
TOKYO J. MATH.
VOL. 35, NO. 1, 2012

The Effect of External Fields in the Theory of Liquid Crystals

Junichi ARAMAKI

Tokyo Denki University

(Communicated by K. Ahara)

Abstract. We consider the response of external field to the theory of liquid crystals. We treat the Landau-de
Gennes functional with the Dirichlet boundary condition for the director field which may be non-constant. We show
that there exist two families of critical points such that one carries out the superheating fields of superconductors and
the other one carries out strong stability. We also show that under some conditions, strong field does not bring the
pure nematic state which is different response from superconductors.

1. Introduction

In this paper, we consider the change of stability of liquid crystals under applied external
fields (electric or magnetic fields). Let FN(n,∇n) be the classical Oseen-Frank density of

nematic liquid crystals. Then we must add an external density −χ(H ·n)2 to FN(n,∇n), and
consider a modified energy functional:∫

Ω

{FN(n,∇n)− χ(H · n)2}dx .

Here H is an applied field, χ is a real parameter and n : Ω → S2 is a director field of the
nematic crystals. See de Gennes and Prost [5, p. 287]. Though there are many article on liquid
crystals without external field (for example, Aramaki [1], [2], Bauman et al. [3], Hardt et al.
[9], Pan [11], [14]), there are few references which treat applied field. See Lin and Pan [10]
and Pan [12], [13].

According to the Landau-de Gennes theory, phase transitions of nematic states to smectic
states can be described by the minimizer (ψ,n) of the Landau-de Gennes functional:

(1.1) E[ψ,n] =
∫
Ω

{
|∇qnψ|2 + κ2

2
(1 − |ψ|2)2

+K1|div n|2 +K2|n · curl n|2 +K3|n × curl n|2 − χ(H · n)2
}
dx
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where κ,K1,K2,K3 and χ are positive constants, and q is a real number. Here we denoted
∇qnψ = ∇ψ − iqnψ . Without loss of generality, we may assume that q ≥ 0. For brevity, we
write

E[ψ,n] = G[ψ,n] + F [n] −
∫
Ω

χ(H · n)2dx

where

F [n] =
∫
Ω

{K1|div n|2 +K2|n · curl n|2 +K3|n × curl n|2}dx

is the simplified Oseen-Frank energy for nematics and

G[ψ,n] =
∫
Ω

{
|∇qnψ|2 + κ2

2
(1 − |ψ|2)2

}
dx

is the Ginzburg-Landau energy for smectics.
We consider the functional E under the Dirichlet boundary condition for the director

field:

n = e0 on ∂Ω

where e0 ∈ C2(∂Ω,S2). Thus we treat E on the spaceW 1,2(Ω,C)×W 1,2(Ω,S2, e0) where

W 1,2(Ω,S2, e0) = {n ∈ W 1,2(Ω,R3); |n(x)| = 1 a.e. in Ω,n = e0 on ∂Ω} .
Here and from now, for some Euclidean spaceE (= R,C,R3,C3 or the space R

9 of real 3×3
matrices), W 1,2(Ω,E) denotes the usual Sobolev space and we briefly denote W 1,2(Ω,R)

by W 1,2(Ω).
Throughout this paper, we assume that Ω is a simply connected bounded domain with

smooth boundary in R3 and H = σh where h is a unit constant vector and σ is a positive

number denoting the intensity of the applied field, and assume that there exists e ∈ C2(Ω,S2)

such that

(H.1) curl e = 0 , h · e = 0 , −�e = |∇e|2e in Ω , e = e0 on ∂Ω

and e is a unique minimizer of

inf
n∈W 1,2(Ω,S2,e0)

F [n] .

Here we note that there are many situations where (H.1) holds. For example, choose
the coordinate system x = (x1, x2, x3) such that h = (0, 0, 1). Take some point a =
(a1, a2, a3) ∈ R3 \Ω so that

e(x1, x2, x3) =
(

cos

(
arctan

(
x2 − a2

x1 − a1

))
, sin

(
arctan

(
x2 − a2

x1 − a1

))
, 0

)
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is well defined. Then e satisfies (H.1). There are a lot of choices of a.

(H.2) min{K1,K2,K3} > K1c(Ω)max
x∈Ω

|∇e|2

where c(Ω) > 0 is the best constant such that the following Poincaré inequality holds:∫
Ω

|w|2dx ≤ c(Ω)

∫
Ω

|∇w|2dx

for any w ∈ W 1,2
0 (Ω,R3). Moreover assume that

(H.3) For any p ∈ Ω , the integral curve of e through p intersects with ∂Ω .
[10] treated the case where h and e0 are constant unit vectors such that h · e0 = 0. Of

course the conditions (H.1), (H.2) and (H.3) hold for this case.
By the hypothesis (H.1), Ω is simply connected and curl e = 0 in Ω , there exists a

unique function ϕ ∈ C3(Ω) such that

(1.2) ∇ϕ = e in Ω ,

∫
Ω

ϕdx = 0 .

Our purpose is an extension of their result to the case where e0 is non-constant and the
condition (H.1), (H.2) and (H.3) hold.

In our case, the energy functional can be rewritten by

(1.3) E[ψ,n] = G[ψ,n] + F [n] − χσ 2
∫
Ω

(h · n)2dx .

We also write

Fσh[n] = F [n] − χσ 2
∫
Ω

(h · n)2dx .

Now we can see that the energy functional E has two families of critical points:

(1.4) ψ = 0 , n = nσ

where nσ is a global minimizer of Fσh:

Fσh[nσ ] = inf
n∈W 1,2(Ω,S2,e0)

Fσh[n] ,

and

(1.5) ψ = ceiqϕ , n = e

where ϕ is as in (1.2) and c is an arbitrary complex number such that |c| = 1.
By the analogies between superconductors and liquid crystals (cf. [12] and [13]), we call

the family in (1.4) pure nematic states corresponding to the normal states of superconductor,
and the family in (1.5) pure smectic states corresponding to the Meissner states of supercon-
ductor. We shall see that there exists a critical field Hn(0) > 0 such that for 0 ≤ σ < Hn(0),
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the only pure nematic state is (0, e). Moreover, we shall show that there exist critical fields
Hsh and Hs where the pure smectic states change their weak stability (local minimality) at
Hsh and change their strong stability (global minimality) at Hs . Thus the critical field Hsh
look like the superheating field of superconductors. We shall also show that in the case of
K1 = K2 = K3, a liquid crystal under very strong external field may not be in a pure nematic
state. On the other hand, in the theory of superconductor, the breakdown of superconductivity
occurs under strong external magnetic fields. See Giorgi and Phillips [7]. Thus liquid crystals
and superconductors have very different response in strong field.

The plan of this paper is as follows. In section 2, we state the weak stability of a critical
point of E . In section 3, we define a critical value Hsh and show that when σ increases, the
pure smectic states change their weak stabilities atHsh. In section 4, we define a critical value
Hs , and show that if σ > Hs , the global minimizers of E are not pure smectic states and if
σ < Hs , the only global minimizers of E are pure smectic states. Finally in section 5, we
show that the instabilities in pure nematic states. In the particular case of K1 = K2 = K3,
when σ is sufficiently large, the pure nematic states are not global minimizers of E . This
phenomena clarifies the difference between the liquid crystals and superconductors.

2. Weak stability of critical points

In this section, we give the definition of the weak stability of critical points and a neces-
sary condition for weak stability for a general applied field H and a boundary data u0.

DEFINITION 2.1. (1) We say that (ψ0,n0) ∈ W 1,2(Ω,C) × W 1,2(Ω,S2,u0) is a

critical point of E , if and only if for any φ ∈ W 1,2(Ω,C) and any v ∈ W
1,2
0 (Ω,R3) ∩

L∞(Ω,R3),

d

dt

∣∣∣∣
t=0

E[ψt ,nt ] = 0

where

(2.1) ψt = ψ0 + tφ , nt = n0 + tv

|n0 + tv| .

(2) We say that a critical point (ψ0,n0) of E is weakly stable (local minimizer), if for

any φ ∈ W 1,2(Ω,C) and any v ∈ W 1,2
0 (Ω,R3)∩L∞(Ω,R3), there exists T = T (φ, v) > 0

such that for any 0 < t < T ,

E[ψ0,n0] ≤ E[ψt,nt ] .
By computations, we can write

(2.2) nt = n0 + tn1 + t2n2 +O(t3)

where

n1 = v − (v · n0)n0 ,
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n2 = −(v · n0)v + 1

2
[3(v · n0)

2 − |v|2]n0

and

(2.3) ∇qnt ψt = ∇qn0ψ0 + tΦ1 + t2Φ2 +O(t3)

where

Φ1 = ∇qn0φ − iqn1ψ0 ,

Φ2 = −iq(n1φ + n2ψ0) .

Using these formulas, for small t , we can write

G[ψt ,nt ] = G[ψ0,n0]
+ 2t

∫
Ω

{�[∇qn0φ∇qn0ψ0 − κ2φ(1 − |ψ0|2)ψ0]

− qn1 · 	(ψ0∇qn0ψ0)
}
dx

+ t2
∫
Ω

{|Φ1|2 − κ2(1 − |ψ0|2)|φ|2 + 2κ2(�(φψ0))
2

− 2q	[(n1φ + n2ψ0) · ∇qn0ψ0]
}
dx +O(t3) .

Here and from now, we denote the real part and imaginary part of a complex number z by
�[z] and 	[z], respectively.

F [nt ] =F [n0]
+2t

∫
Ω

{
K1(div n0)(div n1)

+K2(n0 · curl n0)(n1 · curl n0 + n0 · curl n1)

+K3(n0 × curln0) · (n1 × curl n0 + n0 × curl n1)
}
dx

+t2
∫
Ω

{
K1

{
(div n1)

2 + 2(div n0)(div n2)
}

+K2
{
(n1 · curl n0 + n0 · curl n1)

2

+ 2(n0 · curl n0)(n2 · curl n0 + n1 · curl n1 + n0 · curl n2)
}

+K3{|n1 × curl n0 + n0 × curl n1|2
+ 2(n0 × curl n0) · (n2 × curl n0 + n1 × curl n1

+ n0 × curl n2)}dx +O(t3) .∫
Ω

(H · nt )2dx =
∫
Ω

(H · n0)
2dx

+2t
∫
Ω

(H · n0)(H · n1)dx
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+t2
∫
Ω

{(H · n1)
2 + 2(H · n0)(H · n2)}dx +O(t3) .

Therefore, we can write

E[ψt ,nt ] = E[ψ0,n0](2.4)

+ 2t

{
A(ψ0,n0;φ, v)− χ

∫
Ω

(H · n0)(H · n1)dx

}
+ t2

{
B(ψ0,n0;φ, v)

− χ

∫
Ω

{(H · n1)
2 + 2(H · n0)(H · n2)}dx

}
+O(t3)

where

A(ψ0,n0;φ, v) =
∫
Ω

{�[∇qn0φ · ∇qn0ψ0 − κ2φ(1 − |ψ0|2)ψ0](2.5)

− qn1 · 	(ψ0∇qn0ψ0)+K1(div n0)(div n1)

+K2(n0 · curl n0)(n1 · curl n0 + n0 · curl n1)

+K3(n0 × curl n0) · (n1 × curl n0 + n0 × curl n1)
}
dx ,

B(ψ0,n0;φ, v) =
∫
Ω

{|∇qn0φ − iqn1ψ0|2 − κ2(1 − |ψ0|2)|φ|2(2.6)

+ 2κ2(�(φψ0))
2 − 2q	[(n1φ + n2ψ0)∇qn0ψ0]

+K1{(div n1)
2 + 2(div n0)(div n2)}

+K2{(n1 · curl n0 + n0 · curl n1)
2

+ 2(n0 · curl n0)(n2 · curl n0 + n1 · curl n1

+ n0 · curl n2)} +K3{|n1 × curl n0 + n0 × curl n1|2
+ 2(n0 × curl n0) · (n2 × curl n0 + n1 × curl n1

+ n0 × curl n2)}dx .
Therefore, we have the following lemma.

LEMMA 2.2. (i) (ψ0,n0) ∈ W 1,2(Ω,C)×W 1,2(Ω,S2,u0) is a critical point of E
if and only if for any φ ∈ W 1,2(Ω,C) and any v ∈ W 1,2

0 (Ω,R3) ∩ L∞(Ω,R3),

A(ψ0,n0;φ, v)− χ

∫
Ω

(H · n0)(H · n1)dx = 0.
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(ii) If a critical point (ψ0,n0) ∈ W 1,2(Ω,C)×W 1,2(Ω,S2,u0) is weakly stable, then

for any φ ∈ W 1,2(Ω,C) and any v ∈ W 1,2
0 (Ω,R3) ∩ L∞(Ω,R3),

B(ψ0,n0;φ, v) ≥ χ

∫
Ω

{(H · n1)
2 + 2(H · n0)(H · n2)}dx .

REMARK 2.3. (i) If (ψ,n) is a critical point of E , then the Euler-Lagrange equation
for ψ is the following. {−∇2

qnψ = κ2(1 − |ψ|2)ψ in Ω ,

∇qnψ · ν = 0 on ∂Ω

where ν denotes the unit outer normal vector to ∂Ω .
(ii) We note that under the hypothesis (H.1), (ψ0,n0) = (ceiqϕ, e) where ϕ is as in

(1.2) is a critical point of E . In fact, since ∇qn0ψ0 = 0 and |ψ0| = 1, for any φ ∈ W 1,2(Ω,C)

and any v ∈ W 1,2
0 (Ω,R3) ∩ L∞(Ω,R3), it follows from (H.1) that

A(ψ0,n0;φ, v)− χσ 2
∫
Ω

(h · e)(h · n0)dx = K1

∫
Ω

(div e)(div n1)dx

= K1

∫
Ω

−∇(div e) · (v − (v · e)e)dx .

Since curl e = 0, it follows from the formula

curl 2e = −�e + ∇(div e)

that the last line of the above equality is equal to

−K1

∫
Ω

�e · (v − (v · e)e)dx = K1

∫
Ω

|∇e|2e · (v − (v · e)e)dx = 0

from (H.1). Thus (ψ0,n0) is a critical point of E .

3. Loss of local minimality of pure smectic states

In this section we shall examine weak stability (local minimality) of pure smectic state
(ψ0,n0) = (ceiqϕ, e) where c ∈ C and |c| = 1 and ϕ is as in (1.2).

For any φ ∈ W 1,2(Ω,C) and any v ∈ W 1,2
0 (Ω,R3)∩L∞(Ω,R3), defineψt and nt as in

(2.1) with n0 = e. Then we see from h·e(x) = 0, that n1 = v−(v ·e)e and σh·n1 = σ(v ·h).
Thus if the critical point (ψ0, e) is weakly stable, then we see from Lemma 2.2 (ii) that

(3.1) B(ψ0, e;φ, v) ≥ χσ 2
∫
Ω

(v · h)2dx .

Since W
1,2
0 (Ω,R3) ∩ L∞(Ω,R3) is dense in W

1,2
0 (Ω,R3), (3.1) holds for any φ ∈

W 1,2(Ω,C) and any v ∈ W
1,2
0 (Ω,R3). Since ∇qn0ψ0 = ∇qe(ceiqϕ) = 0 and |ψ0| = 1,
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we have, from (2.6),

B(ψ0,n0;φ, v) =
∫
Ω

{|∇qeφ − iqn1ψ0|2 + 2κ2(�(φψ0))
2

+K1((div n1)
2 + 2(div e)(div n2))+K2(e · curl n1)

2

+K3|e × curl n1|2}dx .
For any φ ∈ W 1,2(Ω,C), we can write φ = icqeiqϕu, u ∈ W 1,2(Ω,C). Therefore,

∇qeφ − iqn1ψ0 = icqeiqϕ(∇u− n1)

and �(φψ0) = |c|2�(iqu) = −q	(u). Here since n2 ∈ W 1,2
0 (Ω,R3),

2
∫
Ω

(div e)(div n2)dx = −2
∫
Ω

∇(div e) · n2dx .

By the formula: curl 2e = −�e + ∇(div e) and the hypothesis (H.1), we have ∇(div e) =
�e = −|∇e|2e. Moreover, we have 2e · n2 = (v · e)2 − |v|2 = −|n1|2. If we write n1 = w,

then w ∈ W 1,2
0 (Ω,R3) and w(x) · e(x) = 0 a.e. in Ω . Hence we can rewrite

B(ψ0,n0;φ, v) =
∫
Ω

{q2|∇u− w|2 + 2κ2q2(	(u))2 −K1|∇e|2|w|2

+K1(div w)2 +K2(e · curl w)2 +K3|e × curl w|2}dx .
If (φ, v)minimizes B(ψ0,n0;φ, v)/‖v ·h‖2

L2(Ω)
, then u is real valued. Thus we may assume

that u = − i
cq
e−iqϕφ is a real valued function. We write B(ψ0,n0;φ, v) by B(u,w). That is

to say,

(3.2) B(u,w) =
∫
Ω

{q2|∇u− w|2 −K1|∇e|2|w|2}dx + F(e)[w]

where

F(e)[w] =
∫
Ω

{K1(div w)2 +K2(e · curl w)2 +K3|e × curlw|2}dx .

Here we note that under the hypothesis (H.2), we can show the following.

LEMMA 3.1. Assume that (H.2) holds. Then there exists a constant c > 0 such that

(3.3) F(e)[w] −K1

∫
Ω

|∇e|2|w|2dx ≥ c‖w‖2
W 1,2(Ω,R3)

for all w ∈ W 1,2
0 (Ω,R3).
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PROOF. Since (e · curl w)2 +|e × curl w|2 = |curl w|2 and w ∈ W 1,2
0 (Ω,R3), we have

F(e)[w] −K1

∫
Ω

|∇e|2|w|2dx

≥ min{K1,K2,K3}
∫
Ω

{|div w|2 + |curl w|2}dx −K1 max
x∈Ω

|∇e|2
∫
Ω

|w|2dx

≥ min{K1,K2,K3}
∫
Ω

|∇w|2dx −K1 max
x∈Ω

|∇e|2c(Ω)
∫
Ω

|∇w|2dx

≥ {min{K1,K2,K3} −K1c(Ω)max
x∈Ω

|∇e|2}
∫
Ω

|∇w|2dx

≥ c1{min{K1,K2,K3} −K1c(Ω)max
x∈Ω

|∇e|2}‖w‖2
W

1,2
0 (Ω,R3)

for some positive constant c. Thus (3.3) holds with

c = c1(min{K1,K2,K3} −K1c(Ω)max
x∈Ω

|∇e|2) . �

DEFINITION 3.2. For q ≥ 0, κ > 0,K1 > 0,K2 > 0 and K3 > 0, define Hsh =
Hsh(q, κ,K1,K2,K3,Ω,h, e) by

H 2
sh = 1

χ
inf

{
B(u,w)

‖h · w‖2
L2(Ω)

; (u,w) ∈ W 1,2(Ω)×W
1,2
0 (Ω,R3),

w(x) · e(x) = 0 a.e. in Ω,h · w(x) �≡ 0 in Ω

}
.

From the above arguments, we have the following lemma.

LEMMA 3.3. If σ < Hsh, then we see that the pure smectic state is weakly stable and
if σ > Hsh, then the pure smectic state is not weakly stable.

PROOF. If σ < Hsh, then

(3.4) σ 2χ‖h · w‖2
L2(Ω)

< B(u,w)

for all (u,w) ∈ W 1,2(Ω)×W
1,2
0 (Ω,R3) with w(x) · e(x) = 0 a.e. in Ω and h · w(x) �≡ 0.

For any φ ∈ W 1,2(Ω,C) and any v ∈ W
1,2
0 (Ω,R3) ∩ L∞(Ω,R3), we define ψt and nt by

(2.1). We show that

(3.5) E[ψ0,n0] ≤ E[ψt ,nt ]
for small |t| > 0.

In the case where v = 0, we see that nt = e. Thus we have

E[ψt ,nt ] = G[ψt ,nt ] + F [nt ] −
∫
Ω

(h · nt )
2dx(3.6)

= G[ψt , e] + F [e]
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≥ K1

∫
Ω

|div e|2dx = E[ψ0,n0] .

Thus we see that (3.5) holds for small t .
In the case where v �= 0, we may assume that |v| = 1. When v = ±e, then w =

v − (v · e)e = 0 and nt = e. Thus since (3.6) holds, we see that (3.5) holds. When v �= ±e,

w = v − (v · e)e �= 0. If h · w(x) ≡ 0, putting u = −i 1
cq
e−iqϕφ, it follows from (3.3) and

the Poincaré inequality that

B(u,w) ≥ c

∫
Ω

|∇w|2dx ≥ c1

∫
Ω

|w|2dx > 0 =
∫
Ω

(h · w)2dx .

Thus it follows from (2.4) that (3.5) holds. If h · w(x) �= 0, using (3.4) we can see that (3.5)
also holds.

If σ > Hsh, there exists (u,w) ∈ W 1,2(Ω) × W
1,2
0 (Ω,R3) with w(x) · h �≡ 0 and

w(x) · e(x) = 0 in Ω such that

B(u,w) < χσ 2‖h · w‖2
L2(Ω)

.

It follows from Lemma 2.2 (ii) that (ψ0,n0) is not weakly stable. �

For a further simple expression ofHsh, let (u,w) be a minimizer ofHsh. Then u satisfies
the equation

(3.7)

{
�u = div w in Ω ,
∂u
∂ν

= w · ν = 0 on ∂Ω .

If we impose
∫
Ω
udx = 0, the solution of (3.7) is unique. We write u = ξw. Then it is clear

that ξw is a minimizer of

ω(w) = inf
ξ∈W 1,2(Ω)

1

|Ω |
∫
Ω

|∇ξ − w|2dx .

Hence ξw satisfies ∫
Ω

|∇ξw − w|2dx = ω(w)|Ω | .

Write B(w) = B(ξw,w). It is clear that for any b > 0, ξbw = bξw, and so B(bw) = b2B(w).
Therefore we can write

H 2
sh = 1

χ
inf{B(w); w ∈ W 1,2

0 (Ω,R3),w(x) · e(x)

= 0 a.e. in Ω , ‖h · w‖L2(Ω) = 1} .
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Here we note that the pure smectic state involves a complex number c, but B(u,w) and B(w)
are independent of c. From now we write Hsh by Hsh(q). Then we see that

H 2
sh(0) = 1

χ
inf{F(e)[w] −K1

∫
Ω

|∇e|2|w|2dx; w ∈ W 1,2
0 (Ω,R3),

w(x) · e(x) = 0 a.e. in Ω, ‖h · w‖L2(Ω) = 1} .
PROPOSITION 3.4. Assume that Ω is simply connected domain with smooth bound-

ary, and (H.1), (H.2) and (H.3) hold. Then Hsh(q) > 0 and it is achieved. For fixed κ , K1,
K2, K3, Ω , h and e, we have

lim
q→+∞Hsh(q) = +∞ .

PROOF. Step 1. Let wj ∈ W 1,2
0 (Ω,R3), ξj = ξwj satisfy wj (x) · e(x) = 0 a.e. in Ω ,

‖h · wj‖L2(Ω) = 1 and B(wj ) → χH 2
sh(q) as j → ∞. Since wj ∈ W 1,2

0 (Ω,R3), it follows

from (3.3) that there exist constants c, C > 0 such that ‖wj‖2
W

1,2
0 (Ω,R3)

≤ cB(wj ) ≤ C. Thus

passing to a subsequence, we may assume that wj → w0 weakly in W 1,2
0 (Ω,R3), strongly

in L2(Ω,R3) and a.e. in Ω . Hence w0(x) · e(x) = 0 a.e. in Ω . Since∫
Ω

|∇ξj − wj |2dx ≤ 1

q2
B(wj ) ≤ C ,

we see that ‖∇ξj‖L2(Ω,R3) is bounded. Since
∫
Ω
ξjdx = 0, again applying the Poincaré

inequality, we see that {ξj } is bounded in W 1,2(Ω,R). Moreover, since ‖div wj‖L2(Ω) ≤
C‖wj‖W 1,2(Ω,R3) ≤ C, wj = 0 on ∂Ω and ξj = ξwj is a unique solution of (3.7), it follows

from the elliptic estimate that {ξj } is bounded in W 2,2(Ω). After passing to a subsequence,

we may assume that ξj → ξ0 weakly in W 2,2(Ω) and strongly in W 1,2(Ω). Then ξ0 satisfies
(3.7) for w = w0, i.e., ξ0 = ξw0 . Therefore,

B(w0) = B(ξw0 ,w0) ≤ lim inf
j→∞ B(ξj ,wj ) = χH 2

sh(q) .

Since ‖w0 · h‖L2(Ω) = limj→∞ ‖wj · h‖L2(Ω) = 1, we see that B(w0) ≥ χH 2
sh(q). Thus w0

is a minimizer of B(w), so (ξw0,w0) achieves Hsh(q).
We show that Hsh(q) > 0. If Hsh(q) = 0, then B(w0) = 0 and so ∇ξw0 = w0 and

div w0 = 0. By the uniqueness of the solution of (3.7) with
∫
Ω udx = 0, we have ξw0 = 0,

and so w0 = 0. This contradicts the fact that ‖h · w0‖L2(Ω) = 1.
Step 2. Suppose that Hsh(q) ≤ c for all q ≥ 0. Choose qj → ∞ and choose uj ∈

W 1,2(Ω) and wj ∈ W 1,2
0 (Ω,R3) such that∫

Ω

ujdx = 0, e(x) · wj (x) = 0 a.e. in Ω, ‖h · wj‖L2(Ω) = 1 ,
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and (uj ,wj ) achieves Hsh(qj ). Then∫
Ω

q2
j |∇uj − wj |2dx + F(e)[wj ] −K1

∫
Ω

|∇e|2|wj |2dx

≤ χc2
∫
Ω

(h · wj )
2dx = χc2 .

Thus from (3.3) , {wj } is bounded inW 1,2
0 (Ω,R3). Passing to a subsequence, we may assume

that wj → ŵ weakly in W 1,2
0 (Ω,R3), strongly in L4(Ω,R3) and a.e. in Ω . Hence this im-

plies that ‖h · ŵ‖L2(Ω) = 1 and ŵ(x) · e(x) = 0 a.e. in Ω . Since ‖∇uj − wj‖L2(Ω,R3) =
O(q−1

j ) and wj → ŵ strongly in L2(Ω,R3), {∇uj } is bounded in L2(Ω,R3). Since∫
Ω ujdx = 0, it follows from the Poincaré inequality that {uj } is bounded in W 1,2(Ω).

Passing to a subsequence, we may assume that uj → û weakly in W 1,2(Ω) and strongly in

L2(Ω). Since ∇uj → ∇û weakly in L2(Ω,R3) and ∇uj → ŵ strongly in L2(Ω,R3), we

have ∇û = ŵ and ∇uj → ∇û strongly in L2(Ω,R3). Thus we see that uj → û strongly in

W 1,2(Ω). Moreover, ∇û = ŵ = 0 on ∂Ω and ∇û · e = 0 in Ω . By the hypothesis (H.3), we
see that ∇û = 0 in Ω . In fact, assume that ∇û(p) �= 0 for some point p ∈ Ω . Let x = x(t)

be the integral curve of e through p. Then since

d

dt
∇û(x(t)) = ∇(∇û(x(t)) · e(x(t)) = 0 ,

∇û(x(t)) is independent of t . By the hypothesis (H.3), x(t) intersects with ∂Ω . This con-
tradicts the fact that ∇û = 0 on ∂Ω . Thus ∇û = 0 in Ω and so ŵ = ∇û = 0 in Ω . This
contradicts ‖h · ŵ‖L2(Ω) = 1. �

We shall derive the Euler-Lagrange equation for the minimizer of Hsh(q). Let (ξw,w)
be a minimizer of Hsh(q). Then we see that w satisfies

H 2
sh(q) = 1

χ

q2‖∇ξw − w‖2
L2(Ω,R3)

+ F(e)[w] −K1
∫
Ω |∇e|2|w|2dx

‖h · w‖2
L2(Ω)

.

For v ∈ W 1,2
0 (Ω,R3) with v(x) · e(x) = 0, since ξw+tv = ξw + tξv and∫
Ω

(h · (w + tv))2dx =
∫
Ω

(h · w)2dx + 2t
∫
Ω

(h · w)(h · v)dx +O(t2) ,

we have

‖∇ξw+tv − (w + tv)‖2
L2(Ω,R3)

= ‖ξw − w‖2
L2(Ω,R3)

+2t
∫
Ω

(∇ξw − w) · (∇ξv − v)dx +O(t2),

F(e)[w + tv] −K1

∫
Ω

|∇e|2|w + tv|2dx = F(e)[w]



EFFECT OF EXTERNAL FIELDS OF LIQUID CRYSTALS 193

−K1

∫
Ω

|∇e|2|w|2dx

+2t
∫
Ω

{K1(div w)(div v)+K2(e · curl w)(e · curl v)

+K3(e × curl w) · (e × curl v)−K1|∇e|2(w · v)}dx +O(t2).

Here we note that

(e × curl w) · (e × curl v) = (curl w · curl v)− (curlw · e)(curl v · e) .

Thus if we define k(x) = h × e(x) and an orthogonal projection P onto the space
[k(x),h] spanned by k(x) and h, we get the Euler-Lagrange equation

P
[−K1∇(div w)−K2e × ∇(e · curl w)

+K3
(
curl 2w + e × ∇(e · curl w)

)
+q2(w − ∇ξw)−K1|∇e|2w]
= χH 2

sh(q)(h · w)h in Ω ,

w = 0 on ∂Ω .

In particular case whereK1 = K2 = K3 = K , since curl 2w = −�w + ∇div w, we have{
P [−K�w + q2(w − ∇ξw)−K|∇e|2|w|2] = χH 2

sh(h · w)h in Ω ,

w = 0 on ∂Ω .

4. Loss of global minimality of pure smectic states

In this section, we examine loss of global minimality of pure smectic states. In order
to do so, let (ψ0,n0) be a pure smectic state. That is to say, ψ0 = ceiqϕ,n0 = e with
c ∈ C, |c| = 1 and ϕ is as in (1.2).

If a global minimizer (ψ,n) ∈ W 1,2(Ω,C) × W 1,2(Ω,S2, e0) is not a pure smectic
state, then we claim that

(4.1) h · n �≡ 0 in Ω .

In fact, if h · n ≡ 0 in Ω ,

E[ψ,n] = G[ψ,n] + F [n] ≤ E[ψ0,n0] =
∫
Ω

K1|div e|2dx .

Hence since F [n] ≤ K1‖div e‖2
L2(Ω)

= F [e], we have n = e from (H.1), Moreover, we have

0 = G[ψ,n] =
∫
Ω

{
|∇ψ − iqnψ|2 + κ2

2
(1 − |ψ|2)2

}
dx .
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Therefore, since |ψ| = 1, we can write ψ = ceiqϕ̃(x) with |c| = 1 locally for some function
ϕ̃. Therefore, 0 = ∇ψ−iqeψ = icq(∇ϕ̃−e)eiqϕ̃ . Thus ∇ϕ̃ = e, so we can write ψ = ceiqϕ

with |c| = 1 locally where ϕ is as in (1.2). Since Ω is connected, ψ = ceiqϕ in Ω . Then
(ψ,n) = (ψ0,n0) is a pure smectic state. Hence (4.1) holds.

Thus if (ψ,n) is a global minimizer of E which is not a pure smectic state, we have

G[ψ,n] + F [n] −K1‖div e‖2
L2(Ω)

≤ χσ 2‖h · n‖2
L2(Ω)

.

DEFINITION 4.1. For given q ≥ 0, κ > 0,K1,K2,K3 > 0 and h, e0, define Hs =
Hs(q, κ,K1,K2,K3,Ω,h, e0) by

H 2
s = 1

χ
inf

{G[ψ,n] + F [n] −K1‖div e‖2
L2(Ω)

‖h · n‖2
L2(Ω)

;(4.2)

(ψ,n) ∈ W 1,2(Ω; C)×W 1,2(Ω,S2, e0),h · n(x) �≡ 0 in Ω

}
Then we have the following lemma.

LEMMA 4.2. Under the assumptions (H.1), (H.2) and (H.3), we have following.
(i) If there exists a global minimizer (ψ,n) of E which is not a pure smectic state,

then σ ≥ Hs .
(ii) If σ > Hs , then the global minimizers of E are not pure smectic states.

(iii) If 0 ≤ σ < Hs , then the only global minimizers of E are pure smectic states.

PROOF. (i) If (ψ,n) is a global minimizer of E which is not a pure smectic state, then

from (4.1) h · n �≡ 0 in Ω and E[ψ,n] ≤ E[ψ0,n0] = K1‖div e‖2
L2(Ω)

. Therefore, we have

G[ψ,n] + F [n] −K1‖div e‖2
L2(Ω)

≤ χσ 2
∫
Ω

(h · n)2dx .

This implies that Hs ≤ σ .

(ii) If σ > Hs , there exists (ψ,n) ∈ W 1,2(Ω,C)×W 1,2(Ω,S2, e0) with h · n �≡ 0 in
Ω and

1

χ

G[ψ,n] + F [n] −K1‖div e‖2
L2(Ω)

‖h · n‖2
L2(Ω)

< σ 2 .

Thus we have

E[ψ,n] = G[ψ,n] + F [n] − χσ 2‖h · n‖2
L2(Ω)

< E[ψ0,n0] = K1‖div e‖2
L2(Ω)

.

This implies that global minimizers of E are not pure smectic states.
(iii) If 0 ≤ σ < Hs and there exists a global minimizer which is not a pure smectic

state, it follows from (i) that σ ≥ Hs . �
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In the following we write Hs by Hs(κ, q). Since pure smectic states lose the global
minimality at Hs(κ, q) and lose local minimality at Hsh(q), we see that

(4.3) Hs(κ, q) ≤ Hsh(q) .

We define a number Hn which is closely related to Hs .

DEFINITION 4.3. Hn = Hn(q) = Hn(q, κ,K1,K2,K3,Ω,h, e0) is defined by

H 2
n = 1

χ
inf

{q2‖∇u− n‖2
L2(Ω,R3)

+ F [n] −K1‖div e‖2
L2(Ω)

‖h · n‖2
L2(Ω)

;

(u,n) ∈ W 1,2(Ω)×W 1,2(Ω,S2, e0),h · n �≡ 0 in Ω

}
We note that

H 2
n (0) = 1

χ
inf

{F [n] −K1‖div e‖2
L2(Ω)

‖h · n‖2
L2(Ω)

; n ∈ W 1,2(Ω,S2, e0),h · n �≡ 0 in Ω

}
.

LEMMA 4.4. For any κ > 0, we have Hs(κ, 0) = Hn(0), and for any κ > 0 and
q ≥ 0, we have Hs(κ, q) ≥ Hn(0).

PROOF. We choose a test field ψ = 1 and any n ∈ W 1,2(Ω,S2, e0) with h · n �≡ 0 in

Ω , we see that G[ψ,n]∣∣
q=0= 0. Thus H 2

s (κ, 0) ≤ H 2
n (0). On the other hand, for any κ > 0

and q ≥ 0, it is easily seen that

H 2
s (κ, q)≥

1

χ
inf

{F [n] −K1‖div e‖2
L2(Ω)

‖h · n‖2
L2(Ω)

; n ∈ W 1,2(Ω,S2, e0),h · n �≡ 0

}
=H 2

n (0) . �

THEOREM 4.5. Let Ω be a simply connected bounded domain in R3 with smooth
boundary and assume that (H.1), (H.2) and (H.3) hold. Then we can get the following.

(i) For any κ > 0 and any q ≥ 0,

0 < Hs(κ, q) ≤ Hn(q) ≤ Hsh(q) .

(ii) For any κ > 0 and any q ≥ 0, if Hs(κ, q) < Hsh(q), then Hs(κ, q) is achieved.
(iii) For any q ≥ 0, if Hn(q) < Hsh(q), then Hn(q) is achieved. In this case, we have

Hs(κ, q) < Hsh(q), so Hs(κ, q) is achieved.

PROOF. From now, we denote various constants by c, C,C1 which may vary from line
to line.

(i) Step 1. We show that Hs(κ, q) ≤ Hn(q).
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For any φ ∈ W 1,2(Ω) and any n ∈ W 1,2(Ω,S2, e0) with n · h �≡ 0 in Ω , we take
(eiqφ,n) as a test function of Hs(κ, q). Then we have

H 2
s (κ, q) ≤ 1

χ

q2‖∇φ − n‖2
L2(Ω,R3)

+ F [n] −K1‖div e‖2
L2(Ω)

‖h · n‖2
L2(Ω)

.

This implies that H 2
s (κ, q) ≤ H 2

n (q).
Step 2. We show that Hn(q) ≤ Hsh(q).

Let u ∈ W 1,2(Ω),w ∈ W 1,2
0 (Ω,R3) ∩ L∞(Ω,R3) with e · w ≡ 0 in Ω and h · w �≡ 0

in Ω and put

φt = ϕ + tu , nt = e + tw

|e + tw| = e + tw +O(t2)

where ϕ is as in (1.2). Then we have

q2‖∇φt − nt‖2
L2(Ω,R3)

= t2q2‖∇u− w‖2
L2(Ω,R3)

+O(t3) ,

F [nt ] =F [e] + t2
{
F(e)[w] + 2K1

∫
Ω

(div e)(div n2)dx

}
+O(t3) ,∫

Ω

(h · nt )
2dx = t2

∫
Ω

(h · w)2dx +O(t3) .

Since n2 = − 1
2 |w|2e, it follows from the hypothesis (H.1) that

2K1

∫
Ω

(div e)(div n2)dx = K1

∫
Ω

∇(div e) · |w|2edx = −K1

∫
Ω

|∇e|2|w|2dx.

Therefore,

q2‖∇φt − nt‖2
L2(Ω,R3)

+ F [nt ] − F [e]
‖h · nt‖2

L2(Ω)

=
q2‖∇u− w‖2

L2(Ω,R3)
+ F(e)[w] + 2K1

∫
Ω(div e)(div n2)dx

‖h · w‖2
L2(Ω)

+O(t)

=
q2‖∇u− w‖2

L2(Ω,R3)
+ F(e)[w] −K1

∫
Ω

|∇e|2|w|2dx
‖h · w‖2

L2(Ω)

+O(t) .

Hence, we have

χH 2
n (q)≤

q2‖∇φt − nt‖2
L2(Ω,R3)

+ F [nt ] − F [e]
‖h · nt‖2

L2(Ω)

=
q2‖∇u− w‖2

L2(Ω,R3)
+ F(e)[w] −K1

∫
Ω |∇e|2|w|2dx

‖h · w‖2
L2(Ω)

+O(t) .
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Letting t → 0, we have

χH 2
n (q) ≤

q2‖∇u− w‖2
L2(Ω,R3)

+ F(e)[w] −K1
∫
Ω |∇e|2|w|2dx

‖h · w‖2
L2(Ω)

.

Since W 1,2
0 (Ω,R3) ∩ L∞(Ω,R3) is dense in W 1,2

0 (Ω,R3), we get Hn(q) ≤ Hsh(q).
Step 3. We show that Hs(κ, q) > 0.
SinceHsh(q) > 0 from Proposition 3.4, ifHs(κ, q) = Hsh(q), the result is trivial. So we

assume thatHs(κ, q) < Hsh(q). We borrow the result of (ii) which is proved independently of
(i). SinceHs(κ, q) is achieved, let (ψ,n) be a minimizer ofHs(κ, q). Assume thatHs(κ, q) =
0. Then we have

0 ≤ G[ψ,n] + F [n] −K1‖div e‖2
L2(Ω)

= χH 2
s (κ, q)‖h · n‖2

L2(Ω)
= 0 , h · n �≡ 0 in Ω .

This implies that F [n] = K1‖div e‖2
L2(Ω)

. By the hypothesis (H.1), we see that n = e in

Ω . This contradicts the fact that h · n �≡ 0. Thus we see that (i) holds if (ii) is proved
independently.

Proof of (ii). We assume that Hs(κ, q) < Hsh(q).
Step 4. Let {(ψj ,nj )} be a minimizing sequence of Hs(κ, q). Then

G[ψj ,nj ] + F [nj ] −K1‖div e‖2
L2(Ω)

= (χHs(κ, q)+ o(1))‖h · nj‖2
L2(Ω)

(4.4)

Since |h ·nj | ≤ 1, the right hand side of (4.4) is bounded. Thus {div nj } is bounded in L2(Ω),

{curl nj } is bounded in L2(Ω,R3) and nj = e0 on ∂Ω . It follows from Dautray and Lions

[4] (or Girault and Raviart [8], Temam [15]) that {nj } is bounded inW 1,2(Ω,R3). Passing to

a subsequence, we may assume that nj → n̂ weakly in W 1,2(Ω,R3), strongly in L2(Ω,R3)

and a.e. in Ω . Thus we have |̂n| = 1 a.e. in Ω and n̂ = e0 on ∂Ω , so n̂ ∈ W 1,2(Ω,S2, e0).
On the other hand, we see from (4.4) that {∇qnj ψj } is bounded in L2(Ω,C3) and {ψj } is

bounded in L4(Ω,C). Since

‖∇ψj‖L2(Ω,C3) ≤ ‖∇qnj ψj‖L2(Ω,C3) + ‖qnjψj‖L2(Ω,C3) ,

we see that {ψj } is bounded in W 1,2(Ω,C). After passing to a subsequence, we may assume

that ψj → ψ̂ weakly in W 1,2(Ω,C) and strongly in L4(Ω,C). Thus we have

G[ψ̂, n̂] + F [̂n] −K1‖div e‖2
L2(Ω)

(4.5)

≤ lim inf
j→∞ {G[ψj ,nj ] + F [nj ] −K1‖div e‖2

L2(Ω)
}

= χH 2
s (κ, q)‖h · n̂‖2

L2(Ω)
.

If we can show that h · n̂ �≡ 0 in Ω , we see that Hs(κ, q) is achieved.
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Step 5. Assume that h · n̂ ≡ 0 in Ω . Then it follows from (4.5) and the hypothesis
(H.1) that n̂ = e in Ω . Moreover, ∇ψ̂ − iqeψ̂ = 0, |ψ̂| = 1. Then we can write ψ̂ = ceiqϕ

for some c ∈ C with |c| = 1 where ϕ is as in (1.2). For brevity, we assume that c = 1.
Since h · nj �≡ 0, we have nj �≡ e. We write

(4.6) nj = e + εjwj , ψj = eiqϕ(1 + iqεjgj )

such that εj = ‖nj − e‖W 1,2(Ω,R3) > 0, wj ∈ W
1,2
0 (Ω,R3) and wj satisfies that

‖wj‖W 1,2(Ω,R3) = 1. Using the Poincaré inequality and the formula |e · curl w|2 + |e ×
curl w|2 = |curl w|2, we have

F [nj ] − F [e] = ε2
jF(e)[wj ](4.7)

= ε2
j

∫
Ω

{K1|div wj |2 +K2|e · curl wj |2 +K3|e × curl wj |2}dx

≥ ε2
j min{K1,K2,K3}

∫
Ω

{|div wj |2 + |curl wj |2}dx

= Cε2
j min{K1,K2,K3}

∫
Ω

|∇wj |2dx

≥ cε2
j min{K1,K2,K3} .

Thus we have

ε2
j ≤ 1

cmin{K1,K2,K3} (F [nj ] − F [e]) = o(1)

as j → ∞. Since ‖wj‖W 1,2(Ω,R3) = 1, after passing to a subsequence, we may assume that

wj → ŵ weakly in W 1,2(Ω,R3) and strongly in L4(Ω,R3). Since

1 = |nj |2 = |e + εjwj |2 = 1 + 2εje · wj + ε2
j |wj |2 ,

we have e · wj = − εj
2 |wj |2 → 0 strongly in L2(Ω), so e · ŵ = 0 a.e. in Ω . Since

|∇qnj ψj |2 = q2ε2
j |∇gj − (1 + iqεjgj )wj |2 ,

|ψj |2 = 1 + qεj (−2	(gj )+ qεj |gj |2) ,
using (4.4), we have

(χH 2
s (κ, q)+ o(1))‖h · wj‖2

L2(Ω)
(4.8)

= 1

ε2
j

(χH 2
s (κ, q)+ o(1))‖h · nj‖2

L2(Ω)

= 1

ε2
j

G[ψj ,nj ] + 1

ε2
j

(F [nj ] −K1‖div e‖2
L2(Ω)

)
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=
∫
Ω

{
q2|∇gj − (1 + iqεjgj )wj |2 + κ2q2

2
(−2	(gj )+ qεj |gj |2)2

}
dx

+ F(e)[wj ] .
Thus we have∫

Ω

|∇gj − ψje
−iqϕwj |2dx =

∫
Ω

|∇gj − (1 + iqεjgj )wj |2dx ≤ C1 .

Therefore,

‖∇gj‖L2(Ω,C3) ≤ ‖∇gj − ψje
−iqϕwj‖L2(Ω,C3) + ‖ψjwj‖L2(Ω,C3)

≤C + ‖ψj‖W 1,2(Ω,C)‖wj‖W 1,2(Ω,R3) ≤ C1 .

Put g̃j = gj − bj where bj = 1
|Ω|

∫
Ω

gj dx. Since
∫
Ω

g̃j dx = 0, it follows from the Poincaré

inequality that ‖̃gj‖L2(Ω,C) ≤ c(Ω)‖∇gj‖L2(Ω,C3) ≤ C, so ‖̃gj‖W 1,2(Ω,C) ≤ C. By the
Sobolev lemma,

‖̃gj‖L4(Ω,C) ≤ C‖̃gj‖W 1,2(Ω,C) ≤ C1 .

Hence,

‖̃gjwj‖L2(Ω,C3) ≤ ‖̃gj‖L4(Ω,C)‖wj‖W 1,2(Ω,R3) ≤ C .

Now we estimate bj .
Since

ψj = eiqϕ(1 + iqεjgj ) = ψ̂ + iqεjgj eiqϕ

andψj → ψ̂ inL4(Ω,C), we have εjgj → 0 inL4(Ω,C). Thus εjbj = εjgj−εj g̃j = o(1).
On the other hand, we have

C ≥ ‖∇gj − (1 + iqεjgj )wj‖L2(Ω,C3)

= ‖∇ g̃j − (1 + iqεjbj )wj − iqεj g̃jw‖L2(Ω,C3)

≥ ‖∇ g̃j − (1 + iqεjbj )wj‖L2(Ω,C3) −O(εj ‖̃gjwj‖L2(Ω,C3))

= ‖∇ g̃j − (1 + iqεjbj )wj‖L2(Ω,C3) −O(εj) .

Put uj = g̃j /(1 + iqεjbj ), then

‖∇ g̃j − (1 + iqεjbj )wj‖2
L2(Ω,C3)

= |1 + iqεjbj |2‖∇uj − wj‖2
L2(Ω,R3)

.

Therefore, we have ‖∇uj − wj‖L2(Ω,C3) ≤ C, so ‖∇uj‖L2(Ω,C3) ≤ C1. Since
∫
Ω ujdx = 0,

it follows from the Poincaré inequality that {uj } is bounded in W 1,2(Ω,C). Passing to a

subsequence, we may assume that uj → û weakly in W 1,2(Ω,C) and strongly in L2(Ω,C).
From (4.8), it follows that

(χH 2
s (κ, q)+ o(1))‖h · wj‖2

L2(Ω)
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=
∫
Ω

{
q2(1 + o(1))|∇uj − wj |2 + κ2q2

2
(−2	(gj )+ qεj |gj |2)2

}
dx

+F(e)[wj ] .
This implies that

q2‖∇uj − wj‖2
L2(Ω,C3)

+ F(e)[wj ] ≤ (χH 2
s (κ, q)+ o(1))‖h · wj‖2

L2(Ω)
.(4.9)

Letting j → ∞, we get

(4.10) q2‖∇û− ŵ‖2
L2(Ω,C3)

+ F(e)[ŵ] ≤ χH 2
s (κ, q)‖h · ŵ‖2

L2(Ω)
.

We note that we may take û to be a real valued function.
Step 6. We show that h · ŵ �≡ 0 in Ω .
Assume that h · ŵ ≡ 0 in Ω . Since wj → ŵ strongly in L2(Ω,R3), we have ‖h ·

wj‖L2(Ω) → 0. Since F(e)[wj ] → 0 from (4.8), we see that div wj → 0 in L2(Ω) and

curl wj → 0 in L2(Ω,R3). Since div ŵ = 0, curl ŵ = 0, ∇û = ŵ and ŵ = 0 on ∂Ω from
(4.10), we see that �û = 0 in Ω and ∇û = 0 on ∂Ω . Applying the maximum principal, we
see that û is a constant in Ω , so ŵ = 0. Thus wj → 0 strongly in L2(Ω,R3). Therefore, it
follows from [4] that

‖wj‖W 1,2(Ω,R3) ≤ C(‖div wj‖L2(Ω) + ‖curl wj‖L2(Ω,R3) + ‖wj‖L2(Ω,R3)) → 0

as j → ∞. This contradicts the fact that ‖wj‖W 1,2(Ω,R3) = 1.
Thus from (4.10),

χH 2
s (κ, q) ≥

q2‖∇û− ŵ‖2
L2(Ω,R3)

+ F(e)[ŵ]
‖h · ŵ‖2

L2(Ω)

≥ χH 2
sh(q) .

Hence we get Hs(κ, q) = Hsh(q). This contradicts our hypothesis. Thus we get h · n̂ �≡ 0 in
Ω . By Step 4, we see that Hs(κ, q) is achieved. Therefore (ii) holds, so (i) also holds.

Proof of (iii). Assume that Hn(q) < Hsh(q).
Step 7. Let {(uj ,nj )} ⊂ W 1,2(Ω) × W 1,2(Ω,S2, e0) with h · nj �≡ 0 in Ω be a

minimizing sequence of Hn(q). Then we have

q2‖∇uj − nj‖2
L2(Ω,R3)

+ F [nj ] −K1‖div e‖2
L2(Ω)

(4.11)

= (χH 2
n (q)+ o(1))‖h · nj‖2

L2(Ω)
.

Since |h · nj | ≤ 1, the right hand side of (4.11) is bounded. Thus we see that {div nj } is

bounded in L2(Ω), {curlnj } is bounded in L2(Ω,R3), |nj | = 1 a.e. in Ω and nj = e on

∂Ω . Therefore, it follows from [4] that {nj } is bounded in W 1,2(Ω,R3). After passing to a

subsequence, we may assume that nj → n̂ weakly in W 1,2(Ω,R3), strongly in L2(Ω,R3)

and a.e. in Ω . As in (ii), we get n̂ ∈ W 1,2(Ω,S2, e0). When q > 0, it follows from (4.11)

that {∇uj } is bounded in L2(Ω,R3). Put ûj = uj − dj where dj = 1
|Ω|

∫
Ω ujdx. Applying
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the Poincaré inequality, we see that {̂uj } is bounded in W 1,2(Ω). Passing to a subsequence,

we may assume that ûj → û weakly in W 1,2(Ω) and strongly in L4(Ω). Letting j → ∞ in
(4.11), we have

q2‖∇û− n̂‖2
L2(Ω,R3)

+ F [̂n] −K1‖div e‖2
L2(Ω)

(4.12)

≤ lim inf
j→∞ {q2‖∇ûj − nj‖2

L2(Ω,R3)
+ F [nj ] −K1‖div e‖2

L2(Ω)
}

= χH 2
n (q)‖h · n̂‖2

L2(Ω)
.

If we show that h · n̂ �≡ 0 in Ω , we see that Hn(q) is achieved. When q = 0, if we show that
h · n̂ �≡ 0, by the definition of Hn(0), we also see that Hn(0) is achieved.

Step 8. Assume that h · n̂ ≡ 0 in Ω .

Then from (4.12), F [̂n] ≤ K1‖div e‖2
L2(Ω)

. Thus we have n̂ = e and ∇û = n̂ = e if

q > 0. Hence if we write nj = e+εjwj , ûj = û+εjgj , where εj = ‖nj−e‖W 1,2(Ω,R3) > 0,

then wj ∈ W 1,2
0 (Ω,R3) and ‖wj‖W 1,2(Ω,R3) = 1. According to Lemma 3.1, we have

F [nj ] − F [e] = ε2
j

{
F(e)[wj ] −K1

∫
Ω

|∇e|2|wj |2dx
}

≥ cε2
j‖wj‖2

W 1,2(Ω,R3)
.

As the proof of (ii) we get ε2
j = o(1) as j → ∞. Since ‖wj‖W 1,2(Ω,R3) = 1, after passing

to a subsequence, we may assume that wj → ŵ weakly in W 1,2
0 (Ω,R3) and strongly in

L4(Ω,R3). Since e · wj = − εj
2 |wj |2 → 0 strongly in L2(Ω), we see that e · ŵ = 0 a.e. in

Ω . Since ∇ûj = ∇û+ εj∇gj = e + εj∇gj , we have

(χH 2
n (q)+ o(1))‖h · wj‖2

L2(Ω)
(4.13)

= 1

ε2
j

(χH 2
n (q)+ o(1))‖h · nj‖2

L2(Ω)

= 1

ε2
j

{q2‖∇ûj − nj‖2
L2(Ω,R3)

+ F [nj ] −K1‖div e‖2
L2(Ω)

}

= 1

ε2
j

q2‖∇ûj − nj‖2
L2(Ω,R3)

+ F(e)[wj ] −K1

∫
Ω

|∇e|2|wj |2dx

= q2‖∇gj − wj‖2
L2(Ω,R3)

+ F(e)[wj ] −K1

∫
Ω

|∇e|2|wj |2dx .

Since
∫
Ω gj dx = 0, ‖gj‖L2(Ω) ≤ C‖∇gj‖L2(Ω,R3) ≤ C1. After passing to a subsequence,

we may assume that gj → ĝ weakly in W 1,2(Ω) and strongly in L4(Ω). By (4.13),

q2‖∇ ĝ − ŵ‖2
L2(Ω,R3)

+ F(e)[ŵ] −K1

∫
Ω

|∇e|2|ŵ|2dx(4.14)
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≤ lim inf
j→∞ {q2‖∇gj − wj‖2

L2(Ω,R3)
+ F(e)[wj ] −K1

∫
Ω

|∇e|2|wj |2dx}

= χH 2
n (q)‖h · ŵ‖2

L2(Ω)
.

Step 9. We shall show that h · ŵ �≡ 0 in Ω .

Assume that h · ŵ ≡ 0 in Ω . Since wj → ŵ strongly in L2(Ω,R3), we have ‖h ·
wj‖L2(Ω) → 0. Since F(e)[wj ] → 0 from (4.13), we see that div wj → 0 in L2(Ω) and

curl wj → 0 in L2(Ω,R3). Thus div ŵ = 0, curl ŵ = 0, ∇ ĝ = ŵ in Ω and ŵ = 0 on
∂Ω . Therefore, �ĝ = 0 in Ω and ∇ ĝ = 0 on ∂Ω . By the maximum principle, we see that

ĝ is a constant and so ŵ = 0 in Ω . Thus wj → 0 strongly in L2(Ω,R3). According to [4],
‖wj‖W 1,2(Ω,R3) → 0. This is a contradiction. Hence we have

χH 2
sh(q) ≤

q2‖∇ ĝ − ŵ‖2
L2(Ω,R3)

+ F(e)[ŵ] −K1
∫
Ω |∇e|2|w|2dx

‖h · ŵ‖2
L2(Ω)

≤ χH 2
n (q) .

This completes the proof. �

5. Instabilities in pure nematic states

In this section we examine the local minimality as well as global minimality of the pure
nematic states. Let ψ = 0 and n = nσ where nσ is a global minimizer of Fσh:

Fσh[nσ ] = inf
n∈W 1,2(Ω,S2,e0)

Fσh[n]

and Fσh[n] = F [n]−χσ 2‖h ·n‖2
L2(Ω)

. We note that (0,n) is a critical point of E if and only

if n is a critical point of Fσh. Define

C(σ) = C(σ, κ,K1,K2,K3,h, e0) = inf
n∈W 1,2(Ω,S2,e0)

Fσh[n]

and

M(σ ) = M(σ, κ,K1,K2,K3,h, e0)

= {n ∈ W 1,2(Ω,S2, e0);Fσh[n] = C(σ)} .
If n ∈ M(σ ), then (0,n) is a critical point of E . When n is a minimizer of Fσh, we look for

the Euler-Lagrange equation for n. For any v ∈ W 1,2
0 (Ω,R3), we compute

d

dt

∣∣∣∣
t=0

{
Fσh[n + tv] −

∫
Ω

λ(|n + tv|2 − 1)dx

}
= 0
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where λ is the Lagrange multiplier which depends on x. By the standard arguments, we get
the Euler-Lagrange equation for n:

(5.1)



−K1∇(div n)+K2{(n · curl n)curl n + curl
(
(n · curl n)n

)}
+K3{|curl n|2n − (n · curl n)curl n + curl 2n

−curl
(
(n · curl n)n

)}
−χσ 2(h · n)h − λn = 0 in Ω ,

n = e0 on ∂Ω .

We can compute the Lagrange multiplier λ:

λ = λ(x) = n · [−K1∇(div n)+K2{(n · curl n)curl n

+ curl
(
(n · curl n)n

)} +K3{|curl n|2n − (n · curl n)curln

+ curl 2n − curl
(
(n · curl n)n

)} − χσ 2(h · n)h
]

In the particular case where K1 = K2 = K3 = K , we use the formulas: curl 2n = −�n +
∇div n and −�n · n = |∇n|2 which follows from n · n = 1. In this case, we have

(5.2)

{−K�n = K|∇n|2n + χσ 2
(
(h · n)h − (h · n)2n

)
in Ω ,

n = e0 on ∂Ω.

Since h · e = 0, e is a critical point of Fσh for any σ . Recall that

H 2
sh(0) = 1

χ
inf

{
F(e)[w] −K1

∫
Ω

|∇e|2|w|2dx;

w ∈ W 1,2
0 (Ω,R3),w(x) · e(x) = 0 in Ω, ‖h · w‖L2(Ω) = 1

}
,

H 2
n (0) = 1

χ
inf

{F [n] −K1‖div e‖2
L2(Ω)

‖h · n‖2
L2(Ω)

; n ∈ W 1,2(Ω,S2, e0), h · n �≡ 0 in Ω

}
and 0 < Hn(0) ≤ Hsh(0) from Theorem 4.5 (i).

We give a simple criterion for n = e to be a global minimizer.

LEMMA 5.1. (i) If 0 ≤ σ < Hn(0), then n = e is the only global minimizer of Fσh

in W 1,2(Ω,S2, e0).
(ii) If Hn(0) < Hsh(0) and Hn(0) < σ < Hsh(0), then n = e is not a global

minimizer of Fσh in W 1,2(Ω,S2, e0), but it is weakly stable (a local minimizer).
(iii) If σ > Hsh(0), n = e is not weakly stable.

PROOF. First note that Fσh[e] = K1‖div e‖2
L2(Ω)

, so if n is a global minimizer, then

Fσh[n] ≤ Fσh[e] = K1‖div e‖2
L2(Ω)

. If h · n ≡ 0, then F [n] = Fσh[n] ≤ Fσh[e] =
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K1‖div e‖2
L2(Ω)

. Hence n = e. Therefore, a global minimizer n with n �≡ e satisfies h ·n �≡ 0

in Ω .
(i) When 0 ≤ σ < Hn(0), if Fσh has a global minimizer n which is not e, then h·n �≡ 0

in Ω . Thus

K1‖div e‖2
L2(Ω)

= Fσh[e] ≥ Fσh[n] = F [n] − χσ 2‖h · n‖2
L2(Ω)

.

This implies

σ 2 ≥ 1

χ

F [n] −K1‖div e‖2
L2(Ω)

‖h · n‖2
L2(Ω)

≥ H 2
n (0)

which is a contradiction. Hence only the global minimizer is e.

When σ > Hn(0), choose n̂ ∈ W 1,2(Ω,S2, e0) such that h · n̂ �≡ 0 in Ω and

1

χ

F [̂n] −K1‖div e‖2
L2(Ω)

‖h · n̂‖2
L2(Ω)

< H 2
n (0)+ δ < σ 2 .

Then for some δ > 0

Fσh[̂n] =F [̂n] − χσ 2‖h · n̂‖2
L2(Ω)

<F [̂n] − χ(H 2
n (0)+ δ)‖h · n̂‖2

L2(Ω)

<K1‖div e‖2
L2(Ω)

= Fσh[e] .
Thus we see that

inf{Fσh[n]; n ∈ W 1,2(Ω,S2, e0)} < Fσh[e] .
Hence e is not a global minimizer.

In order to examine weak stability (local minimality), for any v ∈ W
1,2
0 (Ω,R3) ∩

L∞(Ω,R3), if we put ψ0 = φ = 0, n0 = e in (2.1), we have

Fσh[nt ] − Fσh[e]

= t2
{
F(e)[n1] −K1

∫
Ω

|∇e|2|n1|2dx − χσ 2‖h · n1‖2
L2(Ω)

}
+O(t3)

where n1 = v − (v · e)e. Since h · e = 0, if

F(e)[v − (v · e)e] −K1

∫
Ω

|∇e|2|v − (v · e)e|2dx − χσ 2‖h · v‖2
L2(Ω)

> 0 ,

(0, e) is weakly stable. If σ > Hsh(0), there exists w ∈ W 1,2
0 (Ω,R3) such that w(x)·e(x) = 0

in Ω , ‖h · w‖L2(Ω) = 1 and

F(e)[w] −K1

∫
Ω

|∇e|2|w|2dx < χσ 2 .
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If we take v = w,

Fσh[nt ] − Fσh[e] = t2
{
F(e)[w] −K1

∫
Ω

|∇e|2|w|2dx − χσ 2
}

+O(t3) .

Since F(e)[n]−K1
∫
Ω |∇e|2|w|2dx−χσ 2 < 0, n = e is not weakly stable. Thus (iii) holds.

When Hn(0) < σ < Hsh(0), for any v ∈ W 1,2
0 (Ω,R3) ∩ L∞(Ω,R3),

Fσh[nt ] − Fσh[e] = t2
{
F(e)[v − (v · e)e] −K1

∫
Ω

|∇e|2|v

− (v · e)e|2dx − χσ 2‖h · (v − (v · e)e)‖2
L2(Ω)

}
+O(t3) .

If σ < Hsh(0),

χσ 2
∫
Ω

(
h · (v − (v · e)e)2

dx

< F(e)[v − (v · e)e] −K1

∫
Ω

|∇e|2|v − (v · e)e|2dx .

Thus (0, e) is weakly stable. This completes the proof. �

Next, we consider a question: When nσ ∈ M(σ, κ,K1,K2,K3,h, e0) is a global mini-
mizer of Fσh, is (0,nσ ) a global minimizer of E ?

Let µ = µ(qn) be the lowest eigenvalue of the magnetic Neumann problem

(5.3)

{−∇2
qnφ = µφ in Ω ,

∇qnφ · ν = 0 on ∂Ω .

That is to say,

µ(qn) = inf
0 �=φ∈W 1,2(Ω,C)

‖∇qnφ‖2
L2(Ω,C3)

‖φ‖2
L2(Ω,C)

.

Define

µ∗(q, σ ) = µ∗(q, σ,K1,K2,K3,h, e0) = inf
n∈M(σ,κ,K1,K2,K3,h,e)

µ(qn) .

LEMMA 5.2. (i) If (ψ,n) is a global minimizer of E which is not a pure nematic

state, then µ(qn) < κ2.
(ii) If µ∗(q, σ ) < κ2, then pure nematic states are not global minimizers of E .

PROOF. (i) Let (ψ,n) be a global minimizer of E . If ψ = 0, n ∈ M(σ ). Hence
(0,n) is a pure nematic state. Therefore, if (ψ,n) is not a pure nematic state, then ψ �≡ 0.
Choose nσ ∈ M(σ ). Then since

G[ψ,n] + Fσh[n] ≤ G[0,nσ ] + Fσh[nσ ] ,
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Ω

{
|∇qnψ|2 − κ2|ψ|2 + κ2

2
|ψ|4

}
dx ≤ Fσh[nσ ] − Fσh[n] ≤ 0 .

Thus ∫
Ω

{|∇qnψ|2 − κ2|ψ|2}dx ≤ −κ
2

2

∫
Ω

|ψ|4dx < 0 .

This implies that µ(qn) < κ2.
(ii) For a pure nematic state (0,nσ ),

E[0,nσ ] = κ2

2
|Ω | + Fσh[nσ ] .

If µ∗(q, σ ) < κ2, there exists n ∈ M(σ ) such that µ(qn) < κ2. Let φ be an eigenfunction
of (5.3) associated with µ(qn). Then

E[tφ,n] =
∫
Ω

{
t2(|∇qnφ|2 − κ2|φ|2)+ t4|φ|4}dx + κ2

2
|Ω | + Fσh[n] .

Since Fσh[n] = Fσh[nσ ] = C(σ), therefore, we have

E[tφ,n] − E[0,nσ ] = t2(µ(qn)− κ2)

∫
Ω

|φ|2dx + t4
∫
Ω

|φ|4dx < 0

for small t > 0. Thus (0,nσ ) is not a global minimizer of E . �

PROPOSITION 5.3. If 0 ≤ σ ≤ Hn(0) and κ > 0, or σ > Hn(0) and µ∗(q, σ ) < κ2,
then the pure nematic states are not global minimizer of E .

PROOF. When 0 ≤ σ < Hn(0), it follows from Lemma 5.1 (i) that M(σ ) = {e}.
When σ = Hn(0),

σ 2 ≤ 1

χ

F [n] −K1‖div e‖2
L2(Ω)

‖h · n‖2
L2(Ω)

for any n ∈ W 1,2(Ω,S2, e0) with h · n �≡ 0 in Ω . Therefore,

(5.4) F [n] −K1‖div e‖2
L2(Ω)

− χσ 2‖h · n‖2
L2(Ω)

≥ 0 .

This inequality holds even in the case h · n = 0. Therefore, (5.4) hold for any n ∈
W 1,2(Ω,S2, e0). This implies that C(σ) ≥ K1‖div e‖2

L2(Ω)
.

On the other hand, C(σ) ≤ Fσh[e] = K1‖div e‖2
L2(Ω)

. Therefore, we have C(σ) =
K1‖div e‖2

L2(Ω)
= Fσh[e], so e ∈ M(σ ). If we put ψ = eiqϕ , then ∇qeψ = 0. So µ(qe) =

0. Thus we have

µ∗(q, σ ) ≤ µ(qe) = 0 < κ2
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for any κ > 0. Therefore, from Lemma 5.2 (ii), we see that pure nematic states are not global
minimizers of E . If σ > Hn(0) and µ∗(q, σ ) < κ2, it suffices to apply Lemma 5.2 (ii). �

Now define

σ∗(κ, q)= inf{σ > 0;µ∗(q, σ ) ≥ κ2} ,
Q∗(κ, q)= inf{q > 0;µ∗(q, σ ) ≥ κ2} .

Let σ > Hn(0). Summing up the above, the pure nematic states are not global minimizers in
the following cases.

(1) 0 < σ < σ∗(κ, q).
(2) µ∗(q, σ ) < κ2.
(3) 0 ≤ q < Q∗(q, σ ).
The following theorem indicates the difference between liquid crystals and superconduc-

tors under strong external field.

THEOREM 5.4. Let q, κ,K1,K2,K3,h, e0 with K1 = K2 = K3 = K be given.
Assume that (H.1), (H.2) and (H.3) hold. Then if σ is sufficiently large, the pure nematic
states are not global minimizers.

In order to prove the theorem, we need a lemma.

LEMMA 5.5. (i) For large σ , C(σ) ≤ −χσ 2|Ω |+C1σ where C1 > 0 depends only
on K1,K2,K3,h, e0 and Ω .

(ii) Let nσ be a global minimizer of Fσh. Then |h · nσ | → 1 in L2(Ω) as σ → +∞.

(iii) Assume that K1 = K2 = K3 . Then h · nσ → 1 or −1 in L2(Ω) as σ → +∞.

PROOF. After rotating the coordinate system, we may assume that h = e3. Define

k(x) = h×e(x). Then (e(x), k(x),h) is a orthonormal basis in R
3. For n ∈ W 1,2(Ω,S2, e0),

we can write

n = nee + nkk + nhh , n2
e + n2

k + n2
h = 1 a.e. in Ω .

We see that

Fσh[n] =F [n] − χσ 2
∫
Ω

(h · n)2dx

=F [n] − χσ 2
∫
Ω

n2
hdx

=F [n] − χσ 2
∫
Ω

(1 − n2
e − n2

k)dx

=Fσ [n] − χσ 2|Ω |
where

Fσ [n] = F [n] + χσ 2
∫
Ω

(n2
e + n2

k)dx .
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Proof of (i). Choose a test field

n = (cosφ)e + (sin φ)h

= (cosφ)e1(x)e1 + (cosφ)e2(x)e2 + (sin φ)e3

where e(x) = e1(x)e1 + e2(x)e2. Then since

div n = −(sin φ)(∂1φ)e1 + (cosφ)(∂1e1)− (sin φ)(∂2φ)e2

+ (cosφ)(∂2e2)+ (cosφ)(∂3φ)

and e ∈ C2(Ω,R3), we see that |div n|2 ≤ C(|∇φ|2 + 1). Similarly we have

|n · curl n|2 + |n × curl n|2 ≤ C1(|∇φ|2 + 1) .

Thus if we write Fσ [n] = ∫
Ω
fσ,h(φ)dx, we have

|fσ,h(φ)| ≤ C max{K1,K2,K3}(|∇φ|2 + 1)+ χσ(cosφ)2 .

For any ε > 0, define Ωε = {x ∈ Ω; d(x, ∂Ω) < ε} and Ωε = {x ∈ Ω; d(x.∂Ω) ≥ ε}, and
decompose Fσ [n] as follows: Fσ [n] = Fσ,1[n] + Fσ,2[n] where

Fσ,1[n] =
∫
Ωε

fσ,h(φ)dx , Fσ,2[n] =
∫
Ωε

fσ,h(φ)dx .

Choose φ such that

φ =


π
2 in Ωε ,

0 on ∂Ω ,

|∇φ| ≤ C
ε

in Ω .

Then Fσ,2[n] ≤ Cmax{K1,K2,K3} and

Fσ,1[n] ≤
∫
Ωε

{Cmax{K1,K2,K3}(|∇φ|2 + 1)+ χσ 2(cosφ)2}dx

≤ [
C max{K1,K2,K3}

(
C2

2

ε2
+ 1

)
+ χσ 2]|Ωε| .

Since ∂Ω is smooth, there exists C0 > 0 depending only on ∂Ω such that |Ωε| ≤ C0ε for any
small ε > 0. For large σ , choose ε > 0 so that

ε = min

{√
CC2

σ

√
max{K1,K2,K3}

χ
, 1

}
.

Then we have Fσ,1[n] ≤ C3 + C4σ . Therefore, we have

C(σ) ≤ Fσh[n] ≤ −χσ 2|Ω | + C4σ + C5 .

Thus (i) holds.
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Proof of (ii). From (i), we see that

Fσ [nσ ] = F [nσ ] + χσ 2
∫
Ω

(n2
e + n2

k)dx ≤ C1σ .

This implies that ∫
Ω

(n2
e + n2

k)dx ≤ C1

χσ
→ 0

as σ → +∞. Thus
∫
Ω(1 − |nσ,h|2)dx → 0 as σ → +∞. Since |nσ,h| ≤ 1, for any

1 < p < +∞, ∫
Ω

(1 − |nσ,h|)pdx ≤ 2p−1
∫
Ω

(1 − |nσ,h|)dx → 0 .

Since h · nσ = nσ,h, we see that |h · nσ | → 1 in L2(Ω) as σ → +∞.
Proof of (iii). When K1 = K2 = K3 = K , we shall show that nσ has the following

property: nσ,h > 0 in Ω or nσ,h < 0 in Ω or nσ,h ≡ 0 in Ω .
In fact, nσ satisfies the Euler-Lagrange equation (5.2). That is to say, if we write nσ = n

for brevity,

(5.5)

{−�n = |∇n|2n + b2σ 2[nhh − n2
h
n] in Ω ,

n = e0 on ∂Ω

where b2 = χ/K . Since nh ∈ W 1,2(Ω), it is well known that |nh| ∈ W 1,2(Ω) and |∇|nh|| =
|∇nh| a.e. in Ω . This fact implies that if we define u = nee + nkk + uhh where uh = |nh|,
u is also a minimizer of Fσh. In fact, we can write

C(σ) = Fσh[n] =
∫
Ω

|∇n|2dx + C(e0)− χσ 2
∫
Ω

(n · h)2dx

where C(e0) is a constant depending only on e0 (cf. [3]). Therefore, u satisfies (5.5). We
rewrite the equation (5.5) for uh = |nh| into the form

�uh = −|∇n|2uh − b2σ 2(uh(1 − u2
h)

) ≤ 0 in Ω ,(5.6)

nh = 0 on ∂Ω .

By the weak Harnack inequality for non-negative superharmonic function (cf. Gilbarg and
Trudinger [6, Theorem 9.22]), for any B2R(y) ⊂ Ω ,(

1

|BR(y)|
∫
BR(y)

u
p

h
dx

)1/p

≤ C ess inf
BR(y)

uh

for some p > 0. This implies that if uh �≡ 0 in Ω , then uh > 0 in Ω .
End of proof of (iii)
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By (ii), nσ,h �≡ 0 in Ω for large σ . Therefore, nσ,h > 0 in Ω or nσh < 0 in Ω . Assume

that nσ,h > 0 in Ω . By (ii), nσ,h → 1 in L2(Ω) as σ → ∞. Hence (n2
e + n2

k
)1/2 → 0 in

L2(Ω). Thus we have nσ → h in L2(Ω,R3), that is to say, h · nσ → 1 in L2(Ω). �

PROOF OF THEOREM 5.4.
Let nσ be a global minimizer of Fσh. We shall estimate µ(qnσ ) for large σ . By Lemma

5.5, we may assume that nσ → h strongly in L2(Ω,R3). If we define φ(x) = eiqh·x , then

∇qnσ φ = iq(h − nσ )e
iqh·x . Therefore, we have∫

Ω

|∇qnσ φ|2dx = q2
∫
Ω

|h − nσ |2dx → 0

as σ → +∞. Hence

µ(qnσ )≤
‖∇qnσ φ‖2

L2(Ω,C3)

‖φ‖2
L2(Ω,C)

=
q2‖h − nσ‖2

L2(Ω,R3)

|Ω | → 0

as σ → +∞. Thus for any κ > 0, µ(qnσ ) < κ2 for large σ . Thus from Lemma 5.2 (ii), we
see that pure nematic states are not global minimizers of E .
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