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Abstract. Caubel, Nemethi, and Popescu-Pampu in [2] proved that an oriented 3-manifold admits at most
one positive contact structure which can be realized as the complex tangency along the link of a complex surface
singularity. They call it the Milnor fillable contact structure. Lekili and Ozbagci in [10] showed that a Milnor fillable
contact structure is universally tight. In particular, by Honda’s classification [5], the link of a cusp singularity is
contactomorphic to the positive contact structure associated to the Anosov flow on a Sol-manifold (see [1]). We de-
scribe the contact structure on the link of a cusp singularity in two different ways without using Honda’s classification
theorem. One description is based on the toric method introduced in Mori [15]. The other description is based on
Hirzebruch’s construction of the Hilbert modular cusps. Consequently, we give certain answers to the problems in
Mori [14] concerning the relation between the cusp singularities and the simple elliptic singularities, and the higher
dimensional extension of the local Lutz-Mori twist.

1. Introduction

Caubel, Nemethi, and Popescu-Pampu in [2] proved that an oriented 3-manifold admits
at most one positive contact structure which can be realized as the complex tangency along
the link of a complex surface singularity. They call it the Milnor fillable contact structure.
Lekili and Ozbagci in [10] showed that a Milnor fillable contact structure is universally tight.
In particular, by Honda’s classification [5], the link of a cusp singularity is contactomor-
phic to the positive contact structure associated to the Anosov flow on a Sol-manifold (see
[1]). We describe the contact structure on the link of a cusp singularity in two different ways
without using Honda’s classification theorem. A mapping torus TA of a hyperbolic automor-
phism A ∈ SL(2; Z) of the 2-torus is called a Sol-manifold. The suspension Anosov flow
on TA induces a positive contact structure ker (β+ + β−) and a negative contact structure
ker (β+ − β−), where β+ and β− are the 1-forms defining the Anosov foliations. They form
a bi-contact structure on TA. Atsuhide Mori defined the Lutz-Mori tube, a generalization of
the Lutz tube to higher dimensional contact geometry ([14]; see also [11]). He inserted a
5-dimensional Lutz-Mori tube along a codimension 2 contact submanifold in the standard S5
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using an isolated surface singularity in C3 whose link is (TA, ker (β+ + β−)) for some hyper-
bolic matrix A. From Laufer [9] and Karras [6], we see that it is analytically equivalent to

a cusp singularity
{
z
p
1 + z

q
2 + zr

3 + λz1z2z3 = 0
}

(λ �= 0, p−1 + q−1 + r−1 < 1) which is
known as the Tpqr singularity. In this paper, we prove that the link of a Tpqr singularity is
contactomorphic to (TA, ker (β+ + β−)) for some hyperbolic matrix A, in two ways.

1) The toric proof. This is an interpretation of the recent work of Ryo Furukawa (see
§3). He constructed the examples of contact embeddings of hyperbolic mapping tori in the

standard contact 5-sphere using the moment polytope of S5. We can perturb the singularity
link of Tpqr to his model as a contact submanifold of the standard contact 5-sphere. We also

apply this method to the simple elliptic singularities, Ẽ6 : {
z3

1 + z3
2 + z3

3 + λ1z1z2z3 = 0
}
,

Ẽ7 : {
z2

1 + z4
2 + z4

3 + λ2z1z2z3 = 0
}

and Ẽ8 : {
z2

1 + z3
2 + z6

3 + λ3z1z2z3 = 0
}

(λ1
3 + 27 �=

0, λ2
4 −64 �= 0, λ3

6 −432 �= 0). In Arnold’s classification of hypersurface singularities, they
are related with cusp singularities, T334, T245 and T237, respectively. However, the geometrical
meaning of the relation was not clear. We give a new aspect to this relation through the
moment polytope. Namely,

THEOREM (Theorem 3.4). Put

Am,k =
(

1 0
1 1

) (
1 k1

0 1

)
. . .

(
1 0
1 1

)(
1 km

0 1

)
∈ SL(2; Z) ,

where m ∈ Z>0, k = (k1, . . . , km) ∈ (Z≥0)
m. The link of the isolated surface singular-

ity
{
fm,k(z1, z2, z3) = 0

}
is contactomorphic to (TAm,k , ker (β+ + β−)) if k �= 0, and to

(TAm,0 , ker (dy + mzdx)) if k = 0, where

f1,(k1)(z1, z2, z3) = z2
1 + z3

2 + z
6+k1
3 + z1z2z3

f2,(k1,k2)(z1, z2, z3) = z2
1 + z

4+k1
2 + z

4+k2
3 + z1z2z3

f3,(k1,k2,k3)(z1, z2, z3) = z
3+k1
1 + z

3+k2
2 + z

3+k3
3 + z1z2z3 .

2) The proof based on Hirzebruch’s work. Given an algebraic number field of degree
n over Q, Hirzebruch constructed a Hilbert modular cusp ([4]). In the case where n = 2, he
constructed the minimal resolution of a Hilbert modular cusp. This enables us to detect the
contact structure on the link of a cusp singularity (§4).

We also argue the localization of the Lutz-Mori twist for the case where n ≥ 3, and
arrange the problem (§5).
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2. Preliminary

2.1. Sol-manifolds and bi-contact structures. Let

(
x

y

)
be the coordinates on the

torus T 2 = R2/Z2 and (

(
x

y

)
, z) be the coordinates on T 2 × [0, 1]. Let A be an element of

SL(2, Z) such that tr(A) > 2. Then the matrix A has two positive eigenvalues a and a−1 and
the corresponding eigenvectors v+ and v−, where a > 1 and dx ∧ dy(v+, v−) = 1.

DEFINITION 2.1 (Hyperbolic mapping tori). We define an equivalence relation ∼ on

T 2 × [0, 1] by (A

(
x

y

)
, 0) ∼ (

(
x

y

)
, 1). The quotient TA = T 2 × [0, 1]/ ∼ is called a

hyperbolic mapping torus.

DEFINITION 2.2 (Sol-manifolds). The Lie group Sol3 is the split extension 1 →
R2 → Sol3 → R → 1 whose group structure is given by

(u, v; w) · (u′, v′; w′) = (u + exp w · u′, v + exp (−w) · v′; w + w′) on R2 × R .

There is a left invariant metric exp (−2w)du ⊗ du + exp (2w)dv ⊗ dv + dw ⊗ dw on Sol3.

Let Γ be a cocompact discrete subgroup of Sol3. The compact quotient M3 = Γ \Sol3 is
called a Sol-manifold.

The discrete subgroups of Sol3 are all of the forms Γ = H � V = (Z × Z) � Z. The
quotient of R2 by the lattice H is T 2, while the quotient of R by V is a circle. The quotient

M3 = Γ \Sol3 is a T 2-bundle over S1 with hyperbolic monodromy. Conversely, a hyperbolic
mapping torus TA is a Sol-manifold. The left invariant 1-forms exp (−w)du and − exp wdv

on Sol3 induce the 1-forms β+ = a−zdx ∧ dy(v+, · ) and β− = −azdx ∧ dy(v−, · ) on TA.

DEFINITION 2.3 (Anosov flows). A non-singular flow φt on a closed oriented 3-

manifold M3 is an Anosov flow if the tangent bundle T M3 has the φt -invariant decomposition

for some Riemannian metric g on M3 such that T M3 = T φ ⊕ Euu ⊕ Ess , where

T φ = {tangent vectors along the flow lines} ,

Euu = {
v ∈ T M3; ‖(φt )∗v‖ ≥ c−1 exp(λt)‖v‖, t > 0

}
,

Ess = {
v ∈ T M3; ‖(φt )∗v‖ ≤ c exp(−λt)‖v‖, t > 0

}
,

for some constants c ≥ 1 and λ > 0. We call Es = T φ ⊕ Ess(resp. Eu = T φ ⊕ Euu)

weakly stable (resp. unstable) plane field. We obtain two codimension 1 foliations, the
unstable foliation Fu and the stable foliation Fs by integrating Eu and Es respectively. They
are called Anosov foliations.
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DEFINITION 2.4 (Bi-contact structures [13]). A bi-contact structure on M3 is a pair

of a positive contact structure ξ+ and a negative contact structure ξ− on M3 which are trans-
verse to each other.

Mitsumatsu in [13] constructed a bi-contact structure associated to an algebraic Anosov
flow on a closed 3-manifold. In particular, there is a bi-contact structure on a Sol-manifold
associated to the suspension Anosov flow.

EXAMPLE 2.5 (Mitsumatsu [13]). Let M3 be a Sol-manifold TA and fix a Riemann-
ian metric g = β+ ⊗β+ +β− ⊗β− + dz⊗ dz. Then the flow φt(x, y, z) = (x, y, z+ t) is an

Anosov flow with the stable foliation Fs = ker β+ =< ( ∂
∂z

), v− > and the unstable foliation

Fu = ker β− =< ( ∂
∂z

), v+ >. Moreover, ξ+ = ker(β+ + β−) and ξ− = ker(β+ − β−) form

a bi-contact structure on TA. We can see that the flow φt pushes the plane fields ξ+ and ξ−
towards Fu (or Fs if you flow backward). More precisely,

lim
t→+∞(φt )∗ξ+ = lim

t→+∞(φt )∗ξ− = Eu

and

lim
t→−∞(φt )∗ξ+ = lim

t→−∞(φt )∗ξ− = Es .

REMARK 2.6. The 1-forms β+ + β− and β+ − β− are induced by left invariant con-
tact forms exp (−w)du − exp wdv and exp (−w)du + exp wdv on Sol3, respectively. The

universal covering of (TA, ker (β+ + β−)) is (Sol3, ker (exp (−w)du − exp wdv)), which is

the standard positive contact structure on R3. Thus (TA, ker (β+ + β−)) is universally tight
and it is the unique positive contact structure on TA that is universally tight and minimally
twisting ([5]). Similarly, (TA, ker (β+ − β−)) is the unique negative contact structure on TA

that is universally tight and minimally twisting.

2.2. Nil-manifolds

DEFINITION 2.7 (Nil-manifolds). The Lie group N is the central extension 1 →
R → N → R2 → 1 whose group structure is given by

(u, v; w) · (u′, v′; w′) = (u + u′, v + v′; w + w′ + uv′) on R2 × R.

Let Γ be a cocompact discrete subgroup of N . The compact quotient M3 = Γ \N is called a
Nil-manifold.

We note that N is the Heisenberg group of real matrices and a Nil-manifold is a parabolic

mapping torus TA, where A =
(

1 0
m 1

)
for some m ∈ Z. On a Nil-manifold TA, there is a

left invariant positive contact form αm = dy + mzdx. The contact structure (TA, ker αm) is
the unique universally tight, minimally twisting structure ([5]). We also note that there is no
Anosov flows on Nil-manifolds ([13]).
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2.3. Simple elliptic singularities and cusp singularities. In this subsection, we re-
mind the definitions of a simple elliptic singularity and a cusp singularity. Moreover, we

confirm that a simple elliptic singularity in C3 is Ẽ6, Ẽ7 or Ẽ8, and a cusp singularity in C3

is the Tpqr singularity.

DEFINITION 2.8 (Normal surface singularities). Let (X, 0) be an isolated surface sin-
gularity germ. We say that (X, 0) is normal if every bounded holomorphic function on
X∗ = X − 0 extends to a holomorphic function at 0.

DEFINITION 2.9 (Resolutions, exceptional sets). Let (X, 0) be a normal surface sin-

gularity. Then there exists a non-singular complex surface X̃ and a proper analytic map

π : X̃ → X satisfying the following conditions (1) and (2).

(1) E = π−1(0) is a divisor in X̃, i.e., a union of 1-dimensional compact curves in X̃;
and

(2) the restriction of π to π−1(X∗) is a biholomorphic map between X̃ − E and X∗.

The surface X̃ is called a resolution of the singularity of X, and π : X̃ → X is the resolution
map. The divisor E is called the exceptional set. The divisor E is good if it satisfies the
following two conditions:

(3) Each irreducible component Ei of E is non-singular; and
(4) E has normal crossings, i.e., Ei intersects Ej , i �= j , in at most one point, where

they meet transversally, and no three of them intersect at the same point.

DEFINITION 2.10 (Minimal resolutions). A resolution π : X̃ → X is minimal if any

resolution π ′ : X̃′ → X, there is a proper analytic map p : X̃′ → X such that π ′ = π ◦ p.

By Castelnuovo’s criterion, minimality of a resolution is equivalent to the condition that
the exceptional set contains no non-singular rational curves with self-intersection −1.

DEFINITION 2.11 (Singularity links). Let X be a complex analytic variety of dimen-
sion at least 2 with only one singular point x. Let r : X → [0,∞) be a real analytic function

on X such that r−1(0) = x, and r is strictly pluri-subharmonic (spsh) on X − {x}. For ε > 0

sufficiently small, r has no critical points in r−1(0, ε]. We define a link of germ (X, x) to be

r−1(ε). Any two links of (X, x) are diffeomorphic.

DEFINITION 2.12 (Simple elliptic singularities). Let (X, 0) be a normal surface sin-

gularity and π : X̃ → X be the minimal resolution of (X, 0). We say that (X, 0) is a simple
elliptic singularity if the exceptional set E = π−1(0) is a non-singular elliptic curve.

The boundary of the tubular neighborhood of such an elliptic curve is a parabolic map-
ping torus. Thus the link of a simple elliptic singularity is a Nil-manifold. K. Saito gave a

description of simple elliptic singularities which can be surface singularities in C3.

THEOREM 2.13 (Saito [17]). If a simple elliptic singularity is embedded in C3, it is

analytically equivalent to Ẽ6, Ẽ7 and Ẽ8.



6 NAOHIKO KASUYA

Since they satisfy E2 = −3,−2, and −1 respectively, their links are the mapping tori of
(

1 0
3 1

)
,

(
1 0
2 1

)
, and

(
1 0
1 1

)
.

DEFINITION 2.14 (Cusp singularities). Let (X, 0) be a normal surface singularity and

π : X̃ → X be the minimal resolution of (X, 0). We say that (X, 0) is a cusp singularity if the
exceptional set E = π−1(0) is a cycle of non-singular rational curves, i.e., Ei intersects Ei+1

transversally at one point for 1 ≤ i ≤ n and E has no other crossings, where E = ⋃n
i=1 Ei

and En+1 means E1.

The graph manifold obtained by plumbing along such a cyclic weighted graph is a hy-
perbolic mapping torus. Thus the link of a cusp singularity is a Sol-manifold. The following

theorem gives embeddings of cusp singularities into C3.

THEOREM 2.15 (Laufer [9]). Tpqr singularity is a cusp singularity whose link K is
diffeomorphic to the hyperbolic mapping torus TA, where

A =
(

r − 1 −1
1 0

) (
q − 1 −1

1 0

) (
p − 1 −1

1 0

)
.

THEOREM 2.16 (Karras [6]). If a cusp singularity is embedded in C3, then it is ana-

lytically equivalent to Tpqr singularity for some p, q, r ∈ Z≥2 with 1
p

+ 1
q

+ 1
r

< 1.

REMARK 2.17. Laufer [8] also proved that cusp singularities are taut, that is, any
two cusp singularities whose links are orientation preserving homeomorphic are analytically
equivalent. On the other hand, the simple elliptic singularities are not taut. For example, two

singularities
{
z3

1 + z3
2 + z3

3 = 0
}

and
{
z3

1 + z3
2 + z3

3 + z1z2z3 = 0
}

have the common resolu-
tion graph. However they are not analytically equivalent to each other.

The canonical contact structure on the link K is the restriction (K, ξ0|K) of the stan-
dard contact structure (S5

ε , ξ0). In the following two sections, we investigate the structure of
(K, ξ0|K).

3. The toric proof

3.1. The moment polytope of S5. Let (r1, θ1, r2, θ2, r3, θ3) be the polar coordinates

on S5 ⊂ C3, where

(z1, z2, z3) = (r1 exp (2πiθ1), r2 exp (2πiθ2), r3 exp (2πiθ3)) ∈ C3 ,

S5 = {
r2

1 + r2
2 + r2

3 = 1
}
.

The standard contact form on S5 is α0 = r2
1dθ1 + r2

2 dθ2 + r2
3dθ3. Let φ : S5 → R3 be the

projection, where

φ(r1, θ1, r2, θ2, r3, θ3) = (r2
1 , r2

2 , r2
3 ) .
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Then the image φ(S5) = {x1 + x2 + x3 = 1, x1 ≥ 0, x2 ≥ 0, x3 ≥ 0} is a regular triangle in

R3. It is the moment polytope �. The intersection L = S5 ∩ {z1z2z3 = 0} is the preimage

of the union of the three edges. We put Lz1 = S5 ∩ {z1 = 0}, Lz2 = S5 ∩ {z2 = 0} and

Lz3 = S5 ∩ {z3 = 0}. Then L = Lz1 ∪ Lz2 ∪ Lz3 and each Lzi is the standard contact 3-
sphere. Mori [15] gave an example of a contact embedding of the overtwisted contact structure
on S3 associated to the negative Hopf band. The key point of his construction was that he
connected the rotation around the barycenter of the triangle � with the non-integrability of
the induced contact structure. Ryo Furukawa extended this principle to the rotation around a
weighted excenter of the triangle. As a result, he obtained the following examples of contact
embeddings.

EXAMPLE 3.1 (Furukawa). The standard contact structure ξ on L(p, p − 1).
The link of the singularity

{
z
p

1 − z2z3 = 0
}

gives a contact embedding of ξ . The intersection

K = S5 ∩ {
z
p

1 − z2z3 = 0
}

is determined by
⎧
⎪⎪⎨

⎪⎪⎩

r
p

1 = r2r3 ,

r2
1 + r2

2 + r2
3 = 1 ,

pθ1 − θ2 − θ3 = 0 .

Hence the image φ(K) is the curve
{
x

p

1 = x2x3
}

on � and K is the slice section
{pθ1 − θ2 − θ3 = 0} over φ(K). On the other hand, we can obtain the standard contact struc-
ture on L(p, p − 1) by collapsing the boundaries of Tp = (T 2 × I, ker (f (z)dx + g(z)dy))

to circles along the characteristic foliations, where (f, g) is a curve rotating clockwise around
(0, 0) from (1, 0) to (−1,−p). Thus, if c : [0, 1] → � is a C∞-curve satisfying that

c(0) = (0, 0, 1), c(1) = (0, 1, 0) and c rotates clockwise around
( p

p−2 , −1
p−2 , −1

p−2

)
, the

slice section {pθ1 − θ2 − θ3 = 0} over c gives the standard contact structure on L(p, p − 1).
Namely, the link K is contactomorphic to (L(p, p−1), ξ). Moreover, even if the curve c sat-

isfies that c([0, 1
3 ]) = {x2 = 0, ε ≤ x3 ≤ 1} and c([ 2

3 , 1]) = {ε ≤ x2 ≤ 1, x3 = 0}, the slice
section {pθ1 − θ2 − θ3 = 0} over c also gives the contact embedding of ξ by Gray stability.

The slice sections over c([0, 1
2 ]) and c([ 1

2 , 1]) are the standard contact solid tori pasted by the

coordinate linear transformation

(
p −1
1 0

)
. This viewpoint is also useful for understanding

the next example.

EXAMPLE 3.2 (Furukawa). The positive contact structure associated to the Anosov

flow of TA, where A =
(

r − 1 −1
1 0

) (
q − 1 −1

1 0

) (
p − 1 −1

1 0

)
.
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Let c : [0, 1] → � be a C∞-curve such that
⎧
⎪⎪⎨

⎪⎪⎩

c([0, 1
6 ]) = {x2 = 0, ε ≤ x3 ≤ 1 − ε} ,

c([ 1
3 , 1

2 ]) = {x3 = 0, ε ≤ x1 ≤ 1 − ε} ,

c([ 2
3 , 5

6 ]) = {x1 = 0, ε ≤ x2 ≤ 1 − ε}
and c rotates clockwise around the point P , where

P =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(
r − 1

r − 3
,

−1

r − 3
,

−1

r − 3
) t ∈ [ 1

12 , 5
12 ) ,

(
−1

q − 3
,
q − 1

q − 3
,

−1

q − 3
) t ∈ [ 5

12 , 3
4 ) ,

(
−1

p − 3
,

−1

p − 3
,
p − 1

p − 3
) t ∈ [0, 1

12 ) ∪ [ 3
4 , 1] .

We define the submanifold X of S5 as the slice section over c given by
⎧
⎪⎪⎨

⎪⎪⎩

{(r − 1)θ1 − θ2 − θ3 = 0} (t ∈ ( 1
6 , 1

3 )) ,

{(q − 1)θ2 − θ3 − θ1 = 0} (t ∈ ( 1
2 , 2

3 )) ,

{(p − 1)θ3 − θ1 − θ2 = 0} (t ∈ ( 5
6 , 1)) .

By the observation of Example 3.1, X is the resultant contact manifold of pasting the three

pieces of T 2 × I by the linear maps

(
p − 1 −1

1 0

)
,

(
q − 1 −1

1 0

)
, and

(
r − 1 −1

1 0

)
. Thus

X is obtained by pasting the boundary tori of (T 2 × I, ker (f (z)dx + g(z)dy)) by the lin-

ear map A, where

(
f

g

)
is a curve rotating clockwise around

(
0
0

)
from

(
1
1

)
to A

(
1
1

)
.

Therefore, it is contactomorphic to the positive contact structure associated to the suspension
Anosov flow. Indeed, the kernel of the 1-form a−zdx ∧ dy(v+, · ) − azdx ∧ dy(v−, · )

restricted to the torus fiber of T 2 × R rotates from v+ to −v− and there exists z0 such
that the characteristic foliation on {z = z0} is given by ker (x + y). Hence, we can ob-

tain (TA, ker (β+ + β−)) by pasting the boundary tori of (T 2 × I, ker (h1(z)dx + h2(z)dy)),

where

(
h1

h2

)
satisfies the same condition of rotation as

(
f

g

)
. We can isotope these two curves

without breaking the condition. Namely, we can isotope X to (TA, ker (β+ + β−)) as a con-
tact manifold. Therefore, X is contactomorphic to (TA, ker (β+ + β−)) by Gray stability. In
the case of (p, q, r) = (2, 3, 6), (2, 4, 4), (3, 3, 3), we can see that X is contactomorphic to
(TA, ker (dy + mzdx))(m = 1, 2, 3) by the same argument.

3.2. The relation between Ẽ6, Ẽ7, Ẽ8 and Tpqr . In Arnold’s classification list of
hypersurface singularities, the simple elliptic singularities are

Ẽ6 : z3
1 + z3

2 + z3
3 + λ1z1z2z3 = 0 (λ1

3 + 27 �= 0) ,
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Ẽ7 : z2
1 + z4

2 + z4
3 + λ2z1z2z3 = 0 (λ2

4 − 64 �= 0) ,

Ẽ8 : z2
1 + z3

2 + z6
3 + λ3z1z2z3 = 0 (λ3

6 − 432 �= 0) ,

and the cusp singularities are

Tpqr : z
p

1 + z
q

2 + zr
3 + λz1z2z3 = 0 (λ �= 0, p−1 + q−1 + r−1 < 1) .

As we stated in §2.3, the link of a simple elliptic singularity is a Nil-manifold, while that
of a cusp singularity is a Sol-manifold. Thus they have different geometries. However, we
can treat these singularities uniformly. Indeed, we can unite the former part of Theorem 2.13

and Theorem 2.15 meaningfully by the argument using the moment polytope of S5, and also
detect the contact structure on the link.

THEOREM 3.3. The link of the surface singularity
{
z
p

1 + z
q

2 + zr
3 + z1z2z3 = 0

}
such

that p−1 + q−1 + r−1 ≤ 1 is the mapping torus TA of A, where

A =
(

r − 1 −1
1 0

) (
q − 1 −1

1 0

) (
p − 1 −1

1 0

)
.

Moreover, the canonical contact structure on the link is contactomorphic to the contact man-
ifold X of Example 3.2.

PROOF. The strategy is roughly as follows. We consider the intersection Lλ =
S5∩{

z
p

1 + z
q

2 + zr
3 − λz1z2z3 = 0

}
for a sufficiently large positive real number λ. It is contac-

tomorphic to the link of
{
z
p

1 + z
q

2 + zr
3 + z1z2z3 = 0

}
. Since λ is sufficiently large, |z1z2z3|

is small on Lλ. Indeed,

|z1z2z3| <
1

λ
(|z1|p + |z2|q + |z3|r ) <

3

λ
.

Thus Lλ is very close to L except on a neighborhood of the union of three circles
{z2 = z3 = 0} ∪ {z3 = z1 = 0} ∪ {z1 = z2 = 0}. On the other hand, for sufficiently small
ε, X of Example 3.2 is also very close to L except near the three circles. Moreover, Lλ is
very close to X even on a neighborhood of the three circles. We can isotope Lλ to X as a
contact submanifold, and by Gray stability, they are contactomorphic. Let us prove the exis-
tence of a contact isotopy from Lλ to X. Let φ : R≥0 → R be a bump function supported

on {s ∈ R | 1 − 2δ ≤ s} and φ ≡ 1 on {s ∈ R | 1 − δ ≤ s} with 0 < δ < 1
5 . We define

Fλ = z1z2z3 − 1
λ
(z

p

1 + z
q

2 + zr
3) and Gλ = z1z2z3 − 1

λ
(φ(r2

1 )z
p

1 + φ(r2
2 )z

q

2 + φ(r2
3 )zr

3). Note

that G−1
λ (0) satisfies the condition of X of Example 3.2. Hence it is enough to find a contact

isotopy between F−1
λ (0) and G−1

λ (0). We define Ht = (1− t)Fλ + tGλ. For sufficiently large

λ, H−1
t (0) defines a contact isotopy. On the open set

{|zi | >
√

1 − δ
} ⊂ S5, H−1

t (0) is a
complex hypersurface singularity link for each t ∈ [0, 1]. Thus it is a contact submanifold on

the open set. On the other hand, H−1
t (0) is close to L on U = {|z1|, |z2|, |z3| <

√
1 − 1

2δ
}
.
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Indeed, if |z1| <

√
1 − 1

2δ and λ is sufficiently large, Ht(z1, z2, z3) = 0 can be solved for

zj (j = 2, or 3) by the implicit function theorem and the graph is close to
{
zj = 0

}
in the

sense of C∞ topology. Since L ∩ U is a contact submanifold of U and the contactness is

an open condition, there exists λ such that H−1
t (0) ∩ U is a contact submanifold of U for

each t ∈ [0, 1]. For such a positive number λ, H−1
t (0) is a contact submanifold of the stan-

dard contact 5-sphere for each t ∈ [0, 1]. Hence it is a contact isotopy between F−1
λ (0) and

G−1
λ (0). Therefore, Lλ = F−1

λ (0) is diffeomorphic to the mapping torus TA of A, where

A =
(

r − 1 −1
1 0

) (
q − 1 −1

1 0

) (
p − 1 −1

1 0

)

and the canonical contact structure is the positive contact structure associated to the sus-
pension Anosov flow on it. The above argument also works for the case of (p, q, r) =
(2, 3, 6), (2, 4, 4), (3, 3, 3), namely, the simple elliptic singularities. �

Thus we can uniformly treat the links of these singularities with the canonical contact
structures. Let us interpret Theorem 3.3. Put

Am,k =
(

1 0
1 1

) (
1 k1

0 1

)
. . .

(
1 0
1 1

) (
1 km

0 1

)
∈ SL(2; Z),

where m ∈ Z>0, k = (k1, . . . , km) ∈ (Z≥0)
m. We note that Am,k is a hyperbolic matrix if

k �= 0 and Am,0 is a parabolic matrix.

THEOREM 3.4. The link of the isolated surface singularity
{
fm,k(z1, z2, z3) = 0

}
is

contactomorphic to (TAm,k , ker (β+ + β−)) if k �= 0, and to (TAm,0 , ker (dy + mzdx)) if k =
0, where

f1,(k1)(z1, z2, z3) = z2
1 + z3

2 + z
6+k1
3 + z1z2z3

f2,(k1,k2)(z1, z2, z3) = z2
1 + z

4+k1
2 + z

4+k2
3 + z1z2z3

f3,(k1,k2,k3)(z1, z2, z3) = z
3+k1
1 + z

3+k2
2 + z

3+k3
3 + z1z2z3 .

It is an extension of Theorem 3.5 of [14] and is the answer for Problem 4.6 of [14].
Moreover there is no hypersurface singularity for the case where m > 3 because of the latter
part of Theorem 2.13 and Theorem 2.16. For the Euler characteristic of the Milnor fiber
Pm,k , the Dynkin diagram is useful. Gabriélov showed that the Dynkin diagrams of these
singularities are in the form of Tpqr ([3]). In particular, the Milnor number μ is equal to
p + q + r − 1. The Milnor fiber is homotopic to the wedge of 2-spheres, where the number
of 2-spheres are equal to μ. Therefore, the Euler characteristic is

χ(Pm,k) = 1 + μ = p + q + r =

⎧
⎪⎪⎨

⎪⎪⎩

11 + k1 (m = 1)

10 + k1 + k2 (m = 2)

9 + k1 + k2 + k3 (m = 3) .
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4. Hilbert modular cusps

4.1. Hilbert modular cusps. Let K be a totally real algebraic field of degree n over

Q. Then we have n distinct embeddings x �→ x(i) (1 ≤ i ≤ n) of K in R. Let H be an

additive subgroup of K of rank n, and let V be a multiplicative subgroup of U+
H of rank n−1,

where U+
H is the group of totally positive units e with eH = H . Let

G(H,V ) =
{(

e b

0 1

) ∣
∣
∣
∣ b ∈ H, e ∈ V

}
.

Then G(H,V ) acts properly discontinuously and without fixed points on the product Hn of n

copies of the upper half plane H by

(z1, . . . , zn) �→ (e(1)z1 + b(1), . . . , e(n)zn + b(n)) .

We consider Hn/G(H,V ) which is the completion of Hn/G(H,V ) by adding the one point
∞. The complete system of open neighborhoods of ∞ is given by the sets

(
int W(d)/G(H,V )

) ∪ {∞}
where, for any positive d ,

W(d) = {
(z1, . . . , zn) ∈ Hn | Πn

i=1Imzi ≥ d
}

.

Then Hn/G(H,V ) is a normal complex space. The singularity ∞ is called a Hilbert modular
cusp. Let us check that ∂W(d)/G(H,V ) is the link of ∞.

LEMMA 4.1. The function

ϕ(z1, . . . , zn) = 1

Πn
j=1Imzj

on Hn is spsh, and induces ϕ̃ which is spsh on Hn/G(H,V ).

PROOF. For the former part, we have to check that Levi matrix Lϕ is positive definite.
Put zj = xj + iyj , then

∂

∂zj

= 1

2

(
∂

∂xj

+ 1

i

∂

∂yj

)
,

∂

∂z̄j

= 1

2

(
∂

∂xj

− 1

i

∂

∂yj

)
.

Since ϕ = (y1 . . . yn)
−1,

∂2ϕ

∂zi∂z̄j

=
⎧
⎨

⎩

ϕ

2y2
i

(i = j) ,

ϕ
4yiyj

(i �= j) .



12 NAOHIKO KASUYA

Then it is easy to check that the matrix Lϕ =
(

∂2ϕ
∂zi∂z̄j

)

1≤i,j≤n
is positive definite. For the

latter part, we have to check that ϕ is G(H,V )-invariant. The action of G(H,V ) is
(

e b

0 1

)
· (z1, . . . , zn) = (e(1)z1 + b(1), . . . , e(n)zn + b(n)) ,

and using the coordinates (x1, y1, . . . , xn, yn), since b(i) ∈ R,
(

e b

0 1

)
· (x1, y1, . . . , xn, yn) = (e(1)x1 + b(1), e(1)y1, . . . , e

(n)xn + b(n), e(n)yn) .

Hence
(

e b

0 1

)
· ϕ = 1

(e(1)y1) · · · (e(n)yn)
= 1

y1 · · · yn
= ϕ .

Thus ϕ is G(H,V )-invariant and ϕ̃ is induced. �

We define ϕ̃(∞) = 0. Then ϕ̃ is a real analytic function on Hn/G(H,V ). Thus
∂W(d)/G(H,V ) = ϕ̃−1(d) is the link of the Hilbert modular cusp ∞. Let J be the standard
complex structure on Hn. For the spsh function ϕ of Lemma 4.1, we put

λ = −J ∗dϕ, ω = −dJ ∗dϕ, g(u, v) = ω(u, J v) .

Then ω is a symplectic form on Hn compatible with J , and g is a J -invariant Riemannian met-
ric. Moreover, α = λ | ∂W(d) is a contact form on ∂W(d). Since ϕ is G(H,V )-invariant, the
contact structure (∂W(d)/G(H,V ), ker α̃) is induced. It is the canonical contact structure on
the link of the Hilbert modular cusp ∞. By the embedding M � b �→ (b(1), b(2), . . . , b(n)) ∈
Rn, H ∼= Zn is a lattice in Rn. Since eH = H and e is totally positive for e ∈ V , V is a sub-

group of SL(H). Thus the link ∂W(d)/G(H,V ) is a T n bundle over T n−1 with hyperbolic
monodromies. We note that the contact form α̃ on the link ∂W(1)/G(H,V ) is given by

α = dx1

y1
+ · · · + dxn

yn

.

4.2. The 2-dimensional case. Hirzebruch constructed the minimal resolution of a
2-dimensional Hilbert modular cusp ∞. As we will see, the exceptional set is a cycle of
non-singular rational curves. Thus it is a cusp singularity in the sense of Definition 2.14.

Let us assume that Z � k �→ bk ∈ N is a function satisfying bk ≥ 2 for all k, and bk ≥ 3

for some k. For each integer k, take a copy Rk of C2 with coordinates (uk, vk). We define
R′

k = Rk \ {uk = 0} and R′′
k = Rk \ {vk = 0}. The equations

uk+1 = u
bk

k vk ,(1)

vk+1 = 1

uk
(2)
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give a biholomorphic map ϕk : R′
k → R′′

k+1. In the disjoint union
⋃

Rk we make all the
identifications (1) and (2). We get a set Y . The axes {vk = 0} and {uk+1 = 0} are pasted

together by the equation (2) and form CP 1. The self-intersection number is −bk by the
equation (1). We put this rational curve Sk , then the intersection numbers are

Si · Si = −bi , Si · Si+1 = 1 , Si · Sj = 0 (| i − j |≥ 2) .

Let us assume that the number series {bk} above is periodic and l is the period: bk+l = bk(k ∈
Z). We denote the infinite continued fraction

bk − 1

bk+1 − 1

bk+2 − · · ·
by wk . It is a quadratic irrational number which is greater than 1 and belongs to the real
quadratic field Q[w0]. We consider the Z-module H = Z · w0 + Z · 1. We define the action

on C2 as follows. For a ∈ H , ā denotes the conjugate irrational number of the quadratic
irrational number a.

a : (z1, z2) �→ (z1 + a, z2 + ā) .

Since a ∈ R, C2/H is diffeomorphic to T 2 × R2. We define the map

Φ : Y −
⋃

j∈Z

Sj → C2/H

given by Φ(u0, v0) = (z1, z2), where

2πiz1 = w0 log u0 + log v0, 2πiz2 = w̄0 log u0 + log v0 .

It is well-defined and biholomorphic. We put

Y+ = Φ−1(H2/H) ∪
⋃

j∈Z

Sj .

We define {μk}k∈Z inductively by μ0 = 1 and μk+1 = w−1
k+1μk .

PROPOSITION 4.2. The numbers μk satisfy the following conditions.
(1) μk+1 = bkμk − μk−1.
(2) μk+l = μlμk, (μl)

n = μnl .

PROPOSITION 4.3. The number μl = (w1w2 . . . wl)
−1 is a unit in H and μl < 1.

PROOF. Since

(
μk+1

μk

)
=

(
bk −1
1 0

) (
μk

μk−1

)
,

(
μk+1

μk

)
=

(
bk −1
1 0

)
. . .

(
b0 −1
1 0

) (
μ0

μ−1

)
.
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Put

P =
(

bl−1 −1
1 0

)
. . .

(
b0 −1
1 0

)
.

Since μk+l = μlμk ,

P

(
μ0

μ−1

)
=

(
μl

μl−1

)
= μl

(
μ0

μ−1

)
.

That is,

P

(
1

w0

)
= μl

(
1

w0

)
.

Since {1, w0} is a basis of H and P ∈ SL(2; Z), {μl, μlw0} is also a basis. Hence μlH = H

and μl is a unit in H . Since wk > 1 for any k, μl < 1 is obvious. �

We consider the group V = {(μl)
n | n ∈ Z}. The action of V on Y+ is given by

(μl)
n : Rk → Rk+nl ,

where (μl)
n(uk, vk) = (uk, vk) for (μl)

n ∈ V . The action of V on H2/H is given by

(μl)
n · (z1, z2) = ((μl)

nz1, (μ̄l)
nz2) for (μl)

n ∈ V .

PROPOSITION 4.4. These two actions of V on Y+ and on H2/H are equivariant with
respect to Φ, and the action of V on Y+ is free and properly discontinuous.

PROOF. See the lemma of section 2.3 of [4]. �

Hence, the two quotient spaces Y+/V and (H2/H)/V are complex manifolds. We

note that (H2/H)/V ∼= H2/G(H,V ), since H is a normal subgroup of G(H,V ). Since

Y (b0, . . . , bl−1) = Y+/V is the minimal resolution of
(
H2/G(H,V ),∞)

and the excep-

tional set
⋃l−1

j=0 Sj is a cycle of non-singular rational curves, ∞ is a cusp singularity.

THEOREM 4.5. The link (∂W/G, ker α̃) is contactomorphic to the Sol-manifold
(TA, ker (β+ + β−)), where

A =
((

bl−1 −1
1 0

)
· · ·

(
b0 −1
1 0

))−1

.

PROOF. We have A

(
1

w0

)
= μ−1

l

(
1

w0

)
and A

(
1

w̄0

)
= μl

(
1
w̄0

)
. Now we put

(
1

w0

)
= √

w0 − w̄0v+,

(
1
w̄0

)
= −√

w0 − w̄0v− and μ−1
l = a. Then the map

F : TA → ∂W(1)/G ; ((x, y), z) �→ (y − w0x, az, y − w̄0x, a−z)
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is the diffeomorphism. Since

F

(
A

(
1

w0

)
, 0

)
= (0, 1, a(w0 − w̄0), 1) ∼ F

((
1
w0

)
, 1

)
= (0, a, (w0 − w̄0), a

−1) ,

F

(
A

(
1

w̄0

)
, 0

)
= (a−1(w̄0 − w0), 1, 0, 1) ∼ F

((
1
w̄0

)
, 1

)
= (w̄0 − w0, a, 0, a−1) ,

F is well-defined. Moreover the map

H : ∂W(1)/G → TA ; (x1, y1, x2, y2) �→
((

x2 − x1

w0 − w̄0
,
w0x2 − w̄0x1

w0 − w̄0

)
, loga y1

)

is the inverse of F . Hence ∂W/G is diffeomorphic to TA. Next we show that F is the
contactomorphism (TA, ker (β+ + β−)) ∼= (∂W(1)/G, ker α̃), where the 1-form α̃ is induced
by

α = λ | ∂W(1) = dx1

y1
+ dx2

y2
.

Let us check that F ∗α̃ = √
w0 − w̄0(β+ + β−).

F ∗α̃ = F ∗
(

dx1

y1
+ dx2

y2

)
= a−zd(y − w0x) + azd(y − w̄0x) ,

d(y − w0x) = √
w0 − w̄0 · dx ∧ dy(v+, · ) ,

d(y − w̄0x) = −√
w0 − w̄0 · dx ∧ dy(v−, · ) .

Therefore,

F ∗α̃ = √
w0 − w̄0(a

−zdx ∧ dy(v+, · ) − azdx ∧ dy(v−, · ))

= √
w0 − w̄0(β+ + β−) .

�

If the two matrices
(

0 1
−1 b0

)
· · ·

(
0 1

−1 bl−1

)

and
(

r − 1 −1
1 0

) (
q − 1 −1

1 0

) (
p − 1 −1

1 0

)

are conjugate in SL(2; Z), the two links K and ∂W/G are orientation preserving diffeomor-
phic. Such a series b0, . . . , bl−1 is uniquely determined by p, q, r up to cyclic permutation.
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Concretely,
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

b0 = 3, b1 = · · · = br−7 = 2 (p = 2, q = 3, r ≥ 7) ,

b0 = 4, b1 = · · · = br−5 = 2 (p = 2, q = 4, r ≥ 5) ,

b0 = bq−4 = 3, b1 = · · · = bq−5 = bq−3 = . . . bq+r−9 = 2 (p = 2, q ≥ 5, r ≥ 5),

b0 = 5, b1 = · · · = br−4 = 2 (p = q = 3, r ≥ 4) ,

b0 = 4, b1 = · · · = bq−4 = bq−2 = · · · = bq+r−7 = 2 (p = 3, q, r ≥ 4) ,

b1 = · · · = bp−4 = bp−2 = · · · = bp+q−7 = bp+q−5 = · · · = bp+q+r−10 = 2 ,

b0 = bp−3 = bp+q−6 = 3 (p, q, r ≥ 4) .

Since cusp singularities are taut, the Tpqr singularity is analytically equivalent to the cusp sin-
gularity ∞. Then the two links (K, ξ0|K) and (∂W/G, ker α̃) are contactomorphic, because
the contact isotopy type of the link of an isolated singularity is unique [2].

THEOREM 4.6. (K, ξ0|K) is contactomorphic to (TA, ker (β+ + β−)).

5. The Lutz-Mori tube

DEFINITION 5.1 (Liouville pairs). A Liouville pair on an oriented manifold N2n−1 is

a pair of a positive contact form α̃+ and a negative contact form α̃− on N2n−1 such that the
1-form β = exp (−s)α̃− + exp s · α̃+ on R × N2n−1 satisfies dβn > 0.

DEFINITION 5.2 (The Lutz-Mori tube). Let (α̃+, α̃−) be a Liouville pair on N2n−1.
The 1-form

γ = 1 − cos s

2
α̃+ + 1 + cos s

2
α̃− − s sin sdθ

defines the contact structure on N2n−1 ×D2, where (s, θ) are the polar coordinates of the disk

D2 with the radius π . We call (N2n−1 × D2, ker γ ) the Lutz-Mori tube.

DEFINITION 5.3 (The Lutz-Mori twist). Suppose that (N2n−1, ker α̃+) is a codimen-

sion two contact submanifold of a contact manifold (M2n+1, ker β) with trivial normal bundle.
By the tubular neighborhood theorem for contact submanifolds, there is a small tubular neigh-
borhood of N2n−1 contactomorphic to (N2n−1 × D2, ker (α̃+ + r2dθ)) (0 < r < ε). Putting

s = r + π and slightly deform the contact structure ker(α̃+ + r2dθ) on {0 < r < ε}, we can

insert the Lutz-Mori tube along the contact submanifold N2n−1 to get a possibly new contact

structure on M2n+1. We call this operation the Lutz-Mori twist.

Mori originally defined the Lutz-Mori tube by using a Geiges pair (α̃+, α̃−), which is a
special type of a Liouville pair satisfying the condition that

α̃+ ∧ dα̃k+ ∧ dα̃n−k−1− = α̃− ∧ dα̃k− ∧ dα̃n−k−1+ = 0
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for all 0 ≤ k ≤ n − 1. Massot, Niederkrüger, and Wendl in [11] generalized the definition
as above by using a Liouville pair. Moreover they constructed the example of the (2n + 1)-

dimensional Lutz-Mori tube by proving the following proposition. Let N2n−1 = ∂W(1)/

G(H,V ) and α̃± be the 1-forms on N2n−1 induced by the 1-forms α± on ∂W(1), where

α± = ±dx1

y1
+ · · · + dxn

yn

.

PROPOSITION 5.4 (The section 7 of [11]). The pair (α̃+, α̃−) is a Liouville pair on

N2n−1. In particular, the 1-form

γ = 1 − cos s

2
α̃+ + 1 + cos s

2
α̃− − s sin sdθ

defines the (2n + 1)-dimensional Lutz-Mori tube (N2n−1 × D2, ker γ ).

They also proved that the Lutz-Mori tube contains a bordered Legendrian open book
(bLob), a generalization of a plastikstufe ([16]), which prevents the weak symplectic filling.

EXAMPLE 5.5. In the case where N1 = S1 with a coordinate z, (α̃+, α̃−) =
(dz,−dz) is a Liouville pair on S1. The contact form

γ = − cos sdz − s sin sdθ

defines the usual Lutz tube structure on the solid torus S1 × D2.

EXAMPLE 5.6. In the case where N3 = TA, (α̃+, α̃−) = (β+ + β−, β+ − β−) is a
Liouville pair on TA. The contact form

γ = β+ − cos s · β− − s sin s · dθ

defines the 5-dimensional Lutz-Mori tube (TA × D2, ker γ ). This is the original example
which Mori constructed in [14].

REMARK 5.7. The usual Lutz twist can be performed in a 3-dimensional Darboux
chart. The resultant contact structure is overtwisted, thus it is not weakly fillable. If A is

conjugate to

(
r − 1 −1

1 0

) (
q − 1 −1

1 0

) (
p − 1 −1

1 0

)
in SL(2; Z) for some p, q, r such

that p−1 + q−1 + r−1 < 1, then the Lutz-Mori twist associated to TA can be performed in a
5-dimensional Darboux chart, because the link of Tpqr singularity is a contact submanifold of

(S5, ξ0) contactomorphic to (TA, ker (β+ + β−)). If we perform the Lutz-Mori twist along the

link, the resultant contact structure on S5 is not weakly fillable. Thus it is not contactomorphic
to the standard one.

Next we show an example of the 7-dimensional Lutz-Mori tube whose core is the link of
a 3-dimensional Hilbert modular cusp.
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EXAMPLE 5.8. Let ζ = exp 2πi
7 and ρ1 = ζ + ζ−1. The minimal polynomial of

ρ1 = 2 cos 2π
7 is x3 + x2 − 2x − 1 = 0. The other solutions are ρ2 = ζ 2 + ζ−2 = 2 cos 4π

7

and ρ3 = ζ 4 + ζ−4 = 2 cos 8π
7 . Thus ρ1 is an irrational number of degree 3. Let H =

Z ⊕ Zρ1 ⊕ Zρ2. Then r1 = 2 + ρ1, r2 = 2 + ρ2 and r3 = 2 + ρ3 are totally positive units in
the Z-module H satisfying r1r2r3 = 1. Thus the multiplicative group V = {

rn
1 rm

2 | n,m ∈ Z
}

is a subgroup of U+
H of rank 2. The link of the Hilbert modular cusp (H3/G(H,V ),∞) is

a T 3 bundle over T 2 with monodromies A1 and A2 ∈ SL(3; Z), which are representation
matrices of the actions of r1 and r2 to the lattice H . Let us determine the matrices. We fix a

basis of the lattice H ⊂ R3 as u1 =
⎛

⎝
1
1
1

⎞

⎠, u2 =
⎛

⎝
ρ1

ρ2

ρ3

⎞

⎠, and u3 =
⎛

⎝
ρ2

ρ3

ρ1

⎞

⎠. Since

r1 · u1 =
⎛

⎝
r1

r2

r3

⎞

⎠ =
⎛

⎝
2 + ρ1

2 + ρ2

2 + ρ3

⎞

⎠ = 2u1 + u2 ,

r1 · u2 =
⎛

⎝
r1ρ1

r2ρ2

r3ρ3

⎞

⎠ =
⎛

⎝
2ρ1 + ρ2

1
2ρ2 + ρ2

2
2ρ3 + ρ2

3

⎞

⎠ = 2u1 + 2u2 + u3 ,

r1 · u3 =
⎛

⎝
r1ρ2

r2ρ3

r3ρ1

⎞

⎠ =
⎛

⎝
ρ2

1 − 3
ρ2

2 − 3
ρ2

3 − 3

⎞

⎠ = −u1 + u3 ,

we have A1 =
⎛

⎝
2 2 −1
1 2 0
0 1 1

⎞

⎠. Similarly, A2 =
⎛

⎝
2 −1 1
0 2 −1
1 −1 1

⎞

⎠. They have common eigen

vectors v1 = ρ1u1 + u2 − ρ2u3, v2 = ρ2u1 + u2 − ρ3u3 and v3 = ρ3u1 + u2 − ρ1u3. Indeed,
they satisfy that

A1v1 = r1v1 , A1v2 = r2v2 , A1v3 = r3v3 ,

A2v1 = r2v1 , A2v2 = r3v2 , A2v3 = r1v3 .

Let TA1,A2 be the T 3 bundle over T 2 with monodromy A1 and A2. Then the 1-forms

β1 = r−s
1 r−t

2 dx ∧ dy ∧ dz(·, v2, v3) ,

β2 = r−s
2 r−t

3 dx ∧ dy ∧ dz(v1, ·, v3) ,

β3 = r−s
3 r−t

1 dx ∧ dy ∧ dz(v1, v2, ·)
define foliations on TA1,A2 , where (x, y, z) is a coordinate on T 3 and (s, t) is a coordinate on

T 2. The pair (β1 + β2 + β3,−β1 + β2 + β3) is a Liouville pair on TA1,A2 . Therefore the
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1-form

γ = β2 + β3 − cos s · β1 − s sin sdθ

defines the 7-dimensional Lutz tube (TA1,A2 × D2, ker γ ).

Thomas and Vasquez gave the minimal resolutions of some 3-dimensional Hilbert mod-
ular cusps ([18]). Their examples contain the cusp of Example 5.8. The resolutions are toric
manifolds and the weighted dual graph can be seen as a triangulation of the 2-torus. It is
known that the 3-dimensional Hilbert modular cusps are not Gorenstein, thus the singularities

cannot be embedded in C4. However, we can ask the following question.

PROBLEM 5.9. Is it possible to embed the link of a 3-dimensional Hilbert modular
cusp in (S7, ξ0) as a contact submanifold?

If it is possible, the associated 7-dimensional Lutz-Mori twist can be performed in a
Darboux chart. However, it may be a hard problem. For, there are not so many known re-
sults about the existence of codimension two contact embeddings in a Darboux chart. Up
to now, the only found obstructions are the Chern classes of the contact manifold [7], which
vanish for (TA1A2, ker (β1 + β2 + β3)). What is worse is that we do not even know the exis-

tence of an embedding of TA1,A2 in S7 as a submanifold. The author suspect that open book
decompositions might be useful for solving these difficulties. The supporting open book de-
composition of the 5-dimensional contact manifold (∂W(1)/G(H,V ), ker α̃) is given by a

cusp form, which is a holomorphic function on H3/G(H,V ) vanishing at ∞. Interpreting the
information of the minimal resolution given by Thomas and Vasquez, we can see the structure
of the open book, in principle. It will be the first step of solving the problem.
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