R), MPM(Iu(N); R) and S (I',(N); R) in the same manner.

We let GL2(Z/NZ) acton Z/NZ x Z/NZ by GLy(Z/NZ) > y : (m,n) — (m,n)'y.
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This induces the left action of GL>(Z/NZ) on MA(R, [ (N), k) by:
VI(E, ¢):= f(E,¢o'y)

which clearly preserves M{*(I"(N); R) and S} (I'(N); R).

If n is a positive integer prime to N and invertible in R, and if we define a IH(N)N I (n)-
structure to be a pair of IH(N)- and I"(n)-structures, we can similarly consider M ,‘?(1‘0 (N)Nn
I'(n); R) and S?(FO(N) N I'(n); R) together with natural action of GL2(Z/nZ) on them.

Also (Z/NZ)* naturally acts on the I'),(N)-structures by (Z/NZ)* > c :i + c -1,
and we can let (Z/NZ)* act on M,‘?(F,L(N); R) and S;?(F,L(N); R) (which gives the usual
diamond operators).

Now we have natural mappings:

MATo(N); R) — MPA(I(N): R),

M (IH(N); R) — MPMTo(N) N T(n); R)

MHMTO(N); R) — MP(Tu(N); R) .
We describe the first mapping, the others being the evident ones. Given a I"(N)-structure
¢ on E, we associate the I'h(N)-structure Cy ¢ = ¢(Z/NZ x {0}). We then send f €
MA(IO(N); R) to the rule: (E, @) > f(E, Cn.g).

LEMMA (1.2.6). The above mappings induce the following canonical isomorphisms:
(1) Let B be the upper triangular matrices in GLy(Z/NZ). Then we have

MM (N); BB = MP(ITH(N); R) .

(2) MA(Io(N) N T (n); RYGL2E/MD) — MA(TH(N); R) .
(3) MM (N); REND™ = MMTH(N); R).

Similarly for cusp forms.

PROOF. This must be well-known, and in fact can be proved in the same manner as
in Edixhoven [E1, 2.1]. The point is that, in the terminology of [KM, (4.2), (4.13)], for a
given elliptic curve E/S/R, [I"(N)]g/s is an étale B-torsor, [Io(N) N I"(n)]g/s is an étale
GLy(Z/nZ)-torsor, and [I,(N)]g/s is an étale (Z/NZ)* -torsor over [IH(N)]g/s, respec-
tively. 0
There is a canonical exact sequence
(1.2.7) 0— puy — Tate(q)[N] - Z/NZ — 0 for Tate(q) over R((q))

[KM (8.8)], and hence canonical I', (N)- and I'y(NV)-structures on Tate(q) over the same ring,
respectively,

) (1.2.7)
fcan : y = Tate(g)[N],
CN,can =uy C Tate(CI)[N]

(1.2.8)
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from which we obtain the ¢g-expansion mappings (at the cusp infinity):

MA(TL(N); R) — RI[gl1 by f > fo(Tate(q), ican, @Wcan) ,
M]?(FO(N); R) — R[lgqll by f + fo(Tate(q), CN,can, @can) -

The image of f in the left hand side to R[[g]] will be denoted by f(g). The following is a
variant of [K1, Corollary 1.6.2], which is often useful:

(1.2.9)

PROPOSITION (1.2.10) (The g-expansion principle). The above mappings are injec-
tive. Moreover, if Ry is a Z[1/N]-subalgebra of R and f(q) lies in Rol[lgq]l, f belongs to
M,,f(FM(N); Ro) (resp. M,?(FO(N); Ry)) in the first (resp. the second) case.

PROOF. The first case is well-known (cf. Gross [G, Proposition 2.7, §10]), and the
second case (which must be also well-known) follows from this and (1.2.6), (3). O

As for base changes, we have:
PROPOSITION (1.2.11). If R’ is a flat R-algebra, the canonical mapping
MP(I(N); R) @k R — MP(To(N); R)
is an isomorphism. Similarly for cusp forms.

PROOF. (Cf. Edixhoven [E2, Section 1]). If n > 3 is primeto N and Ris a Z[1/nN]-
algebra, this follows from (1.2.6), (2). The general case follows from this by glueing. g

DEFINITION (1.2.12). Let d be a positive divisor of N such that (d, N/d) = 1. For
f € MMID(N); R), we define wy f € MMTH(N); R) by
(Wa f)(E,Cy) :=1" f(wq(E, CN))
where wy(E, Cy) is defined by (1.1.6), m : E — E/Cy[d] is the quotient morphism, and

7* means the pull-back of the section of Q‘?Ek /Cxld)s © that of Q?I/‘ g

In terms of fj as in (1.2.3) corresponding to f, wy fo corresponding to w, f can be
described as follows: Let (E, Cn,®)/B/R be as before. Since the quotient morphism
above is étale, there is a unique differential ’ on E/Cy[d] such that 7*(w’) = w. We then
have

(1.2.13) (Wa fo)(E, Cn, w) = fo(E/CnId], E[d]/Cnld] xs Cn/Cnld], @) .

It is easy to see that

(1.2.14) Wa(wy f) = d* f forany f € MP(I'h(N); R).
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1.3. Relation with classical forms. In this subsection, we consider modular forms
of Serre and Swinnerton-Dyer type, and the relation with those in the previous subsection.
Again let k be a positive integer. For a function f(z) on the complex upper half plane H and

a b
y = |:c d:| € GL;(R), we set

(1.3.1) (f Ik y)(@) = det) *(cz+ D) f(y2).

Let My (I'h(N)) and Sk (I'p(N)) be the complex vector spaces of modular forms and cusp
forms of weight k in the usual sense, respectively. There is a well-known dictionary that
identifies these spaces with M,?(FO(N ); C) and S,’?(FO(N ); C) (cf. [K2, 2.4] and also [Ohl,
3.6]). The g-expansion (1.2.9) then corresponds to the usual Fourier expansion of classical

forms with ¢ = €7,
Set
(13.2) MB(IO(N); Z) := {f € M (ID(N)) | f(q) € ZlIq11},
o SB(Iy(N); Z) := {f € Sk(Io(N)) | f(q) € ZllgqIl}
and
MR(IH(N); R) := MP(IN(N); Z) ®z R,
(1.3.3) . 5
SB(IH(N); R) := SP(IV(N); Z) ®z R

for any ring R. When R = Z[1/N], the g-expansion principle (1.2.10) assures us that these
spaces coincide with M (I(N); Z[1/N1]) and S (I'o(N); Z[1/N1).

The same assertion as (1.2.10) holds for the spaces (1.3.3) with respect to the obvious g-
expansion mappings simply because the cokernels of the mappings M ,13 (Io(N); Z) — Zllq]]
and S,]? (Iv(N); Z) — Z[lq]] are flat over Z. Also, it is obvious from the definition that
the formation of M }? (I'n(N); R) and S}S’ (I'o(N); R) commutes with arbitrary change of base
rings.

It thus follows from (1.2.11) that we have canonical isomorphisms

(1.3.4)

{Mﬁ(FO(N); R) = MZ(In(N); R) for R flat over Z[1/N].

SR (Io(N); R) = SP(IH(N); R)

LEMMA (1.3.5). For any Z[1/N]-algebra R, we have canonical (q-expansion
preserving) injections:

MMTIO(N); ZI1/ND) ®z1/8) R < MPTH(N); R),
MB(IH(N); R) <> MM(IH(N); R).

The same holds for cusp forms.
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PROOF. From the above discussions, we have the commutative square

MPMTo(N); Z[1/NT) @218 R —— MP(IH(N); R)

l lq-exp.

MR (Ty(N); B) ——=  Rllq]]
with injective g-expansion mappings. Our conclusion follows from this. O

We note that the above mappings are not surjective in general. Indeed, as is well-
known, M?(Fo(l); 7) = MzB(Fo(l); Z) = {0} and M?(Fo(l); 7/37Z) = {0}, while
Mf(]“ o(1); Z/3Z) is a non-zero space generated by (the form corresponding to) the Hasse
invariant. Later in (2.3.9), we will see when this form lifts to M? (Iv(N); Q).

DEFINITION (1.3.6). Assume that k is even, and let d be a positive divisor of N such
that (d, N/d) = 1. For any f € M,?(FO(N); R) with R a Z[1/N]-algebra, we set

flkwa :=d™*(waf)
the right hand side being defined by (1.2.12).

By (1.2.14), the operator “ | wy” is an involution. This is in fact the Atkin-Lehner invo-
lution:

LEMMA (1.3.7). If f € M,?(FO(N); C) = My(I'h(N)), the above f |, wq coincides
with f |k Wy defined through (1.3.1) with a matrix Wy (1.1.5).

PROOF. This must be also well-known, and indeed can be proved by the same method
as [Ohl, (3.6.5)]. (N.B. The differential @’ used there is d x(the differential o’ figuring in
(1.2.13)), and a different convention [Ohl, (2.1.1)] was used in place of (1.3.1).) O

COROLLARY (1.3.8). The subspace M,? (I'V(N); Z[1/N]) of My (I'h(N)) is stable un-
der the Atkin-Lehner involutions “ | wg "= “|x Wq” . O

By base extension, these involutions induce involutions of M ,? (I'n(N); R) whenever R
is a Z[1/N]-algebra, for which we use the same symbols “ |, wg”.

We remark however that the corollary above does not hold when Z[1/N] is replaced by
Z in general. For example, assume that p || N (i.e. p | N but p { (N/p)), and that f is an
element of M2(I'y(N/p); Z) — pME(I'y(N/p); Z). Then we have

0
flewp = flk [g J = pt/g

with g(z) = f(pz) € M,?(FO(N); 7). Hence we have

gliwp=p*2f ¢ MP(IH(N); Z).
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1.4. Regular differentials. For a prime number p, let Z,) be the localization of Z
at the prime ideal (p). For the moment, assume that p || N. Let R be a Z,)-algebra. Then
the morphism Xo(N),g — Spec(R) is complete intersection, and there is the invertible sheaf
£2,g of regular differentials on Xo(N),g; cf. [DR, I, 2], [Ma, II, 3] and Mazur and Ribet [MR,
7]. It has the following properties:

(1.4.1) The formation of £2,g commutes with arbitrary change of base (Z(p)-) algebras.

(1.4.2) The restriction of £2,g to the smooth locus Xo(N )7‘2"0”‘ over R is the usual sheaf

‘QXO(N)%O% /R of Kihler differentials.

(1.4.3) Let R — k be a homomorphism to a field k of characteristic p, and 7 : m Jk >
Xo(N)/k the normalization. Then a section of £2/x = £2,r ®g k on an open subscheme U
of Xo(N), is a differential w on 7~ 1(U) with at worst simple poles at the inverse image by
7 of the singular locus of U. If P € U (k) is a singular point and 7~ (P) = {Py, P>}, then
Resp,w + Resp,w = 0.

When N is square-free, there is the sheaf of regular differentials §2,7 on Xo(N),z having
similar properties as above. When there is no fear of confusion, we simply write §2 for £2/g.
In each case above, the scheme of cusps of Xo(V),g, denoted “cusps” below, is finite and
étale over R by [KM, Theorem 10.10.3, (5)], and we consider it as an effective Cartier divisor
in Xo(N)/r/R.

LEMMA (1.4.4). Consider
M f: XO(N)/Z(p) — Spec(Zp)) = Swhen p || N, or
(2) f: Xo(N);z — Spec(Z) = S when N is square-free.
Then R f,,(2) and R' f,(82 (cusps)) are locally free Os-modules for all i > 0.

PROOF. One can prove this as in [Ma, II, 3] by arguing as [Ma, II, Lemma (3.3)] and
then invoking the Grothendieck duality.

Alternatively, one can proceed more directly as follows. When i > 2, the sheaves in
question vanish, and hence we only need to treat the cases i = 0, 1. For this, it is enough to
show that the functions

S 5 s > dime() H (Xo(N) ji(s)s 2/cs)) »
S5 s > dime(s) H (X0(N) ji(s)» $2/x(s)(cusps))

are constant, where « (s) denotes the residue field at s; cf. Mumford [Mu, II, 5, Corollary
2]. But by the invariance of the Euler-Poincaré characteristics [Mu, II, 5, Corollary, (b)], it is
enough to prove this for one of the valuesi =0 or 1.

Let us check this for i = 0. We may replace s by a geometric point 5 above
s. First dimy ) HO(XO(N)/K@), Q2/c(s) is always equal to the genus of Xo(N). This is
obvious when Xo(N) /) is smooth. Otherwise, the description of the bad fiber given
in 1.1 and (1.4.3) implies that the above dimension is equal to 2 - genus(Xo(N/p)) +
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#(supersingular points on Xo(N/p) /) — 1. Itis well-known, and easy to prove using 1.1,
that this is equal to the genus of Xo(N).

Also, we see using (1.4.3) that dim, ) HO(XO(N)/,(@, £2/,5)(cusps)) is equal to
dim, 5) HO(XO(N)/K@), Q2 /(5) + #(cusps on Xo(N) /) — 1 for all 5. Our claim then fol-
lows since the scheme of cusps is étale over R. g

From this and the property (1.4.3), we obtain:

COROLLARY (1.4.5). (1) The canonical mappings

H(Xo(N)/z,,. 2) ®z,,, R — H(Xo(N)/r. ),
H(Xo(N)/z,, 2 (cusps)) ®z,) R = H*(Xo(N),r, L2 (cusps))

are isomorphisms of free R-modules of finite rank for any Z,)-algebra R when p || N.
(2) Similarly,

HO(Xo(N)/z, 2) ®2 R = H(Xo(N)/r, £2),
H%(Xo(N),z, $2(cusps)) ®z R — H(Xo(N)/r, $2(cusps))

are always isomorphisms of free R-modules of finite rank when N is square-free. g

DEFINITION (1.4.6). We set

SE(IV(N); R) := HY(Xo(N) g, 2)
My ®(I'y(N); R) := H(Xo(N) . L2 (cusps))

in the respective cases considered above.

Thus these are free R-modules of finite rank, and the formation of these spaces commutes
with change of base rings considered in (1.4.5). Also, for R as in (1.4.5), there is a morphism:
Spec(R((g))) — Xo(N),r corresponding to the cusp at infinity. The pull-back of w €

M;eg(Fo(N); R) to Spec(R((q))) is of the form f,,(q) - dq/q, and we have the g-expansion
mappings

My*(I'y(N): R) — RIlqll.

2 by w =~ fu(q).
SSEON); R) > qRIgN

(1.4.7) {

PROPOSITION (1.4.8). Let R be as in (1.4.5). In each case, there exist q-expansion
preserving mappings:

S E(IH(N); R) — SB(IH(N); R),
My*(I'y(N); R) - MB(IH(N); R).

These are injections when R is flat over Z () (resp. Z) in the case (1) (resp. in the case (2)).
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PROOF. Set Ry := Zp) (resp. Z) in the case (1) (resp. in the case (2)).
Since M, *(IH(N); Ro) is a free Ry-module, we have

1.4.2
M3E(TH(N); Ro) > MyE(To(N); @) "2 HO(Xo(N) /0, 2, /0 (CUSPS) -

The right hand side is canonically isomorphic to M? (I'p(N); Q), and hence we have the g-
expansion preserving injection
My (Io(N); Ro) > M3 (Ip(N); Q) .
From the definitions (1.3.2) and (1.3.3), this gives us an injection
My*(Io(N); Ro) <> M3 (In(N); Ro)
and similarly for cusp forms. Our conclusion follows by base extensions. O

In the case (1), each automorphism wy € Gar (1.1.7) of Xo(N) /Zp) induces an involu-
tion of M5 (I (N); Z(p)) and S5 2 (IH(N); Zp))

o> wiw) = ol wy

by the functoriality of §2 Zp)> which is the unique invertible sheaf on Xo(N) /Zp) satisfying
(1.4.2) since Xo(N),z,,, is Cohen-Macaulay. Similarly in the case (2), the group GaL acts
on M;eg(FO(N); Z) and S;eg(Fo(N); Z) by the same rule. It is easy to see that this action is
compatible with the action (1.3.8) on classical forms. The involutions obtained from these by
base extensions will be also denoted by the same symbols.

PROPOSITION (1.4.9). (1) When p| N, the image of M, (Ih(N);Z) in
M; (I0(N); Zpy) is the following set:

{f € M (Io(N); Zip) | (f awp) (@) € Zipllgll}-

(2) When N is square-free, the image ofMECg(Fo(N); Z) in M? (Io(N); Z) is the set:

{f e MP(ID(N); Z) | (f 2 wa)(q) € Zllgq]] forall wy € GaL}.

The same statements hold for cusp forms.

PROOF. We give the proof for the second statement; the other cases are similar. It is
clear from the argument above that the image is contained in the given set.
To show the reverse inclusion, we follow the argument of [Ma, II, 4] and [G, Proposition

8.4]: Let f be in the given set. We may consider the differential s corresponding to f

1
XO(N);%UOth/Z .

consider the divisor of poles of this section. It is clear that it is disjoint from the generic

as a meromorphic section of £2 Since Xo(N )j‘gomh is a regular scheme, we can
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fibre. On the other hand, w; € GaL interchanges two irreducible components of Xo(N),p,
when [ | N, and hence our hypothesis implies that the polar divisor of ws does not contain
any irreducible component of the closed fibres. We thus see that w s is a holomorphic section

of 2V . . Finally, this section uniquely extends to a section of the invertible sheaf
Xo(N)§geot /2,
£2,7,(cusps) since Xo(N),z is Cohen-Macaulay, which completes the proof. O

COROLLARY (1.4.10). Let N be square-free, and let R be a Z[1/N]-algebra. Then
the canonical mappings in (1.4.8) are isomorphisms.

PROOF. We may assume that R = Z[1/N]. In this case, the assertion follows from
(1.3.8) and the above proposition. (This also follows from the same argument as in the proof
of (1.4.9).) O

When N is a prime (> 5), Mazur proved that the above assertion is valid for any ring R
[Ma, II, Lemma (4.6)]. However, this is not true for general N; cf. the remark at the end of
1.3.

We next consider M;eg(Fo(N); F,) when p || N. Set M = N/p. In general, there are
two “degeneracy”” morphisms

a: Xo(N)ziiym — Xo(M)jzi1/m »

(1.4.11)
B Xo(N)zi1/m — Xo(M)z1/m)

corresponding to (E,Cy) — (E,Cy[M]) and (E,Cy) — (E/Cnl[p],Cn/Cnlp]) for
pairs as in (1.1.2), respectively. Recall that there are two irreducible components Z, := (the
image of ®), and Z¢ := (the image of w,®) on XO(N)/]FP, in the notation of (1.1.8). We
identify these components with Xo(M)/r, via ¢ and w), P, respectively. Then we see that

o =id on Z, and o = Frob on Zg ,
(1.4.12) B =Frobon Zy, and 8 =id on Zy,

w) induces the identity morphism between Z, and Zo .
By (1.4.3), there is a natural injection

(1.4.13) MyE(IO(N); Fp) > HO(Zoo, 23 /7, (cusps, s5)) & H(Zo, 2}, /i, (cusps, s5))
2
= @HO(XO(M)/Fps ‘QJI(O(M)/IFP/Fp (CU.SPS, SS))

[T L]

where “ss” means the reduced divisor supported at the supersingular points. Identifying the
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regular differentials with the pairs of differentials on Xo (M) /p > We have

(1.4.14)
o (@) = (@,0) for @ € HOXo(M) /5, 2,31, /i, (CUSPS) = M7 (To(M); Fp)
B*(@) = (0,0) for @ € HOXo(M)r,, 2y, 1) 5 /5, (CUSPS) = My (D (M); F ),

wh(wi, @) = (02, @1) for (o1, w2) € My *(TH(N); Fp) .

From these considerations, we deduce:

LEMMA (1.4.15). For each sign ¢ = %1, the g-expansion mapping is injective on the
subspace {w € M;eg(Fo(N); Fp) |l wlwp = ¢cw}.

PROOF. In the above notation, an element in this space is of the form (o', cw’) with
o € HO(XO(M)/F,,, ‘Q)l(o(M)/Fp /F, (cusps, ss)). Thus, if the g-expansion of this element (at

the cusp infinity) vanishes, we have that o’ in the first component is zero. 0

CONVENTION (1.4.16). Under the same situation as in (1.4.8), when R is flat over
Z(p) or Z respectively, we identify S;eg(Fo(N); R) (resp. M;eg(Fo(N); R)) with its image in
SB(IH(N); R) (resp. MB(I'y(N); R)), and use the notation “f € M, (Ih(N); R)” by which
we mean that f € ME (I'v(N); R) and it lies in the image of M;eg(FO(N); R), especially
when we consider the g-expansions. By further abuse of notation, we sometimes express an
element of M;eg(Fo(N); Fp) = M;eg(Fo(N); Lp)) @z, Fp by the symbol f and denote its
g-expansion by f(g). The same convention applies to cusp forms.

1.5. Hecke operators. Let R be a Z[1/N]-algebra. In [G, §3 and §10], Gross dis-
cussed Hecke operators 7 (!) for prime numbers [ { N, U (I) for prime numbers / | N, and the
diamond operators {a) for a € (Z/NZ)*, acting on M, ,‘?(F 1 (N); R). They all commute, and

hence T (/) and U (/) induce endomorphisms of M,?(FO(N); R) by (1.2.6), (3), for which we
use the same symbols. The effect of these operators on g-expansions are given by the usual
formulas: Let f € M,?(FO(N); R) have the g-expansion f(q) = fo:o anq". Then we have

(L5.1) !(f e T (@) = X220 amq" + 15 Y0 ang™

(fleUDNG) = X0Zganq” -

These operators on M2 (I (N); Z[1/N1) = MP(I'h(N); Z[1/N1) are of course the clas-
sical Hecke operators, and they preserve M ,? (I'v(N); Z). By base extension, we obtain 7'(/)
and U () on Ml]? (I'9(N); R) for arbitrary ring R.

When [ { N and R is a Z[1/NI]- algebra, we may consider U (I) as giving

(1.5.2) U(l) : MP(To(N); R) — MPMTo(ND); R) .

We have the same operator for arbitrary ring R for “M ,13 .
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From now on, we assume that k£ is even, and recall that MA(FO(N)' R) and
M,?(FO(N); R) are stable under the operators wy (i.e. “|x wg”; (1.3.6)) for any Z[1/N]-
algebra R. The following fact is well-known for M }? (I'n(N); R).

LEMMA (1.5.3). Under the same situation as above, T(l) and wg commute on
ME(Io(N); R).

PROOF. This must be also more or less well-known, and we will be brief.

Since we need a base changing property of modular forms, which fails to hold for
M,?(FO(N); R), we first work with M,‘?(FM(N); R). Fix a primitive d-th root of unity
Cq. Let R be a Z[1/N, {4]-algebra, and take [ € M,‘?(F,L(N); R). For an elliptic curve
E/S/R and a I'y,(N)-structure i (1.2.1), we view i as iy X in/q With iy : p; — E|[d] and
iNJd * Mnjqa <> EIN/d]. We can define wy f € M,f(FM(N); R) by setting

Waf(E,ig X inja) = 7" f(E' iy X iy)
where

E':= E/Im(iy),

7 : E — E’: the quotient morphism,

g . iNgd @,
i)/q - the composite of ;g — E — E’,
i!,(¢q) := m(r) with a section 7 of E[d] such that eq(iq(£q), 1) = Ca -

Here, e, is the e4-pairing on E.
We claim that, when R is a Z[1 /NI, {,]-algebra,

Wa )k T() = Wa(f [« T())) [k (Da

where (/)y changes iy to [ - iy and leaves in/q unchanged. To see that the both sides
take the same value at (E,i) over an R-scheme S, we may replace (E,i) with its base
change (E /T, i/T) by a faithfully flat morphism T — S, since the canonical mapping
HO(S, 0? o)y S) — HY(T, 0% Wk, /T) is injective. Further restricting to each connected com-

ponent of T, we are reduced to the case where S is connected and E admits a I"(/)-structure
(1.2.1) over S. In this case, the Hecke operator 7 (I) is given by:

1 - ~
FIeTWE, ia X inja) = 7 3 0" f(E/Cria X inja)
C

where the sum is over (I + 1) cyclic subgroup schemes of E[l/]of orderl, p : E — E/Cj is
the quotient morphism, and ig = poigand lN/d = poiny, [G, (3.3)], [KI, 1.11]. The
verification of the desired relation is then direct.

This relation especially holds on M ,f(F,L(N ); Z[1/Nl, ¢4]), and hence on its subspace

M,f(F,L(N); Z[1/N, ¢q]) also. Now if N = 1, there is nothing to prove. If N > 2, the
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formation of M,f(F,L (N); R) commutes with arbitrary base changes of Z[1/N, ¢{,]-algebras,
[G, Proposition 2.5, §10]. (This is why we consider the forms of this type.) We therefore
conclude that the above relation holds on M. ,f(]* w(N); R) forany Z[1/N, ¢4]-algebra R.
Returning to f € M,f(FO(N); R), we deduce from this and (1.2.6), (3) that
Wa f) Ik T =wa(f [k T))

whenever R is a Z[1/N, ¢{,]-algebra, where w, here is defined by (1.2.12). It then follows
that the same holds for arbitrary Z[1/N]-algebras R. g

We will also need another operator B(I): Let/ be a prime number which may or may not

divide N. When f € My (I'h(N)), it is given by f [x B(l) := [7*/2f |x [é ﬂ It is clear

that, if £(g) = Y02y ang", we have (f [« BU)(q) = > oloanq" = f(g'), and that this
operator induces a mapping

(1.5.4) B(l) : ME(IO(N); R) — ME(Ih(ND); R)

for any ring R.
As for M,f(FO(N); R), we proceed as follows. Let R be a Z[1/NI]-algebra. For f
MA(IH(N); R), we define f | B(I) by

(1.5.5) (f Ik BOYE, Cnp) :=17"7* f(E/Cnill], Cwvi/ Cwill])

for elliptic curves E/S/Z[1/NI] and its I H(NI)-structure Cy;, m : E — E/Cp[l] being the
quotient morphism.

LEMMA (1.5.6). Let R be a Z[1/Nl]-algebra. Then the formula (1.5.5) defines map-
pings
B(l) : MPM(To(N); R) — MR (I0(NI); R),
B() : SMID(N); R) — SA(ID(ND); R) .

If f is in the left hand sides, we have

(f Ik BOY (@) = f(q").

PROOF. The first assertion is clear. As for the second, consider the Tate curve
Tate(q) over R((q)) with the canonical Io(NI)-structure Cpyj can (1.2.8), and the canon-
ical invariant differential wcyn. Then we see that Tate(g)/Cpni[l] = Tate(ql) through
which Cni.can/Cnicanlll] = Cn.can- Moreover if 7 is the composite of Tate(g) —
Tate(q)/Cnill] = Tate(q'), the pull-back of the canonical invariant differential w,, on
Tate(q’ ) by 7 is lwcan (see [K1, 1.11] for these). We therefore have

*(f Ik BO) @Sk = I*(f |k B())(Tate(q), Cni,can)
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= 7" (fo(Tate(q"), Cncans wiam)@lin) = 1 f (¢l
which completes the proof. O

LEMMA (1.5.7). Let d be a positive divisor of N such that (d,N/d) = 1, andl a
prime number not dividing d. Consider the mappings

U(l) : MMIO(N); R) — MA(IO(N); R) for a Z[1/Nl-algebra R whenl| N ,
U(l) : MMIH(N); R) — MMTIO(ND); R) for a Z[1/Nll-algebra R whenl{ N ,
B(l) : MP(Io(N); R) — MP(Ih(ND); R) fora Z[1/Nll-algebra R .

In each case, the operator wg on the left hand side commutes with wq on the right hand side.

PROOF. The proofis easier than that of (1.5.3) because / is invertible in R in each case.
The assertions can be checked directly by using the explicit formula of U (/), B(/) and wy
given in [G, (3.6)], (1.5.5) and (1.2.12), respectively. ]

Finally, we have the following

PROPOSITION (1.5.8) (cf. [G, Proposition 8.7]). Let the situation be as in (1.4.9).

(1) When p | N, M5 *(I'0(N); Zp)) is stable under all T (1) and U (1).

(2) When N is square-free, M;eg(Fo(N); 7)) is stable under all T (1) and U (1).

Consequently, we can consider these operators on M;Cg (Io(N); R) for any Zp)-algebra
R in the case (1), and for any ring R in the case (2).

PROOF. We give the proof for the part (2); the other part is similar. Let p be a prime
factor of N.

When p # I, T(l) or U(l) and w, commute on M, *(IH(N); Q) (by (1.5.3) and
(1.5.7); or rather, by the well-known such commutativity for classical forms). Thus if
f e MY5(Io(N); Z), (f 2 T () lawp and (f |2 U(D)) law, have integral g-expansions by
(1.4.9). When p = [, set U(p)’ = w,U(p)wp. By [G, Proposition 6.10], f |> U(p) also
has integral g-expansion, and hence (f 2 U(p)) 2w, = (f l2wp) |2 U(p) has the same
property.

Our claim now follows from (1.4.9). O

2. Results on modular forms

2.1. Results of Atkin-Lehner type. From now on, we assume that the weight & is an
even positive integer.

LEMMA (2.1.1). Let 1 be a prime number such thatl || N, and R a Z[1/N]-algebra.
Let f be an element ofM;?(Fo(N); R) whose q-expansion f(q) is a power series in g'. Then
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thereisa g € M,?(FO(N/Z); R) such that

(@) = g@).

PROOF. When R = C, this is Atkin and Lehner [AL, Lemma 16]. The assertion was
proved by Mazur when N = [ (> 5) [Ma, II, Lemma (5.9)], and Agashe [A, Lemma 3.4]
remarked that the same proof applies in general (at least when k = 2 and N is square-free).

One can also argue as in [Oh2, Lemma (1.3.4)]. Since this lemma is of fundamental im-
portance to what follows, we outline the proof. First, we may assume that Ris a Z[1/N, ¢y ]-
algebra, ¢y being a primitive N-th root of unity. Then the exact sequence (1.2.7) canonically
splits over R((¢'/")), identifying Tate(¢)[N] with {¢§¢”/V | 0 < a,b < N — 1}. We thus
have the canonical I" (N)-structure

{f =120 | wy = 17F(wig) (cf (1.3.6)).

bean : Z/NZ x Z/NZ = Tate(q)[N]

by @can(a, b) = é}?]qb/N~

Recall that we may identify i € M,?(FO(N); R) with an element of M,‘?(F(N); R) by
setting h(E, ¢) := h(E, Cn,¢) as described before (1.2.6). Then w; f € M,f(FO(N); R) is
invariant under the action of the upper triangular matrices in GL2(Z/NZ) = GL2(Z/N'Z) x
GLy(Z/1Z), where N’ := N/I (cf. (1.2.6), (1)), and we want to show that this is invariant
under GLy(Z/17Z) (cf. (1.2.6), (2)), equivalently that it is invariant under the lower triangular
unipotent matrices in GLy(Z/ 7).

To see this, we note that
<[_1 Olw;f>(q)—f(q )

where [31 (')]l € SLy(Z/1Z), and the left hand side is the g-expansion of the form at the

cusp infinity, i.e. the evaluation at (Tate(q), Pcan, a)?;’fl). Indeed, this can be proved in the
same manner as [Oh2, Lemma (1.3.4)].
Now it follows from our hypothesis that f(g'/!) is a power series in ¢, which im-

plies that ([‘ ?]lwl f) (@) = (Wi f)(qg) for any [,1 ‘f][ € SLy(Z/1Z) (loc. cit). Since
w; f is a priori invariant under any [(C) ?] € GLy(Z/NZ), we have that the same holds for
[g ?] w; f = wy f trivially. We can therefore apply the g-expansion principle [K1, Theorem
1.6.1, Corollary 1.9.1] to conclude that [i ?]lwlf = w; f for any [i ?]l € SLy(Z/17).

We have that g := w; f belongs to M ,?(FO(N /1); R), and the first relation in our claim holds.
Finally, in general, we have [=%(w19)(q) = g(¢') when g € M,?(FO(N/I); R). Indeed,
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g(E, Cy) depends only on the IH(N/I)-structure underlying Cy, and hence we have

I (Wig)(E, Cy) = 17" *g(E/CNI1], Cn/CNII]) = (g |k BO)(E, C)

with w : E — E/Cy[l] the quotient morphism (cf. (1.5.5)). Our claim follows from (1.5.6).
O

The following is a weaker version of [AL, Theorem 1]:

PROPOSITION (2.1.2). Letly, ..., I be primes dividing N, and R a 7Z[1/N]-algebra.
Assume that f € M,?(FO(N); R) has the q-expansion f(q) = Y e anq" such that a, = 0
unless n is divisible by some l;, 1 <i <s. Ifl; || N and f |x w;, = £ f, we have that

an = 0 unless n is divisible by some l;, 1 <i <s — 1, whens > 2,

f(q) is a constant when's = 1.

PROOF. First assume that s > 2. In general, if g € M,?(FO(N); R) and ¢g(q) =
Yoo o bng", we see from (1.5.1) and (1.5.6) that

(91k T =UU)BUN)(g) = anqn
n=0
l,-fn

with g | (1 — U({;)B(;)) € M,f(Fo(Nl,'); R). From the above form of the g-expansion, we
see that the operators 1 — U (/;) B(/;) commute each other.

Set h == flk ]_[f;ll(l — Ul)B(;)) € M?(Fo(Nll --+ls_1); R). Then h(q) is
a power series in g%, and hence the previous lemma implies that there is an h’ €
MAIO(NLy -+ -15—1/15); R) such that b = I;*/*h’ | wy,, or equivalently, h | wy, = I;*/* K,
and h(q) = h'(¢").

By (1.5.7), 1 = U(;)B(;) (1 <i < s — 1) and w;, commute, and hence we have
h|x w;, = =%h by the assumption. We therefore have +h = I k/ 2h’ , which implies that
h(g) must be a constant. We have thus shown that @, = 0 unless n is divisible by one of
| PP P

When s = 1, we can repeat the same argument as above for f = h. 0

DEFINITION (2.1.3). We use the following terminology when N = [ ---1,, > 11is
square-free with prime numbers /1, ...,1[, : We set E := {£1}". If R is a Z[1/2]-algebra
and M is an R[G ar ]-module (cf. (1.1.7)), foreach & = (g1, ..., &) € E, we let M? be the
maximum direct summand of M on which wy, acts as multiplication by ¢; (1 < i < m), so

that
M= @ ME .
ecE
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We remind of us that when R is a Z[1/N]-algebra, M,?(FO(N); R) and M,? (In(N); R)
are GapL-modules by wy : f +— f |x wy for arbitrary N; cf. 1.3. When N is square-free,
M;eg(Fo(N ); R) is a GaL-module for arbitrary R by the same rule; cf. 1.4. We immediately
obtain from (2.1.2) the following

COROLLARY (2.1.4). Let N = Ily---l, > 1 be square-free, and R a Z[1/2N]-
algebra. If f is an element of M,?(FO(N); R)® having the g-expansion f(q) = Y neoadnq"
such that a, = 0 unless (n, N) > 1, then f(q) is a constant. O

2.2. Regular differentials in characteristic p. For the moment, until (2.2.6) below,
we assume that p is an odd prime, and N = pM with M not divisible by p. We are going to
follow the argument of Serre [Se2, §3].

It is easy to see that we have a disjoint decomposition

p—1 .
1
(2.2.1) To(M) = IH(N) ]_[(]_[ FO(N);W,, [(1) LD
i=0

where W), is a matrix of the form (1.1.5). For f € My (I'H(N)), we set

p—1 .
1
(2.2.2) el (f) == f + E Ik ;W,, [é ;} € M (In(M)) .
i=0

It easily follows that

TN () = f+ 2 (f lewp) kU (p),
Teh, (f lewp) = flewp + pH2 £ 1, U(p)

(cf. [Se2, §3, Lemme 7]).

(2.2.3)

PROPOSITION (2.2.4). Let N = pM be as above. Then there is a q-expansion pre-
serving I ,-linear mapping

0p : MyE(IO(N); Fp) — M (To(M); F )

such that

d
(pp(f hhwg) = (;) Qop(f) |p+lwd

for any positive divisor d of M satisfying (d, M/d) = 1 (hence (d, N/d) = 1), where (%) is
the Legendre symbol.

PROOF. First we give the proof when p > 5, in which case the mapping ¢, actually
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takes values in ME’H (I'y(M); Fp). Let

(SN = P
p—1

n=1 “0<t|n

(g = €%™%) be the Eisenstein series of weight p — 1 and level 1. Here, B,_1 is the (p — 1)st
Bernoulli number, and it is well-known that 2(p —1)/Bj,_1 is divisible by p sothat £, _; = 1
(mod p). (Here and below, the congruences mean the ones for the corresponding g-expansions
considered in Z;)[[g]].) Set
g=Ep1—pP VE, 1|y 1wy =Ep 1 —p" Ep1]p-1 B(p).
This form belongs to M?_I(Fo(p); Z(py) and we clearly have ¢ = 1 (mod p). Since
glp—tw, = pP~V/2(E, 1 |,_1 B(p) — Ep_1), we see that g | ,—1 w, = 0 (mod pP+D/2),
Let F be an element of M;eg(F 0(N); Z(p)), and recall that this space is stable under

GaL; cf. 1.4. We have

Tl (Fg) € M§+1(FO(M); Zp)), and

Trhy (Fg) = F (mod p).

Indeed, we have Trl, (Fg) — Fg = p'=P+D/2((Fg) | p1 wp | p+1 U(p)) by (2.2.3). Since
(F@)lpriwp = (Flawp)(glp—1wp), we see from the above that TrﬂNl(Fg) — Fg €
MII?_H (Io(M); Z(p)y) and it is congruent to 0 (mod p).

We now define ¢, : M;eg(Fo(N); Fp) — ME'H(FO(M); F},) as follows: For f in the
left hand side, take F € M, (I)(N); Z(p)) such that f = F (mod p); cf. (1.4.5), (1). We
put

@p(f) :=Try (Fg) (mod p).
It is easy to see that this is well-defined, and ¢, preserves g-expansions.

We next show that ¢, has the desired compatibility with w,. To see this, we first note
that, for d as in our proposition, W; = [7\/); dyu )] normalizes both IH(M) and IH(N), and

hence

@p(f) | p+1 wa = TRy ((Fg) | 41 wa) (mod p)

= Trh ((F |2 wa)(g | p—1 wa)) (mod p).
Here, we have (g [p—1 wa)lp—1wp = (g lp-1 wp)lp-1wa = (g lpr1wp)lp-t [§ 1] =0

(mod pP+1/2) Tt follows again from (2.2.3) that

©p(f) |p+1wa = (Fl2wa)(g|p—1 wg) (mod p).
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On the other hand, it follows from g |p,—j wg = g |p—1 [g ?] that g |,—1 wg = dP~V/2 =

(%) (mod p). Consequently, we obtain

d d
(Flawg)(g|p-1wa) = (;) Flhwg = <;) Trh ((F |2 wa)g) (mod p)

which completes the proof when p > 5.
We next turn to the case p = 3. Take a prime [ = 2 (mod 3) which does not divide N.
Then we have the Eisenstein series
o

Ey, =l+%2(2t)qn

n=1 “0<t|n

It

which belongs to M? (I'o(); Z(3)). This is congruent to 1 (mod 3) by our assumption on /.
Then using g := E>; — 3E> |2 ws instead of ¢, we obtain

@311 My S(IO(N); F3) — Mp (Fo(Ml); F3)

by ¢3,(f) = Tr% (F g;) (mod 3), where as before F € M;eg(Fo(N), Z(3)) satisfies F (mod
3)= f. This mapping has the same compatibility for the action of w, as above.
Take another prime I/ = 2 (mod 3), which does not divide NI, and consider also

Y3 M;eg(Fo(N); F3) — Mf’ (Iy(M1'); F3). Then the composite of ¢3; with the natu-
ral mappings M2 (Iy(M1); F3) — M} (To(M1); F3) < MM(Io(MIl'); F3) and the similar
one for ¢3 ;» coincide by the g-expansion principle. On the other hand, we see that the com-
mutative diagram with natural injections

MMTo(M); F3) ——— MMTo(MI); Fa)

l l

MM TDo(MI'); F3) —— MMNTo(MI); F3)

is cartesian. This follows from the fact that, for example, the image of the upper horizontal
mapping consists of those f € M, f(]“ 0(M1); IF3) such that the values f(E, Cyps) depend only
on (E, Cy[M]), and likewise for other mappings (cf. (1.2.6), (2)). We therefore obtain from
@3, and @3 i the desired mapping ¢s. O

Sometimes, the following weaker version suffices for our purposes, and is in fact conve-
nient for notational reasons, since we do not have to take care of the change of signs.

VARIANT (2.2.5). Let N = pM be as above. Then there is a q-expansion preserving
F,-linear mapping

@)« My (Ip(N): Fp) — M3, (Io(M); Fp)
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which commutes with the operators wy for positive divisors d of M such that (d, M/d) = 1.

PROOF. Apply the same argument as in the above proof in the case p > 5, using

4p—1 5
Exp-ny=1-—+ Z( Z t2p—3)q”. O

By(p—
2(p=1) n=1 “0<t|n
We now list some consequences of the above results.

PROPOSITION (2.2.6). Let N = pM be as above. Let f be an element of
M;eg(Fo(N); ) with the q-expansion f(q) = Zgio anq".

(1) If f(q) is a power series in gP, then f(q) is a constant. We moreover have f(q) = 0
when p > 5.

) IfM > 1and a, = 0 unless (n, N) > 1, then we have a, = 0 unless (n, M) > 1.

PROOF. By (2.2.4), f' = pp(f) € MPA+1(F0(M); F),) has the same g-expansion as
f.

We first prove the part (1). There is a g-expansion preserving injection
M[/?H(FO(M); Fp) — M;?H(F,L(M’); F,) for any positive multiple M’ of M prime to
p. Thus fixing such an M’ > 4, it is enough to show the same assertion as in (1) for
g € M?H(F,L(M’); ;) in place of f. To do this, we use the filtration theory of modular
forms (mod p) developed by Serre, Katz and Gross.

When h € M,f(FM(M/); F,), we denote by w(h) its filtration: If 2 = 0, we set
w(h) = —oo, and if h # 0, w(h) is the least non-negative integer such that there exists
an h' € Mf)(h)(F,L(M’); IF,) satisfying h(g) = h'(g), in which case w(h) is congruent to
k modulo p — 1, cf. [G, page 459]. On the other hand, there is the Serre-Katz operator
0: M,?(FM(M’); Fp) — M,ﬁrpﬂ(FM(M’); IF,) whose effect on g-expansions is ¢ (d/dq).

Now if the g-expansion of g € M?H(FM(M’); IF,) is a power series in g7, it is anni-
hilated by 6 so that w(g) must be divisible by p by [G, Proposition 4.10, a)]. If g # 0, i.e.
w(g) # —oo, we have w(g) = p + 1 (mod p — 1), which is impossible when p > 5. When
p = 3, we have either w(g) = 0 or —o0, i.e. g(g) is a constant.

As for (2), letlq, ..., I; be all the prime factors of M. Using the same notation as in the
proof of (2.1.2), set

t
£ o= f e [T = UU)B)) € M (To(MIy 1) F ).

i=1

Then f”(q) is a power series in ¢?. We have seen in the course of the proof of (1) that f”(q)
is a constant, and hence our conclusion follows. O

Note that, as is well-known, the assertion (2.2.6), (1) holds for f € Mf(]" o(N); Fp)
when p does not divide N (for the same reason as above).
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In the rest of this subsection, p need not divide N.

PROPOSITION (2.2.7). Let N = l1---1,, > 1 be square-free, and p an odd prime.
Let f € M;eg(Fo(N); F,) have the q-expansion f(q) = Z;.,o:o anq”. Assume that there are
prime factors ly, ..., ls of N different from p such that a, = 0 unless n is divisible by some
i, 1 <i<s. If flaw, =*xf, we have that

an = O unless n is divisible by some l;, 1 <i <s — 1 whens > 2,
f(q) is a constant when s = 1.

PROOF. If p does not divide N, this follows immediately from (2.1.2). When p divides
N, we can apply (2.1.2) to ¢, (f) € M2, (Io(N/p): Fp) (or @), (f) € M (Io(N/p): F)p)).
O

COROLLARY (2.2.8). Let N and p be as in (2.2.7). Assume that f € M, (IH(N);
F )¢ with some € € E (cf. (2.1.3)) has the g-expansion f(q) = Zgio anq" such thata, =0
unless (n, N) > 1. Then f(q) is a constant. If p > 5, we have f(gq) = 0.

PROOF. This follows from (2.2.6) and (2.2.7). ]

2.3. Eisenstein series. From now on, we fix a square-free level N > 1 whose prime
decompositionis N = [ - - - I,,,. We are going to describe the Eisenstein series in M (IH(N)).
For this, recall Hecke’s non-holomorphic Eisenstein series [H, §2]:

2 oo
: __r_ T 2
(2.3.1) G2(z:0,0.1) = == + = —8x Z(Z t)q"

n=1 “0<t|n

where z = x + yi is the variable on H. It is invariant under the action (1.3.1) of any y €
SLy(Z) with k = 2.
Set K (z) := —(872)71G2(z; 0,0, 1) so that

1
232) K@ =g =55+ Z(

> t>q”.

n=1 “0<t|n

One can define K |, Wy for Wy as in (1.1.5), and it is clear that this depends only on d, and
we write it K |» wg, as before.
In what follows, we sometimes have to distinguish the sign

(2.3.3) er:=(1,...,+4) e E
from others.
LEMMA (2.3.4). Foreache = (e1,...,en) € E different from € 1, set

m
Es:=K|; 1_[(1 +e&wy).
i=1
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This belongs to My(I'h(N))E. It has the q-expansion of the form

1 m o0
Ee(q) = F5, [Tt +e0 + ang”
i=1 n=1
with a,, € Z, and a, = 20<t|nt when (n, N) = 1 (especially ay = 1). These 2™ — 1 forms
constitute a basis of the space of Eisenstein series in My (1(N)).

PROOF. The operator “|; ]—L’»":l (1 4 &;wy;)” does not depend on the order of the prod-
uct. Since € # €4, some ¢; is equal to —1. Then the non-holomorphic term of K |» (1 — wy,)
vanishes, and it is equal to

-1 &
=t Z(zt)qn

n=1 “0<t|n
it
which is the constant multiple of the Eisenstein series E>;, € M>(Io(l;)) appeared in the
proof of (2.2.4).

Starting from this, each time one applies “ |» (1+&jw;;)”, the constant term is multiplied
by ¢;l; + 1, while the coefficients of g" (n > 0) remain integral and unchanged whenever
l; 1 n. Therefore E; belongs to M>(Ih(N)) and it has the g-expansion of the form as stated
above.

From the definition, it is clear that E¢ |, w;, = exEg, and hence E; € M>(Io(N))%. It
then follows that the forms E, (¢ # €4 ) are linearly independent over C. Since the dimension
of the space of Eisenstein series in M>(I9(N)) is equal to #(the cusps of Xo(N))—1 =2"—1,
our conclusion follows. O

COROLLARY (2.3.5). We have

{Mz(ro(N>>£+ = Sy(TH(N))E+, -

My(IH(N))E = S2(To(N))é @ CE, whene # €4

We next consider when there is an element of M;eg(Fo(N ); F)® whose g-expansion is
a non-zero constant. We have seen in the previous subsection (cf. (2.2.6) and the remark after
it) that there is no such an element when p > 5. On the other hand, when p = 3, there is an
H € Mf(l“o(l); F3) such that H(q) = 1, which is given by the Hasse invariants of elliptic
curves. When 3 does not divide N, the argument in the final part of the proof of (2.1.1) shows:

l; )
(2.3.6) (Hw,)(q) =1 = <§> G=1,....m).

We therefore set

(2.3.7) ey = <<%> AU (%m)) when3 1 N .
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When 3 | N, we may assume that /1 = 3, and set

(6
o= (1. (5) o (5))

Using (1.4.9), (1) if p | N, we see that E, (¢ # &T) belongs to M5 > (I)(N); Zp))® except

for the case where p = 3 and &€ = &y or sfl. In this exceptional case, 3E; belongs to

(2.3.8) n | =3|N.

M;eg (Io(N); Z3y)%, and the g-expansion of its reduction modulo 3 is a non-zero constant.

PROPOSITION (2.3.9). (1) When 3 { N, there is an element of M;eg(Fo(N); F3)8
whose q-expansion is a non-zero constant if and only if€e = ey and ey # €.
(2) When 3 | N, the same holds if and only if either € = 8}5 and 8}5 FE4,0rE =Ep.

PROOF. We prove the second assertion. The first one is similar and simpler. By (2.2.5),
foreache = (¢1,...,&m) € E (I} = 3), there is a g-expansion preserving mapping
MyE(IH(N); F3)F — ME(TH(N/3); F3)®
with &’ = (e2,...,6m). (Read &' = ¢ if N = 3.) In MH(IH(N/3); F3), H? is the unique
element having the g-expansion 1, which belongs to the sign &’ = <<%) e (%’")) Thus

if there is an element whose g-expansion is a non-zero constant in the left hand side, we must
have & = ei. If e;; = £, there is no such an element by (2.3.5).

Conversely, if € = e;; # €4 or &€ = g, we have seen above that the g-expansion of
3E, (mod 3) is a non-zero constant. O

2.4. Hecke algebras. We keep the notation in the previous subsection.

DEFINITION (2.4.1). For any ring R, we let

T (N; R) € Endg(M,*(I'h(N); R)),
T(N; R) € Endg(S; *(IH(N); R))

be the (commutative) subalgebras generated over R by the Hecke operators 7'(/) with prime
numbers / not dividing N, and the Atkin-Lehner operators w;, (i = 1,...,m). (Here and
henceforth, we understand that Endg ({0}) = {0}.)

When N is a prime (> 5), T(N; Z) is exactly the ring T considered by Mazur [Ma, II,
6]. In this case, this ring coincides with the one generated by 7'(/) as above and U(N) (loc.
cit.). However, in general, T(N; Z) is different from the ring generated by 7 (/) and U (/;), as
wy and U (I;) do not commute, cf. [Sh, Remark 3.59].

In what follows, for f € M,?(FO(N); R), M,?(FO(N); R) or M;eg(Fo(N); R), we set

2.4.2) a(n; f) :=(the coefficient of ¢" in f(q)).
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One can define the operators T (n) for positive integers n prime to N by the usual formulas
from T (I), and we have

(2.4.3) a(l; flxT(n) =an; f).

On the other hand, T(N; R) and T(N; R) are algebras over R[Gar]. We can thus de-
compose them as direct sums of rings when 2 is invertible in R:

2.4.4) !T(N i R) = @:ceT(N: R,

T(N; R) = @¢ceT(N; R)®
(cf. (2.1.3)). We will use the same symbol T (n) to denote the image of T (n) in the above di-
rect summands. Then T (N; R)® (resp. T(N; R)?) is the subring of Endg (M) *(IH(N); R)®)
(resp. Endg (S5 ¥ (I (N); R)®)) generated by T'({)’s over R.

LEMMA (2.4.5). Fixe € E. Let the pairings

MEE(IH(N): Q)F x T(N: Q)F 2 @,
S®E(IH(N); Q) x T(N: Q)F 3 Q

be defined by (f,t) = a(l; f |2t). Then these two pairings are perfect.

PROOF. We remind of us that M;eg(Fo(N); Q) = M? (I'H(N); Q) and similarly for
cusp forms by (1.4.10).
Consider the mapping

My#(I(N); Q)F — Hom(T(N; Q)%, Q)

induced by the first pairing. If f € M;eg(F o(N); Q)¢ is mapped to zero, we have
a(l; f12Tm)) = a(n; f) = 0 for all n prime to N. Then by (2.1.4), f(g) is a constant
and hence it is zero. This shows that the above mapping is injective.

Conversely, if 1 € T(N; Q)? is mapped to zero under the mapping

T (N; Q)° — Hom(M, *(IH(N); Q)F, Q)

induced by the first pairing, we have a(1l; f |2 T(n) |2t) = a(n; f|2t) = 0 when (n, N) =1
for any f € M;eg(l“ 0(N); Q)%. Then for the same reason as above, we see that f |t = 0,
which shows that = 0, and this mapping is also injective.

This proves that the first pairing is perfect, and the same proof works for cusp forms. [J

THEOREM (2.4.6). Let p be an odd prime, and fix € € E. Consider the pairings
between free Z () -modules of finite rank
(,)
Méeg(FO(N)? Zp))® x T(N; Zp))® —> Zp)
(,)
SYE(O(N); Zip))® x T(N; Zp))® — Zgp)
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defined by the same formula as in (2.4.5). Then the first pairing is perfect unless p = 3 and
e =¢ey (When3{N)ore = 82 (when 3 | N). The second pairing is always perfect.

PROOF. For the first one, we need to show that the induced mapping
MYE(To(N); Zpy)® — Hom(T (N; Zp))E, Zqpy)

is an isomorphism. We have already seen above that this is injective.

Let ¢ be an element in the right hand side. By the previous lemma, there is an f €
M #(IO(N); Q) such that (1) = a(l; f |2 1) forall t € T(N; Z(p))¢. We want to show that
f belongs to My (Iy(N); Zp))%, ie. a(n; f) € Zp) foralln > 0; cf. (1.4.10) when p { N,
and (1.4.9), (1) when p | N. We first see that (T (n)) = a(n; f) € Z,) for n prime to N.

Now assume that f ¢ M;eg (I'V(N); Z(py)?. Then there is an integer ¢ > 1 such that
Pef € My®(Iv(N); Zp))® and g := p° f (mod p) € My *(I'H(N); Fp,) is a non-zero ele-
ment. It follows from (1.4.15) that the g-expansion g(g) is also non-zero. From the above
observation, g satisfies the condition in (2.2.8), and we necessarily have that p = 3 and ¢(q)
is a non-zero constant. Finally, (2.3.9) implies that g cannot exist under our hypothesis. This
shows that f € M;eg(l" 0(N); Zp))?, and hence completes the proof for the first pairing.

The assertion for the second pairing is also clear from the above argument. O

COROLLARY (2.4.7). Let R be a Z(p)-algebra. Except for the case where p = 3 and
eE=¢y, sfl in the first case below, the canonical mappings
{T(N; Zp)* ®z,, R — T(N; R,
T(N; Zp))® ®z,, R — T(N; R)®
are isomorphisms, and the pairings above induce perfect pairings
MIE(Fy(N): R x T(N: R)® Y3 R,
SSE(IH(N); RY® x T(N: R)® <3 R.
PROOF. This follows easily from (2.4.6); cf. e.g. [Oh2, (1.3.5), (1.3.6)]. ]
REMARK (2.4.8). We obtain from (2.4.7) an isomorphism
My (IH(N); R)® = Homg (T (N; R, R).

Let ¢ in the right hand side be an R-algebra homomorphism, and let f in the left hand side
correspond to ¢. Then it is clear that

a(l; f)=1.

On the other hand, take a positive integer n prime to N, and let ¢’ correspond to f |27 ().
For any t € T(N; R)¢, we have ¢'(t) = a(l; f 2T (n)t) = (T (n))e(t) and hence ¢’ =
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a(n; f)e. It follows that f is an eigenform of 7' (n):
f12T(m)=am; f)f.

The same holds for cusp forms.

3. Eisenstein ideals and the rational torsion in Jo(N)

3.1. Eisenstein ideals. Throughout this section, as before, we assume that N =
I1---1, > 11is square-free with prime numbers /; (i = 1, ..., m).

DEFINITION (3.1.1). We define the Eisenstein ideals of the Hecke algebras by

Ir :=(T() — (1 +1) (I : prime numbers, [ { N)) € T(N; R),
Ig :=(T() — (1 +1) (I : prime numbers, [ { N)) € T(N; R).

When 2 is invertible in R, according to the direct sum decomposition (2.4.4), we have

IR = @seEIS s
Ig = @EEE12 .

Thus Z% and I}, are the ideals of 7(N; R)® and T(N; R)® generated by all 7'(I) — (1 +1) with
prime numbers [ { N, respectively.

Our present purpose is to determine the structure of T(N;Z[1/2))/Iz;121 =
@eceT(N; Z[I/Z])s/lz[l/z]. To state our result, for each e = (g1, ..., &) € E, we set

1ife =¢e4 (cf. (2.3.3)),
(3.1.2) ¢(N;¢) := % [T/L,Ui +¢i)ife #e4 ande =&y or 82 (cf. (2.3.7),(2.3.8)),

ST Ui + &) ife #eq,en, 85 .

Actually the powers of 2 in these numbers will play no role in this paper; but note that the
third number is exactly the constant term of the Eisenstein series E¢ in (2.3.4) up to sign,
and the second one is the same number multiplied by 3 (while there is no Eisenstein series
in My(IH(N))%+). By the definitions of £y and sﬁ, we see that c(N; ) always belongs to
Z[1/2].

Mazur proved that T(N; Z)/(Iz,1 + wy) = Z/nZ with n = (the numerator of
(N — 1)/12) [Ma, II, Proposition (9.7)], and also that T(N; Z[1/2])%+ = 12[*1/2] [Ma, II,
the proof of Proposition (14.1)], when N is a prime (> 5). The following theorem is a partial
generalization of his result, whose proof will be completed in the subsection 3.4 below.

THEOREM (3.1.3). Let the notation be as above. Then for each e € E, we have

T(N: ZI1/2D)° /I, oy & ZI1/21/e(N: )Z11/2]
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equivalently,
T(N; Z(p))s/lz(p) = Lpy/c(N; &) Lp)

for all odd prime numbers p.

We first note the following

LEMMA (3.1.4). Ifc(N;e) is not a unit in Z[1/2], then Sy *(I'y(N); Q)% # {0}.

PROOF. Under our assumption, & # ¢£4 and there is an odd prime p dividing c(N; €).
Since ¢(N; eg) and c(V; sfl) are not divisible by 3, we see that p divides 21—4 ]—[;":1 (i + &)
even in the case p = 3. Then E; € M;eg(Fo(N ); Zpy)® and its reduction modulo p is a non-
zero element of M;eg(Fo(N); Fp,)? asa(l; Eg) = 1 by (2.3.4). This, considered as a section
of £2/r, (cusps) on Xo(N),r, (cf. our convention (1.4.16)), is holomorphic at the cusp infinity
by our assumption. Since GaL acts transitively on the cusp sections of Xo(N),z, we see that
this differential is in fact a section of £2/,, that is, E¢ (mod p) belongs to S;eg(Fo(N ); Fp)f.

Hence S;eg(Fo(N); Zp))® is also non-zero by (1.4.5). O

This lemma shows that (3.1.3) holds trivially when S5*(Ip(N); Q)F = {0} (i.e.
{0}/{0} = ({0}). Thus in the argument of 3.2-3.4, we will always assume that
Sy E(IH(N); Q) # {0}, and hence T(N; Q)¢ is not a zero ring.

3.2. Proof of (3.1.3) in the “general” case. By the “general” case, we mean the case
where

& #¢&4,and
& #eg,ei when p =3.
In this subsection, we prove the second statement of (3.1.3) under this condition. The remain-
ing “special” cases will be treated in the subsequent subsections. In the present case, the proof
goes along the same line as in our previous work [Oh2, 2.2-2.4], and it is in fact simpler.
Let Cy be the set of cusps of Xo(NV). For a ring R, let R[Cy] be the free R-module on
this set, and R[Cy]° its degree-0 part. We define

(3.2.1) Res : M, 8(IH(N); Q) — Q[Cn1° by Res(f) := Z (Resc wy) - ¢
CECN

where Res. means the residue at ¢, and wy is the differential corresponding to f. Since GaL
acts on Cy simply transitively and wy o w = @y, » for w € GaL, we see that

(3.2.2) Res(f) = Y (Reswwyjyu)  (woo)= Y  a(0; fw) - (woo).

weGAL wEGAL
When f € M;Cg(Fo(N); Z), we have a(0; f |2 w) € Z by (1.4.9), (2), and hence Res sends
My*(I'h(N); Z) to ZICn1°.
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LEMMA (3.2.3). We have the exact sequence

0= SSE(IH(N): Z) — MEE(TH(N): Z) 25 Z[Cn1° — 0.,

PROOF.  Since dimg M, *(IH(N); Q) = dimg S, *(IH(N); Q) + (2™ — 1), the above
sequence tensored with Q is exact. To prove our claim, in view of (1.4.9), (2), we only need to
show the surjectivity of Res. For this, it is enough to show that the above sequence tensored
with I, is exact for every prime number p. But by (1.4.5), it becomes

0= SEE(IMH(N): Fp) — MEE(TH(N): Fp) S Fplen1® — 0

where Res is defined by (3.2.2) in characteristic p. This sequence is then left exact, and again
comparing the dimensions, we see that it is exact. g

It is easy to see that Res(f [>w) = w™'Res(f) = wRes(f) for f € My *(IH(N); Q)
and w € GaL. Thus for an odd prime p and € € E, we obtain the exact sequence

(3.2.4) 0 — S5 E(IO(N); Zp)* L MYE(To(N); Zp))® Res (Zp[Cn1"E — 0

from the previous lemma. We consider this as an exact sequence of 7 (N; Z,))®-modules by
endowing (Z)[C N19)E the quotient module structure of M;eg(F 0(N); Zp))E.

LEMMA (3.2.5). When tensored with Q, the sequence (3.2.4) uniquely splits as mod-
ules over T (N; Zp))®. The associated congruence module (cf. [Oh2, 2.3]) is isomorphic to
Lp)/¢(N: )L p).-

PROOF. We first note that, since & # &, (Z(,)[Cn1°)? is a free Z,)-module of rank
one generated by (/L (wy, + &) - co.

Also, since & # £H,£ff1 when p = 3, E; belongs to M;eg(Fo(N); Z(,,))s, which is an
eigenform of T (I) (with the eigenvalue 1 4 /) for all [ { N. QE;, is mapped isomorphically to
(QICN1%)% under Res, so that this gives a splitting of (3.2.4) over Q.

If Qf is another splitting image of (Q[Cy]%)¢, f is an eigenform of all (1) (I ¥ N)
with the same system of eigenvalues as E.. If a(1; f) = 0, the relation (2.4.3) shows that
a(n; f) = 0 for all #n prime to N, which implies that f = 0 by (2.1.4). Therefore we have
a(l; f) # 0, and we may assume that a(1; f) = 1. In this case, a(n; f — Eg) = 0 when
(n, N) = 1, and hence (2.1.4) again shows that f = E.. This proves the uniqueness of the
splitting.

Now it follows from our first remark that Res is given as the composite of

m

Foo : My S(TO(N): Z(p))E — Zpy: f > <]_[ 8i>Resoo(a)f)
i=1

and the isomorphism Z,) = (Zp) [Cn19)% (a — a([T/L, (wy, +€i))-00). By (2.3.4) we have
QE: N M;eg(Fo(N); Zyp))® = Z(p)E¢, and the congruence module in question is isomorphic
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to
Lp)/roc(Ee) Lpy = Lp)/a(0; Eg)Lpy = ZLp)/c(N; €)Lp) - U

We now prove (3.1.3) in the case under consideration. Take the Z(,)-dual (which we
indicate by the superscript V) of the exact sequence (3.2.4). Then by the duality (2.4.6), we
have the following commutative diagram

y iV 0 Res"
0 SEETHIN): Zp))tY o MyE(T(N): Z())Y e (Z(p)[CNI0)EY < 0
(3.2.6) (2.4.6)lz 21(2.4.6)

0 «—— T(N; Z(p))®

TN; Zp))®

where the mapping j is the natural surjection sending 7' (/) to 7'(/). When tensored with Q,
the upper horizontal sequence splits uniquely as modules over T (N; Zp,))®, and the splitting
image of S;eg(Fo(N ); Q)Y in M;eg(Fo(N ); Q%Y corresponds to the annihilator of QE, in
T (N; Q)? with respect to the pairing in (2.4.5). Call this annihilator J. Then an element ¢
of T(N; Q)% belongs to J if and only if a(1; E¢ |2¢) = 0 by definition, and this is equivalent
to that a(l; Eg [0 T(n) |2t) = a(l; Eg|2t ]2 T(n)) = a(n; Eg|2t) = 0 for all n prime to
N. By (2.1.4), this condition is equivalent to that E, [t = 0. Therefore we see that 7 :=
T(N; Z ,,))6 N3 is nothing but the annihilator ideal of E, in T (N; Z p))s , and the congruence
module attached to the upper sequence in (3.2.6) is isomorphic to T(N; Z,))?/j(J). By
[Oh2, (2.3.4)], this is isomorphic to the congruence module considered in (3.2.5). Thus our
proof will be complete with the following

LEMMA (3.2.7). I%(p) is the annihilator ideal of E¢ inT (N; Zp))® : 15, =J.

»
PrOOF. Clearly J contains 12(,,)‘ But we have the sequence of natural Z,)-algebra

homomorphisms
Zpy = T(N: Zp))* /15, = T(N: Zp))* /T — ZLp) = Endg,, (Zqp) E¢)

the right arrow being induced by the action of Hecke operators on E.. Therefore the middle
arrow must be an isomorphism. g

3.3. Proof of (3.1.3) in the case p = 3 and ¢ = ¢y, ei. To prove the proposition
(3.3.3) below, we need some preliminary consideration. In general, let L be a positive integer,
and take an auxiliary prime [ > 3 not dividing L. Then there is the fine moduli scheme
M (L; 1) classifying elliptic curves with IH(L) NI (I)-structure (i.e. a pair of Io(L)- and I"([)-
structures; cf. 1.2) over Z[1/LI]-schemes. Let M(L;1) be its canonical compactification.
There is the usual invertible sheaf w on this scheme such that

MM (Do(L) N (s R) = HOM(L: 1), 0 ®zp1/11 B)
for Z[1/Ll]-algebras R. For any Z[1/Ll]-module K, we set
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(3.3.1) MPA(To(L); K) := HOM(L; 1), 0% ®zp1/1n K)CL2 /1D

(cf. [K1, 1.6]). This is independent of the choice of / in the sense that if I > 3 is another prime
not dividing L/ and K is a Z[1/LIl']-module, then the right hand side of (3.3.1) is canonically
isomorphic to the one defined by using I’ in place of /. The left hand side of (3.3.1) agrees
with the previous terminology when K is a Z[1/Ll]-algebra; cf. (1.2.6), (2). Also, there is
the g-expansion mapping M,?(FO(L); K) — K[[q]] (loc. cit.).

LEMMA (3.3.2) (cf. [Ma, page 86]). Leta and b be positive integers prime to L. Then
there is the following commutative diagram

MPT(L): Z/6T) — MPTV(L): a(Z/abT)) —=—> MPTo(L): Z/abT)

! l !

Z/bZlgll  ——  a(Z/abD)llg)] ——  Z/abZl[g]]

where the vertical arrows are the q-expansion mappings, the lower left horizontal arrow is
induced by the mapping ¢ (mod b) — ac (mod ab), and the lower right horizontal arrow is
the inclusion. The right square is cartesian.

For any positive divisor d of L such that (d, L/d) = 1, the operators wq on the upper
left and the upper right spaces commute, and the upper middle space is stable under wg.

PROOF Let!/ > 3 be a prime not dividing Lab. Then with the terminology above, from
Z/bZ = a(Z/abZ) < 7/abZ, we obtain

HOM(L; 1), 0®* ®zp1/0n Z/bZ) — HO(M(L; 1), 0®* @z11/11y a(Z/abZ))

— H'M(L: 1), o®* ®z[1/L1] Z/abZ) .

The upper horizontal line in the lemma is the one obtained from this by taking the invari-
ants under GLy(Z/17Z). 1t is then clear that the diagram commutes, and the right square is
cartesian.

Let £ = (E, CL, ¢) be the universal elliptic curve E with I'p(L)- (resp. I"(/)-) structure
Cr, (resp. ¢) over M(L;1). Set wg€ = (E/CL[d], Eld]/CLld] Xpm:1y Cr/CLld], ¢')
with ¢’ the natural I” (I)-structure induced by ¢. Then there is an automorphism ¢ of M (L; [)
such that the base change of £ by ¢ is wz&. Letting # : E — E/CL[d] be the quotient
morphism, we can define an automorphismof HO(M(L; 1), Q®k®z[1/L[] K)bys — m¥p*(s),
the meaning of 7* being the same as in (1.2.12). This automorphism induces the unique
automorphism, which we denote by wgy, of H OM(L; D), Q®k ®z(1/Li] K) in view of the
description of @ on M (L; 1) around the cusps given in [K1, 1.5]. It is clear that this wy is
functorial with respect to K, and especially the mappings considered above are compatible
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with wy on the three modules. It is also clear that w; on the two extreme modules induce the
previous automorphisms wy (1.2.12) on the corresponding modules in the upper line in our
lemma, and the conclusion follows. O

Returning to the situation considered in the previous subsections, we obtain the following

PROPOSITION (3.3.3) Assume that p = 3, and & = ey when3t N ore = 8;3 when
3| N. Then we have

e . &
IZ@) =T(N; Z@3))
i.e. (3.1.3) holds in this case.

PROOF  First we consider the case 3 | N = [ -- -1, with [} = 3. Since T(3; Z(3)) =
{0}, we only need to consider the case N > 3 and hence m > 2. Assume to the contrary that
I is not the unit ideal for & = e‘I'_’I or £ ;. Then there is a homomorphism
©)

T(N; Z(3))s — T(N; Z@))S/IE(S) — [F3

which factors through T(N; F3)¢. We thus obtain an algebra homomorphism T(N; F3)¢ —
F3 which sends T (/) to 1 + [ for each prime number /  N. By the duality (2.4.7), there
corresponds an element f € S;eg (I'v(N); F3) such that

f(@) =Z§°:1 anq" with a, = o(n) := ZO<t|nt if(n,N) =1,
2w =<[§i)f, i=2,...,m.

Set M :=1---ly. By (22.4), 9, (f) =: F € M}}(I'y(M); F3) satisfies
fl@)=F(q),
Flaw,=F, i=2,...,m.

We are going to show that the existence of such a form implies that there is a G €
Mf(]"o(l); 7./97) whose g-expansion is 1. To see this, let

Es=1+240) o3(n)q" € M (Io(1): 2); o3y = Y _ ¢

n=1 O<t|n
be the usual Eisenstein series, and set
m
Ey = Eqls [ Jawy, +1).
i=2

Clearly, this belongs to Mf’ (I'n(M); Z) and satisfies E}y |4 w; = Ej fori =2,---,m. Also,



308 MASAMI OHTA

for the same reason as (2.3.4), we have

m o
E, =]]@+1)+240)  buq"
i=2 n=1

with b, € Z and b,, = 03(n) when (n, M) = 1, and note that the constant term is a 3-adic
unit. Let F’ :=“x3"F ¢ Mf(Fo(M); 7./97) in the terminology of the previous lemma, and
set

G':= E} —80F € M} (I'v(M); Z,/9Z)

where we used the same symbol E, to denote its reduction modulo 9. We have G’ |4 w;, = G’
i=2,...,m),and if G'(q) = Z:io cnq", then ¢y € (Z/92)* and ¢, = 0if (n, N) = 1.
Further set G” := G’ |4 [[/L,(1 — U()B(;)) € M{M(To(M?); Z/9Z). Since m > 2, the
constant term of G”(g) vanishes, and G”(g) is of the form 240x (a power series in ¢°). By
the previous lemma, thereisa g € Mf(Fo(MZ); IF3) such that G” =“x3”g. Since g = 0,
the filtration of g is divisible by 3, and we have ¢ = 0. This shows that ¢, = 0 whenever
(n, M) = 1. We conclude by (2.1.4) that G'(q) = co € (Z/9Z)*. Repeated use of (2.1.1)
then assures us that there is an element of M f(]“o(l); 7./97) whose g-expansion is a unit in
Z./97, and hence the existence of the desired G.

Now we have that the g-expansion of E4 — G € Mf(]“o(l); Z/97) is equal to
240 Zf;l 03(n)q". Again by the previous lemma, there is an element of M, f(]“ o(1); F3) with
the g-expansion Z;O:I 03(n)q". However by Deligne [D, Proposition 6.2], Mf(]"o(l); F3)
is a one-dimensional space spanned by the square of the Hasse invariant form H €
Mf(F o(1); F3). Therefore such a form cannot exist, and this completes the proof when 3 | N.

Next we treat the (simpler) case 3 { N. If I%g ) # T(N; Z3))®H, there exists an f €

S5 (IH(N); F3) such that

f(@) =Y 0l ang" witha, = o (n) if (n, N) =1,
flhw, = (%’)f i=1,...,m.
This time we set F := fH € Sf(Fo(N); F3). It has the same g-expansion as f, and

Flaw, = Ffori =1,...,m by (2.3.6). With this F, we can repeat the same argument
as in the first case (but without worrying about the prime factor 3 in N) to get G as above. [J

3.4. Proof of (3.1.3) in the case ¢ = £,.. To prove (3.1.3) in the remaining case, we
need the following purely algebraic description of the trace mapping considered in 2.2.

LEMMA (3.4.1) Let M be a positive integer, and p a prime number not dividing M.
Set L := pM. For any Z[1/L]-algebra R, there is the (necessarily unique) mapping

Try, : M (IO(L): R) — M} (To(M); R)
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satisfying (2.2.3).

PROOF  We first construct the mapping Trﬁl, and then show that it satisfies (2.2.3). Let
E be an elliptic curve over an R-scheme S. The functor (Sch/S) — (Sets) defined by T +— (the
set of I'(p)-structures on E,7 = E xgs T over T) is represented by an étale GL(Z/pZ)-

torsor S over S. (This is [I"(p)]g/s in the terminology of [KM, (4.2), (4.13)].) We have
the tautological I'(p)-structure ¢35 : Z/pZ x Z/pZ > E/g[p] over S. There are p+1
cyclic subgroups of order p of the abstract group Z/pZ x 7/ pZ, which give rise to constant
subgroup schemes of E 5[ p] via ¢5. Call them H; (1 < j < p+1).

Now let f € M,f(FO(L); R). When E is an elliptic curve with a Io(M)-structure Cyy
over an R-scheme S, consider

P+l
~ ~ s~ H: 0,¢  ®k
]X_;f(E/S, Cyisx5Hj) e H (S’QE/E/E)‘

This section is invariant under the action of GL»(Z/pZ), and hence it uniquely descends to
an element of H 0(S , Q%I/C 5)» which we denote by TrLM (f)(E, Cp). One easily checks that:
i) The rule (E, Cy) Trﬁ,[( F(E, Cy) is compatible with cartesian squares in the

sense of (1.2.2), and hence TrILW(f) belongs to M,?(FO(M); R).
ii) When S is connected and E admits a I" (p)-structure over S,

Triy(f)(E, Cu) = Y f(E, Cyt x5 Cp)
Cp

where the sum ranges over all cyclic subgroup schemes of order p of the constant group
scheme E[p].

We next prove that TrLM (f) satisfies (2.2.3). It is enough to show the second relation, i.e.
that

Tk, (f e wp)(E, CL) = Trhy(f [k wp)(E, CLIM])

= (flewp)(E,CrL) + p" ™ (f e U(p))(E, CL)

for each (E, Cr)/S/R. For this, after a faithfully flat base extension and restricting to con-
nected components as in the proof of (1.5.3), we are reduced to the case considered in ii). In
this case, we have

Tely (f e wp)(E. C) "Z¥ p=/2 3w, f)(E. CLIM] x5 C,).
Cp

By (1.1.6) and (1.2.12), this is the sum of p~*/2(w,f)(E,CLIM] xs CL[p]) =
(f lkwp)(E, Cp) and p~™ 230 1,1 7E f(E/Cp,mc,(CLIMY) xs E[p]/Cp) where
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¢, + E — E/C) is the quotient homomorphism. In this second term, E[p]/C) =

7, (CLp]), so that this is equal to p'™*/2(f [ U(p))(E, CL) (cf. [G, (3.6)]). This com-
pletes the proof. g

We are now ready to prove the following

PROPOSITION (3.4.2) For any odd prime p, we have

It

2y = TN Zp)™

and hence (3.1.3) holds fore = €.

PROOF We first give the proof under the assumption p f N. Assume that I;(*) #
p

T(N; Zp))®+. Then for the same reason as (3.3.3), there is an f € S;eg(Fo(N); F,) <
M2 (IH(N); Fp) such that

f(q) = Z:io anq" witha, = o) if (n, N) =1,
f l2wy, = f for all prime factors [; of N .

(%)

Assume for the moment that m > 2, and set & := (—1,+1,...,+1). We may and do
assume that € # ey when p = 3, changing the order of the prime factors of N if necessary.
Under these conditions, we are going to prove the following

CLAIM Assume that there is an f € Mf(Fo(N); F},) satisfying (x). Then there is a
g€ Mf(Fo(N/ll); IF},) satisfying () with N replaced by N /1.

We note that this inductive step was inspired by the similar argument of Agashe [A,
Proposition 3.5], while he attributes this idea to Mazur.

Consider the reduction modulo p of the Eisenstein series E, for which we use the same
symbol, and set h ;= f — E; € M?(FO(N); IF,). Then it follows from our assumption
that a(n; h) = O unless (n,N) # 1, and hlow; = h fori = 2,...,m. (2.1.2) implies
that i(q) is a power series in qll. So by (2.1.1), there is a ¢ € M?(FO(N/h); ) such
that & = ll_lg’ lwy, and h(g) = g'(g"). Since ¢’ = I1h |» wy,, we have ¢’ | w;, = ¢’ for
i=2,....,myand ¢’ [ T() = (1 +1)g for primes [ 1 N. Here we used that f |, T(]) =
(141D f (and also that E¢ |» T (I) = (1 +[)E¢) which follows easily from () and (2.1.4). To
complete the proof, it remains to show that a(1; ¢') # 0 and ¢’ |» T (1) = (1 + 1) g’ for then
g =a(l; ¢)~ ¢ satisfies (x).

First ¢ =11 (f — E¢) 2wy, = [1(f + E¢), and hence a(1; ¢') = 211 # 0. On the other
hand, we obtain from the relations 11_1 "= f+E,andh=f— E, = ll_lg’ |2 wy, that

2E, =17"(g' — ¢ lawy).
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We now apply Tr%/l. to this equality. By (3.4.1),
Tr%/ll (Ea) = Es + Es |2 wp, |2 U(ll) = Es - Es |2 U(ll) .

But since E, = Eéll I [T, (1 + wy,) in the terminology of the proof of (2.3.4) and
Eé’ll LU() = Eé’ll, we have E; |» U(l1) = E; and hence Tr%/l1 (E¢) = 0. Consequently,

Try 1, (9) = Try (g owy) = ¢ awy, +¢' LU0 .

Since ¢’ € Mf(Fo(N /11); Fp), it follows from the construction of the trace mapping given
in the proof of (3.4.1) that Tr%/l1 (¢) = (1+1)g’. Also we have (¢’ |» wy,)(q) = Lig'(gM).
Therefore the right hand side is ¢’ | T (I1). This finishes the proof of our claim.

Our assumption therefore implies the existence of f; € M?(F 0(l); Fp) with a prime
number / different from p satisfying

filg) = Z:io b,q™ with b, = o (n) whenever! {n,
filzwr = fi.

We wish to show that such a form cannot exist. Except for the case p = 3 and /| = 2
(mod 3), we can repeat the above procedure once more. Namely let Eé ; be the Eisenstein
series as above. Then there is an f Mf(Fo(l); F,) such that f; — Eé,l = l_lfl’ |2 w;.
This satisfies a(1; f[/) # 0. If p > 5, this contradicts [Ma, II, (5.6), (a)]. If p = 3 it
contradicts [D, Proposition 6.2] which we already quoted in the proof of (3.3.3). Finally
assume that p = 3 and/ = 2 (mod 3). In this case, using the notation in (3.3.2), we consider
24E§J — 8x“x3"f; € M?(Fo(l); 7./97). Its g-expansion is a power series in ¢’ so that we
obtain by (2.1.1) an element of M?(Fo(l); Z/97) whose constant term of the g-expansion
is a unit in Z/97Z. This contradicts [Ma, II, (5.6), (c)]. We have thus completed the proof of
(3.4.2)in the case p { N.

We next turn to the proof in the case p | N. Assume that our conclusion does not hold
so that there is an f € S;eg(Fo(N); F,)%+ such that f(q) = Z;’lil cnq" with ¢, = o (n) for
(n, N) = 1. When N = p it is easy to see that such a form does not exist: The (trivial) case
p = 3 was already excluded. If p > 5, the g-expansion of f — Eé’p € M;eg(l“o(p); Fp)isa
power series in ¢” whose constant term belongs to F ;. By (2.2.6), (1), this is impossible.

We may therefore assume that N > p, and we are going to reduce the problem to the case
p 1 N considered above. Set M := N/p. We may takel; = psothat M =1 ---1,, > 1. The
case where p =3 and ey = £; is already settled by (3.3.3), and thus we assume otherwise
in the following. Then & := (-1, +1, ..., +1) is not &, when p = 3, and so, as before, we
can consider the reduction modulo p of the Eisenstein series E; € M;Cg(l" o(N); TFp).

We again consider i := f — E; € M, *(I(N); Fp). This time, (2.2.6), (2) and (2.2.7)
imply that h(q) is a constant, and in fact h(g) = 0 when p > 5 by (2.2.6), (1). Let us
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show that #(q) = 0 also when p = 3. Indeed, if h(g) # O, it follows from (2.2.5) that
(pg (h) € Mg (I'n(M); F3) has the same non-zero constant as its g-expansion, and satisfies
@5 (h) |6 wi; = @5(h) fori = 2,..., m. On the other hand, the g-expansion of </’§(3E5;) €

Mg (I'n(M); IF3) is also a non-zero constant, and we have ¢ (3E£;) l6 wy, = (%’) 7 (3Ee;)

fori =2,...,m. Since we assumed that & # &, this contradicts the g-expansion principle,
showing that h(g) = O as required.

We now use the terminology of 1.4, and identify an element of M;eg(Fo(N); Fp)
with a pair of (meromorphic) differentials on Xo(M)/r, by (1.4.13). From the third re-
lation in (1.4.14), we see that to f (resp. E.) corresponds a pair of differentials of the
form (w, ) (resp. (o', —@')). Then (w — &', w + &) corresponds to 4. But we have
shown that h(g) = 0, i.e. @ = «'. This implies that (0, 2w) is a regular differential on
Xo(N) - and hence w is holomorphic at the supersingular points by (1.4.3). It follows that
w € HO(X()(M)/FP, Q)lfo(M)/Fp/le) because f is a cusp form. The first relation in (1.4.14)

shows that a* (w) corresponds to (1/2)(f+ Eg). This means that (1/2)(f+E) =: f’ belongs
to SB(Io(M); Fp)(—> My 2(IH(N); Fp)). Itis clear that f[> T(1) = (14 1) f' for primes
It N,and f'ow;, = f fori =2,...,m. Further we have f' |2 T(p) = (1 + p)f' = f'.
Indeed, since T'(p) and U(p) have the same effect on g-expansions in characteristic p and
f(q) = f(q) = E¢(q), it is enough to show that E¢ | U(p) = E.. This follows from the
same argument as the equality “E, |» U (/1) = E,” given in the first step. We conclude that f’
satisfies () with N replaced by M, and we already know that such an f’ does not exist. [

We have thus completed the proof of Theorem (3.1.3).

3.5. Kernels of Eisenstein ideals in Jo(/) in characteristic p. Let Jo(N) be the
Jacobian variety of Xo(N) defined over Q. We denote by Jo(N),z and Jo(N) /Zp) its Néron
models over Z or Zy), respectively, and by Jo(N)r, their fibre at p.

The Hecke algebra T(N; Z) acts on Jo(N), and we may consider it as a subring of
Endg(Jo(N)) or Endz(Jo(N),z) etc. (Asis well-known the covariant and the contravariant
actions of T (/) on Jo(N) coincide, and the same holds for wy, since wzz,- = 1. Thus we need
not distinguish these two actions.)

Let p be an odd prime and set

(3.5.1) Gp(N) := Jo(N)/r,(F ) [p™].
This is a module over T(N; Z(,)) and hence we have the direct sum decomposition (2.1.3):
(3.5.2) Gp(N) = ®eceGp(N)® .

Each direct summand is a module over T(N; Zp))®. In the following, we set

(3.5.3) B =I5, ).
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This is the unique maximal ideal of T(N; Zp))® containing 12( . when 12( ) is a proper ideal
P p
of T(N; Z(p))s.

PROPOSITION (3.5.4) (cf. [Ma, pages 118-119]). Assume that p { N, and that Ig(p)

is a proper ideal. Then the dimension of G, (N)s[‘B;] over T(N; Z,))¢/ ‘i, =T, is at most
one.

PROOF We follow Mazur’s argument. There is the well-known isomorphism due to
Cartier and Serre [Sel, Proposition 10]:

~ go = ! ¢
Gp(M)Ip) = HOXo(N) 5, 2y v, 7,

where C is the Cartier operator. This gives us the mappings

= 0 B 1 ~ ¢B .=
Gy (NP} @z, Fp = HOX0W) 5, 2y ) = STIOWN) ).

All these mappings commute with the action of T(NV; Zp)). Therefore it is enough to show
that Sg (Io(N); IFP)S[‘B;] is of dimension one over IF,. But the duality (2.4.7) implies that
this space is I ,-dual to T(N; )¢ /932, and our claim follows. O

We now want to extend the above proposition to the case p | N. For this we need some
lemmas. In the following, we let M be a square-free positive integer. When M > 1, we
consider the set E’ of signs (2.1.3) with respect to M. To distinguish from the signs with
respect to N, we will always put the prime for elements of E’ (and likewise for the Eisenstein
ideals of level M). We especially set &/, := (+1,...,+1) € E'.

LEMMA (3.5.5) Let M > 1 be as above, and p a prime not dividing M. Assume that
p=>5.

(1) For each €' € E', T (M, Z(p))el is generated over Zpy by T () with prime numbers
[ not dividing pM.

(2) Assume that &' # ¢&',. The Eisenstein ideal I’SZ,(M of T (M, Z(p))‘g, is generated by
T () — (1 + 1) with prime numbers [ not dividing pM.

Consequently, the same assertions with T (M, Z(p))sl (resp. I’%(p)) replaced by

T(M; Z(,,))E/ (resp. its Eisenstein ideal I/sz/(p)) also hold.

PROOF (1) By (2.4.7), it is enough to show that T (M; ]Fp)e/ is generated by 7T (/) with
[ not dividing pM. Assume otherwise. Then again by (2.4.7), there is a non-zero f €
MyE(Ty(M); F )¢ such that a(1; f |2 T(n)) = a(n; f) = 0 for all n prime to pM. Since
there is a natural injection M;eg(Fo(M); F,) — M;eg(Fo(pM); F}), it follows from (2.2.6),
(2) that a(n; f) = 0 whenever (n, M) = 1. Then (2.2.7) implies that f(g) is a constant, and
we in fact have f(g) = 0 by (2.2.6), (1). This shows that f = 0, which is a contradiction.



314 MASAMI OHTA

(2) Let I’ be the ideal generated by T'(I) — (1 + 1) with prime numbers ! { pM. Since

g+ e;, there certainly exists the Eisenstein series E, € M;eg(F o(M); Zy p))sl. We have the
sequence of Zp)-algebra homomorphisms

Zipy — TM; Zp)® /T — T(M; L)) [T, — Zip) = Endg,, (Zp) Ee)

where the right arrow is given by the action on E,/. By the first assertion, the left arrow is
surjective, and hence the middle arrow is an isomorphism. ]

When &’ = ¢’_, we have the following

LEMMA (3.5.6) Let M and p be as in the previous lemma. Let I’ be the ideal of
T(M; Zp))®+ generated by T(I) — (1 4 1) with | { pM. Then we have I' = T(M; Z,))*".

PROOF  Assume otherwise. Since there is a surjection Z,) — T(M; Z(p))8/+ /1’ by
the previous lemma, we see that T(M; Z(p))3/+/(p, I’y = F,. Thus we have a non-zero
f € S5¥(Io(M); F )8+ such thata(n; f) = o (n) for (n, pM) = 1.

Let ¢ = (—1,&/) be the sign with respect to pM, and consider E, €
MyS(Io(pM); Zp))E. Then g = f — E; € My (Io(pM); F)) satisfies a(n; g) = 0 for
(n, pM) = 0. As in the proof of (3.5.5), (1) above, it follows from (2.2.6) and (2.2.7) that

g(g) = 0 and hence f(q) = E¢(gq). For the same reason as in the final part of the proof of
(3.4.2), this implies that f |» T(p) = f = (1 + p)f, i.e. f is annihilated by the Eisenstein

ideal of T(M; Z(,,))s/ﬂ By (3.4.2), such an f cannot exist. ]
Now assume that N is divisible by a prime p > 5, and set M = N/p. Let

(3.5.7) @ = Jo(N)z, /Jo(N)(/)Fp

be the group of connected components of Jo(N) F, = Jo(N)/r, ®F, Fp. By functoriality,
G AL acts on this group.

LEMMA (3.5.8) Let the notation be as above. The group ®[p°°] is cyclic, and w, acts
as —1, while w; acts as the identity for any l | M, on this group.

PROOF Let D be the degree-0 part of the free abelian group on the irreducible compo-
nents Z and Zg of Xo(N) /F,- Ribet [Ri, Theorem 2.4, Proposition 3.2] has shown that there
is a functorial homomorphism 8 : D — @ whose cokernel is annihilated by 12. Therefore
we have @[p*>] = Im(6)[p*™], and this is clearly cyclic. Since w, (resp. w; with [ | M)
interchanges Z, and Z (resp. leaves Zo, and Z stable), our result follows. See also Loren-
zini [L, Section 2] where the mapping ¢ and the action of w), are described more directly and
generally. g

We are ready to prove the following
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PROPOSITION (3.5.9) Let N = pM with a prime p > 5. Assume that 12(,,) is a proper

ideal of T(N; Zp))?. Then under the notation (3.5.1)—(3.5.3), the dimension of G, (N)s[‘B;]
over T(N; Z))® /%5, is at most one.

PROOF Let T be the maximal torus of JO(N)(/)FP. Then it is well-known that
Jo(N )(/)IFI,/ T is canonically isomorphic to Jo(M) JF, X Jo(M) JFp- Via this isomorphism,

the endomorphism 7'(7) (I f N) (resp. wy (I | M)) of Jo(N)r, induces T (1) x T (l) (resp.
wy X wy) on Jo(M)r, x Jo(M)r,, while w;, on Jo(N)r, interchanges the two factors of

Jo(M)r, x Jo(M) F,. Since T(Fp) has no non-trivial p-torsion, we have the exact sequence
0= (Jo(M) e, X Jo(M)w,)E)[pX] = Gp(N) — @[p®] = 0.

Assume for the moment that M > 1 and write & = (g1, &) where &; = +1 corresponds
to the prime factor p of N and e’ € E’.
Ife # (-1, £’+), the previous lemma implies that

Gp(N)® = Jo(M) jr, Fp)[p™F .
Since we are assuming that T(N; Zp))® # 12(17), it follows from (3.4.2) that ¢ # &4 and
hence &’ # ¢/, . Therefore by (3.5.5), we obtain

Gp (NI = Jo(M) /x, (Fp) [p™1 (B ]

where ‘ﬁ’lf/ = (I’%(p), p) € T(M; Zp)). Our claim then follows from (3.5.4).
Next assume thate = (—1,¢’,). This time, (3.5.6) implies that

Gp(NP [ ] = D[p™ P[],
Since @[p] is a cyclic group by the previous lemma, the conclusion follows. This second
argument also settles the case M = 1. O
From (3.5.4) and (3.5.9), we deduce:

THEOREM (3.5.10) Let p be an odd prime. We further assume that p > S when 3 | N.
If T(N; Zp))? is not the zero ring, the Pontrjagin dual of G, (N)S[I%(p)] is a cyclic module

over T(N; Zpy)®.

PrROOF If 12( = T(N; Z p))s , the conclusion is obvious, and hence we assume oth-
p

erwise in what follows. The ideal %, is thus a maximal ideal of T(N; Z(p))®.

Let us indicate by the superscript the Pontrjagin dual. By (3.5.4) and
(3.5.9), g,,(N)s[‘B‘;]A = Gp(N)® /‘13‘; = (Gp(N)® )sp]e)/‘ﬁf, is a cyclic module over
T(N; Z p))fpg , where the subscript “qgsp ” means the localization. Nakayama’s lemma im-

P

[t tl]

plies that (G, (N)SA)qyp is a cyclic T(N; Z(p))%; -module. Since ‘B‘; is the unique maximal
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ideal containing 12(,,) , we see that G, (N)® [Ié(p) 1" =G,(N)* A/Ig(m = (Gp(N)® A)q;;.]e) /12@)

is a cyclic T(N; Z ,,))535 -module, and our conclusion follows. O
P

3.6. Rational torsion in Jyo(N). Recall that Xo(N) has 2 cusps all of which are
rational over Q. We denote by C(N) the subgroup of Jo(N)(Q) consisting of the classes of
divisors of degree zero supported at the cusps. Its order, the cuspidal class number of X((N),
was computed by Takagi:

THEOREM (3.6.1) ([T, Theorem 5.1]). We have

IC(N)| =2 x []e(N: )

ecE

with an integer a > 0, where the numbers c(N; €) are given by (3.1.2). (Takagi’s theorem
also gives the exponent a explicitly, but we will not need this.)

For any odd prime p, Jo(N)(Q)[p*°] and C(N)[p*°] are modules over T(N; Zp)), and
we can decompose them as in (2.1.3). The following is the main result of this paper:

THEOREM (3.6.2). Let p be an odd prime, and assume that p > 5 when 3 divides N.
Then we have

Jo(NY(@Q)[p™)* = C(N)[p™F = Zp)/c(N; &)Ly
foralle € E.

PROOF. We first claim that [Jo(N)(Q)[p™1¥| < |Z(p)/c(N; €)Zp)| for each ¢ € E.
Let & = (e1,...,&n). The homomorphism [, (1 + giwy) : Jo(N) — ([]/L,(1 +
giwy;))Jo(N) sends Jo(N)(Q)[p™>]¢ isomorphically onto its image. The cotangent space
of Jo(N) at the origin is canonically isomorphic to S;eg (I'p(N); Q), and the image of the
cotangent mapping of the above homomorphism corresponds to S;eg(l" o(N); Q)%. There-
fore when this space is trivial, Jo(N)(Q)[p°°J¢ is also trivial. We may thus assume that
T(N; Zp)* # {0).

In general, when / is an odd prime, the reduction modulo ! mapping Jo(N)(Q) —
Jo(N)r,(IFy) is injective on the torsion part (including the [-torsion part) of Jo(N)(Q) by
Katz [K3, Appendix]. (One can also deduce this from the result of Raynaud [Ra, Théoréme
3.3.3.]) On the other hand, when I’ is a prime not dividing N, we see from the Eichler-Shimura
congruence relation that 7(I") = 1 + 1 on Jy(N) sk, (Fr). Noting that p is odd, it is easy to
deduce that Ié(m annihilates Jo(N)(Q)[p™I¢.

Therefore Jo(N)(Q)[p*1¢ is mapped injectively into G, (N)E[Iz(p)] by the reduction

modulo p mapping, and we especially have

o N @)[p™F] < 1G,(NFIE, 11
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But by (3.5.10), we have
IGp (N LIS, 1| < IT(N; Zp)° /15, |,
while by (3.1.3), we have
IT(N: Zp)® /15, | = 1Zp)/c(N: ) L)

which proves our claim.
Consequently, we obtain

[Jo(N)Y@Q[p®1 < [[1Zp)/c(N: )Zp)] -
ecE

By Takagi’s theorem, the right hand side is equal to [C(N)[p*°]|. Since C(N)[p°°] is a priori
contained in Jo(N)(Q)[p>], we conclude that

Jo(N(@[p>™] = C(N)[p™]

and that the above inequalities are in fact equalities. Thus for each € € E, we have

Jo(NQI[pTF =CN)[p™T

and its order is equal to |Zp)/c(N; &) Zp)|-

It remains to show that each C(N)[ p®°]¢ is a cyclic group. This is obvious when & = g,
and hence we assume otherwise. Then we have seen in the course of the proof of (3.2.5) that
(ZpC ~10)¢ is a free Zpy-module of rank one. Therefore, its quotient group C(N)[p*>°]® is
cyclic. O

From the proof above, we also obtain the following partial generalization of [Ma, II,
Proposition (14.9)]:

COROLLARY (3.6.3). Let p be as in the previous theorem. Then G, (N)s[lz(p)] coin-

cides with the image of C(N)[p*1¢ under the reduction modulo p mapping.

PROOF. We have proved this assertion under the assumption T(N; Z(,))® # {0}. But
if T(N; Z(p))® = {0}, both QP(N)S[Iz(p)] and C(N)[p™>)¢ are trivial. O

As the final remark, we note the following: We needed the assumption that p # 3 when
3 | N only to assure (3.5.9). If that proposition holds in the case p = 3, then (3.6.2) also
holds without this assumption.

References

[A] A. AGASHE, Rational torsion in elliptic curves and the cuspidal subgroup, preprint.

[AL] A.O.L. ATKIN and J. LEHNER, Hecke operators on I'yp(m), Math. Ann. 185 (1970), 134-160.

[D] P. DELIGNE, Courbes elliptiques: Formulaire, d’apres J. Tate, In: Modular functions of one variable 1V,
Lecture Notes in Math. 476 (1975), 53-73.



318

[DR]

[E1]
[E2]

[G]
[H]
[K1]
[K2]
[K3]
[KM]
[KL]
[L]
[Ma]
[MR]
[Mu]
[Ogl]
[Og2]
[Oh1]
[Oh2]

[Ra]
[Ri]

[Sel]

[Se2]

[Sh]

[T]

MASAMI OHTA

P. DELIGNE and M. RAPOPORT, Les schémas de modules de courbes elliptiques, In: Modular functions of
one variable 11, Lecture Notes in Math. 349 (1973), 143-316.

B. EDIXHOVEN, The weight in Serre’s conjectures on modular forms, Invent. Math. 109 (1992), 563-594.

B. EDIXHOVEN, Serre’s conjecture, In: Modular forms and Fermat’s Last Theorem, ed. by G. Cornell,
J. Silverman and G. Stevens, Springer-Verlag (1997), 209-242.

B. GROSS, A tameness criterion for Galois representations associated to modular forms (mod p), Duke
Math. J. 61 (1990), 445-517.

E. HECKE, Theorie der Eisensteinschen Reihen hoherer Stufe und ihre Anwendung auf Funktionentheorie
und Arithmetik, Abh. Math. Sem. Hamburg 5 (1927), 199-224 (Math. Werke No. 24).

N. KATZ, p-adic properties of modular schemes and modular forms, In: Modular functions of one variable
111, Lecture Notes in Math. 350 (1973), 69-190.

N. KATZ, p-adic interpolation of real analytic Eisenstein series, Ann. Math. 104 (1976), 459-571.

N. KATZ, Galois properties of torsion points on abelian varieties, Invent. Math. 62 (1981), 481-502.

N. KATZ and B. MAZUR, Arithmetic moduli of elliptic curves, Ann. of Math. Stud. 108 (1985).

D. KUBERT and S. LANG, Modular units, Springer-Verlag (1981).

D. LORENZINI, Torsion points on the modular Jacobian Jy(N), Comp. Math. 96 (1995), 149-172.

B. MAZUR, Modular curves and the Eisenstein ideal, Publ. Math. IHES 47 (1977), 33-186.

B. MAZUR and K. RIBET, Two-dimensional representations in the arithmetic of modular curves, Astérisque
196-197 (1991), 215-255.

D. MUMFORD, Abelian varieties, Oxford Univ. Press (1970).

A. OGG, Rational points on certain elliptic modular curves, Proc. Symp. Pure Math. 24 (1973), 221-231.

A. OGG, Diophantine equations and modular forms, Bull. AMS 81 (1975), 14-27.

M. OHTA, On the p-adic Eichler-Shimura isomorphism for A-adic cusp forms, J. reine angew. Math. 463
(1995), 49-98.

M. OHTA, Eisenstein ideals and the rational torsion subgroups of modular Jacobian varieties, J. Math. Soc.
Japan 65 (2013), 733-772.

M. RAYNAUD, Schémas en groupes de type (p, ..., p), Bull. Soc. Math. Fr. 102 (1974), 241-280.

K. RIBET, On modular representations of Gal(ﬁ/ Q) arising from modular forms, Invent. Math. 100 (1990),
431-476.

J.-P. SERRE, Sur la topologie des variétés algébriques en caractéristique p, Symp. Int. Top. Alg., Mexico
(1958), 24-53 (Euvre I, No. 38).

J.-P. SERRE, Formes modulaires et fonctions zéta p-adiques, In: Modular functions of one variable 111,
Lecture Notes in Math. 350 (1973), 191-268.

G. SHIMURA, Introduction to the arithmetic theory of automorphic functions, Iwanami Shoten and Princeton
Univ. Press (1971).

T. TAKAGI, The cuspidal class number formula for the modular curves Xo(M) with M square-free, J. Alg.
193 (1997), 180-213.

Present Address:

TOKAI UNIVERSITY,

HIRATSUKA, KANAGAWA 259-1292, JAPAN.
e-mail: ohta@tokai-u.jp




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Japan Color 2001 Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 1
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages false
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages false
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Japan Color 2001 Coated)
  /PDFXOutputConditionIdentifier (JC200103)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /ARA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /BGR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CHS (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CHT (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CZE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DAN (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ENU (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ESP (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ETI (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /FRA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /GRE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HEB (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HRV (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HUN (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ITA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <FEFFff08682aff0956fd969b6587732e53705237793e306e51fa529b6a5f306b90693057305f002000410064006f0062006500200050004400460020658766f830924f5c62103057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e30593002>
    /KOR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /LTH (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /LVI (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /NLD (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /NOR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /POL (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /PTB (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /RUM (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /RUS (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SKY (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SLV (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SUO (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SVE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /TUR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /UKR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (Japan Color 2001 Coated)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive true
      /IncludeLayers false
      /IncludeProfiles true
      /MarksOffset 0
      /MarksWeight 0.283460
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /JapaneseWithCircle
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


