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Abstract. Caubel, Nemethi, and Popescu-Pampu in [2] proved that an oriented 3-manifold admits at most
one positive contact structure which can be realized as the complex tangency along the link of a complex surface
singularity. They call it the Milnor fillable contact structure. Lekili and Ozbagci in [10] showed that a Milnor fillable
contact structure is universally tight. In particular, by Honda’s classification [5], the link of a cusp singularity is
contactomorphic to the positive contact structure associated to the Anosov flow on a Sol-manifold (see [1]). We de-
scribe the contact structure on the link of a cusp singularity in two different ways without using Honda’s classification
theorem. One description is based on the toric method introduced in Mori [15]. The other description is based on
Hirzebruch’s construction of the Hilbert modular cusps. Consequently, we give certain answers to the problems in
Mori [14] concerning the relation between the cusp singularities and the simple elliptic singularities, and the higher
dimensional extension of the local Lutz-Mori twist.

1. Introduction

Caubel, Nemethi, and Popescu-Pampu in [2] proved that an oriented 3-manifold admits
at most one positive contact structure which can be realized as the complex tangency along
the link of a complex surface singularity. They call it the Milnor fillable contact structure.
Lekili and Ozbagci in [10] showed that a Milnor fillable contact structure is universally tight.
In particular, by Honda’s classification [5], the link of a cusp singularity is contactomor-
phic to the positive contact structure associated to the Anosov flow on a Sol-manifold (see
[1]). We describe the contact structure on the link of a cusp singularity in two different ways
without using Honda’s classification theorem. A mapping torus T4 of a hyperbolic automor-
phism A € SL(2;Z) of the 2-torus is called a Sol-manifold. The suspension Anosov flow
on T4 induces a positive contact structure ker (84 + B—) and a negative contact structure
ker (B+ — B—), where B4 and B_ are the 1-forms defining the Anosov foliations. They form
a bi-contact structure on 74. Atsuhide Mori defined the Lutz-Mori tube, a generalization of
the Lutz tube to higher dimensional contact geometry ([14]; see also [11]). He inserted a
5-dimensional Lutz-Mori tube along a codimension 2 contact submanifold in the standard S°
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using an isolated surface singularity in C? whose link is (T4, ker (84 4 B_)) for some hyper-
bolic matrix A. From Laufer [9] and Karras [6], we see that it is analytically equivalent to
a cusp singularity {z} + 29 + 25 + Az12223 =0} (A # 0, p~' + ¢~ ' +r~' < 1) which is
known as the T, singularity. In this paper, we prove that the link of a T, singularity is
contactomorphic to (74, ker (B4 + B—)) for some hyperbolic matrix A, in two ways.

1) The toric proof. This is an interpretation of the recent work of Ryo Furukawa (see
§3). He constructed the examples of contact embeddings of hyperbolic mapping tori in the
standard contact 5-sphere using the moment polytope of S°. We can perturb the singularity
link of 74, to his model as a contact submanifold of the standard contact 5-sphere. We also
apply this method to the simple elliptic singularities, E¢ : {Z? + Zg + z§ + Mz12223 = O},
E7 {2 +23+ 23 +zizz3 =0} and Eg : {23 + 23 + 28 + A3zizoz3 = 0) (A3 +27 #
0, A2* — 64 # 0, 135 —432 # 0). In Arnold’s classification of hypersurface singularities, they
are related with cusp singularities, 7334, T245 and T>37, respectively. However, the geometrical
meaning of the relation was not clear. We give a new aspect to this relation through the
moment polytope. Namely,

THEOREM (Theorem 3.4). Put

1 0\ (1 Kk 1 0\ [l ky ]
Am,k—(l 1)(0 1)...<1 1)(0 1>eSL(2,Z),

where m € Z-o, k = (ki,...,km) € (Z>0)™. The link of the isolated surface singular-

ity {fm,k(zl, 22,23) = O} is contactomorphic to (Ty,,,,ker (B+ + B-)) if k # 0, and to
(Ta,, o, ker (dy +mzdx)) if k = 0, where

2, 3, 6+k
fran@i,z2.23) =27 +25 + 23 | + 212223
2 Atk | _4+k
fotk) (21, 22,23) =27 + 25+ 25 0 +212223

34k 3tk | 3+k
Btk @1, 22,23) =2] 4z, S +2zy 4212223 .

2) The proof based on Hirzebruch’s work. Given an algebraic number field of degree
n over Q, Hirzebruch constructed a Hilbert modular cusp ([4]). In the case where n = 2, he
constructed the minimal resolution of a Hilbert modular cusp. This enables us to detect the
contact structure on the link of a cusp singularity (§4).

We also argue the localization of the Lutz-Mori twist for the case where n > 3, and
arrange the problem (§5).
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2. Preliminary
2.1. Sol-manifolds and bi-contact structures. Let <x> be the coordinates on the

torus 72 = R?/Z? and (<x) , 7) be the coordinates on T2 x [0, 1]. Let A be an element of
y

SL(2,Z) such that tr(A) > 2. Then the matrix A has two positive eigenvalues a and a~! and

the corresponding eigenvectors vy and v_, wherea > 1 and dx A dy(v4,v_) = 1.

DEFINITION 2.1 (Hyperbolic mapping tori). We define an equivalence relation ~ on
T2 x [0, 1] by (A <;C> ,0) ~ (@) ,1). The quotient T4 = T2 x [0, 1]/ ~ is called a
hyperbolic mapping torus.

DEFINITION 2.2 (Sol-manifolds). The Lie group Sol? is the split extension 1 —
R?> — Sol> — R — 1 whose group structure is given by

(u,v;w) - @, v;w)=u+expw-u’,v+exp(—w) -v;w+w) on R xR.

There is a left invariant metric exp (—2w)du ® du + exp Cw)dv @ dv + dw Q dw on Sol3.
Let I" be a cocompact discrete subgroup of Sol>. The compact quotient M> = I'\Sol? is
called a Sol-manifold.

The discrete subgroups of Sol> are all of the forms I' = H x V = (Z x Z) x Z. The
quotient of R? by the lattice H is 72, while the quotient of R by V is a circle. The quotient
M3 = I'\Sol? is a T*-bundle over S! with hyperbolic monodromy. Conversely, a hyperbolic
mapping torus T4 is a Sol-manifold. The left invariant 1-forms exp (—w)du and — exp wdv
on Sol? induce the 1-forms B4 = a 2dx Ady(vy, - ) and fB_ = —a%dx Ady(v—, - ) on Ty.

DEFINITION 2.3 (Anosov flows). A non-singular flow ¢; on a closed oriented 3-
manifold M3 is an Anosov flow if the tangent bundle 7 M3 has the ¢;-invariant decomposition
for some Riemannian metric ¢ on M 3 such that TM3 = To ® E"™ @ E®S, where

T ¢ = {tangent vectors along the flow lines} ,
E" ={v e TM; l@)wv]l = ¢~ exprn)|vll, 1 > 0},
E* ={v e TM | @)av]l < cexp(—rn)llvl, 1 > 0},

for some constants ¢ > 1 and A > 0. We call E¥ = T¢ & E**(resp. E* = T¢ & E**)
weakly stable (resp. unstable) plane field. We obtain two codimension 1 foliations, the
unstable foliation F* and the stable foliation F** by integrating E* and E° respectively. They
are called Anosov foliations.
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DEFINITION 2.4 (Bi-contact structures [13]). A bi-contact structure on M3 is a pair
of a positive contact structure £ and a negative contact structure £_ on M which are trans-
verse to each other.

Mitsumatsu in [13] constructed a bi-contact structure associated to an algebraic Anosov
flow on a closed 3-manifold. In particular, there is a bi-contact structure on a Sol-manifold
associated to the suspension Anosov flow.

EXAMPLE 2.5 (Mitsumatsu [13]). Let M 3 be a Sol-manifold T4 and fix a Riemann-
ian metric ¢ = B+ ® B+ + - ® B— +dz ®dz. Then the flow ¢, (x, y,z) = (x,y,z+1) isan
Anosov flow with the stable foliation F* = ker 1 =< (%), v— > and the unstable foliation
F% =kerf_ =< (3%), vy >. Moreover, & = ker(8+ + f-) and £_ = ker(B4+ — B-) form
a bi-contact structure on 74. We can see that the flow ¢; pushes the plane fields £, and &_
towards F* (or F* if you flow backward). More precisely,

t_l)hlloo(¢t)*§+ = t—le-iI-loo((pt)*g_ = E"

and
t_ljr_noo((/l)t)*§+ = t_ljr_noo((/l)t)*g— =E".

REMARK 2.6. The I-forms 8+ + B_ and S+ — B_ are induced by left invariant con-
tact forms exp (—w)du — exp wdv and exp (—w)du + expwdv on Sol?, respectively. The
universal covering of (T4, ker (B+ + B-)) is (Sol3, ker (exp (—w)du — exp wdv)), which is
the standard positive contact structure on R3. Thus (T4, ker (B4 + B-)) is universally tight
and it is the unique positive contact structure on 7,4 that is universally tight and minimally
twisting ([5]). Similarly, (T4, ker (8+ — B-)) is the unique negative contact structure on T4
that is universally tight and minimally twisting.

2.2. Nil-manifolds

DEFINITION 2.7 (Nil-manifolds). The Lie group N is the central extension 1 —
R — N — R? — 1 whose group structure is given by

(u,v;w) - @, v;w)=@w+u,v+v;w+w +uv) on R>xR.

Let I" be a cocompact discrete subgroup of N. The compact quotient M> = I'\N is called a
Nil-manifold.

We note that N is the Heisenberg group of real matrices and a Nil-manifold is a parabolic
. 1 . . .
mapping torus T4, where A = ( (1)) for some m € Z. On a Nil-manifold T4, there is a
m

left invariant positive contact form o, = dy + mzdx. The contact structure (T4, ker oryy,) is
the unique universally tight, minimally twisting structure ([S5]). We also note that there is no
Anosov flows on Nil-manifolds ([13]).
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2.3. Simple elliptic singularities and cusp singularities. In this subsection, we re-
mind the definitions of a simple elliptic singularity and a cusp singularity. Moreover, we
confirm that a simple elliptic singularity in C is Eg, E7 or Eg, and a cusp singularity in C3
is the T}y, singularity.

DEFINITION 2.8 (Normal surface singularities). Let (X, 0) be an isolated surface sin-
gularity germ. We say that (X, 0) is normal if every bounded holomorphic function on
X* = X — 0 extends to a holomorphic function at 0.

DEFINITION 2.9 (Resolutions, exceptional sets). Let (X, 0) be a normal surface sin-
gularity. Then there exists a non-singular complex surface X and a proper analytic map
T:X—> X satisfying the following conditions (1) and (2).

(1) E = 771(0) is a divisor in X, i.e., a union of 1-dimensional compact curves in X;

and

(2) the restriction of 7 to 7 ~!(X*) is a biholomorphic map between X — E and X*.
The surface X is called a resolution of the singularity of X, and 7 : X — X is the resolution
map. The divisor E is called the exceptional set. The divisor E is good if it satisfies the
following two conditions:

(3) Each irreducible component E; of E is non-singular; and

(4) E has normal crossings, i.e., E; intersects E;, i # j, in at most one point, where

they meet transversally, and no three of them intersect at the same point.

DEFINITION 2.10 (Minimal resolutions). A resolution 7 : X — X is minimal if any
resolution 7’ : X’ — X, there is a proper analytic map p : X’ — X such that 7’ = 7 o p.

By Castelnuovo’s criterion, minimality of a resolution is equivalent to the condition that
the exceptional set contains no non-singular rational curves with self-intersection —1.

DEFINITION 2.11 (Singularity links). Let X be a complex analytic variety of dimen-
sion at least 2 with only one singular point x. Let r : X — [0, co) be a real analytic function
on X such that r ! (0) = x, and r is strictly pluri-subharmonic (spsh) on X — {x}. Fore > 0
sufficiently small, r has no critical points in rl (0, e]. We define a link of germ (X, x) to be
rl (¢). Any two links of (X, x) are diffeomorphic.

DEFINITION 2.12 (Simple elliptic singularities). Let (X, 0) be a normal surface sin-
gularity and 77 : X — X be the minimal resolution of (X, 0). We say that (X, 0) is a simple
elliptic singularity if the exceptional set E = 7 ~!(0) is a non-singular elliptic curve.

The boundary of the tubular neighborhood of such an elliptic curve is a parabolic map-
ping torus. Thus the link of a simple elliptic singularity is a Nil-manifold. K. Saito gave a
description of simple elliptic singularities which can be surface singularities in C>.

THEOREM 2.13 (Saito [17]). If a simple elliptic singularity is embedded in C3, it is
analytically equivalent to Eg, E7 and Ej.
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Since they satisfy EZ = —3, —2, and —1 respectively, their links are the mapping tori of

(G Vel )

DEFINITION 2.14 (Cusp singularities). Let (X, 0) be a normal surface singularity and
7 : X — X be the minimal resolution of (X, 0). We say that (X, 0) is a cusp singularity if the
exceptional set £ = P (0) is a cycle of non-singular rational curves, i.e., E; intersects E;y1
transversally at one point for 1 < i < n and E has no other crossings, where E = |J!_, E;
and E,41 means Ej.

The graph manifold obtained by plumbing along such a cyclic weighted graph is a hy-
perbolic mapping torus. Thus the link of a cusp singularity is a Sol-manifold. The following
theorem gives embeddings of cusp singularities into C3.

THEOREM 2.15 (Laufer [9]). Tpqr singularity is a cusp singularity whose link K is
diffeomorphic to the hyperbolic mapping torus Ta, where

A (" I -1\/(qg—-1 —-1\(p—1 -1
B 1 0 1 0 1 0/
THEOREM 2.16 (Karras [6]). Ifa cusp singularity is embedded in C3, then it is ana-

Iytically equivalent to Tyq, singularity for some p,q,r € Zx> with % + é + % < 1.

REMARK 2.17. Laufer [8] also proved that cusp singularities are taut, that is, any
two cusp singularities whose links are orientation preserving homeomorphic are analytically
equivalent. On the other hand, the simple elliptic singularities are not taut. For example, two
singularities {z% +23+ zg =0} and {z? +23+ Zg + 212223 = 0} have the common resolu-
tion graph. However they are not analytically equivalent to each other.

The canonical contact structure on the link K is the restriction (K, £y|K) of the stan-
dard contact structure (SS, &o). In the following two sections, we investigate the structure of
(K, %0|K).

3. The toric proof

3.1. The moment polytope of S3. Let (r1, 61, r2, 02, 13, 63) be the polar coordinates
on S° c C3, where

(21,22, 23) = (r1 exp (2mi6y), raexp (27wifa), r3 exp (27if3)) € C3
$° = {r12~|—r22~|—r32 = 1}.

The standard contact form on S° is ag = rfdel + r22d92 + r32d93. Let ¢: S5 — R3 be the
projection, where

2.2 .2
¢(r15917r27925r3793)=(r15r25r3)'
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Then the image c/)(SS) ={x1+x24+x3=1,x1 >0,x >0, x3 > 0} is a regular triangle in
R3. It is the moment polytope A. The intersection L = S° N {z122z3 = 0} is the preimage
of the union of the three edges. We put L;, = S°> N {z1 =0}, L, = S°> N {zo = 0} and
Ly = SN{z3=0}. Then L = L, UL, UL, and each L, is the standard contact 3-
sphere. Mori [15] gave an example of a contact embedding of the overtwisted contact structure
on S3 associated to the negative Hopf band. The key point of his construction was that he
connected the rotation around the barycenter of the triangle A with the non-integrability of
the induced contact structure. Ryo Furukawa extended this principle to the rotation around a
weighted excenter of the triangle. As a result, he obtained the following examples of contact
embeddings.

EXAMPLE 3.1 (Furukawa). The standard contact structure & on L(p, p — 1).
The link of the singularity {z] — z2z3 = 0} gives a contact embedding of &. The intersection

K=5n {zf — 27273 = O} is determined by

r{ =rar3,
r12+r22+r32=1,
PO —6r—63=0.

Hence the image ¢(K) is the curve {x] =x2x3} on A and K is the slice section
{p61 — 62 — 63 = 0} over ¢ (K ). On the other hand, we can obtain the standard contact struc-
ture on L(p, p — 1) by collapsing the boundaries of T, = (T2 x I, ker (f(z)dx + g(z)dy))
to circles along the characteristic foliations, where ( f, g) is a curve rotating clockwise around
(0,0) from (1,0) to (—1,—p). Thus, if ¢ : [0,1] — A is a C*-curve satisfying that
c(0) = (0,0,1), ¢(1) = (0,1,0) and ¢ rotates clockwise around (525, =, =), the
slice section {pf; — 6, — 63 = 0} over c gives the standard contact structure on L(p, p — 1).
Namely, the link K is contactomorphicto (L(p, p — 1), &). Moreover, even if the curve c sat-
isfies that ¢ ([0, %]) ={x;=0,e <x3 <1}and c([%, 1]) = {e < xp <1, x3 = 0}, the slice
section {pf; — 6, — 03 = 0} over c also gives the contact embedding of & by Gray stability.
The slice sections over ¢([0, %]) and ¢( [%, 1]) are the standard contact solid tori pasted by the

. . . -1 . o .
coordinate linear transformation <117 0 ) This viewpoint is also useful for understanding
the next example.

EXAMPLE 3.2 (Furukawa). The positive contact structure associated to the Anosov

_(r—=1 =I\(q—-1 =1\(p—-1 -1
ﬂowofTA,whereA—< 1 0)( 1 o)( 1 0)'
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Letc : [0, 1] = A be a C*°-curve such that

c(0, g ={rn=0,e <x3<1-—¢},
c(3, 5D =1{r3=0e<x; <1—¢},
c3.2D) =1 =0e<m<1-2¢)

and c rotates clockwise around the point P, where

(r—l —1 _1)te[l 5)
r—=3r—3"r-=3 12> 127>

1 og—1 -1 S s
P: N 5 te_a;a
(q—3 7 =3 q—3) [$5:7)

( -1 -1 p-
p—3 p-=3p-—

1
S)te[O,ll—z)U[;T,l].

We define the submanifold X of S° as the slice section over ¢ given by
{(r—10 —6,— 03 =0} (t € (3. 1))
{(g—1)02—63—0;=0}(t (%, %)),
{(p—1B;—0 -0 =0}(r e (2. 1).

By the observation of Example 3.1, X is the resultant contact manifold of pasting the three

. 2 . p—1 —1 g—1 -1 r—1 -1
pieces of T~ x I by thehnearmaps( ! 0),( | 0 ,and | 0 . Thus

X is obtained by pasting the boundary tori of (7% x I, ker (f(z)dx + ¢(z)dy)) by the lin-

ear map A, where <£> is a curve rotating clockwise around (8) from <i> to A G)

Therefore, it is contactomorphic to the positive contact structure associated to the suspension
Anosov flow. Indeed, the kernel of the 1-form a=%*dx A dy(vy, -) — a*dx A dy(v—, )
restricted to the torus fiber of 72 x R rotates from v4 to —v_ and there exists zo such
that the characteristic foliation on {z = zp} is given by ker (x + y). Hence, we can ob-
tain (T4, ker (B4 + B_)) by pasting the boundary tori of (7% x I, ker (h(z)dx + h2(2)dy)),
where <Z;> satisfies the same condition of rotation as (ch> We can isotope these two curves
without breaking the condition. Namely, we can isotope X to (T4, ker (84 4+ B—)) as a con-
tact manifold. Therefore, X is contactomorphic to (74, ker (B4 + —)) by Gray stability. In
the case of (p,q,r) = (2,3,6), (2,4,4), (3,3, 3), we can see that X is contactomorphic to
(Ta, ker (dy + mzdx))(m = 1, 2, 3) by the same argument.

3.2. The relation between Eg, E7, Eg and Tpgr. In Arnold’s classification list of
hypersurface singularities, the simple elliptic singularities are

Eo: B+ +23+Mmu1z2253=0 (A2 +27 #0),
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E1:fi+ 5+ +nun3=0 ' —64#0),
Es:zi+ 23+ 25+ asz212023 = 0 (1% — 432 #£ 0),
and the cusp singularities are
Tpgr 20 + 20+ 5+ 2212203 =0 (. £0, p +g ' +r7 < 1).

As we stated in §2.3, the link of a simple elliptic singularity is a Nil-manifold, while that
of a cusp singularity is a Sol-manifold. Thus they have different geometries. However, we
can treat these singularities uniformly. Indeed, we can unite the former part of Theorem 2.13
and Theorem 2.15 meaningfully by the argument using the moment polytope of 3, and also
detect the contact structure on the link.

THEOREM 3.3. The link of the surface singularity {zf + zg +25 + 212223 = O} such
that p~' + g=' +r~! < 1 is the mapping torus Ty of A, where

A r—1 —1\[(qg—-1 —-1\(p—-1 -1
- 1 0 1 0 1 0/
Moreover, the canonical contact structure on the link is contactomorphic to the contact man-
ifold X of Example 3.2.

PROOF. The strategy is roughly as follows. We consider the intersection L), =
5N {Zf + Zg +25 — Az12223 = 0} for a sufficiently large positive real number A. It is contac-
tomorphic to the link of {z] + 23 + 24 + z12223 = 0}. Since A is sufficiently large, |z12223]
is small on L. Indeed,

1 3
lz12223] < x(|Zl|p + 2217 4+ 1z31") < T

Thus L, is very close to L except on a neighborhood of the union of three circles
{zo =23 =0} U {z3 = z1 =0} U {z1 = z2 = 0}. On the other hand, for sufficiently small
e, X of Example 3.2 is also very close to L except near the three circles. Moreover, L) is
very close to X even on a neighborhood of the three circles. We can isotope L; to X as a
contact submanifold, and by Gray stability, they are contactomorphic. Let us prove the exis-
tence of a contact isotopy from L, to X. Let ¢ : R~o — R be a bump function supported

on{seR|1—-2§<s}and¢p = lon{seR|1-6<s}with0) < § < % We define
Fr=z12223 — 3 (2} + 25 + 25) and Gy, = 212223 — 1 (9 (rD)z} + ¢ ()23 + ¢ (r))2}). Note
that G;l (0) satisfies the condition of X of Example 3.2. Hence it is enough to find a contact
isotopy between F, ! (0) and G;l (0). We define H; = (1 —t) F) +tG,. For sufficiently large
A, H'(0) defines a contact isotopy. On the open set {lzil > VT=8} C $°, H7'0)is a
complex hypersurface singularity link for each ¢ € [0, 1]. Thus it is a contact submanifold on

the open set. On the other hand, H,”'(0) is close to L on U = {lz1l, |22, |z3] < /1 — %5}
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Indeed, if |z1| < /1 — %8 and X is sufficiently large, H;(z1, 22, z3) = 0 can be solved for
zj(j = 2, or 3) by the implicit function theorem and the graph is close to {z j= O} in the
sense of C* topology. Since L N U is a contact submanifold of U and the contactness is
an open condition, there exists A such that H,_1 (0) N U is a contact submanifold of U for
each ¢ € [0, 1]. For such a positive number A, H,_1 (0) is a contact submanifold of the stan-
dard contact 5-sphere for each ¢ € [0, 1]. Hence it is a contact isotopy between F. A_l (0) and

G;l (0). Therefore, L) = F,” ! (0) is diffeomorphic to the mapping torus 74 of A, where

=TT 0T D)

and the canonical contact structure is the positive contact structure associated to the sus-
pension Anosov flow on it. The above argument also works for the case of (p,q,r) =
(2,3,6),(2,4,4), (3, 3, 3), namely, the simple elliptic singularities. ]

Thus we can uniformly treat the links of these singularities with the canonical contact
structures. Let us interpret Theorem 3.3. Put

(1 0\ (1 Kk 1 0\ (1 kn '
Am,k_<l 1><0 1)...<1 1><0 1)eSL(z,Z),

where m € Z-o, k = (k1, ..., kn) € (Z>0)™. We note that A, ; is a hyperbolic matrix if
k # 0and A, o is a parabolic matrix.

THEOREM 3.4. The link of the isolated surface singularity {fm,k(zl, 72,73) = 0} is
contactomorphic to (Ty,, ., ker (B+ + B-)) ifk # 0, and to (Ta,, o, ker (dy + mzdx)) if k =
0, where

2, 3, 64k
frap @1, 22,23) =21+ 25 + 23 + 212223

2| Ak, 4tk
Prtd (21, 22,23) =27 + 25+ 25+ 212223

3+k3

34k | 3tky | ]
Btkikoky)@1,22,23) =2] ' +25 C+2zy 0 212223

It is an extension of Theorem 3.5 of [14] and is the answer for Problem 4.6 of [14].
Moreover there is no hypersurface singularity for the case where m > 3 because of the latter
part of Theorem 2.13 and Theorem 2.16. For the Euler characteristic of the Milnor fiber
P, «, the Dynkin diagram is useful. Gabriélov showed that the Dynkin diagrams of these
singularities are in the form of 7,4, ([3]). In particular, the Milnor number u is equal to
p + g +r — 1. The Milnor fiber is homotopic to the wedge of 2-spheres, where the number
of 2-spheres are equal to . Therefore, the Euler characteristic is

4k (m=1)
XPui)=1+u=p+q+r=310+k +ky (m=2)
O+ ki +ky+ ks (m=3).
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4. Hilbert modular cusps

4.1. Hilbert modular cusps. Let K be a totally real algebraic field of degree n over
Q. Then we have n distinct embeddings x — x (1 < i < n) of K in R. Let H be an
additive subgroup of K of rank n, and let V be a multiplicative subgroup of UIJ; of rankn — 1,
where UIJ; is the group of totally positive units e with e H = H. Let

G(H,V):{((e) ll))‘beH,eeV}.

Then G(H, V) acts properly discontinuously and without fixed points on the product H” of n
copies of the upper half plane H by

@1 zn) e (@Wz 00, eMg, + ™).,

We consider H”/ G (H, V') which is the completion of H* /G (H, V) by adding the one point
oo. The complete system of open neighborhoods of oo is given by the sets

(int W(d)/G(H, V)) U {o0}
where, for any positive d,
W(d) ={(z1,....z0) e H" | T Imz; > d} .

Then H" /G (H, V') is a normal complex space. The singularity oo is called a Hilbert modular
cusp. Let us check that dW(d)/G(H, V) is the link of oco.
LEMMA 4.1. The function

1
0@l n) = e
IT;_Imz;
on H" is spsh, and induces ¢ which is spsh on H'/G(H, V).

PROOF.  For the former part, we have to check that Levi matrix L, is positive definite.
Putz; = x; + iyj, then

a_1<a+1a 9y 1/ 139
dz;  2\dx; idy;)’ 9z; 2\9x; idy;j)’

Since ¢ = (y1...y2) ",
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2
Then it is easy to check that the matrix Ly, = (%)l is positive definite. For the
L) <i,j<n

latter part, we have to check that ¢ is G(H, V)-invariant. The action of G(H, V) is

(g Ii) e z) = @V D e™g, 4 p™y

and using the coordinates (x1, y1, ..., X5, Yn), Since b ¢ R,

e b
(0 1) XL V- X ) = (eWxy 46D eWyy e, 4 5™ My,

Hence

<e b) o 1 R
0 1) T ey @y T i
Thus ¢ is G(H, V)-invariant and ¢ is induced. d

We define ¢(co) = 0. Then ¢ is a real analytic function on H*/G(H, V). Thus
IWd)/GH, V) = (/3—1 (d) is the link of the Hilbert modular cusp co. Let J be the standard
complex structure on H". For the spsh function ¢ of Lemma 4.1, we put

r=—J"p, w=—dJ*de, gu,v) =w, Jv).

Then w is a symplectic form on H" compatible with J, and g is a J-invariant Riemannian met-
ric. Moreover,« = A | dW(d) is a contact form on d W (d). Since ¢ is G(H, V)-invariant, the
contact structure (0W(d)/G(H, V), ker @) is induced. It is the canonical contact structure on
the link of the Hilbert modular cusp co. By the embedding M > b — bV, @, ... b™) ¢
R", H = 7" is alattice in R". Since e H = H and e is totally positive fore € V, V is a sub-
group of SL(H). Thus the link dW(d)/G(H, V) is a T" bundle over 771 with hyperbolic
monodromies. We note that the contact form & on the link aW (1)/G(H, V) is given by
. dxi dxy,

o0 =—=+- -+
V1 Yn

4.2. The 2-dimensional case. Hirzebruch constructed the minimal resolution of a
2-dimensional Hilbert modular cusp co. As we will see, the exceptional set is a cycle of
non-singular rational curves. Thus it is a cusp singularity in the sense of Definition 2.14.

Let us assume that Z > k — by € N is a function satisfying by > 2 for all k, and by > 3
for some k. For each integer k, take a copy Ry of C? with coordinates (uy, vi). We define
R, = Ri \ {ux = 0} and R = Ry \ {vx = 0}. The equations

b
(1 Ukl = Up vk,

1

(2) vk+1 = —
Uk
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”
k+1°

identifications (1) and (2). We get a set Y. The axes {vy = 0} and {ux4; = 0} are pasted

give a biholomorphic map ¢ : R, — R In the disjoint union | Ry we make all the

together by the equation (2) and form CP!. The self-intersection number is —b; by the
equation (1). We put this rational curve S, then the intersection numbers are

Si-Si==b, Si-Si1=1, 5-S;=0(i—-jl=2).

Let us assume that the number series {b;} above is periodic and [ is the period: byy; = by (k €
7). We denote the infinite continued fraction

by — i

bkt1 — ————
biya — -+

by wyg. It is a quadratic irrational number which is greater than 1 and belongs to the real
quadratic field Q[wgo]. We consider the Z-module H = Z - wg + Z - 1. We define the action
on C? as follows. For a € H, a denotes the conjugate irrational number of the quadratic
irrational number a.

a:(z1,z22) = (z1+a,z2+a).

Since a € R, C?/H is diffeomorphic to 72> x R2. We define the map

®o:v-]Js - C/H
JjeZ

given by @ (uo, vo) = (z1, z2), where
2miz) = wologug + logvg, 2mwizo = wologug + log vy .

It is well-defined and biholomorphic. We put

yt=o '@ /H)Ul ]S
JjeZ

We define {1t }icz inductively by 110 = 1 and pes1 = wi ;s

PROPOSITION 4.2. The numbers i satisfy the following conditions.
(D) pk+1 = bepk — k1.
(2) it = mapie, (UD)" = fni-

PROPOSITION 4.3. The number y; = (wjwy . .. u)l)_1 isaunitin H and u; < 1.

PROOF. Since (MkH) = (bk _1> < He )
Wk 1 0 Mk—1
Mk+1) _ (bx —1 bo —1\ [ mo
we ) \1 0 \1 0/)\uy)"
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_ b1 -1 bg -1
() ().
P(Mo):<m>=m(uo)‘
M—1 Mi—1 M—1
1 1
P (o) =10
wo wo

Since {1, wo} is a basis of H and P € SL(2;Z), {11, mjwo} is also a basis. Hence yyH = H
and p; is aunitin H. Since wy > 1 for any &, y; < 1 is obvious. O

Put
Since pr+; = Wipk,

That is,

We consider the group V = {(u;)" | n € Z}. The action of V on Y7 is given by
(w)" : Rk — Ryt
where (u7)" (ug, vg) = (ug, vr) for (u;)" € V. The action of V on H2/H is given by
()" - (z1,22) = ((W)"z1, ()"z2) for (u)" € V.

PROPOSITION 4.4. These two actions of V on Y and on H?/ H are equivariant with
respect to @, and the action of V on Y is free and properly discontinuous.

PROOF. See the lemma of section 2.3 of [4]. O

Hence, the two quotient spaces Y+/V and (H?/H)/V are complex manifolds. We
note that (H2/H)/V = H?/G(H, V), since H is a normal subgroup of G(H, V). Since
Y(bo,...,bj_1) = YT /V is the minimal resolution of (HZ/G(H, V), oo) and the excep-

tional set Ulj_:lo S is a cycle of non-singular rational curves, o0 is a cusp singularity.

THEOREM 4.5. The link (0W/G,kera) is contactomorphic to the Sol-manifold
(Ta, ker (B+ + B-)), where

A b1 -1 by -1 !
B 1 0 1 0 ’
1 1 (1 1 1
PROOF. We have A = U and A | _ = | - ). Now we put
wo wo wo wo

< I ) = Jwp — wov, <u’1 ) = —+/wo — wov— and ,ul_l = a. Then the map
0

wo

F:Tp— 0W(1)/G ; ((x,y),2) = (y —wox, a®, y—wox, a )
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is the diffeomorphism. Since

F(A(1),o)=(0,1,a(wo—fuo),1)~F<(l),1) = (0.a, (wy —o).a”).

wo wo

F(A(.l),O)=(a_l(u')o—wo),l,0, 1)~F(<_1>,1) = (wo —wo,a,0,a”"),
wo wo

F is well-defined. Moreover the map

X2 — X1 WXz — WoXq
H:0W1)/G — Tyx ; (x1,y1,x2,¥y2) = —, = ,log, v
wo — Wy wo — Wo

is the inverse of F'. Hence dW/G is diffeomorphic to T4. Next we show that F is the
contactomorphism (74, ker (84 + B-)) = (W (1)/G, ker &), where the 1-form ¢ is induced
by

dx; dx»
a=nrlow(l)=—+ 2,
Y1 y2
Let us check that F*@ = /wg — wo(B+ + B-).
d d
Fa = F*(ﬂ + ﬁ) = a~*d(y — wox) + a*d(y — wox).
Y1 y2
d(y — wox) =+/wo —wo - dx Ady(vy, -),
d(y —wox) =—+wo—wp -dx ANdy(v—, -).
Therefore,
F*a =+/wy — wo(a *dx Ady(vy, -) —a‘dx Ady(v_, -))
=V wo — wo(B+ + B-).

If the two matrices
0 1 0 1
—1 by -1 b
r—1 =1\ (g—-1 -1\ (p—-1 -1
1 0 1 0 1 0

are conjugate in SL(2; Z), the two links K and 0 W /G are orientation preserving diffeomor-
phic. Such a series by, ..., bj_1 is uniquely determined by p, g, r up to cyclic permutation.

and
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Concretely,
bo=3,b1=---=b7=2 (p=2,9g=3,r=7),
bo=4b1=---=b_5=2 (p=2,9g=4,r=5),
bo=bg—4=3,b1=--=by_5=bg_3=...bg1r—9=2 (p=2,9>25,1r25),
bo=5b = =b_4=2(p=q=3124),
bop=4br=-=bj4=bg2="-=bgyr7=2 (p=3.9,7 =24,
by=---=bpa=bpor=-=bprg1=bpyg-5=---=bprgtr-10=2,
bo=bp-3=bpiq-6=3(p,q,r =4).

Since cusp singularities are taut, the T}, singularity is analytically equivalent to the cusp sin-
gularity co. Then the two links (K, & |K) and (0 W/G, ker &) are contactomorphic, because
the contact isotopy type of the link of an isolated singularity is unique [2].

THEOREM 4.6. (K, &|K) is contactomorphic to (T4, ker (B+ + B-)).

5. The Lutz-Mori tube

DEFINITION 5.1 (Liouville pairs). A Liouville pair on an oriented manifold N2*~! is
a pair of a positive contact form &, and a negative contact form &@_ on N2"~! such that the
1-form B = exp (—s)@_ +exps - @4 on R x N2*~! satisfies dB" > 0.

DEFINITION 5.2 (The Lutz-Mori tube). Let (&4, &_) be a Liouville pair on N2*~ 1,
The 1-form
1 —coss _ 1+ coss _

y = 5o + 59— s sin sd@

defines the contact structure on N2"~1 x D2, where (s, 6) are the polar coordinates of the disk
D? with the radius 7. We call (N¥"~! x D?, ker y) the Lutz-Mori tube.

DEFINITION 5.3 (The Lutz-Mori twist). Suppose that (N>"~!, ker &, ) is a codimen-
sion two contact submanifold of a contact manifold (M2*+!, ker B) with trivial normal bundle.
By the tubular neighborhood theorem for contact submanifolds, there is a small tubular neigh-
borhood of N2*~! contactomorphic to (N?'=1 x D2 ker (G4 + r2d0)) (0 < r < ¢). Putting
s = r + 7 and slightly deform the contact structure ker(a4 + r2df) on {0 < r < &}, we can
insert the Lutz-Mori tube along the contact submanifold N2*~! to get a possibly new contact
structure on M>" !, We call this operation the Lutz-Mori twist.

Mori originally defined the Lutz-Mori tube by using a Geiges pair (&4, &_), which is a
special type of a Liouville pair satisfying the condition that

el =a o ndat nda T =0

@y Andak A da aly
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for all 0 < k < n — 1. Massot, Niederkriiger, and Wendl in [11] generalized the definition
as above by using a Liouville pair. Moreover they constructed the example of the (2n + 1)-
dimensional Lutz-Mori tube by proving the following proposition. Let N**~! = dw(1)/
G(H, V) and @+ be the 1-forms on N>*~! induced by the 1-forms o+ on dW (1), where

dx dx
0y =+—L 4.4
Y1 Yn

PROPOSITION 5.4 (The section 7 of [11]). The pair (&4, @—) is a Liouville pair on
N?"=1In particular, the 1-form

1 —coss _ 14 coss _ .
y = > ay + 7 a_ — ssinsdf

defines the (2n + 1)-dimensional Lutz-Mori tube (N2”_1 x D2, ker ¥).

They also proved that the Lutz-Mori tube contains a bordered Legendrian open book
(bLob), a generalization of a plastikstufe ([16]), which prevents the weak symplectic filling.

EXAMPLE 5.5. In the case where N! = S! with a coordinate z, (G4,a_) =
(dz, —dz) is a Liouville pair on S!. The contact form

y = —cossdz — s sinsdf
defines the usual Lutz tube structure on the solid torus S! x D?2.

EXAMPLE 5.6. In the case where N3 = Ty, (@4, 0-) = (B4 + B—, B+ — B_) is a
Liouville pair on T4. The contact form

y =B+ —coss-B_ —ssins - db

defines the 5-dimensional Lutz-Mori tube (T4 x D? kery). This is the original example
which Mori constructed in [14].

REMARK 5.7. The usual Lutz twist can be performed in a 3-dimensional Darboux
chart. The resultant contact structure is overtwisted, thus it is not weakly fillable. If A is

. r—1 —1\[(g—1 —1\(p—1 -—1Y\. .
comugateto( | 0>< | 0)( | 0)1nSL(2,Z)f0rs0mep,q,rsuch

that p~! +¢~' +r~! < I, then the Lutz-Mori twist associated to T4 can be performed in a
5-dimensional Darboux chart, because the link of T, singularity is a contact submanifold of
(83, &p) contactomorphicto (T4, ker (B+ + B-)). If we perform the Lutz-Mori twist along the

link, the resultant contact structure on S° is not weakly fillable. Thus it is not contactomorphic
to the standard one.

Next we show an example of the 7-dimensional Lutz-Mori tube whose core is the link of
a 3-dimensional Hilbert modular cusp.
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EXAMPLE 5.8. Let¢ = exp@ and p; = ¢ + ¢~!. The minimal polynomial of

p1 = 2cos 27” is x3 + x2 — 2x — 1 = 0. The other solutions are py = ¢2 + {2 = 2cos 47”
and p3 = ¢* 4+ ¢7* = 2cos 87”. Thus p; is an irrational number of degree 3. Let H =
Z.®Zp1 ®Zpy. Thenr; =2+ p1, 72 =2+ pz and r3 = 2 + p3 are totally positive units in

the Z-module H satisfying rr2r3 = 1. Thus the multiplicative group V = {r{'r} | n,m € Z}
is a subgroup of U;; of rank 2. The link of the Hilbert modular cusp (H3/G(H, V), c0) is

a T3 bundle over T2 with monodromies A1 and Ay € SL(3;Z), which are representation
matrices of the actions of r; and r, to the lattice H. Let us determine the matrices. We fix a

1 P1 P2
basis of the lattice H C R3asu; = [ 1|, ur = p2 |,anduz = | p3 |. Since
1 r3 P1
r 2+ p1
ricur=|ra| =2+ 02| =2u1 +us,
r3 2+ p3
r1p1 2p1 + p}
ricuz=|rp | =202+ 05 | =2u1 +2uz +us,
r3p3 203+ p3
rip2 pi—3
ricus=[rps|=|p3—3|=—-ur+us,
r3pi p3—3
2 2 -1 2 -1 1
wehave Ay = |1 2 O |. Similarly, A, = |0 2 —1]. They have common eigen
0 1 1 1 -1 1

vectors vy = pru +uz — pau3, v = pou1 +uy — p3uz and v3 = p3u +uz — pju3. Indeed,
they satisfy that

Ay =rivr, A =nruv, Ajvz=r3vs,
Arvy = vy, Ay =r3va, Arvz =riv3.
Let Ta,,a, be the T3 bundle over T? with monodromy A and A,. Then the 1-forms
B =r{’ry'dx Ady Adz(, v, v3),
B =r3"ry'dx Ady Adz(vr, -, v3),
B3 =ry*r'dx Ady Adz(vi, v, )

define foliations on T4, a,, Where (x, y, z) is a coordinate on T3 and (s, t) is a coordinate on
T2, The pair (81 + B2 + B3, —P1 + B2 + B3) is a Liouville pair on T4, 4,. Therefore the
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1-form
y = B2+ B3 —coss - B1 — s sinsdf

defines the 7-dimensional Lutz tube (T4, 4, x D?, kery).

Thomas and Vasquez gave the minimal resolutions of some 3-dimensional Hilbert mod-
ular cusps ([18]). Their examples contain the cusp of Example 5.8. The resolutions are toric
manifolds and the weighted dual graph can be seen as a triangulation of the 2-torus. It is
known that the 3-dimensional Hilbert modular cusps are not Gorenstein, thus the singularities
cannot be embedded in C*. However, we can ask the following question.

PROBLEM 5.9. Is it possible to embed the link of a 3-dimensional Hilbert modular
cusp in (87, &) as a contact submanifold?

If it is possible, the associated 7-dimensional Lutz-Mori twist can be performed in a
Darboux chart. However, it may be a hard problem. For, there are not so many known re-
sults about the existence of codimension two contact embeddings in a Darboux chart. Up
to now, the only found obstructions are the Chern classes of the contact manifold [7], which
vanish for (T4, a,, ker (81 + B2 + B3)). What is worse is that we do not even know the exis-
tence of an embedding of T4, 4, in S” as a submanifold. The author suspect that open book
decompositions might be useful for solving these difficulties. The supporting open book de-
composition of the 5-dimensional contact manifold (W (1)/G(H, V), ker @) is given by a

cusp form, which is a holomorphic function on H3/G (H, V) vanishing at co. Interpreting the
information of the minimal resolution given by Thomas and Vasquez, we can see the structure
of the open book, in principle. It will be the first step of solving the problem.
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