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Abstract. We compute the curvature tensor of the tangent bundle of a Riemannian manifold endowed with a
natural metric and we get some relationships between the geometry of the base manifold and the geometry of the
tangent bundle.

1. Introduction

Let (M, g) be a Riemannian manifold of dimensionn > 2. Letw : TM — M and
P : O(M) — M be the tangent and the orthonormal bundle over M respectively. In this
paper we deal with a certain class of Riemannian metrics on 7M. A metric G belongs to this
class if the canonical projection & : (TM, G) —> (M, g) is a Riemannian submersion, the
horizontal distribution induced by the Levi-Civita connection of (M, g) is orthogonal to the
vertical distribution, and G is the image by a natural operator of order two of the metric g.
The Sasaki metric and the Cheeger-Gromoll metric are well known examples of this class of
metrics, and they were extensively studied by Kowalski [7], Aso [2], Sekizawa [11], Musso
and Tricerri [9], Gudmundsson and Kappos [4] among others. The notion of natural tensor on
the tangent bundle of a Riemannian manifold as a tensor that is the image by a natural operator
of order two of the base manifold metric was introduced and characterized by Kowalski and
Sekizawa in [8]. In [3], Calvo and the second author showed that for a given Riemannian
manifold (M, g), any (0, 2) tensor field on 7 M admits a global matrix representation. Using
this one to one relationship, they defined and characterized, without making use of the theory
of differential invariants, what they also called a natural tensor. In the symmetric case this
concept coincides with the one defined by Kowalski and Sekizawa. In [5], the first author
gives a new approach to the concept of naturality, introducing the notion of s-space and -
naturality. This approach avoids jets and natural operator theory and generalizes the one given
in [3] and [8].
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In section 2, we introduce natural metrics on 7M by means of [3]. For any g € M, let
M, be the tangent space of M atq. Let  : N := O(M) x R" — T M be the projection
defined by

n
Yiq,u, ) =) &u (1
i=1
where u = (uy, ..., uy) is an orthonormal basis for M, and § = (E',...,&" e R". Itis

well known (see [9]), that for a fixed Riemannian metric G on T M a suitable Riemannian
metric G* on N can be defined such that ¥ : (N, G*) — (T M, G) is a Riemannian sub-
mersion. Based on this fact and the O’Neill formula, in Section 3, we compute the curvature
tensor of (T M, G), when G is a natural metric. As an application, we get in Section 4 some
relationships between the geometry of 7 M and the geometry of M. In [1] Abbassi and Sarih
studied some relationships between the geometry of 7 M and the geometry of M, when T M
is endowed with a ¢ — natural metric. For example (Theorem 0.1) states that if (T M, G) is
flat, then (M, g) is flat. Since in this paper we deal with a subclass of ¢ — natural metrics
we get Corollary 4.2 as a converse of this theorem. Throughout, all geometric objects are
assumed to be differentiable, i.e. C*°.

2. Preliminaries

Let V be the Levi-Civita connection of g and K : TTM — T M be the connection
map induced by V. Forany ¢ € M andv € M, let my, : (T M), —> M, be the differential
map of  at v, and K, : (T M), —> M, be the restriction of K to (T M),.

Since the linear map 7y, x Ky : (TM), —> My x M, defined by (74, x Ky)(b) =
(74, (b), Ky(b)) is an isomorphism that maps the horizontal subspace (T M )ﬁ = ker K, onto
M, x {04} and the vertical subspace (T M); = kerm,, onto {04} x M,, where 0, denotes the
zero vector, we define differentiable mappings e;, e,4; : N = O(M) x R* — TTM for

i=1,...,nandv = v¥(q, u, &) by
ei(q,u, &) = (my, x K) "', 0g), .
enti(q,u, ) = (m, x Ky) 710y, ui) .

The action of the orthonormal group O (n) of R"*" on N is given by the family of maps R, :
N —> N,a € O(n), Ry(q,u, &) = (q,u.a,§.a) whereu.a = (3 I_ alu;, ..., 30 alu;)
and£.a = (3 )_ al&l, ..., Y1 alg"). Clearly, ¥ o R, = 1. It follows from (2) that

i=1%n

n
ej(Ra(p,u, €)=Y ei(p,u,€)a; forj=1,...,n

i=1
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and

n
entj(Ra(p,u, 8)) =Y ensi(p,u,€)ay forj=1,....n.

i=1
For any (0, 2) tensor field 7 on T M we define the differentiable function 97 : N —
R¥2" a5 follows: If (g, u,&) € N and v = ¥(q,u, &), let 9T (g, u, &) be the matrix of
the bilinear form 7, : (TM), x (T M), —> R induced by T on (T M), with respect to the
basis {e1(q, u, &), ..., exm(q, u, &)}. One sees easily that 9T satisfies the following invariance

property:

IT o Ry = (L(a)) 9T .L(a) 3)

where L : O(n) —> R?"*?" is the map defined by

La) = (g 2) .

Moreover, there is a one to one correspondence between the (0, 2) tensor fields on T M
and differentiable maps 97T satisfying (3).

A tensor field T on TM will be call natural with respect to g if 9T depends only on
the parameter £, (see [3]). In the sense of [5], the collection A = (N, ¥, O (n), R, {ei}) is a
s-space over T M, with base change morphism L; and the natural tensors with respect to g are
the A-natural tensors with respectto TM.
Al A
Ay A3z
follows from Lemma 3.1 of [3] that 7 is natural if there exist differentiable functions
o, Bi - 10, +00) — R (i = 1, 2, 3, 4), such that

Ai(p, u, ) = ai (1E7) I dpxn + Bi (1EI)E" &

where |£| denotes the norm of £ induced by the canonical inner product of R”. In that case T
is said to be a ¢ — natural metric if in addition T is a Riemannian metric.

It is easy to check that a (0,2)- tensor field 7 on T M is a ¢ — natural metric if and only
if T is natural, Ay = Ay, a3(t) > 0, a1 (t).a3(t) — Ol%(l‘) > 0, ¢3(¢t) > 0 and ¢ (t)p3(t) —
$3(t) > Oforallt > 0; where ¢ (t) = o (1) + tB; (¢) fori = 1,2, 3.

In this paper we will call G a natural metric on T M if:

Writing 97 in the block form 97 = ( ), where A; : N — R™" it

1. G is a Riemannian metric such that 7 : (TM, G) — (M, g) is a Riemannian submer-
sion.

2. Forv € TM, the subspaces (T M)} and (TM)’; are orthogonal.

3. G is natural with respect to g.

It follows that G is a natural metric on T M if
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“)

IG(p.u, &) = <'d”X" 0 )

0 a(&®).ddyxn + BUEIP)(E) £

where o, 8 : [0, +00) —> R are differentiable functions satisfying «(¢) > 0, and
a(t) +tB() > O0forallr > 0.

REMARK 2.1. The Sasaki metric G corresponds to the case « = 1, B = 0; and the

1

Cheeger-Gromoll metric G to the case a(t) = B(t) = -

3. Curvature equations

In this section we compute the curvature tensor of 7 M endowed with a natural metric.
Since this computation involves well known objects defined on N, we shall begin to describe
them briefly using the connection map.

3.1. Canonical constructions on N. Let 6, a)’] be the canonical 1-forms on O (M),
which in terms of the connection map are defined as follows:

0'(q. u)(b) = gq(Ps,,, (b). ui) )
and

&' (q. 0)(0) = gg(K (7)), (B)). 1) ©6)

where ; : O(M) — T M is the j’h projection, i.e. wj(q,u) =ujand 1 <i, j <n.
From now on, let §¢, a);, d¢ i be the pull backs of the canonical 1-forms on O (M) and the
usual 1-forms on R” by the projections P; : N —> O(M) and P, : N —> R" respectively.
For any z € N let us denote by V, = kery, and H; := {b € N; : w;(z)(b) =0,1<
i < j < n} the vertical and the horizontal subspace of N, respectively. By letting (see [9])

0"t =dE' + Y &) .o @
j=1

we get that forany z € N, {0'(2), ..., 0% (z), {w;(z)}} is a basis for N} and V; :={b € N, :
0'(z)(b) = 0 for | <1 <2n}.

Let Hy, ..., Hyy, {Vrfl}151<m§n be the dual frame of {91, L., 0% {a);}}. These vector
fields were constructed as follow: If z = (g, u, &), let ¢; be the geodesic that satisfies ¢; (0) =
q and ¢; (0) = u;. Let E’i, R Eﬁ, be the parallel vector fields along ¢; such that El’ 0) = u;.
If we define y; () = (¢ (?), E’1 ®,..., E,‘1 (1), &), then

H;(z) = yi(0) ®)
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and
. d
Hy1i(2) = (i) | 718 9
0!
for1 <i <n, whereiy,) : R" —> N is the inclusion map given by i, ., (§) = (¢, u, ).

Let o, : O(n) —> N be the map defined by 0,(a) = R,(z) = z.a. Since V, =
ker(x,) = (0;)4,,(0(n)), where o(n) is the space of skew symmetric matrices of R"*", let

VL(2) = (02)wy (AL) (10)
where [4},1,, = 1, [A},]]" = —1 and [A},]; = O otherwise. Hence,
Vi, (V,(2)) = 0. (11)
An easy check shows that
Vs, (Hi(2)) = €i(2) (12)
and
Vi, (Hn1i(2)) = eni(2) . (13)

Letw =3 _;j< a)’J ® a);, if G is a Riemannian metric on 7 M then
G'=v*(G)+w (14)

is also a Riemannian metric on N. It follows easily that V; Lg+ H; and v, : H; —>
(T M)y () is an isometry, therefore ¢ : (N, G*) — (T M, G) is a Riemannian submersion.
We shall use this fact to compute the curvature tensor of (T M, G) when G is a natural metric.

REMARK 3.1. Let X be a vector field on 7'M, the horizontal lift of X is a vector field
X" on N such that X" (z) € H, and (X" (2)) = X (¥ (2)). If X(¥ () = 37", x' (2)ei (2),
from (11), (12) and (13) it follows that X" (z) = 37, x' (2) H; (z).

PROPOSITION 3.2. Forl <1i,j,I,m < nlet Rijim : N —> R be the maps defined

by Rijim(q,u, &) = g(R(u;i, uj)u;, uy), where R is the curvature tensor of (M, g). The Lie
bracket on vertical and horizontal vector fields on N satisfies:

a) [Hi, Hjl =Y} i RijimE" Hyg1 + 5 Y] ey Rijim V.

b) [H;, Hy+j]1=0.

¢) [Hi, Vo1 = 8itHy — 8im Hi.

d) [(Hpti, Hn+j] =0.

e) [Hyi, Vol = 8it Hum — Sim Hyt1.

f) [v;f, vil= itV + 81V 4 8im Vi + SimV}.

g) If f : N —> R is a function that depends only on the parameter &, then H;(f) = 0
and Vi(f) = & Hp+j(f) — &/ Huri (f)-
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h) If X and Y are tangent vector fields on TM and v = Y(q,u,f)
then [X", Y"1 |(qu.e) = Y1 <temen 9g (RT(X (), (Y ()t um) VS, (g, u, §).

The proof is straightforward and follows by taking local coordinates in M and the induced one
in TM and evaluating the forms of, onti, w’] on the fields [H,, Hy], [H;, V,f,] and [V,f,, anl/,]
forl<r,s<2n,1<l<m<nandl <! <m' <n.

3.2. The main result. From now on, let R and R* be the curvature tensors of
(TM, G) and (N, G*) respectively. For simplicity we denote by ( , ) the metrics G and

G*. Since ¢ : (N, G*) — (T M, G) is a Riemannian submersion, by the O’Neill formula
(see [10]) we have that

_ 1

(R(X,Y)Z,W)o ¢ = (R*(X", Y"Z" w") + Z([Yh, zZMY 1x", wh
(15)

1 1
— Z“Xh’ ZMy iyt whey — §<[Z’1, whY xh vy
I Y@ = Y V@H G, ZM) = Yt @H) and W) =
Zl L w !(z)Hy(z), then the first term of the right side of equality (15) is
2n
(R*X", YMzh, why = 3~ xy/2hw! (R*(H;, Hj) Hy, Hi) .
ijkl=1

On the other hand, if v = ¥ (q, u, &), it follows from Proposition 3.2 (part h) that

X", Y"1V 12" W e

1 < (16)
=3 Z (R (X (v)), me (Y (W))tty, ug) (R4 (Z(v)), (W (V) sy, i) .

r,s=1

REMARK 3.3. Inorderto compute (R(X(v), Y (v))Z(v), W(v)) itis sufficient to eval-
uate the right side of (15) on points of N of the form z = (q,u,t,0,...,0) such that
v = ¥ (z), where t = |v|, and where |v| is the norm induced by the metric g.

Let f : [0, +00) —> R be a differentiable map. From now on, let us denote by f (t) the
derivative of f atz.

THEOREM 3.4. Let G be a natural metric on TM. Let o and B be the functions that
characterizes G. If 1 <1i, j,k,]l <nandz = (q,u,t,0,...,0) we have that

a) (R*(H;(2), Hj(2)) H(2), H(2)))

1 1
=t O{(l ). Z{ l]rl(Z)Rklrl(Z)"f‘ Rtlrl(Z)Rk]rl(Z)+ lerl(Z)lerl(Z)}
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1 1 1
+ Z {ERijrl(Z)Rklrs(Z) + ZRilrl(Z)Rkjrs(Z) + Zlerl(Z)Rikrs(Z) }

l<r<s<n
+ Rijki(z) .
b) Let gjjxi = 8i18jk — 810k, then
b.1) If no index is equal to one, then
(R*(Hy1i (2), Hot () Hn4k (2), Hut1(2)) = eijua F (1)
where F : [0, +00) —> R is defined by

Pl = a®)B) — t(@)* — 2a(t)a(t) an
- a(t) + (1) '

b.2) If some index equals one, for example | = 1, then

(R*(Hni(2), Hyy j () Hyx(2), Hot1(2)) = £ijx1 H(t?)
where H : [0, +00) —> R is defined by
a .
H() = ¢(I)E In(aA)|; —2¢(1) (18)

and ¢(t) = a(t) +ta(r), A@) = a(t) + ().

©) (R*(Hi(2), Hn+j(2)) Hntk (2), Hpt1(2)) = 0.
d) (R*(Hn+i(2), Hntj(2)) Hi(2), Hi(2))

1 1
= 5(2oe<r2> + (i1 +8;DBUE D) Riju (2) + 58i1(ﬂ(t2) —2&(t*))1* Ryj1 (2)
1
+ Eajl(zoz(ﬁ) — BNt Ruin (2)

2\\242
(a(t4)) d Z{erjl(Z)eril(Z) - eril(Z)erjl(Z)} .

r=1

e) (R*(Hi(2), Huyj(2)) Hi(2), Hnt1(2))

1 2\\2,2 I
= Je) Ry @) + % ;‘ Rir1 () Reit1 (2)

2
+ %wﬂ + 86 (Ruin (2) — Riiji ().
B) (R*(H;(2), Hj(2)) Hys (2), Hi(2))

_a()t

(VDR(E](s), EY () ES()ls=0, u1) = (VD R(E] (5), E[()) EF (5)]5=0, 1)}
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The proof follows from the Koszul formula and Proposition 3.2 and it involves a lot of
calculation. For more details we refer the reader to [6] pages 132—151.

THEOREM 3.5. The curvature tensor R evaluated on e;(z), e,+i(2) satisfies:

a) (R(ei(2), ej(2))ex(2), ei(2))
"1 1 1
= rPa(t?) ; {ERZ-,-rmz)szrl(z) + g Rirnt @ Rijr1 (2) + ZR,-m(z)Rl-krl(z)}

+ Rijui(2) .
b) b.1) If no index is equal to one, then
(R(en+i(2). entj(2))entk (2), enti(2)) = £iju . F (1) . (19)
b.2) If some index equals one, for example | = 1, then
(R(enti(2), entj(2))entk(2), ent1(2)) = &ij1. H(t?) . (20)

©) (1§ (€i(2), entj(2))en+k(2), en+1(2)) = 0.
d) (R(en+i(2), en+j(2))er(2), e1(2))

1 1
= 5(2oe<r2> + (8i1 + 8;1) B Rijia(2) + 55i1(ﬂ(l2) —2a(t*)1* Ruj1 (2)

n

D {Rirj1 @) Rr1in (2)

r=1

(a(t%))%1?

1
+58/12a() = BEN Run (@) + ——

— Riri1 (Z)erjl(z)} .

e) (R(ei(2), entj(2)er(2), enti(2))
@)~ G R
——— 2 Rt @Rein @) + (61 + 0)é () (Rein (2)

r=1

L,
= Ea(t YRyt (z) +

— Ryij1(2)) .

f) (R(ei(2), ¢j(2))entk(2), €1(2)))

_a()r

{(VDR(E'(s), EL()E} (5)ls=0, u1)
— (VpR(E] (s), EL($)EF()ly—0. u1)} -

PROOF. The proof is straightforward and follows form Theorem 3.4 and equality
(15). O

The functions F' and H satisfy the following proposition:
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PROPOSITION 3.6. Leta,B : [0, +00) —> R be differentiable functions such that
a(t) > 0and a(t) +tB(t) > 0 forallt > 0. If F is the zero function, then:

. . 2 .
i) B(t) = ta@) ;(?;X(t)a(t)‘

i) a(n)(a() +1B(1) = (1) + a(r))*.
i) a(r) + ta(t) > 0.
iv) H(t) =0 forallt > 0.
PROOF. Assertion i) follows from equality (17) and ii) is a consequence of i). Equality
i) shows that «(¢) + ta(t) # 0 for all + > 0, and since «(0) + 0.&(0) = «(0) > 0, then we
get iii). Equality ii) says that «.A = ¢2, and assertion iii) says that ¢ > 0. Therefore, from
equality (18) we get that H = 0. O

COROLLARY 3.7. Leta,f : [0,400) —> R be differentiable functions such that
a(t) > 0,a(t) +ta(t) > 0and a(t) +tB(t) > 0ift > 0. If H is the zero function, then it is
also F.

PROOF. Since ¢ > 0and H = 0, the equality (18) implies that In(aA) = In(¢?) + C
for some constant C. In particular 2 In(«(0)) = 2In(x(0)) + C, hence C = 0. Since . A =
¢?, we obtain that F = 0. O

4. Geometric consequences of curvature equations

In this section the Riemannian metric G on T M is assumed natural. Throughout this
paper, G is characterized by the functions « and 8. As in Remark 3.3, if v € TM, let
z = (q,u,t,0,...,0) € N such that ¥(z) = v and r = |v|. From Theorem 3.5 and
Proposition 3.6 we get immediately

COROLLARY 4.1 (Theorem 0.1, [1]). If(TM, G) is flat then (M, g) is flat.
PROOF. This follows from part a) of Theorem 3.5 by setting r = 0. O
COROLLARY 4.2. [IfdimM > 3,(TM, G) is flat if and only if (M, g) is flat and
1(a@(1))* + 2a(t)a(r)
a(t)

PROOF. Assume that (T M, G) is flat. From Theorem 3.5 partb.1)and 1 <i < j <n
we have that

B(1) =

(R(en+i(2), entj(2))enti(2), entj(2)) = —F(t%)

Therefore F = 0, and the desired equality on 8 follows from Proposition 3.6 part i).
Assuming that (M, g) is flat and () = (¢ (&(1))? + 200(t)a(t))/a(t), we only need to
show that

(R(en+i(2)s entj(2)entk(2), ens1(2)) =0 21
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for 1 < i, j,k,I < 2n. The other cases also satisfies (21) because R = 0. Equality on g
implies that ' = 0, therefore by Proposition 3.6 part iv) we have that H = 0, and equality
(21) is satisfied. O

We get also the following result:

COROLLARY 4.3. IfdimM = 2, (TM, G) is flat if and only if (M, g) is flat and
H=0.

REMARK 4.4. Leta(t) > 0 be a differentiable function that satisfies ta () + a(t) > 0
for all t > 0 and define B(¢) = (¢ (G())% 4+ 2a(1)é (1)) /a(t). If we consider the natural metric
G induced by « and 8, then (T M, G) is flat if (M, g) is flat.

REMARK 4.5. The above Corollaries generalize the well known fact that (T M, Gy) is
flat if and only if (M, g) if flat (Kowalski [7], Aso [2]). This fact follows from the Corollaries
by takingo = 1 and 8 = 0.

We will denote by K and K the sectional curvatures of (M, g) and (T M, G) respectively.

THEOREM 4.6. Letve TMandz = (q,u,t,0,...,0) € N such that Y (z) = v(t =
|v]). We have the following expression for the sectional curvature of (TM, G) :

a) For1 <i,j<n:
_ 3
K(ei(2),ej(2)) = K (uj, uj) — Za(tz)m(u,-, uj)vl?.

b) b.l) If2<i,j<nandi # j

_ F(t%)
K (en+i(2), €n+j (2)) = W .
b2) If2<i<n
R (@n41(2), ens(2)) =)
e L enti = .
R D ) @) + 2B(D)
c) For1 <i,j<nm:
_ a(t?)
K(ei(2), entj(2) = =~ IR, v .
In particular IE(e,-, ent1) =0if 1 <i < nbecause v = tuj.
PROOF. From equality (4) we get that {e1(z), ..., e2,(z)} is an orthogonal basis for

(T M), such that (e;(2), ¢j(2)) = &; if 1 <i,j < n, (ent1(2), ent1(2)) = a(t?) + 12B(t?)
and (e,4i(2), enti(2)) = a(t®)if2 <i<n.Letl <i,j<n,i#j. By setting k = j and
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| =i in equation a) of Theorem 3.5 we have that
o 5 32 2 . 2
K (ei(2).¢j(2) = ~(R(ei(2), ¢ (2)e; (). ei(@) = Rijji(@) = J07a(t®) Y Riy, (2).
r=1
Since K (uj, uj) = R;jji(z) and v = tuy, we can write

_ 3
K(ei(2),ej(2)) = K (uj, uj) — Za(rz)m(ui, uj)vl*.

Part b) follows directly from equations b.1) and b.2) of Theorem 3.5.
Since |e;(z)| = 1 and (e;(z), en+(z)) = 0 for 1 < i, j < n, from Theorem 3.5 equation
e), we see that

n

D Rirji(@Riji (2)

r=1

B (@(jv1%)?[v]?
4(a(v1?) + 81 8(1vD)vI?)

K(ei(2), entj(2) =

AL :
. Ot(|:| ) Z[Q(R(uj’ u1|v|)ui,ur)]2 — a(l:| )

r=1

IR(uj, vyu;|*. O

COROLLARY 4.7.

i) (T M, G) is never a manifold with negative sectional curvature.
ii) Iflz is constant, then (T M, G) and (M, g) are flat.
iii) If K is bounded and lim;_, 1 oo ta(t) = +o0, then (M, g) is flat.
iv) Ifc < K < C (possibly ¢ = —00 and C = +00), thenc < K < C.

PROOF. Assertions 1), ii) and iii) follow from Theorem 4.6 part ¢). Let g € M and
u = (ui, ..., uy) be an orthonormal basis for M. Then, if we consider z = (g, u, 0, ..., 0)
and v = Oy, from Theorem 4.6 part a) we have that K (e; (), ej(z)) = K(u;,u;) and part iv)
holds. Also ii) follows from Theorem 3.5) part a) taking ¢ = 0. O

COROLLARY 4.8. Let (M, g) be a manifold of constant sectional curvature Ky and
T M endowed with a natural metric G, then we have for z = (q,u,t,0,...,0)and ¥ (z) = v
that

a) K(ei(2),¢j(z)) = Ko — %(Ko)%t(lvlz)(&l + 8 vI? withi # j.
— 2
b) K(ei(2), entj(2) = “BKolv2(8ij + 8i).
The vertical case E(en+i, en+j) is as Theorem 4.6 part b).
From Theorem 4.6 we get the following result

COROLLARY 4.9. Let G| and Gy be two natural metrics on T M such that are charac-
terized by the functions {«;}i=12 and {Bi}i=12 respectively. If K1(u)(V, W) = Kx(u)(V, W)
forallu e TM and V,W € (T M), and (M, g) is not flat, then o1 = «.
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REMARK 4.10. Let G4 exp and G exp be the natural metrics on 7'M defined by

Idysn 0 )
0 A (&)

Idyxn 0

gG+exp(Q9 u,§) = < 0 AT ()

) and gG—eXp(Qa”yé): <
where AT(§) = ¥ (Id,,, + ') and A= (&) = e 5P (Id,, + &'.). We call G4 exp and
G _ exp the positive and negative exponential metrics.

It is known ([11]) that 7 M endowed with the Cheeger-Gromoll metric is never a man-
ifold of constant sectional curvature. Theorem 4.6 applied t0 Gy exp and G — exp shows that
these metrics satisfy the same property.

4.1. Ricci tensor and scalar curvature. Let Ricc and Ricc be the Ricci tensor of
(M, g) and (T M, G) respectively. We will denote by S and S the scalar curvatures of (M, g)
and (TM, G).

THEOREM 4.11. Forl1 <i,j <nandz = (q,u,t,0,...,0) we have the following
expressions for Ricc:

—_ 2y42
a) Ricc(ei(2),ej(z)) = —% Z Riri1 (@) Rjr1(z) + Ricc(ui, uj).

1<r,l<n
_ 28,2 . -
b) Ricc(ei(2), entj(2)) = =22 " ((VpR(EL, E))E]|s=0, u1)
1<r<n
—(VDR(E], E))E] [s=0, u1)}.
¢c) c.l) If2<i <n,then

_ 2 2 -2
Ricc(en+i(z),e,1+i(z))=t“f) > &%ﬂzH%F(r%
1<rl<n

1

2
+ a(r?) +t25(t2)H(t )-

c2) If2<i,j<nandi # j, then

_ 2a(r?)
Ricc(en+i(2), ent(2)) = D Ruin@Rji ).
1<r,l<n
c3) If1 < j <n,then
Ricetent1 (), ens; () = =D H ()3,
teclen+1\2), én+j(2)) = O((lz) jl-
PROOF. Letei(z),..., e (z) be the orthonormal basis for (7 M), induced by the or-

thogonal basis e (z), .. ., e2,(z), where ¥ (z) = v. For X, Y € (T M), we have that

2n

Rice(X,Y) = Z(R(X, e (2))ei(2), Y).
=1
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Equalities a), b) and c) follow directly from Theorem 3.5 and the fact that
(en+1(2), ent1(2)) = a(t?) + 12B(1?) and (€1 (2), €nti (2)) = (1} if 2 < i < n. O

In [1], it is shown in the general g-Riemannian natural case that if (T M, G) is Einstein
then (M, g) is Einstein. In our situation we have

COROLLARY 4.12. If(TM, G) is Einstein, then (M, g) and (T M, G) are flats.

PROOF. Let ¢ be a constant such that Ricc = ¢G. In order to prove that R = 0, it is
enough to show that for any ¢ € M and any orthonormal basis u = {u1, ..., u,} for M, the
following equalities are satisfied

(R(ui, up)up, ur) =0 (22)

forl1 <i,r,l <n. LetveMy,v#0andz = (q,u,t,0,...,0) € N such that (z) =
tu; = v. Since G(e;(2), ej(z)) = §;; if 1 <i, j < n, from Theorem 4.11 part a) we have that
a(tH)i?

edij=———>— Y Rin@Rjm (@ + Riccui,uj). (23)

1<rl<n

Taking t = 0, we get that Ricc(u;, uj) = cd;;. Replacing these values for i = j in (23) we
obtain that
a(tH)i?
2

0=

> (R, upup, un))?

1<rl<n

fort > 0 and equality (22) is satisfied. Since Ricc = c.g and R = 0, it follows that Ricc = 0.
Using that (T M, G) is Ricci flat and R = 0, from Theorem 4.11 parts c.1) and c.3) one gets
that H = F = 0. From Theorem 3.5 we have that R = 0. O

REMARK 4.13. Itis easy to see from Theorem 4.11 that if (M, g) is not flat or if not
exists a constant k such that H(t) = ka(t) and (n — 2)[a(t) + tB()]F(t) = a(t)k[(n —
Da(t) + (n — 1)tB(1)], then Riccisnota A — natural tensor (see [5]).

COROLLARY 4.14. Letv € TM and z = (m(v), ut,...,un,t,0,...,0) € N such
that v = uyt. The scalar curvature of (T M, G) at v is given by

- . l2()l(l2) - 2 2(” ) 2
=T i;:zl Kin @+ Sy + gy

n—-1Dmn-2)
(a(12))?
PROOF. Since {€1(2), ..., e, (z)} is an orthonormal basis for (7T M), and the scalar

curvature S(v) = lei | Ricc(ei(2), ei(z)), the expression for S follows straightforward from
Theorem 4.11. O

F(?).
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REMARK 4.15. Corollary 4.14 applied t0 Gt exp and G — exp reads:
De 2+ (=21 + [v*)]

Stexp(v) = S (v)) — (n —

(1+|v?)
PACIE
- 2 IR ujvP?
i,j=1
and
(n — el b 6420
S_exp(v) =S(7T(U))+T|v|2 n—-2)3— v )+W
eI 5
— = 2 IR ujvP?
i,j=1
PROPOSITION 4.16. If (M, g) is a manifold of constant sectional curvature Ky, then
Ko, 5 pp pl24 (= 2)(1 + [v]?)]
S = —1 K _ v| _ [v]
+exp(V) = (n ){ O(n ) [v|“e ) e (1+|v|2)
and
2
Ko, o i), " 2, 6420y
S_ =mn—-1)1K - — -2)3 - —t-
exp(v) = (n ){ o<n F W) s =G -+

COROLLARY 4.17. Let (M, g) be a flat manifold, then we have that:
a) Syexp <O
b) Ifdim M = 2, then S_ exp > 0.
¢) Ifdim > 3, S_exp(v) > O if and only if 0 < |v|> < =Dt Intl
d) Ifdim > 3, S_exp(v) = 0 if and only if |v|? = C=DINAE=Dnt],

PrOOF. It follows from Proposition 4.16. d

REMARK 4.18. In [1], it is shown (Theorem 0.3) that if G is a g-natural metric on
TM and (T M, G) has constant scalar curvature, then (M, g) has constant scalar curvature.
In our case, this property follows immediately from Corollary 4.14, taking + = 0. We can see
that if (T M, G) has constant scalar curvature S and F = 0, then (T M, G) is flat. If F = 0 by
Proposition 3.6, H = 0, and by Corollary 4.14 it follows that R = 0. Finally, from Theorem
3.5 we get that (T M, G) is flat.
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