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Generalized Koszul Resolution
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Abstract. In this paper, we generalize a notion of Koszul resolutions and characterize modules which admits
such resolutions. It turns out that for a noetherian ring A and a coherent A-module M, M has a two dimensional
generalized Koszul resolution if and only if M is a pure weight two module in the sense of [HM10]. As an application,
we attack the Gersten conjecture for weight two case.

1. Introduction

In [Ger73] p.28, Gersten proposed the following conjecture. Let A be a commutative
noetherian ring with 1 and p a natural number such that 0 < p < dim A. We write Mﬁ
for the category of finitely generated A-modules M whose support has codimension > p in
Spec A.

CONJECTURE 1.1 (Gersten’s conjecture). For any commutative regular local ring A

Lo . 1 ;
and natural numbers n, p, the canonical inclusion MT_ > Mg induces the zero map on
K-groups

2l Ky(MET = Ky (MD).

In this paper, we consider Conjecture 1.1 for n = 0. For the related topics to Gersten’s
conjecture for the Grothendieck groups, please see the following references:

(1) For relationship Gersten’s conjecture for the Grothendieck groups with Serre’s in-
tersection multiplicity conjecture [Ser65], please see the references [Dut93], [Dut95] and
[Lev85]. (Please see also [CF68] and [GS87])).

(2) For Gersten’s conjecture for regular local rings of equi-characteristic please see the
references [Pan03] and [Qui73].

(3) For Gersten’s conjecture for regular local rings smooth over some discrete valua-
tion rings, please see the references [GL87] and [RS90]. (Please see also [Blo86], [Ger73],
[She82] and [Lev85])).
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(4) For Gersten’s conjecture for K -theory with finite coefficients, please see the refer-
ences [Gil86] and [GLO0O].

(5) For non-regular case, please see the references [Bal09], [DHMS85], [Lev88] and
[Smo87].

It is well-known that Gersten’s conjecture for Grothendieck groups is equivalent to the

generator conjecture below (See [Lev85, 1.1]). Recall that a sequence of elements f1, ..., fy
in A is said to be an A-regular sequence if all (fi, ..., f;) is not an unit ideal and if f] is not
a zero divisor of A and if f;y; is not a zero divisor of A/(f1, ..., fi) forany 1 <i <gq — 1.

Here is a statement of the generator conjecture:

If A is a commutative regular local ring, then the Grothendieck group Ko(MP(A)) is
generated by cyclic modules A/(f1, ..., fp) wWhere the sequence fi, ..., fp forms an A-
regular sequence for p =1, ..., dim A.

One of the main result in this paper is to find the generators of KO(ME‘) as follows.

THEOREM 1.2 (A part of Corollary 6.6). For a regular A, Ko(/\/li) is generated by

n .
modules of the form M}W where P and Q are endomorphisms on A®" such that P and

Q are similar to the matrices of the following type:

fEm 0 gEm 0
P~ , ~
( 0 E.) 2700 E..
where f, g forms a regular sequence and Ey is the k-th unit matrix. Moreover if P and Q are

. @n .
commutative, then the class of m is in the kernel of ng.

For a non-regular ring A, we have similar statement by replacing with K (/\/1124) by the
Grothendieck group of perfect complexes. (see 6.6).

The main point of this paper is to deal with such problems with a new theory of com-
plexes and resolutions. More precisely, the theory of generalized Koszul resolutions and to
relate this notion with pure weight modules defined in [HM10] and Koszul cubes defined in
[Moc13]. To state the main theorem, we define the notion of generalized Koszul resolutions
and Koszul cubes. An n-cube x in a category C is a contravariant functor from [11*" to C
where [1] is a totally ordered set {0, 1} with the natural order 0 < 1. For each i € [1]*", we
call x(i) a vertex of x. For each i = (i1, ..., i,) such that iy = 1, we write x(i —¢; — 1) by
dik where ¢ is the k-th unit vector. Let us fix a sequence f1, ..., f, in A such that for any
bijection o on the set {1, 2, ..., n}, asequence fo(1), ..., fon) forms an A-regular sequence.
A free Koszul cube associated with f1, ..., f, is an n-cube x in M4 (= Mg\) satisfying the
following conditions:

(1) Each vertex of x is a finitely generated free A-modules and their rank is constant.
Therefore we can consider the determinant of its boundary maps.

(2) There are positive integers mi,...,m, and det d{‘ = f,?“ for each i =
(i1,...,ix) €11 and 1 <k <nsuchthatiy = 1.
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A generalized Koszul resolution associated with fi, ..., f; is the totalized complex of a
Koszul cubes associated with f1, ..., f,. Now we state the main theorem:

THEOREM 1.3. For any M in M4 and an A-regular sequence f, g, the following
conditions are equivalent:

(1) M is a pure weight two module supported on V (f, g) in the sense of [HM10].

(2) M is resolved by a generalized Koszul resolution associated with f and g.

(3) There exist a free Koszul cube x associated with f, g such that Hy(Tot x) is iso-
morphic to M.

Finally the second author propose the conjecture 6.8 about purely linear algebra which
implies Gersten’s conjecture for Ko-groups for three dimensional regular local rings.

CONVENTIONS. Throughout this paper, we use the letter A to denote a commutative
noetherian ring with a unit. We denote the category of finitely generated A-modules, the
category of finitely generated projective A-modules by M 4, P4 respectively.

ACKNOWLEDGEMENTS. The second author is grateful for Kei-ichi Watanabe and
Takafumi Shibuta for stimulating discussion. The second author is partially supported by
Grant-in-Aid for JSPS Fellows 24-745.

2. Definition of weight

In this section, we start from reviewing a notion of pure weight perfect modules over
noetherian rings. For more information of pure weight perfect modules over any schemes,
see [HM10]. Mainly we study fundamental properties of pure weight modules over a Cohen-
Macaulay local ring.

DEFINITION 2.1. For an ideal I of A generated by a regular sequence of A and 0 <
r < oo, let us denote the category of finitely generated A-modules of projective dimension
< r supported on V(1) by Mi(r). One can easily check that Mi(r) is closed under the
extensions and direct summands in M 4. Therefore Mg(r) has a natural exact categorical
structure. If  is generated by a regular sequence consisting of r elements, we denote /\/1114 )

by Wtﬁx and an A-module in Wtﬁx is said to be a pure weight r A-module (supported on I).

REMARK 2.2. The definition above is compatible with the definition in [HM10]. To
confirm this, we see that the notion of torsion and projective dimension are equivalent for a
finitely generated module over a noetherian ring (see [Wei94, Proposition 4.1.5]) and that in
the notation above, Spec A/l < Spec A is a regular closed immersion.

EXAMPLE 2.3. (1) Let fi,...,fp be an A-regular sequence of A, then
A/(f1,..., fp) is a typical example of a module of weight p. We call such a pure weight
module a simple pure weight module.
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(2) A module of weight 0 is a projective module whose support is the total space
Spec A.

(3) If Ais a Cohen-Macaulay local ring of Krull dimension d, a module of weight d is
just a module of finite projective dimension and finite length.

(4) If A is not a Cohen-Macaulay ring, the class of A-modules of finite length and
finite projective dimension does not work well as is in the following example in [Ger74]. Let
(A, m) be a 2-dimensional local ring which is not normal and Spec A ~\ {m} is regular. Then
an A-Module of finite length and finite projective dimension is the zero A-module.

ROUGH SKETCH OF PROOF. Let M be a non-zero, A-module of finite length and finite
projective dimension. Since A is not Cohen-Macaulay, we have inequalities

Projdim, M < Projdimy M 4 depthy M = depthA < 2.
Let
AL oqem g

be a projective (= free) resolution of M. Then we can easily notice that n = m and let us put
f = det¢. Then, we can easily see that f is a non zero divisor. This implies that M ¢ is zero.
By the assumption, we have Supp M = {m}. This is a contradiction. O

In this section, we assume that A is a Cohen-Macaulay ring from here.

DEFINITION 2.4. Letus denote the category of A-modules of weight p by Wtﬁ. Since
Wtﬁ is closed under extensions in M4, we can consider Wtﬁ as an exact category naturally.

Moreover, we assume that A is local ring of Krull dimension d from here.

PROPOSITION 2.5. Let M be a non-zero pure weight p A-module. Then M is a
Cohen-Macaulay module of dimension d — p.

PROOF. We have two equalities:

dimy M + Codimy M =d (1)

Projdim, M + depthy, M =d (2)
Therefore we have
d—p<depthy M <dmyM <d—p.
Hence we get depthy M = dimy M =d — p. O

COROLLARY 2.6. For a non-zero pure weight module M, its associated prime ideal
is minimal.

PROOF. Itis a general property of Cohen-Macaulay modules. O
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3. Cubes

In this section, we fix a general notion of cubes. Let C be a category.

3.1. We write P(S) for the power set of S. Namely P(S) is the set of all subsets of
S. We regard P(S) as a partially ordered set ordered by set inclusions, a fortiori, a category.
For a set S, an S-cube or #S-cube in a category C is a contravariant functor from P(S) to C.
We denote the category of S-cubes in a category C by Cub® C where the morphisms between
cubes are just natural transformations. Let x be an S-cube in C. For T € P(S), we denote

x(T) by x7 and call it a vertex of x (at T). For k € T, we also write d;’k or shortly déf for
x(T ~ {k}— T) and call it a (k-)boundary morphism of x (at T).
EXAMPLE 3.2. Let f1,...,f, be elements in A. We define the n-cube

Typ(fi, ..., fa) (or shortly Typ(f})) in P4 by Typ(f])s := A forany S € P, and dé =
fj forany S € P,and j € S.

From now on, let us fix an abelian category .4 and S a finite set. We start by considering
a typical example.

3.3. An S-cube Let us fix an S-cube x in A. For each k € S, an S-cube the k-direction
0-th homology of x is the S . {k}-cube Hf(x) in A defined by HJ (x)7 := Coker dgu{k}. For
any T € P(S) and k € § . T, we denote the canonical projection morphism x7 —» H’(‘) x)r
by n%’x or simply 7%

An A-regular sequence fi, ..., f, is said to be an A-sequenceif f5(1), ..., fo(n) 1S also
a regular sequence for any bijection o on (n].

REMARK 3.4. For any regular sequence fi, ..., f,, if either assumption (a) or (b)
below is satisfied, then f1, ..., f, is an A-sequence. (See [Mat86, §16]).

(@ fi,..., fnis contained in the Jacobson radical in A.

(b) Foreachi, A/(f1,..., fi)A is complete for the (f1, ..., f,)-adic topology.

EXAMPLE 3.5. For asequence fi, ..., f, in A, it is an A-sequence if and only if for
any k in [n — 1] and distinct numbers iy, ..., ix in (n], amap fi, ., : A/(fi,..., fi) =
A/(fi,, ..., fir) is injective. This is equivalent to the n-cube Typ(f}) (for definition, see 3.2)
satisfies the following condition:

For any k in [n — 1] and distinct numbers iy, ..., ix in (n], boundary maps of
H{ (- - - (H{ (Typ(f?))) - - -) are injections.

In the case, Typ(f}) is said to be the typical Koszul cubes associated with fi, ..., f,.

3.6 (Admissible cubes). Letx be an S-cube in an abelian category A. When #S = 1,
we say that x is admissible if its unique boundary morphism is a monomorphism. For #S > 1,
we define the notion of an admissible cube inductively by saying that x is admissible if its
boundary morphisms are monomorphisms and if for every & in S, H’(‘) (x) is admissible. If x
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is admissible, then for any distinct elements iy, . . ., ix in S and for any automorphism o of S,

H (HG (- (HE () ) = Hy " HZ @ - (HZ® () -+ )
(cf. [Moc13, 3.11]). For an admissible S-cube x and a subset T = {iy, ..., ix} C S, we put
HY (x) := HJ} (H2(- - - (H} (x)) - - -)) and HY (x) = x. Notice that HY (x) is an S ~. T-cube for
any T € P(S). Let us fix a bijection  from S to the set of integers 1 < k < n := #S and we
consider S as the set {1, ..., n} by @. For an admissible S-cube x, we define the fotal complex

Toty x = Totx as follows. Totx is a chain complex in .4 concentrated in degrees O, ..., n
whose component at degree k is given by

(Totx); := @ XT
TeP(S)
#T=k

and whose boundary morphisms dkTo“‘ : (Totx); — (Totx),_; are defined by

(—1)=/+t d% DXT = XT{j)
by mapping its x7 component to x7 {j) component. Here x7 is the characteristic function of
T. Namely xr(k) = 1 if k is in T and otherwise x7 (k) = 0. We have the isomorphisms
Hj(x) for p=0

H, (Tot(x)) — _
otherwise.

3
See [Moc13, 3.13].

4. Generalized Koszul resolution

In this section, we introduce a generalization of Koszul resolution. Let us start by re-
viewing Koszul complexes.

REVIEW 4.1 (Koszul complex). Let f : P — Q be an A-module homomorphism
between projective A-modules. The n-th Koszul complex associated with f is denoted by
Typ” (f) and defined as follows:

Typ" (/) = A5(P) ® Sym"™(Q)
and the Koszul differential di41 : Typ" (f);y1 — Typ"(f); is given by

k+1
PINA APkl Gk+2 - - Gn > Z(—l)k+1_’P1A- AP N APkl ® fF(PGr+2 -+ - Gn.

i=1
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EXAMPLE 4.2. Let fi,..., f, be elements in A. We consider the homomorphism | =
(fi -+ fu): A®" — A. For simplicity, we denote the n-th Koszul complex associated

with f by Typ(f). Notice that Tot"'!(Typ(f})), the total complex of Typ(f;) defined in 3.2, is
isomorphic to Typ(f) above.

It is well-known that if fi, ..., f,, forms a regular sequence, then Hy (Typ()) is trivial
for k > 1. In this section, we generalize this fact.

DEFINITION 4.3 (Generalized Koszul complexes). Let n, m be positive integers and
f1, ..., fu elements in A. For a family of endomorphisms 0 = {dé} SeP,, jes on A®" quch

that detdé = fjforany S € P, and j € §, we define the generalized Koszul complex
associated with 0, Kos(0) as follows.
Kos(0)g := @g?f;: Fs where Fs := A®™ and its boundary maps are defined by

> a5
(—1)’:”'1 dS  Fg — FS\{j}

on its Fg component.

REMARK 4.4. The definition in 4.3 is equivalent to that Kos(?) is the total complex of
the following n-cube x:

xs = A®" and df := d forany S € P, and s € S.

Therefore we also denote x by Kos(0).

Recall that a complex E, on an abelian category is said to be n-spherical if Hy(E,) = 0
unless k # n.

LEMMA 4.5 ([Mocl13] Theorem 4.19). For a family 0 as in the notation 4.3 if
fis ..., fu forms an A-sequence, then Kos(d) is admissible and in particular, it is O-
spherical. O

DEFINITION 4.6 (Generalized Koszul resolutions). Let fi,..., f, be an A-
sequence.

A (free) Koszul (n-)cube associated with f1, ..., f, is a n-cube x in M4 satisfying the
following conditions:

(1) each vertex of x is a finitely generated free A-modules and their rank is constant.
Therefore we can consider the determinant of its boundary maps.

(2) there are positive integers mj, ..., m, and detdg = " for each S € P, and
ses.
A generalized Koszul resolution associated with f1, ..., f, is the total complex of the Koszul
cube associated with f1, ..., f,. Let us denote the category of Koszul cubes (resp. general-

ized Koszul resolution) associated with fi, ..., f, by KOSEI (resp. GKost).
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NOTATIONS 4.7 (Rank and determinants of Koszul cubes). For an n-Koszul cube x,
we define the rank of x by rankx := rank xy. We also define the j-th determinant of x by

detj x := detd{jj} for any j € (n].
REMARK 4.8. By virtue of 4.5, generalized Koszul resolutions are O-spherical and
Koszul cubes are admissible. As in the notation 4.6, we have the total functor
Tot : Tpr‘ — GKos,

which is exact, essentially surjective and faithful.

5. Weight two cases
In this section, we assume that A is a commutative noetherian ring with 1 and that f, g
is an A-sequence. We give a proof for Theorem 1.3.

PROOF OF THEOREM 1.3. Obviously (2) implies (1) and (3) implies (2). Let us fix
an A-module M in thf’g). By replacing f, g with ¢, g/5 for some «, B, we may assume
that fM = gM = 0. Then we have a surjection (A/f)®" — M with kernel L. Since Wt
is closed under taking kernels of surjections, L is in thf ), By considering resolutions of L

and (A/f)®", we get the following diagram:
ADM —— p®n (4)
|l
ADm T> ASn

CLAIM. det P = unitx f".

PROOF OF CLAIM. by localizing at f for the sequence below,

A@m—P>AEB’"—>L—>0,

¢ 9k
following diagrain:

we notice tha is in A;. By localizing at g for the sequence above again, we get the

f

Ag Ag" (Ag/)®"
A?}em Ag}m Lg

Py

where Py is the localization of P at g. Take a prime ideal p in Spec A4 and localize the
diagram above at p. Since the top line is a minimal resolution, the vertical morphism is a split
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quasi-isomorphism. Therefore it turns out that

det P
. €
f peSpec Ay

(A9 =47

where intersection is taken in the total quotient ring of A Since f, g forms A-sequence, we
have the equality A? N A; = A in the total quotient ring of A. Therefore we obtain the
result. =

To get a Koszul cube, we arrange the square above.

CLAIM. There are n x m matrix X and n x n matrix V such that UX = gE, + fV
where E, is the n-th unit matrix. Here the matrix U is coming from the commutative diagram

COF

PROOF OF CLAIM. Put ¢; the k-th unit vector in A®". For each k € (n], let us denote
one of a pull back of g e in (A/f)®" by the maps

AP L (A/f)®"

Xk1 Ukl

byry = | | € A®". Then there is a vector vy = | : | € A®" such that Uy, =
Xkm Vkn

ger+fogWeput X =(r; -+ r,)andV = (o1 -+ v,). O

Put the matrix U as follows:
_(fV U
U =
( X E,

where E,, is the m-th unit matrix. Since we have

—-gE, 0\ _(E, U (B O
0 E,) \0 E, -X En
it follows that det U = (—g)".
Now the following diagram is the Koszul cube x:
A@m+n — — > AG}m+n
E, 0 fE, 0
0o P 0 En

A@m+n R —— AG}m+n
U
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where dotted map is induced by the commutative diagram below:

A®mAn —U> A®mAn
L —— (A/)H®".
(]

COROLLARY 5.1. For any non-zero M in Wti‘f’g), there are endomorphisms P, Q :

bn

AP — A% of A-modules and positive integer a such that M is isomorphic to dnl?w

and P and Q are similar to the following matrices:

fYEn 0O ) (—g“Em 0 )
P~ , O~
( 0 En—m Q 0 En—m

where f, g forms an A-sequence.

6. Application to Gersten conjecture

For a regular local ring A, in [Moc13], we gave the following result.

THEOREM 6.1 ([Moc13] Proposition 5.8). For a regular commutative ring A, the

canonical inclusion functor Wtﬁ — MZ induces a homotopy equivalence of spectra on K -
theory

K(Wth) S K(Mb).
O

COROLLARY 6.2. For a regular local ring A, Gersten conjecture is equivalent to the
following assertion:

The canonical inclusion Wtﬁ+1 — Mf\ induces the zero maps on K -groups
Kn (W™ — K (M7
foranyO < p <dimA — 1. O

In this paper, we mainly consider Ker(K (Wtﬁ“) — Ky (/\/lﬁ)) for a Cohen-Macaulay
ring A.

EXAMPLE 6.3 (Weight one case). For any A such that every finitely generated pro-

jective modules are free, the canonical inclusion Wti‘ <> M4 induces the zero map on Ko-
groups.
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PROOF. Since for every A-module M in Wti\, its projective dimension is one, we have
a resolution

0— A9 5 A9 5 M - 0.

There is a non-zero divisor f such that SuppM = V(f). By localizing the short exact
sequence above by f, it turns out that n = m. Therefore we have the following equality in
Ko(May).
[M] =[A®"] — [A®"] = 0.
]
EXAMPLE 6.4 (Highest weight case). Let (A, m) be a regular local ring of Krull di-
mension d. Then the canonical inclusion Wtﬁ — Mi‘l induces the zero map on Ko-groups.
For A = C[[x, y, z, w]]/(xy — zw), there is an A-module M in Wti and the class of M in
Ko(M?) is not zero. (See [Bal09], [DHMSS5]).

PROOF. Since A is regular, for each non-negative integer r, A/ m” is finite projective

dimensional A-Module. Therefore by dévissage argument, it turns out that K (Wti) is gen-
erated by A/m. Let f1,..., fg be a regular system of parameter of A. Then we have a
resolution

e
0— A/(fi-os fao1) = A/(fio.. s fao1) > A/m — 0.
Therefore we have the following identity in Ko (Mﬂ_l).

[A/m]=[A/(f1,..., fa-D] = [A/(f1, ..., fa-1D] =0.
Od

Therefore the first non-trivial part of this conjecture is weight two case. This was proven
in [Smo87]. But as a consequence of previous section, we have the following corollaries.

NOTATIONS 6.5. For a scheme X and closed subset Y, let us denote the category of
perfect complexes on X whose cohomological support are in Y by Perf§ and put Perff( =

U Perf§ .
CodimY>p

COROLLARY 6.6. (1) For an A-sequence f, g, KO(thf’g)) = Ko(Peer(f’g); qis) is
generated by [%] where P and Q are endomorphisms on A®" such that P and Q

are similar to the following type matrices:

() e ()
0 En—m ’ 0 En—m

where o and B are greater than Q.
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(2) Ifmoreover A is a Cohen-Macaulay ring, Ko(Wti) > Ko(Perf?; qis) is generated
by [%] where P and Q are endomorphisms on A®" such that P and Q are similar

to the following type matrices:

SEm 0 ) (gEm 0 )
P~ , ~
( 0 E) 2700 E..
where f and g forms A-sequences.
(3) Moreover if A is regular noetherian, KO(MIZA) is generated by the modules in (2).

| is in Ker(Ko(WE) —

ASn

(4) Moreover, if P and Q are commutative, [W

Ko(MY)).
PROOF. (1), (2) and (3) are direct corollaries of previous section and [HM10]. Assume

that P and Q are commutative. Then

ASn —>P Abn

0| |o

ASn —>P Abn

. . Adn .
is a Koszul cube resolution of P Imos" (We call such a Koszul cube commutative.) There-

fore we have the following short exact sequence

A AEBn
0= A% /InP 8 A% /ImP > — = 0.
<ImP,ImQ >

Therefore we have the following equalities in Ko(M i‘).

AEB” @ @
| —[A®/ImP]—[A®"/Im P] = 0.
LImP,ImQJ [A™/Im P} = [A™/Im P]

d

COROLLARY 6.7. For a 3-dimensional regular local ring, Gersten’s conjecture for
Ko-groups is true if and only if Ko(Wt>(A)) is generated by the class of modules

[%] where P and Q are commutative.
PROOF. Itis just a direct corollary of 6.2, 6.3, 6.4 and 6.6. |
The second author propose the following conjecture.

CONJECTURE 6.8. For any two dimensional Koszul cube x, there is a commutative
two dimensional Koszul cube y and a morphism of cubes f : x — y such that it forms three
dimensional Koszul cubes.
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PROPOSITION 6.9. The conjecture 6.8 implies Gersten’s conjecture for Ky-groups for
a three dimensional regular local ring.

PROOF. Itis enough to show that 7T12 is zero map by 6.3 and 6.4.
For any weight two module M, there exist a Koszul cube resolution x of M by Theorem 1.3.

Then by the conjecture 6.8, there exist a commutative Koszul cube y and a map x —f> y such
that z := [x —f> v] is a three dimensional Koszul cube. Then we have a short exact sequence:

0 — M — Hy(Tot(y)) — Hp(Tot(z)) — 0.

By 6.4, the class of Ho(Tot(y)) is zero in Ko(/\/li). Therefore in Ko(/\/li\) we have an
equalities:

[M] = [Ho(Tot(z))] = 0

where the last equality coming from 6.6. O
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