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Abstract. Ōuchi ([2], [3]) found a formal solution ũ(t, x) = ∑
k≥0 uk(x)tk with

|uk(x)| ≤ ABkΓ

(
k

γ∗
+ 1

)
0 < γ∗ ≤ ∞

for some class of nonlinear partial differential equations. For these equations he showed that there exists a genuine
solution uS(t, x) on a sector S with asymptotic expansion uS(t, x) ∼ ũ(t, x) as t → 0 in the sector S. These
equations have polynomial type nonlinear terms.

In this paper we study a similar class of equations with the following nonlinear terms

∑
|q|≥1

tσq cq (t, x)
∏

j+|α|≤m

{(
t

∂

∂t

)j (
∂

∂x

)α

u(t, x)

}qj,α

.

It is main purpose to get a solvability of the equation in a category uS(t, x) ∼ 0 as t → 0 in a sector S. We give
a proof by the method that is a little different from that in [3]. Further we give a remark that the similar class of
equations has a genuine solution uS(t, x) with uS(t, x) ∼ ũ(t, x) as t → 0 in the sector S.

1. Introduction

Let C be the complex plane or the set of all complex numbers, t be the variable
in Ct , and x = (x1, . . . , xn) be the variable in Cn

x = Cx1 × · · · × Cxn . We use the
notations: N = {0, 1, 2, . . .}, α = (α1, . . . , αn) ∈ Nn, |α| = α1 + · · · + αn, and
(∂/∂x)α = (∂/∂x1)

α1 . . . (∂/∂xn)
αn . Let |x| = max1≤i≤n{|xi |}, DR = {x ∈ Cn

x; |x| < R}
and Sθ (T ) = {t ∈ Ct ; 0 < |t| < T and | arg t| < θ}. O(DR) is the set of all holomorphic
functions on DR . O(DR)[[t]] is the set of all formal power series

∑∞
i=0 fi(x)ti with the co-

efficients fi(x) are in O(DR) for all i = 0, 1, . . . . A(Sθ (T ) × DR) is the set of all functions
f (t, x) ∈ O(DR)[[t]] that are holomorphic on Sθ (T ) × DR . Sθ ′(T ′) � Sθ (T ) means θ ′ < θ

and T ′ < T , and for f (t, x) ∈ A(Sθ (T ) × DR) f (0, x) means limt→0,t∈Sθ(T ) f (t, x).
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Let Z = {Zj,α}j+|α|≤m with Zj,α ∈ C and q = {qj,α}j+|α|≤m with qj,α ∈ N then put
Zq = ∏

j+|α|≤m Zj,α
qj,α and |q| = ∑

j+|α|≤m qj,α . Let 0 < R < 1. We define a series L(Z)

by

(1.1) L(Z) =
∑
|q|≥1

tσq cq(t, x)Zq

where coefficients cq(t, x) are in A(Sθ (T ) × DR) with cq(0, x) 
≡ 0 and σq ∈ N for all q . In
this paper we assume the following condition:

ASSUMPTION 1. The series L(Z) converges in a neighborhood of Z = 0.

Let us consider the following nonlinear partial differential equation:

(1.2) L(u(t, x)) = f (t, x) ∈ O(Sθ (T ) × DR)

where

(1.3) L(u(t, x)) =
∑
|q|≥1

tσq cq(t, x)
∏

j+|α|≤m

{(
t

∂

∂t

)j(
∂

∂x

)α

u(t, x)

}qj,α

.

In [3] Ōuchi studied a similar class of the equation (1.2) in the case that the series (1.1)
is a polynomial in Z with the degree M . Let us introduce some results for (1.2) by [3].

Set lq := max{j + |α|; qj,α 
= 0} and

Π(a, b) := {(x, y) ∈ R2; x ≤ a and y ≥ b}.
Then we define the Newton polygon NP(L) of the nonlinear operator (1.3) by

NP(L) = CH

{ ⋃
|q|≥1

Π(lq, σq); cq(t, x) 
≡ 0

}
where CH {·} is the convex hull of a set {·}.

The boundary of the Newton polygon NP(L) consists of a vertical half line ΣL,0, a
horizontal half line ΣL,p∗ and segments ΣL,i (1 ≤ i ≤ p∗ − 1). Let γL,i be the slope
of ΣL,i for i = 0, . . . , p∗. Then we have 0 = γL,p∗ < γL,p∗−1 < · · · < γL,0 = ∞.
Further the Newton polygon NP(L) have p∗-point vertices, we denote them by (li, σi) with
lp∗−1 < · · · < l0 = m.

Let us denote the linear part of the nonlinear operator (1.3) by L(u), that is,

L(u) =
∑
|q|=1

tσq cq(t, x)
∏

j+|α|≤m

{(
t

∂

∂t

)j(
∂

∂x

)α

u(t, x)

}qj,α

.

For the linear part L(u) we define the Newton polygon NP(L) by the same rule as NP(L).
For NP(L), we define ΣL,i and γL,i for i = 0, . . . , p∗

L and (lL,i , σL,i ) for i = 0, . . . , p∗
L−1

by the same rule as those of NP(L).
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For nonlinear operators L(tνu(t, x)), we define the formers and denote them by
NP(L; ν), NP(L; ν), ΣL,i(ν), ΣL,i(ν) and so on. Then γL,i = γL,i(ν) holds for i =
0, . . . , p∗

L.
Let us define operators Li with respect to ΣL,i for i = 1, . . . , p∗

L − 1. Set Ii =
{q; σL,i−1 − σq = γL,i(lL,i−1 − lq) and |q| = 1}. Then we define

Liu(t, x) =
∑
q∈Ii

tσq cq(t, x)
∏

j+|α|≤m

{(
t

∂

∂t

)j(
∂

∂x

)α

u(t, x)

}qj,α

=
∑

(j,α)∈Ji

tσj,α cj,α(t, x)

(
t

∂

∂t

)j(
∂

∂x

)α

u(t, x)

where Ji = {(j, α) ∈ N × Nn; j + |α| ≤ m and σL,i−1 − σj,α = γL,i(lL,i−1 − j − |α|)}. Let
mi be the differential order with respect to x of Li .

The equation (1.2) is studied in Ōuchi [3] under the following three conditions.

CONDITION 1. The series (1.1) is a polynomial in Z with the degree M .

CONDITION 2. The equation (1.2) has a linear part with the order m.

CONDITION 3. The operators Li hold.

(1) If j + |α| < lL,i−1 then |α| < mi and (2)
∑

j+|α|=lL,i−1,|α|=mi
cj,α(0, 0)ξ̂α 
= 0 where

ξ̂ = (1, 0, . . . , 0).

Under Condition 3 the operators Li is rewritten by

Liu(t, x) = tσL,i−1
∑

j+|α|=lL,i−1
|α|=mi

cj,α(t, x)

(
t
∂

∂t

)j(
∂

∂x1

)α

u(t, x)

+ tσL,i−1
∑

j+|α|≤lL,i−1
|α|<mi

t−γL,i (lL,i−1−j−|α|)cj,α(t, x)

(
t

∂

∂t

)j(
∂

∂x

)α

u(t, x)

(1.4)

and cjL,i−1,mie1(0, 0) 
= 0 holds where jL,i−1 = lL,i−1 − mi and mie1 = (mi, 0, . . . , 0).

LEMMA 1.1. If the equation (1.2) satisfies Condition 2, then there exists a sufficiently
large ν0 > 0 such that for ν ≥ ν0 NP(L; ν) = NP(L; ν) holds.

We can show Lemma 1.1 as in Proposition 1.7 in [3].
Let us define the function class that is treated in this paper. Set S = Sθ (T ) and S′ =

Sθ ′(T ′)

DEFINITION 1.2. Let γ > 0. Asy0{γ }(S × DR) is the set of all functions f (t, x) ∈
O(S × DR) such that for any S′ � S

|f (t, x)| ≤ C exp(−c|t|−γ )
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where c depends on S′.

Set Si = Sθi (Ti) with 0 < θi < π/(2γi). Then the following results on the function class

Asy0{γ }(S × DR) were obtained by [3]:

THEOREM 1.3. Let f (t, x) ∈ Asy0{γL,i}(Si × DR). Suppose that Condition 1, 2 and 3

on Li hold. Then we have;
(1) If 2 ≤ i ≤ p∗

L − 1, then there exists a function uSi−1(t, x) ∈ Asy0{γL,i−1}(Si−1 × Dr)

for 0 < r < R such that

L(uSi−1(t, x)) − f (t, x) ∈ Asy0{γL,i−1}(Si−1 × Dr).

(2) If i = 1, then we get a solution uS∗(t, x) ∈ Asy0{γL,1}(S1 × Dr) of (1.2) for 0 < r <

R.

By Theorem 1.3 we have the following corollary:

COROLLARY 1.4. Let f (t, x) ∈ Asy0{γL,p∗L−1}(Si × DR). Suppose that Condition 1, 2

and 3 on Li for i = 1, . . . , p∗
L−1 hold. Then we get a solution uS∗(t, x) ∈ Asy{γL,p∗L−1}(S1 ×

Dr) of (1.2) for 0 < r < R.

In this paper we have the same results without Condition 1.

THEOREM 1.5. Let f (t, x) ∈ Asy0{γL,i}(Si × DR). Suppose that Condition 2 and 3 on

Li hold. Then we have;
(1) If 2 ≤ i ≤ p∗

L − 1, then there exists a function uSi−1(t, x) ∈ Asy0{γL,i−1}(Si−1 × Dr)

for 0 < r < R such that

L(uSi−1(t, x)) − f (t, x) ∈ Asy0{γL,i−1}(Si−1 × Dr).

(2) If i = 1, then we get a solution uS∗(t, x) ∈ Asy0{γL,1}(S1 × Dr) of the equation (1.2)

for 0 < r < R.

By Theorem 1.5 we have the following corollary:

COROLLARY 1.6. Let f (t, x) ∈ Asy0{γL,p∗L−1}(Si×DR). Suppose that Condition 2 and

3 on Li for i = 1, . . . , p∗
L−1 hold. Then we get a solution uS∗(t, x) ∈ Asy{γL,p∗

L−1}(S1 ×Dr)

of (1.2) for 0 < r < R.

REMARK 1.7. The relations between formal solutions and genuine solutions of an
equation

(1.5) L(u(t, x)) = f (t, x)
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where cq(t, x) and f (t, x) are in O({|t| < T }) × DR) with cq(0, x) 
≡ 0 and σq ∈ N were
studied in [3]. Corollary 1.4 is used to show that genuine solutions exist. Let explain the main
point of the proof.

Assume that the equation (1.5) has formal power series solutions ũ(t, x) =∑∞
k=0 uk(x)tk with

|uk(x)| ≤ ABkΓ

(
k

γ∗
+ 1

)
.

There exist functions u∗(t, x) ∈ O(Sθ (T ′) × DR′) with 0 < θ < π/(2γ∗), 0 < T ′ < T and
0 < R′ < R such that

(1.6) |u∗(t, x) −
K−1∑
k=0

uk(x)tk| ≤ A0B
K
0 |t|KΓ

(
K

γ∗
+ 1

)
for t ∈ S′ � Sθ (T

′) .

Set Lu∗(u) := L(u∗ + u) − L(u∗). The linear part of Lu∗(u) is denoted by Lu∗ . Suppose

γ∗ = γLu∗ ,p∗−1 and L(u∗) − f (t, x) ∈ Asy0{γ∗}(S
′ × DR′). Further we assume that Lu∗(u)

satisfies Condition 1, 2 and 3. Then by Corollary 1.4, the equation (1.5) has genuine solutions
with the estimate (1.6).

By Corollary 1.6, we can get the same results without Condition 1 by the same way as
in [3].

2. Preparation of Theorem 1.5

In this section we give one theorem and some lemmas to show Theorem 1.5, and we give
a proof of the theorem of this section.

2.1. Preparatory lemmas. Set

L∗ =
∑

j+|α|=l∗
|α|=m∗

aj,α(t, x)

(
t
∂

∂t

)j(
∂

∂x

)α

+
∑

j+|α|≤l∗
|α|<m∗

t−γ (l∗−j−|α|)aj,α(t, x)

(
t

∂

∂t

)j(
∂

∂x

)α

where the coefficients aj,α(t, x) belong to A(Sθ (T ) × DR) with aj,α(0, x) 
≡ 0,
aj∗,m∗e1(0, 0) ≡ 1, j∗ = l∗ − m∗ and m∗e1 = (m∗, 0, . . . , 0) ∈ Nn. Let us treat the fol-
lowing series: ∑

|q|≥1

tσq aq(t, x)Zq

where the coefficients and aq(t, x) belong to A(Sθ (T ) × DR) with and aq(0, x) 
≡ 0. Further
numbers σq are integers and satisfy the follows:

(2.1) σq =
{

−γ (l∗ − lq) + J 1
q (J 1

q > 0) for lq ≤ l∗
γ ∗(lq − l∗) + J 2

q (J 2
q ≥ 0) for lq > l∗
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where 0 ≤ γ < γ ∗ ≤ ∞. If {q; lq > l∗} = ∅ then we define γ ∗ = ∞.
Assume that the series

∑
|q|≥1 tσq aq(t, x)Zq converges in a neighborhood of Z = 0. For

a function g(t, x) ∈ Asy0{γ }(Sθ (T ) × DR) we consider the following equation:

(2.2) L∗u =
∑
|q|≥1

tσq aq(t, x)
∏

j+|α|≤m

{(
t
∂

∂t

)j(
∂

∂x

)α

u

}qj,α

+ g(t, x) .

Set

L(u) := L∗u −
∑
|q|≥1

tσq aq(t, x)
∏

j+|α|≤m

{(
t

∂

∂t

)j(
∂

∂x

)α

u

}qj,α

.

Let us define the following functional class Xp,q,c,γ where p ∈ N, q, c, γ ≥ 0 and
ζ > 0. The definition of Xp,q,c,γ (Sθ (T ) × Dρ) is a little different from that in [3].

Let ρ > 0, and let τ > 0 be a sufficiently small fixed number. For ϕ(x) = ∑
β∈Nn aβxβ

we define the norm ‖ϕ‖ρ by

(2.3) ‖ϕ‖ρ =
∑
β∈Nn

|aβ | β!
|β|!τ

β1ρ|β| .

For a fixed number a > 0 we set

Θ(k) = ak!
(k + 1)m+2 and Θ

(k)
R−ρ = 1

(R − ρ)k
Θ(k)

for k = 0, 1, . . . .

DEFINITION 2.1. Xp,q,c,γ (Sθ (T ) × Dρ) is the set of all functions ϕ(t, x) ∈
O(Sθ (T ) × Dρ) with the following bounds; There exists a positive constant Φ such that
for all s ∈ N

(2.4)

∥∥∥∥(
t
∂

∂t

)s

ϕ(t, ·)
∥∥∥∥

ρ

≤ Φζ s |t|q exp(−c|t|−γ )Θ
(s+p)

R−ρ for t ∈ Sθ (T ).

The norm of ϕ(t, x) is defined by the infimum of Φ in (2.4) and is denoted by ‖ϕ‖p,q,c,γ .

We can define for a function u(t, x) ∈ Xp,q,c,γ (Sθ (T ) × Dρ)(
t

∂

∂t

)−1

u(t, x) :=
∫ t

0
τ−1u(τ, x)dτ and

(
∂

∂x1

)−1

u(t, x) :=
∫ x1

0
u(t, χ, x ′)dχ

where x ′ = (x2, . . . , xn).
We fix a positive constant δ so that 0 < δ < min{J 1

q ; q with lq ≤ l∗} and γ ∗/δ ∈ N. We

define pk by pk = [δk/γ ∗] + j∗k where j∗ = l∗ − m∗. If {q; lq > l∗} = ∅ then pk = j∗k
by γ ∗ = ∞ where [a] denote the integral part of a. Set |k(q)| = ∑

j+|α|≤m

∑qj,α

i=1 k(j, α, i).
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REMARK 2.2. We remark that there exists min{J 1
q ; q with lq ≤ l∗}. Points (lq, γ (lq −

l∗)) are on the segment {(x, y) ∈ R2; y = γ (x − l∗) and 0 ≤ x ≤ l∗}. By (lq, σq) ∈ N × Z

and σq > γ (lq − l∗) for 0 ≤ lq ≤ l∗, the set {J 1
q = σq − γ (l∗ − lq); q with lq ≤ l∗} is lower

bound and lower close. Hence there exists min{J 1
q ; q with lq ≤ l∗}.

Let us construct a formal solution u(t, x) = ∑
k≥1 uk(t, x) of (2.2) with

L∗u1(t, x) = g(t, x)

L∗uk(t, x)

=
∑

1≤|q|≤k

lq≤l∗

tσq aq(t, x)
∑

|k(q)|+1=k

∏
j+|α|≤m

qj,α∏
i=1

(
t
∂

∂t

)j(
∂

∂x

)α

uk(j,α,i)(t, x)

+
∑

1≤|q|≤k

lq>l∗

tσq aq(t, x)
∑

|k(q)|+ γ ∗
δ (lq−l∗)=k

∏
j+|α|≤m

qj,α∏
i=1

(
t

∂

∂t

)j(
∂

∂x

)α

uk(j,α,i)(t, x) .

(2.5)

Then we have the following theorem for uk(t, x) in the relation (2.5):

THEOREM 2.3. Let S = Sθ (T ). For the function g(t, x) ∈ Xp1+m∗,δ,c0,γ (S × Dρ)

(0 < ∀ρ < R) suppose that there exists a positive constant G such that

(2.6)

∥∥∥∥(
t

∂

∂t

)s

g(t, ·)
∥∥∥∥

ρ

≤ Gζs |t|δ exp(−c0|t|−γ )Θ(s+p1+m∗) for t ∈ S

for all s ∈ N. Then for k ≥ 1 the functions uk(t, x) belong to Xpk,δk,c1,γ (S × Dρ) and satisfy
that there exist positive constants Uk such that

(2.7)

∥∥∥∥(
t

∂

∂t

)s

uk(t, ·)
∥∥∥∥

ρ

≤ Ukζ
s |t|δk exp(−c1|t|−γ )

1

(j∗k)!Θ
(s+pk)
R−ρ for t ∈ S

for a sufficiently small T > 0, 0 < ∀ρ < R and 0 < c1 < c0. Further a series
∑

k≥1 Ukt
k

converges in a neighborhood of t = 0.

Let us give some lemmas on the functional class Xp,q,c,γ .

LEMMA 2.4. Assume

(2.8) ‖u‖ρ ≤ Θ
(k)
R−ρ for 0 < ρ < R .

(1) Let k > 0. Then we have

(2.9)

∥∥∥∥ ∂

∂x1
u

∥∥∥∥
ρ

≤ M0e

τ
Θ

(k+1)
R−ρ for 0 < ρ < R
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and have

(2.10)

∥∥∥∥ ∂

∂xi

u

∥∥∥∥
ρ

≤ M0eΘ
(k+1)
R−ρ for 0 < ρ < R

for i = 2, . . . , n where M0 = 2m+2.
(2) Let k > 1. Then we have

(2.11)

∥∥∥∥(
∂

∂x1

)−1

u

∥∥∥∥
ρ

≤ 2τΘ
(k−1)
R−ρ for 0 < ρ < R .

PROOF. We use for any k ≥ 0

(k + 2)m+2

(k + 1)m+2
≤ 2m+2 .

We can show Lemma 2.4 as in [1] (Chapter10, Lemma 10.4.1). We omit the details. Q.E.D.

LEMMA 2.5. (1) For k = 1, 2, . . . , the following inequality holds:
{j∗k}!

kj∗{j∗(k − 1)}! ≤ j∗j∗
.

(2) There exists a positive constant M1 > 1 such that

Θ(l) ≤ M1

l + 1
Θ(l+1) .

We omit a proof.

LEMMA 2.6. Let 0 ≤ l′ ≤ l ≤ m. Then for any k ∈ N there exists a positive constant
a > 0 such that

(2.12)
∑

k1+k2=k

1

k1!Θ
(k1+l) 1

k2!Θ
(k2+l′) ≤ 1

k!Θ
(k+l) .

Lemma 2.6 is the case t = 0 in Lemma 2.1 in [3].
Form now we fix a number a > 0 so that the estimate (2.12) holds.

LEMMA 2.7. Let 0 ≤ l′ ≤ l ≤ m and p, p′ > 0. Then the following inequality holds:

s∑
i=0

s!
(s − i)!i!Θ

(s−i+p+l)Θ(i+p′+l′) ≤ p!p′!
(p + p′)!Θ

(s+p+p′+l) .

Lemma 2.7 is the case t = 0 in Proposition 2.3 in [3].

PROPOSITION 2.8. For 0 ≤ l′ ≤ l ≤ m and p, p′ > 0 let u(t, x) ∈ Xp+l,q,c,γ (S ×
Dρ) and v(t, x) ∈ Xp′+l′,q ′,c′,γ (S × Dρ) and we assume that there exist positive constants U
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and V such that for t ∈ S∥∥∥∥(
t
∂

∂t

)s

u

∥∥∥∥
ρ

≤ Uζ s |t|q exp(−c|t|−γ )
1

p!Θ
(s+p+l)
R−ρ

and ∥∥∥∥(
t

∂

∂t

)s

v

∥∥∥∥
ρ

≤ V ζ s |t|q ′
exp(−c′|t|−γ )

1

p′!Θ
(s+p′+l′)
R−ρ .

Then we have (uv)(t, x) ∈ Xp+p′+l,q+q ′,c+c′,γ (S × Dρ) and for t ∈ S∥∥∥∥(
t

∂

∂t

)s

(uv)

∥∥∥∥
ρ

≤ 1

(R − ρ)l
′ UV ζ s |t|q+q ′

exp(−(c + c′)|t|−γ )
1

(p + p′)!Θ
(s+p+p′+l)

R−ρ .

PROOF. By (
t
∂

∂t

)s

(uv) =
s∑

i=0

s!
(s − i)!i!

(
t
∂

∂t

)s−i

u

(
t

∂

∂t

)i

v

and Lemma 2.7 we obtain the desired result. Q.E.D.

By Proposition 2.8 we have:

PROPOSITION 2.9. Let an I be a finite subset of N and |I | be the cardinal of I . For
functions ui(t, x) ∈ Xpi+li ,qi ,c,γ (S × Dρ) for all i ∈ I and 0 ≤ li ≤ m we assume that there
exist positive constants Ui such that∥∥∥∥(

t
∂

∂t

)s

ui

∥∥∥∥
ρ

≤ Uiζ
s |t|qi exp(−c|t|−γ )

1

pi !Θ
(s+pi+li )
R−ρ .

Then we have∥∥∥∥(
t
∂

∂t

)s( ∏
i∈I

ui

)∥∥∥∥
ρ

≤ 1

(R − ρ)lI (|I |−1)

( ∏
i∈I

Ui

)
ζ s |t|

∑
i∈I qi exp(−c|t|−γ )

× 1∑
i∈I pi !Θ

(s+∑
i∈I pi+lI )

R−ρ

where lI = max{li; i ∈ I }.
PROPOSITION 2.10. Let p ≥ 0 and q > 0. For a function u(t, x) ∈ Xp,q,c,γ (S ×Dρ)

we assume that there exists a positive constant U such that for t ∈ S∥∥∥∥(
t

∂

∂t

)s

u

∥∥∥∥
ρ

≤ Uζ s |t|q exp(−c|t|−γ )
1

p!Θ
(s+p)
R−ρ .

Then we have the following estimates:
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There exists a positive constant C such that for t ∈ S

(1)

∥∥∥∥(
t
∂

∂t

)s{(
t

∂

∂t

)−1

u

}∥∥∥∥
ρ

≤ 1

q
Uζ s |t|q exp(−c|t|−γ )

1

p!Θ
(s+p)
R−ρ ,

(2)

∥∥∥∥(
t
∂

∂t

)s{
t−γ

(
t

∂

∂t

)−1

u

}∥∥∥∥
ρ

≤ C

cγ
Uζ s |t|q exp(−c|t|−γ )

1

p!Θ
(s+p)

R−ρ ,

(3)

∥∥∥∥(
t
∂

∂t

)s

(t−γ u)

∥∥∥∥
ρ

≤ C

cγ
Uζ s+1|t|q exp(−c|t|−γ )

1

p!Θ
(s+p+1)
R−ρ .

PROOF. We can show this proposition by the same way as the proof of Proposition
(2.10) in [3]. Then we give a proof for only (1). We have

(t∂/∂t)s (t∂/∂)−1u = (t∂/∂)−1(t∂/∂t)su and∫ |t |

0
τq exp(−cτ−γ )

dτ

τ
≤ 1

q
|t|q exp(−c|t|−γ ).

Hence we can obtain (1). Q.E.D.

To prove Theorem 2.3 we consider the following equation:

(2.13) L∗∗w(t, x) = W(t, x) ∈ Xp+m∗,δk,c,γ (S × DR)

where

(2.14) L∗∗ := L∗
(

t
∂

∂t

)−j∗(
∂

∂x1

)−m∗

.

Let Aj,α = ‖aj,α‖0,0,0,γ .

PROPOSITION 2.11. Let p ≥ 0 and k ≥ 1. For the equation (2.13) we assume that
there exists a positive constant W such that

(2.15)

∥∥∥∥(
t
∂

∂t

)s

W

∥∥∥∥
ρ

≤ Wζ s |t|δk exp(−c|t|−γ )
1

(j∗(k − 1))!Θ
(s+p+m∗)
R−ρ

for 0 < ρ < R and t ∈ S. Then we get the solution w(t, x) ∈ Xp+m∗,δk,c,γ (S × Dρ) of
(2.13) that satisfies

(2.16)

∥∥∥∥(
t

∂

∂t

)s

w

∥∥∥∥
ρ

≤ 1

1 − C(ζ, τ )
Wζ s |t|δk exp(−c|t|−γ )

1

(j∗(k − 1))!Θ
(s+p+m∗)
R−ρ
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for t ∈ S and 0 < ρ < R where

C(ζ, τ ) :=
∑

j+|α|=l∗
|α|=m∗,α1<m∗

Aj,α(M0e)
|α′|(2τ )m

∗−α1

+
∑

j+|α|≤l∗
|α|<m∗

Aj,α

(
C

cγ

)l∗−j−|α|
ζm∗−|α|(M0e)

|α′|(2τ )m
∗−α1

and |α′| = α2 + · · · + αn.

PROOF. We construct a formal solution w(t, x) = ∑∞
i=0 wi(t, x) of (2.13) with

w0(t, x) = W(t, x)

wi(t, x) = −
∑

j+|α|=l∗
|α|=m∗,α1<m∗

aj,α(t, x)

(
∂

∂x

)α−m∗e1

wi−1(t, x)

−
∑

j+|α|≤l∗
|α|<m∗

t−γ (l∗−j−|α|)aj,α(t, x)

(
t

∂

∂t

)j−(l∗−m∗)(
∂

∂x

)α−m∗e1

wi−1(t, x)

for i ≥ 1. Then for i ≥ 0 we get

(2.17)

∥∥∥∥(
t
∂

∂t

)s

wi

∥∥∥∥
ρ

≤ {C(ζ, τ )}iWζ s |t|δk exp(−c|t|−γ )
1

(j∗(k − 1))!Θ
(s+p+m∗)
R−ρ

for t ∈ S and 0 < ρ < R.
Let us show the estimate (2.17). It is trivial that the estimate (2.17) holds for i = 0 by

w0(t, x) = W(t, x).
For i ≥ 1 we show the estimate (2.17) on induction. We assume that the estimate (2.17)

holds for i ′ = 0, 1, . . . , i − 1.
For α1 < m∗ by Lemma 2.4 we have∥∥∥∥(

t
∂

∂t

)s{(
∂

∂x

)α−m∗e1

wi−1

}∥∥∥∥
ρ

≤ {C(ζ, τ )}i−1(2τ )m
∗−α1(M0e)

|α′|Wζ s |t|δk exp(−c|t|−γ )

× 1

(j∗(k − 1))!Θ
(s+p+|α|)
R−ρ .

(2.18)
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Therefore by (2.18) and Proposition 2.8 we get

(2.19)

∥∥∥∥(
t

∂

∂t

)s{ ∑
j+|α|=l∗

|α|=m∗,α1<m∗

aj,α

(
∂

∂x

)α−m∗e1

wi−1

}∥∥∥∥
ρ

≤
∑

j+|α|=l∗
|α|=m∗ ,α1<m∗

Aj,α{C(ζ, τ )}i−1(2τ )m
∗−α1(M0e)

|α′|Wζ s |t|δk exp(−c|t|−γ )

× 1

(j∗(k − 1))!Θ
(s+p+m∗)
R−ρ

for t ∈ S and 0 < ρ < R.
For |α| < m∗ and j + |α| ≤ l∗ , by the estimate (2.18) we get∥∥∥∥(

t
∂

∂t

)s{(
t

∂

∂t

)m∗−|α|(
∂

∂x

)α−m∗e1

wi−1

}∥∥∥∥
ρ

≤ {C(ζ, τ )}i−1(2τ )m
∗−α1(M0e)

|α′|ζm∗−|α|Wζ s |t|δk exp(−c|t|−γ )

× 1

(j∗(k − 1))!Θ
(s+p+m∗)
R−ρ

and by Proposition 2.8 and 2.10-(2) we get

(2.20)

∥∥∥∥(
t
∂

∂t

)s{ ∑
j+|α|≤l∗
|α|<m∗

t−γ (l∗−j−|α|)aj,α

(
t

∂

∂t

)j−(l∗−m∗)(
∂

∂x

)α−m∗e1

wi−1

}∥∥∥∥
ρ

≤
∑

j+|α|≤l∗
|α|<m∗

Aj,α{C(ζ, τ )}i−1
(

C

cγ

)l∗−j−|α|
(2τ )m

∗−α1(M0e)
|α′|ζm∗−|α|Wζ s |t|δk

× exp(−c|t|−γ )
1

(j∗(k − 1))!Θ
(s+p+m∗)
R−ρ

for t ∈ S and 0 < ρ < R. By the estimates (2.19) and (2.20) we obtain the estimate (2.17)
for i ≥ 0. By the definition of C(ζ, τ ) we have C(ζ, τ ) < 1 for a sufficiently small τ > 0.
Hence the solution w(t, x) = ∑

i≥0 wi(t, x) converges and holds the estimate (2.16).
Q.E.D.

Let us consider the following equation:

(2.21) L∗u(t, x) = W(t, x) .

By Proposition 2.11 following proposition holds for (2.21);
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PROPOSITION 2.12. Let p ≥ 0 and k ≥ 1. For the function W(t, x) ∈
Xp+m∗,δk,c,γ (S × Dρ) assume that there exists a positive constant W such that∥∥∥∥(

t
∂

∂t

)s

W

∥∥∥∥
ρ

≤ Wζ s |t|δk exp(−c|t|−γ )
1

(j∗(k − 1))!Θ
(s+p+m∗)
R−ρ for t ∈ S .

Then we get the solution u(t, x) ∈ Xp,δk,c,γ (S × Dρ) of (2.21) that satisfies∥∥∥∥(
t

∂

∂t

)s

u

∥∥∥∥
ρ

≤
(

j∗

δ

)j∗

(2τ )m
∗ 1

1 − C(ζ, τ )
Wζ s |t|δk exp(−c|t|−γ )

× 1

(j∗k)!Θ
(s+p)

R−ρ for t ∈ S.

PROOF. For the solution w(t, x) of the equation (2.13), we have

(2.22) u(t, x) =
(

t
∂

∂t

)−j∗(
∂

∂x1

)−m∗

w(t, x) .

By Proposition 2.11 and Lemma 2.4-(2), we have∥∥∥∥(
t

∂

∂t

)s{(
∂

∂x1

)−m∗

w

}∥∥∥∥
ρ

≤ (2τ )m
∗ 1

1 − C(ζ, τ )
Wζ s|t|δk exp(−c|t|−γ )

× 1

(j∗(k − 1))!Θ
(s+p)
R−ρ for t ∈ S .

By Proposition 2.10-(1) and Lemma 2.5-(1) we obtain the desired result. Q.E.D.

2.2. Proof of Theorem 2.3. Let us give a proof of Theorem 2.3. We will show the
estimate (2.7) by the same way as the proof of Proposition 3.6 in [3], and show that the
series

∑
k≥0 Ukt

k converges in a neighborhood of t = 0 by majorant functions and Implicit’s
function theorem as in [1].

Set Aq := ‖aq‖0,0,0,γ . Then we can assume that a series∑
|q|≥1

Aq

(R − ρ)m(|q|−1)
Zq

converges in a neighborhood of Z = 0.
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Set

W1,k(uk′ ; k′ < k) :=
∑

1≤|q|≤k

lq≤l∗

tσq aq(t, x)

×
∑

|k(q)|+1=k

∏
j+|α|≤m

qj,α∏
i=1

(
t

∂

∂t

)j(
∂

∂x

)α

uk(j,α,i)(t, x)

W2,k(uk′ ; k′ < k) :=
∑

1≤|q|≤k

lq>l∗

tσq aq(t, x)

×
∑

|k(q)|+ γ ∗
δ (lq−l∗)=k

∏
j+|α|≤m

qj,α∏
i=1

(
t

∂

∂t

)j(
∂

∂x

)α

uk(j,α,i)(t, x)

Wk(uk′ ; k′ < k) := W1,k(uk′ ; k′ < k) + W2,k(uk′ ; k′ < k) .

(2.23)

We show that the estimate (2.7) holds for k ≥ 1. We give the assumption on the function
g(t, x) again:∥∥∥∥(

t
∂

∂t

)s

g
∥∥∥∥

ρ

≤ Gζs |t|δ exp(−c0|t|−γ )Θ
(s+p1+m∗)
R−ρ for t ∈ S = Sθ (T ) .

Let us show the estimate (2.7) on k = 1. We solve an equation

L∗u1(t, x) = g(t, x) .

We get a solution u1(t, x) of the above equation by

L∗∗w1(t, x) = g(t, x) and u1(t, x) =
(

t
∂

∂t

)−j∗(
∂

∂x1

)−m∗

w1(t, x) .

By Proposition 2.11 we get∥∥∥∥(
t

∂

∂t

)s

w1

∥∥∥∥
ρ

≤ 1

1 − C(ζ, τ )
Gζ s|t|δ exp(−c|t|−γ )

1

j∗!Θ
(s+p1+m∗)
R−ρ for t ∈ S

and by Proposition 2.12∥∥∥∥(
t

∂

∂t

)s

u1

∥∥∥∥
ρ

≤
(

j∗

δ

)j∗

(2τ )m
∗ 1

1 − C(ζ, τ )
Gζ s |t|δ exp(−c|t|−γ )

1

j∗!Θ
(s+p1)

R−ρ for t ∈ S.

(2.24)

If we take a sufficiently small τ > 0 so that( j∗

δ

)j∗
(2τ )m

∗ 1

1 − C(ζ, τ )
≤ 1,



SOLUTIONS FOR SOME NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS 229

then by the estimate (2.24) we get∥∥∥∥(
t
∂

∂t

)s

u1

∥∥∥∥
ρ

≤ Gζs |t|δ exp(−c|t|−γ )
1

j∗!Θ
(s+p1)
R−ρ for t ∈ S.

By setting U1 = G, the estimate (2.7) holds for k = 1.
For k ≥ 2 let us show the estimate (2.7) on induction. Let us assume that the estimate

(2.7) holds for k′ = 1, 2, . . . , k − 1. By Lemma 2.4-(1) for k(j, α, i) < k we get∥∥∥∥(
t

∂

∂t

)s{(
t
∂

∂t

)j(
∂

∂x

)α

uk(j,α,i)

}∥∥∥∥
ρ

≤ ζ j (M0e)
|α|

τα1
Uk(j,α,i)ζ

s |t|δk(j,α,i) exp(−c|t|−γ )
1

(j∗k(j, α, i))!Θ
(s+pk(j,α,i)+j+|α|)
R−ρ .

Here we use an inequality
∏

j+|α|≤m

∏qj,α

i=1 pk(j,α,i)!/(j∗k(j, α, i))! ≤ |p(q)|!/(j∗|k(q)|)!
where |p(q)| = ∑

j+|α|≤m

∑qj,α

i=1 pk(j,α,i). Then by Proposition 2.8 and 2.9 we obtain

(2.25)

∥∥∥∥(
t
∂

∂t

)s{
aq

∏
j+|α|≤m

qj,α∏
i=1

(
t

∂

∂t

)j(
∂

∂x

)α

uk(j,α,i)

}∥∥∥∥
ρ

≤ Aq

(R − ρ)lq(|q|−1)

{ ∏
j+|α|≤m

qj,α∏
i=1

ζ j (M0e)
|α|

τα1
Uk(j,α,i)

}
ζ s |t|δ|k(q)| exp(−c|t|−γ )

× 1

(j∗|k(q)|)!Θ
(s+|p(q)|+lq)

R−ρ .

Let us give an estimate for W1,k . In the case 1 ≤ |q| ≤ k and |k(q)| + 1 = k, it follows from

σq = −γ (l∗ − lq) + J 1
q that by Proposition 2.10-(3) we get∥∥∥∥(

t
∂

∂t

)s

W1,k

∥∥∥∥
ρ

≤
∑

1≤|q|≤k

lq≤l∗

(
C

cγ

)l∗−lq

ζ l∗−lq
Aq

(R − ρ)lq (|q|−1)

×
∑

|k(q)|+1=k

{ ∏
j+|α|≤m

qj,α∏
i=1

ζ j (M0e)
|α|

τα1
Uk(j,α,i)

}

×ζ s |t|δk exp(−c|t|−γ )
1

(j∗(k − 1))!Θ
(s+|p(q)|+l∗)
R−ρ .

Further we have

0 ≤ pk + m∗ − (|p(q)| + l∗)

=
[

δ

γ ∗ (|k(q)| + 1)

]
−

∑
j+|α|≤m

qj,α∑
i=1

[
δ

γ ∗ k(j, α, i)

]
:= Ik(q) .

(2.26)
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For all i = 1, . . . , qj,α and (j, α) with j + |α| ≤ m if δk(j, α, i)/γ ∗ = n(j, α, i) − ε(j, α, i)

with n(j, α, i) ∈ N and 0 ≤ ε(j, α, i) < 1 then we have the maximum of Ik(q). Then we get
[δk(j, α, i)/γ ∗] = n(j, α, i) − η(j, α, i) with η(j, α, i) = 0 or 1,

(2.27)
∑

j+|α|≤m

qj,α∑
i=1

[
δ

γ ∗ k(j, α, i)

]
=

∑
j+|α|≤m

qj,α∑
i=1

n(j, α, i) −
∑

j+|α|≤m

qj,α∑
i=1

η(j, α, i)

and [
δ

γ ∗ (|k(q)| + 1)

]
=

[ ∑
j+|α|≤m

qj,α∑
i=1

n(j, α, i) −
∑

j+|α|≤m

qj,α∑
i=1

ε(j, α, i) + δ

γ ∗

]

≤
∑

j+|α|≤m

qj,α∑
i=1

n(j, α, i) + 1

(2.28)

by γ ∗/δ ∈ N. Then by the inequalities (2.26), (2.27) and (2.28)

(2.29) pk + m∗ − (|p(q)| + l∗) ≤
∑

j+|α|≤m

qj,α∑
i=1

η(j, α, i) + 1 ≤ |q| + 1 ≤ 2|q|

holds for |q| ≥ 1. By the inequality (2.29) and Lemma 2.5-(2) we obtain∥∥∥∥(
t

∂

∂t

)s

W1,k

∥∥∥∥
ρ

≤
∑

1≤|q|≤k

lq≤l∗

(
Cζ

cγ

)l∗−lq

× M
2|q|
1 Aq

(R − ρ)lq(|q|−1)

∑
|k(q)|+1=k

{ ∏
j+|α|≤m

qj,α∏
i=1

ζ j (M0e)
|α|

τα1
Uk(j,α,i)

}

× ζ s |t|δk exp(−c|t|−γ )
1

(j∗(k − 1))!Θ
(s+pk+m∗)
R−ρ .

(2.30)

Let us give an estimate for W2,k(t, x). In the case 1 ≤ |q| ≤ k and |k(q)| + γ ∗
δ

(lq −
l∗) = k, we have pk + m∗ − (|p(q)| + lq) ≥ j∗(k − |k(q)| − 1) ≥ 0. It follows from

σq = γ ∗(lq − l∗) + J 2
q that by the estimate (2.25) we have∥∥∥∥(

t
∂

∂t

)s

W2,k

∥∥∥∥
ρ

≤
∑

1≤|q|≤k

lq>l∗

Aq

(R − ρ)lq(|q|−1)

×
∑

|k(q)|+γ ∗(lq−l∗)/δ=k

{ ∏
j+|α|≤m

qj,α∏
i=1

ζ j (M0e)
|α|

τα1
Uk(j,α,i)

}

× ζ s |t|δk exp(−c|t|−γ )
(j∗(k − 1))!
(j∗|k(q)|)!

1

(j∗(k − 1))!Θ
(s+|p(q)|+lq)

R−ρ .
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By Lemma 2.5-(2) we get∥∥∥∥(
t

∂

∂t

)s

W2,k

∥∥∥∥
ρ

≤
∑

1≤|q|≤k

lq>l∗

Aq

(R − ρ)lq(|q|−1)

×
∑

|k(q)|+γ ∗(lq−l∗)/δ=k

{ ∏
j+|α|≤m

qj,α∏
i=1

ζ j (M0e)
|α|

τα1
Uk(j,α,i)

}

×ζ s |t|δk exp(−c|t|−γ )
(j∗(k − 1))!
(j∗|k(q)|)!

× M
pk+m∗−(|p(q)|+lq)

1

(pk + m∗) · · · (|p(q)| + lq + 1)

1

(j∗(k − 1))!Θ
(s+pk+m∗)

R−ρ

for t ∈ S. By (pk + m∗) − (|p(q)| + lq ) ≥ j∗(k − |k(q)| − 1),

(j∗(k − 1))!
(j∗|k(q)|)!

1

(pk + m∗) · · · (|p(q)| + lq + 1)
≤ 1

holds. By the same way as in (2.29) we have pk+m∗−(|p(q)|+lq) ≤ pk+l∗−(|p(q)|+lq ) ≤
|q|+ γ ∗

δ
j∗(lq − l∗) and |q|+ γ ∗

δ
j∗(lq − l∗) ≤ (1+ γ ∗

δ
j∗(m− l∗))|q| =: κ |q|. Then we obtain∥∥∥∥(

t
∂

∂t

)s

W2,k

∥∥∥∥
ρ

≤
∑

1≤|q|≤k

lq>l∗

M
κ|q|
1 Aq

(R − ρ)lq(|q|−1)

×
∑

|k(q)|+γ ∗(lq−l∗)/δ=k

{ ∏
j+|α|≤m

qj,α∏
i=1

ζ j (M0e)
|α|

τα1
Uk(j,α,i)

}

× ζ s |t|δk exp(−c|t|−γ )
1

(j∗(k − 1))!Θ
(s+pk+m∗)
R−ρ

(2.31)

for t ∈ S. By the estimates (2.30) and (2.31) for 0 < ζ < 1 the following estimate holds:∥∥∥∥(
t

∂

∂t

)s

Wk

∥∥∥∥
ρ

≤
∑

1≤|q|≤k

lq≤l∗

(
Cζ

cγ

)l∗−lq M
2|q|
1 Aq

(R − ρ)lq (|q|−1)

×
∑

|k(q)|+1=k

{ ∏
j+|α|≤m

qj,α∏
i=1

ζ j (M0e)
|α|

τα1
Uk(j,α,i)

}

×ζ s |t|δk exp(−c|t|−γ )
1

(j∗(k − 1))!Θ
(s+pk+m∗)
R−ρ
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+
∑

1≤|q|≤k

lq>l∗

M
κ|q|
1 Aq

(R − ρ)lq(|q|−1)

×
∑

|k(q)|+γ ∗(lq−l∗)/δ=k

{ ∏
j+|α|≤m

qj,α∏
i=1

ζ j (M0e)
|α|

τα1
Uk(j,α,i)

}

×ζ s |t|δk exp(−c|t|−γ )
1

(j∗(k − 1))!Θ
(s+pk+m∗)
R−ρ .

Set

Uk = M
∑

1≤|q|≤k

lq≤l∗

(
Cζ

cγ

)l∗−lq

× M
2|q|
1 Aq

(R − ρ)lq(|q|−1)

∑
|k(q)|+1=k

{ ∏
j+|α|≤m

qj,α∏
i=1

ζ j (M0e)
|α|

τα1
Uk(j,α,i)

}

+ M
∑

1≤|q|≤k

lq>l∗

M
κ|q|
1 Aq

(R − ρ)lq(|q|−1)

×
∑

|k(q)|+γ ∗(lq−l∗)/δ=k

{ ∏
j+|α|≤m

qj,α∏
i=1

ζ j (M0e)
|α|

τα1
Uk(j,α,i)

}

(2.32)

where

M :=
(

j∗

δ

)j∗

(2τ )m
∗ 1

1 − C(ζ, τ )
(in Proposition 2.12) .

By Proposition 2.12, we get∥∥∥∥(
t
∂

∂t

)s

uk

∥∥∥∥
ρ

≤ Ukξ
s |t|δk exp(−c|t|−γ )

1

(j∗k)!Θ
(s+pk)
R−ρ for t ∈ S .

Hence the estimate (2.7) holds for k ≥ 1.
Let us show that

∑
k≥1 Ukt

k is a convergent power series in a neighborhood of the origin
t = 0. Coefficients Uk (k ≥ 1) are given by U1 = G and the relation (2.32) for k ≥ 2. Let us
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consider the following equation:

Y = Gt + Mt
∑
|q|≥1
lq≤l∗

(
Cζ

cγ

)l∗−lq M
2|q|
1 Aq

(R − ρ)m(|q|−1)

∏
j+|α|≤m

(
ζ j (M0e)

|α|

τα1
Y

)qj,α

+ M
∑
|q|≥1
lq>l∗

t(lq−l∗)γ ∗/δ M
κ|q|
1 Aq

(R − ρ)m(|q|−1)

∏
j+|α|≤m

(
ζ j (M0e)

|α|

τα1
Y

)qj,α

.

(2.33)

We can show that the equation (2.33) has a holomorphic solution Y (t) = ∑
k≥1 Ykt

k in a
neighborhood of t = 0 with Uk ≤ Yk for k ≥ 1 by Implicit’s function theorem at (t, Y ) =
(0, 0). Hence

∑
k≥1 Ukt

k converges in a neighborhood of the origin t = 0. Q.E.D.

3. Proof of Theorem 1.5

In this section we prove Theorem 1.5 by Theorem 2.3.
Set l∗ = lL,i−1, m∗ = mi , j∗ = jL,i−1 = lL,i−1 − mi , γ = γL,i , γ ∗ = γL,i−1 and

c∗(t, x) = tσL,i−1cjL,i−1,mie1(t, x) where cjL,i−1,mie1(0, 0) 
= 0.
We consider an equation

(3.1) L(u(t, x))/c∗(t, x) = f (t, x)/c∗(t, x)

for the equation (1.2).

REMARK 3.1. For L(tνu(t, x)) with tνu(t, x) ∈ tνAsy0{γ }(Sθ (T ) × DR) ,

NP(L; ν) = NP(L; ν) holds for a sufficiently large ν ∈ N by Lemma 1.1. Hence we
can assume NP(L) = NP(L) for the equation (1.2).

We set

(3.2) L∗ = {c∗(t, x)}−1Li ,

(3.3) L∗(u(t, x)) = (L(u(t, x)) − Liu(t, x))/c∗(t, x)

and

(3.4) g(t, x) = f (t, x)/c∗(t, x) =: tδh(t, x)

where L∗(u) is in (2.2) and h(t, x) = f (t, x)/{tδc∗(t, x)}. By Remark 3.1 L∗(u(t, x)) is the
following form:

(3.5) L∗(u(t, x)) =
∑
|q|≥1

tσq−σL,i−1aq(t, x)
∏

j+|α|≤m

{(
t

∂

∂t

)j(
∂

∂x

)α

u(t, x)

}qj,α



234 HIROSHI YAMAZAWA

where aq(t, x) = cq(t, x)/cjL,i−1,mie1(t, x), and numbers σq − σL,i−1 ∈ Z satisfy

(3.6) σq − σL,i−1 =
{

−γ (l∗ − lq) + J 1
q (J 1

q > 0) for lq ≤ l∗
γ ∗(lq − l∗) + J 2

q (J 2
q ≥ 0) for lq > l∗ .

If i = 1 then we define γ ∗ = ∞. Further if we take 0 < c0 < c then we have

(3.7) h(t, x) ∈ Xp1+m∗,0,c0,γ (S × DR) .

Therefore it is sufficient to show Theorem 1.5 for the equation (3.1).
Let us show Theorem 1.5. By Theorem 2.3 we have the following estimate:

There exist positive constants A and B such that for k ≥ 1 and t ∈ Sθ (T )

(3.8)
‖uk(t, ·)‖ρ ≤ ABk|t|δk exp(−c|t|−γ ) if {q; lq > l∗} = ∅
‖uk(t, ·)‖ρ ≤ ABk|t|δk exp(−c|t|−γ )Γ

(
δk

γ ∗ + 1

)
if {q; lq > l∗} 
= ∅ .

By the estimate (3.8), if {q; lq > l∗} = ∅ then the formal solution
∑

k≥1 uk(t, x) becomes a
genuine solution of the equation (3.1). We get Theorem 1.5-(2).

From now we will show Theorem 1.5-(1) in the case {q; lq > l∗} 
= ∅. It is our purpose
to show the following two propositions;

Let S = Sθ (T ) and S0 = Sθ0(T0) with 0 < θ0 < π/(2γ ∗) and S0 � S.

PROPOSITION 3.2. Let uk(t, x) be constructed in the relation 2.5 for k ≥ 1. Then

there exists a function uS0(t, x) ∈ Asy0{γ ∗}(S0 × DR0) such that

‖uS0 −
N∑

k=0

uk‖ρ ≤ ABN+1Γ

(
(N + 1)δ

γ ∗ + 1

)
|t|(N+1)δ exp(−c|t|−γ ) for t ∈ S0 .

For the function uS0(t, x) set

gS0(t, x) := L∗uS0(t, x) −
∑
|q|≥1

tσq−σL,i−1aq(t, x)
∏

j+|α|≤m

{(
t

∂

∂t

)j(
∂

∂x

)α

uS0(t, x)

}qj,α

− g(t, x).

PROPOSITION 3.3. We have gS0(t, x) ∈ Asy0{γ ∗}(S0 × DR1) for 0 < R1 < R0.

We get Theorem 1.5-(1) by Proposition 3.3.
Let us give proofs of Proposition 3.2 and 3.3. We can show these proposition by the

same way as in [3] for the norm (2.3).
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We define the follows for the functions uk(t, x) in Theorem 2.3:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

ûk(t, x, ξ) = uk(t, x)

tδk+γ ∗
ξδk/γ ∗

Γ (δk/γ ∗ + 1)

ũN(t, x, ξ) =
∞∑

k=N+1

ûk(t, x, ξ)

ũ(t, x, ξ) =
∞∑

k=0

ûk(t, x, ξ) .

By Theorem 2.3 there exists a positive constant ξ̂0 such that ũN(t, x, ξ) and ũ(t, x, ξ) con-

verge in S × Dρ × {|ξ | ≤ ξ̂0}.
LEMMA 3.4. There exist positive constants ξ̂ with 0 < ξ̂ < ξ̂0, Ai and Bi (i = 0, 1)

such that for S × {|ξ | ≤ ξ̂ }
(3.9) ‖ũN (t, ·, ξ)‖ρ ≤ A0B0

N+1|t|−γ ∗
exp(−c|t|−γ )|ξ |(N+1)δ/γ ∗

and for S × {|ξ | > ξ̂ }

(3.10)
N∑

k=0

‖ûk(t, ·, ξ)‖ρ ≤ A1B1
N+1|t|−γ ∗

exp(−c|t|−γ )|ξ |(N+1)δ/γ ∗
.

We can show Lemma 3.4 as in Lemma 4.1 in [3]. We omit the details.
PROOF OF PROPOSITION 3.2. Set

uS0(t, x) =
∫ ξ̂

0
exp(−ξt−γ ∗ )̃u(t, x, ξ)dξ .

Then we have

uS0(t, x) −
N∑

k=0

uk(t, x) =
∫ ξ̂

0
exp(−ξt−γ ∗)̃uN (t, x, ξ)dξ

−
∫ ∞

ξ̂

exp(−ξt−γ ∗)
N∑

k=0

ûk(t, x, ξ)dξ

= I1,N + I2,N .

By Lemma 3.4 for t ∈ S0 the following estimates hold:

‖I1,N‖ρ ≤ A0B0
N+1 exp(−c|t|−γ )|t|(N+1)δΓ

(
(N + 1)δ

γ ∗ + 1

)
and

‖I2,N‖ρ ≤ A1B1
N+1 exp(−c|t|−γ )|t|(N+1)δΓ

(
(N + 1)δ

γ ∗ + 1

)
.
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Hence we obtain Proposition 3.2. Q.E.D.

Let us show Proposition 3.3. Set

vN(t, x) =
N∑

k=1

uk(t, x), wN(t, x) = uS0(t, x) − vN(t, x)

and

W(u) :=
∑
|q|≥1

tσq cq(t, x)
∏

j+|α|≤m

{(
t

∂

∂t

)j(
∂

∂x

)α

u

}qj,α

for the equation (3.1). Then we have

(3.11) gS0(t, x) = L∗(vN + wN) − W(vN + wN) − g(t, x) ,

L∗vN = ∑N
k=1 L∗uk(t, x) and

(3.12)

{L∗u1(t, x) = g(t, x)

L∗uk(t, x) = Wk(uk′ : k′ < k) for k ≥ 2 .

By the relation (3.12) we have

(3.13) L∗vN − W(vN) − g(t, x) =
N∑

k=2

Wk(uk′ : k′ < k) − W(vN)

and by relations (3.11) and (3.13)

gS0(t, x) =
{ N∑

k=2

Wk(uk′ : k′ < k) − W(vN)

}
+{L∗wN(t, x) − W(vN + wN) + W(vN)

}
= J1,N + J2,N .

Set

vN,k(t, x) :=
{
uk(t, x) for 1 ≤ k ≤ N

0 for k ≥ N + 1

Then we have vN(t, x) = ∑∞
k=1 vN,k(t, x) and

J1,N =
∑

k≥N+1

{W1,k(vN,k′ ; k′ < k) + W2,k(vN,k′ ; k′ < k)} .

LEMMA 3.5. For 0 < ρ0 < ρ there exist positive constants c1 and c2 such that if
c1/(N + 1) ≤ |t|γ ∗ ≤ c1/N then

‖J1,N‖ρ0 , ‖J2,N‖ρ0 ≤ A exp(−c2|t|−γ ∗) .
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We can show Lemma 3.5 as in Lemma 4.4 in [3]. We omit the details.

PROOF OF PROPOSITION 3.3. By Lemma 3.5 we obtain

‖gS0‖ρ0 ≤ A exp(−c2|t|−γ ∗)

for c1/(N + 1) ≤ |t|γ ∗ ≤ c1/N where c2 and A are independent of N . Therefore we can

show gS0(t, x) ∈ Asy0{γ ∗}(S0 × Dρ0) and we get Proposition 3.3. Q.E.D.
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