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Abstract. In this paper we derive some subordination and superordination results for certain normalized ana-
lytic functions in the open unit disc, which are acted upon by a class of extended multiplier transformation. Relevant
connection of the results, which are presented in this paper with various known results are also considered.

1. Introduction

Let H(U) be the class of analytic functions in the open unitdisc U = {z € C : |z| < 1}
and let H[a, n] consisting of functions of the form:

f@Q=a+a"+ap1" +--- (aeC). (1.1)

Also, let A(n) be the subclass of H (U) consisting of functions of the form:

f@=z+ Y ad. (1.2)

k=n+1

If f, g € H(U), we say that f(z) is subordinate to g(z) , written symbolically as follows:

f=<g (zelU) or f(z)<g() (z€U),

if there exists a Schwarz function w(z), which (by definition) is analytic in U with w(0) = 0
and [w(z)| < 1 (z € U) suchthat f(z) = g(w(z)) (z € U). In particular, if the function ¢(z)
is univalent in U, then we have the following equivalence (cf., e.g., [9]; see also [10, p. 4]):

f(2) <g@) zelU) <« f(0)=yg(0) and f(U)Cg).

Supposing that p, i are two analytic functions in U, let

go(r,s,t;z):C3xU—>C.
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If p and ¢(p(2), zp/(2), 22 p” (z); z) are univalent functions in U and if p satisfies the second-
order subordination

h(z) < ¢(p(2),2p'(2), 2P (2); 2) » (1.3)

then p is called to be a solution of the differential superordination (1.3). (If f is subordinate
to F, then F is superordinate to f). An analytic function g is called a subordinant of (1.3), if
q(z) < p(z) for all the functions p(z) satisfying (1.3). A univalent subordinant g that satisfies
g < ¢ for all the subordinants ¢ of (1.3), is called the best subordinant (cf., e.g., [9], see also
[10D).

Recently, Miller and Mocanu [11] obtained sufficient conditions on the functions %, ¢
and ¢ for which the following implication holds:

h(z) < o(p(2), 2p'(2), 22P"(2); 2) = q(2) < p(2) . (1.4)

Using the results of Miller and Mocanu [11], Bulboaca [4] considered certain classes of
first-order differential superdordination as well as superordination-preserving integral opera-
tors [5]. Ali et al. [1] have used the results of Bulboaca [4] and obtained sufficient conditions
for certain normalized analytic functions f(z) to satisfy

2f'(2)
<
f@

where g1 and ¢ are given univalent functions in U with ¢1(0) = 1. Shanmugam et al. [17]
obtained sufficient conditions for normalized analytic function f(z) to satisfy
/@)

q1(z) < m < q2(2),

q1(2) < 92(2) , (1.5)

and
22f(z)
{f())?

where g1 and ¢» are given univalent functions in U with g1(0) = 1 and ¢2(0) = 1, while
Obradovic [12] introduced a class of function f € A = A(1), such that, for0 < @ < 1,

, z \*
Re{f(Z)<m> }>O, zeU.

He called this class of function as “non-Bazilevic” type. Using this non-Bazilevic class, Wang
et al. [21] studied many subordination results for the class N(«, A, A, B) defined by

, 2\ a2 ) 144z
N(a,)\,A,B)_{feA.(l+)»)<m) —)»f(Z)<m> <1+BZ}’

where A e C,—-1 < B<A<1,A#B,0<a<l.

q1(z) < < q2(2),
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Many essentially equivalent definitions of muliplier transformation have been given in
literature (see [7], [8] and [22]). In [6] Catas defined the operator I (X, £) as follows:

DEFINITION 1 [6]. Let the function f(z) € A(n). Form € No = N U {0}, where
N ={1,2,...},A > 0,£ > 0. The extended muliplier transformation /™ (X, ) on A(n) is
defined by the following infinite series

[M} apz . (1.6)

"0, Of@ =2+ ) T

k=n+1

It follows from (1.6) that

°0,0f@) = f@),

1+ E)I'"H(A, OFfF@D=A=21+0I"A\,Of(@)+2zU"0, 0 f() (A>0 (1.7)
and
™, O™, O) f(2) = ™™, 0) f(2) = 1™, O™ (A, 0) f(2). (1.8)

We note that
1-1"(1,0) f(z) = I} f(z)(see [7] and [8]);
2-1"(2, 0) f(z) = D} f(z)(see [2]);
3-1"(1,0) f(z) = D™ f(z)(see [16]);
4- 1" (1, 1) f(z) = I f () (see [22]).
Also if f € A(n), then we can write

"0, Of@) = (f * o' )@,
where

[M] . (1.9)

m —
i) =z+ Z 11¢
k=n+1

2. Preliminaries

In order to prove our subordination and superordination results, we make use of the
following known definition and results.

DEFINITION 2 [11]. Denote by Q the set of all functions f(z) that are analytic and
injective on U\ E(f), where

E(f)={§2§€33ndzli_r)réf(Z)=oo} 2.1

and are such that f/(¢) # 0for ¢ € dU\E(f).
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LEMMA 1 [10]. Let the function q(z) be univalent in the unit disc U and let Oand ¢
be analytic in a domain D containing q(U) with ¢(w) # 0 when w € q(U). Set Q(z) =

2q'(2)9(q(2)) and h(z) = 6(q(2)) + Q(z). Suppose that
(i) Q(z) is starlike univalent in U ,

(i) Re(zh/(Z)) > 0forzeU.

0(2)

If p is analytic with p(0) = q(0), p(U) € D and

0(p(2)) + 20 (D9 (p(2)) < 0(q(2)) + 24" (2)9(q(2)) , 22

then

p(z) <q(2)
and q(2) is the best dominant.

LEMMA 2 [17]. Let q be a convex univalent function in U and let € C,§ € C* =

C\{0} with
Re {1 + 4" @) } > max {O, Re <£)} .
q'(z) 8
If p(2) is analytic in U and

Yp(z) +82p'(2) < ¥q(2) + 824" (2) (2.3)

then

p) <q@ (zel)
and q is the best dominant.

LEMMA 3 [4]. Let q(z) be convex univalent in the unit disc U and let 6 and ¢ be

analytic in a domain D containing q(U). Suppose that
/
@) Re {9 (q(2))
v(q(2)

(i) zq'(2)@(q(2)) is starlike univalent in U.
If p(z) € H[q(0), 11N Q, with p(U) C D, and 0(p(2)) + zp'(2)@(p(2)) is univalent in U,
and

}>0f0rzeU;

0(q(2) + 29" (2)9(q(2)) < 0(p(2)) +zp'(2)e(p(2)), (2.4)

then

q(z) < pz) (ze€l)

and q(2) is the best subordinant.
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LEMMA 4 [11]. Let g be convex univalent in U and § € C. Further assume that
Re@) > 0.If p(z) € H[gq(0), 11N Q and p(z) + 8zp’(z) is univalent in U, then

q(2) + 824" (2) < p(z) +82p'(2), (2.5)
implies
q@) < plz) (z€l)
and q is the best subordinant.

This last lemma gives us a necessary and sufficient condition for the univalence of a
special function which will be used in some particular cases.

LEMMA 5 [15]. The function q(z) = (1 — 2)72%" is univalent in U if and only if
2ab—1| < 1lor|2ab+1| < 1.

3. Subordination for analytic functions

THEOREM 1. Let g be univalentin U,y € C*,A > 0and 0 < «a < 1. Suppose q

satisfies
Re{1+zq (Z)} >max{0,—Re <3)} 3.1)
q'(2) 14

If feAn), I (A, 0) f(z) #0 (z € U* = U\{0}) and satisfies the subordination

WL ymhba) < q() + gzq’(z) , (3.2)
where
£+1 «
w(f’y’m’k’e’“)z[HV( x ﬂ(!m(x ZZ)f(z))
1N\ I (e atl
_y<+> (,)f(z)( : ) | a3
A z o, £) f(z)
then

Z o
(Im, e)f(z)) <4 G4

and q is the best dominant of (3.2).

PROOF. Define the function p(z) by

z o
p(2) = (m) (zelU). 3.5
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Then the function p is analytic in U and p(0) = 1. Therefore, differentiating (3.5) logarith-
mically with respect to z and using the identity (1.7) in the resulting equation, we have

[1 N (e + 1)i|< z >a B <£ + 1) Im-H()\,E)f(Z)( Z >a+l
"\ " of@) T\ z 1" (0, 0 f(2)

=p) + gzp/(z) : (3.6)

Using (3.6) and (3.2), we have

p(2) + gzp/(z) <q()+ gzq’(z) . 3.7)

The assertion (3.4) of Theorem 1 now follows by an application of Lemma 2 with § = %, 0<
a<l,andy = 1.

1+A
1 IBZ (=1 < B < A <1) in Theorem 1, we obtain the following
z

Taking ¢(z) =

corollary.
COROLLARY 1. Let =1 < B < A < 1,y € C*;A > 0,0 < a < 1 and

Re{l_ BZ} > max {0,—Re (g>}.1ff(z) € A(n), I" (A, ) f(2) #0 (z € U*) and
1+ Bz 14

1+ Az y(A — B)z

V(f,y,m AL a) <

, 3.8
1+ Bz «a(l+ Bz)? 38
where ¥ (f, y, m, A, £, @) is given by (3.3), then
Y 1+A
( < ) LAz (3.9)
o, 8 f(z) 1+ Bz
1+ Az | .
and is the best dominant of (3.8).
1+ Bz
Taking A = 1 and B = —1 in Corollary 1, we obtain the following corollary.
1+z
COROLLARY 2. Let y € C*A > 0,0 < a < 1 and Re 1
-z
max {O, —Re (g)} if f(z) € A(n), I (X, £) f(z) #0(z € U*) and
14
1 2
WS yom b ) < g TV (3.10)
1—z a(l —z)?2

where ¥ (f, y, m, A, £, @) is given by (3.3), then

< £ )a L1tz (3.11)
", 0 f(2) 1—2
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1
and te

is the best dominant of (3.10).
-z

THEOREM 2. Let q be univalent in U, y,u € C*,A > 0, and 0 < 8 < 1. Let
f(2) € A(n). Suppose q satisfies

n ’
Re{l_’_zq/ (x) zq (Z)} > 0. (3.12)
q'(2) q(2)
If
2q'(2)
q(z)
where
¢(f7 ﬁvmv)"sg)
41 £+1 41
B 5 I"Y20.0 f@)+| 1-28) +B8 [ 1" (.0 f()—-(1-B) =L )I"(3,0 f(2)
- (=B (%, 0) f()+BI"F1 (M, 0) f(2) ’
(3.14)
then
1—B)I™(r, L +BIMH (0, 0 o
{( B ( )f(zi B ( )f(z)} < 4@ (3.15)
and q is the best dominant of (3.13).
PROOF. Define the function p(z) by
(1—BI" (M, 0 f )+ BI" 10 f ()"
p(z) = { - . (3.16)
Then a computation shows that
zp'(2)
P W@ (f. Bom, 2 0) — 11, (3.17)
p(2)
where @ (f, B, m, A, £) is given by (3.14). By setting
6w)=1 and o)=L, (3.18)
w

it can be easily observed that 6 (w) is analytic in C, ¢(w) is analytic in C*, and that ¢(w) #
0 (w € C*). Also, we let

249’ (2)

, 3.19
q(2) (3-19)

0@) =29'@Qeq) =y
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and
WD) = 0g@) + 0@) = 1479 (3.20)
q(z)
From (3.12), we find that Q(z) is starlike univalent in U and that
2 (2) 24 (2)  2q'(2) }
R =Rell — 0 3.21
e{ Q(z)} e{ MrTEETE e G20

by the assertion (3.12) of Theorem 2. Thus, by applying Lemma 1, our proof of Theorem 2
is completed.

1
Puttingn = 1,8 =m =€ =0,A =1,y = —b(a,b € C*),nu =aandq(z) =
a

(1 — z)724% in Theorem 2, then combining this together with Lemma 5, we obtain the next
result due to Obradovic et al. [13, Theorem 1]:

COROLLARY 3 [13]. Leta,b € C* such that |2ab — 1| < 1 or |[2ab+ 1| < 1. Let

f(z) € A and suppose that f@ #0forallz € U.If
Z
1/zf(2) 1+z
+b< @ —1)< - (3.22)
then
<f(Z)> <= Z)_Zab, (3.23)
z

and (1 — 7)729? s the best dominant of (3.22). (The power is the principal one).

REMARK 1. For a = 1, Corollary 3 reduces to the recent result of Srivastava and
Lashin [20,Theorem 3].

i
Puttingn = ,f=m=£€=0,,=1,y = — abeC M<Z)u=a
abcos A 2
and g(z) = (1 — z)_zabc"“‘e_lA in Theorem 2, we obtain the result due to Aouf et al. [3,
Theorem 1]:

COROLLARY 4 [3]. Let a,b € C* and |A| < %, and suppose that
f (@)

Z

(L@ ) 1Hs (3.24)
bcosi \ f(2) 1—-2° )

|2abcosre™* —1|< 1 or |2abcosre™ + 1| < 1. Let f(z) € A such that
forallz € U. If

£ 0
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then

<&> < (- Z)—Zabcos)\eiA ’ (3.25)

<

and (1 — z)~2ab<0s2e™ s tho best dominant of (3.24). (The power is the principal one).

1
Puttingm =£=0,A=8=1,y = _b(a’b €C*,p=a and q(z) = (1 —2)"*"in
a
Theorem 2, then combining this together with Lemma 5, we obtain the next result.

COROLLARY 5. Leta,b € C* such that |2ab— 1| <1 or|2ab+ 1| < 1.Let f(z) €
A(n) and suppose that f'(z) # O forallz € U. If

lzf”(z) 1+7z
+ - < :
b f'(z) -z

(3.26)

then
(f'@)* < (1—2)~2 (3.27)
and (1 — z)72b is the best dominant of (3.26) . (The power is the principal one).

REMARK 2. Fora =n = 1, Corollary 5 reduces to the recent result of Srivastava and
Lashin [20, Corollary 1].

1
Takingn = I,m = £ = B = 0,A = 1,y = — (u € C* and ¢g(z7) =
m

A-B
1+ Bz)“< B ) (=1 < B < A <1,B # 0) in Theorem 2, we get the following known
result obtained by Obradovic and Owa [14].

COROLLARY 6 [14]. Let —1 < B < A < 1,B # O,u € C* such that

i (A58) 1| < 1 or [ (458)+ 1| < 1. Let £(2) € A and suppose that fi@ £ 0
forallz € U.If
then

(@)M <a+89"UF) uectiB 20 (3.29)

A-B

and (1 + Bz)M<T) is the best dominant of (3.28).

1
Takingn =1, m =€ =f=0,A=1,y = —and q(z) = e*4* (=1 < A < 1) in
N

Theorem 2, we get the following known result obtained by Obradovic and Owa [14].
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COROLLARY 7 [14]. Let —1 < A < 1,u € C* such that |uA| < 7. Let f(z) € A

and suppose that f@ #Oforallz € U. If
z
zf'(2)
1+ A .
@ <1+Az (zel), (3.30)
then
%
<&> < et (uecr) (3.31)
b4

and e*A% is the best dominant of (3.30).

THEOREM 3. Let q(z) be univalentin U, y # 0,6,a € C,andlet0 < B < 1. Let
f(z) € A(n). Suppose q satisfies

Re{3+1+zq (Z)}>0, (3.32)
Y q'(2)

and also Re(%) > 0. Let

Z

m m+1 K
W(z) = [“‘ﬁ” QO @+ GO (“} {a+ yul®(f, Bom, 2, ) — 11} +68,  (3.33)

where @ (f, B, m, A, £) is given by (3.14). If

W(z) < aq(x) +8+vzq'(2), (3.34)
then
1— I Im+1 12
[( B (x, E)f(ZiJr B (A, E)f(z)} < 4@ (3.35)
and q(2) is the best dominant of (3.34).
PROOF. Define the function p(z) by
1—B)I" (A, L "o, e o
o) — [( A" )f(ziJr pImt( )f(z)} . (336

Differentiating (3.36) logarithmically with respect to z and using the identity (1.7) in the
resulting equation, we have

P _ 1 (f B, a0 — 11, (3.37)
p(2)

where @ (f, B, m, A, £) is defined by (3.14). From (3.37), we have
2p'(2) = up@)[P(f, B.m, A, £) —1]. (3.38)
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By setting
fw)y=aw+36 @w)=y, (3.39)

it can be easily observed that 6 (w) and ¢(w) are analytic in C. Also, we let

0(2) = 2¢'(9(q(2)) = y2q'(2) (3.40)
and
h(z) =0(q(2)) + Q) = aq(z) +8 + yz4'(2) . (3.41)
From (3.40), we find that Q(z) is starlike univalent in U, and that
zh'(z) o 29" (2) }
R =Rei—+1 0 3.42
G(Q@) e{y+ el e (342

by the hypothesis (3.32) of Theorem 3. Thus, by applying Lemma 3, our proof of Theorem 3
is completed.

Taking m = ¢ = 0,. = 8 = 1,8 = —a and y = 1 in Theorem 3, we obtain the
following result obtained by Shanmugam et al. [18, Corollary 3.10].

COROLLARY 8 [18]. Let g be univalent in U. Also let f € A(n) and 1 + o > O.
Suppose q satisfies

Re {a L1 4 (Z)} >0, (3.43)
q'(z)
then
a{(f'@)* — 1} + M{ ZJ]:,((ZZ)) (f'(Z))“} <aq(z) —a+zq9'(z) (3.44)
then

(f'@)* < q()
and q is the best dominant of (3.44).

REMARK 3. Takingg(z) =1+ ﬁz, a>0and 0 < A <1+ «,in Corollary 8, we
obtain a recent result of Singh [19, Theorem 1(ii)].

4. Superordination for analytic function

THEOREM 4. Let g be convex univalentin U,y € C,A > 0and 0 < o < 1. Suppose

Re{y} > 0. 4.1)
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Let f(z) € An), I" (., €) f(2) # 0 (z € U*) and (W) € H[g(0),1]1N Q. Let

U(f,y,m, A, £, ) is univalent in U, where W (f, y, m, A, £, o) is defined by (3.3). If

g + gzq/(z) <ULy m b a), 42)
then
) < (4) 4.3)
T =\Imo0f@ ‘

and q is the best subordinant of (4.1).

PROOF. Define the function p(z) by

z a
p(z) = <m> (Z € U) (44)

Differentiating (4.4) logarithmically with respect to z and using the identity (1.7) in the re-
sulting equation, we have

p(2) + gzp/(z) <ULy m ). 4.5)

Theorem 4 follows as an applying of Lemma 4.
14+ Az
1+ Bz

Taking ¢g(z) = (=1 < B < A < 1) in Theorem 4, we obtain the following

corollary.

COROLLARY 9. Let -1 < B < A < l,y € C,Re(y) > 0,2 > 0 and
0 < a < 1. Also let q be convex univalent in U. Suppose I (X, £)f(z) # 0 (z € U*)
o
Z
d| ——— € H[g0),11N Q. LetW(f,y,m, A\, £, ) is univalent in U, where
<Im()»,€)f(z)> q(0) 0 (f.y )
U(f,y,m, L, a)is given by (3.3). If

y(A—B)z 1+ Az

U(f,y,m, AL ), 4.6
e+ B2 11 Bz (f,y.m o) (4.6)
then
1+ A ¢
+ac < < ) @7
1+ Bz I, 6)f(z)
1+ Az | .
and is the best subordinant of (4.6).
1+ Bz

The proof of the following theorem is similar to the proof of Theorem 4, so we state the
theorem without proof.
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THEOREM 5. Let g be convex univalentin U,y € C,0 < B < 1, and f € An).
Suppose

A=BI",Of @ +BI" (O f(2)

Z

"
o;e[ } € Hlg(0).11n Q,

and 1+yul[@(f, B, m, ©, £) —1] isunivalentin U, where @ (f, B, m, A, £) is given by (3.14).
If

11799 D om0 — 1], 4.8)
q(2)
then
1=B)I"0, ¢ It e "
q(z)<|:( B ( )f(Z1+/3 ( )f(Z)i| 4.9)

and q is the best subordinant of (4.8).

THEOREM 6. Let q be convex univalentin U,y € C*,8,a € Candlet0 < 8 < 1.

Z

m m M
Let f € A(n) and 0 # I:(l_ﬁ)l .0/ @+BI +](A’Z)f(2)i| € H[q(0), 11N Q. Suppose q

satisfies
o
Re {—q/(z)} >0. (4.10)
14

If

aq(2) +38+yzq'(2) <

<

1 — m m+1 1%
[( A" (A, 0 f(z) + Bl (X,E)f(z)} (4 yul@(f fom. 7 0) — 1]} 45, (4.11)

where @ (f, B, m, A, L)) is given by (3.14). Then

Jo) < [(1 — BI" 0, é)f(z1+ﬂ1’"“(k, E)f(z)}“ @)
and q is the best subordinant of (4.11).
PROOF. Define the function p(z) by
) [(1 — BI" 0, é)f(z1+ﬂ1’"“(k, E)f(z)}“_ @i
Then a computation shows that
PC) e gm0 11, (4.14)

p(2)
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where @ (f, B, m, A, £) is given by (3.14). Therefore, we have
' (@) = wp @I (f, B, m, 1, 0) — 11. (4.15)
By setting
O(w) =aw+6, o¢w) =y, (4.16)
it can be easily observed that both 6 (w) and ¢ (w) are analytic in C. Now,
gl

by the hypothesis (4.10) of Theorem 6. Thus, by applying Lemma 3, our proof of Theorem 6
is completed.

5. Sandwich results

Combining the results of differential subordination and supordination, we state the fol-
lowing “sandwich results”.

THEOREM 7. Let q1 be convex univalent and let q> be univalent in U, y € C*, and

z
0 < a < 1. Suppose satisfies (4.1) and g satisfies (3.1). If 0 — ] €
ppose qi fies (4.1) q2 satisfies (3.1). If #(Im()»,é)f(z))
Hlq©0),11Nn Q, Y (f,y,m, X, £, ) is univalent in U, where ¥ (f, y,m, A, £, ) is given by

(3.3), and

712 + gzqi(w <W(fy.m o la) < )+ gzqg(m, G.1)
then
Z o
q1(2) < <W) < q2(2) (5.2)

and q1 and q» are, respectively, the best subordinant and best dominant.

THEOREM 8. Let q1 be convex univalent and let q» be univalent in U, y,u €
C*A > 0,and 0 < B < 1. Let f(z) € A(n). Suppose g satisfies (3.12), and 0 #*

1—B)I™, £ "o e "
[( I, O f(2)+ B ( )f(z)} € HigO). 110 0.1 + yul®(f. f.m. 0. 0)

z
—1] is univalent in U, where @ (f, B, m, ©, £) is given by (3.14). If

y O e B ) — 1] < 1422 (5.3)
) q2(2)
then
1— B\, £ 1"t e H
o < [( B ( )f(zi+/3 ( )f(z)} o 5
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and q1 and q» are, respectively, the best subordinant and the best dominant.

THEOREM 9. Let q1 be convex univalent and let q» be univalent in U, y, | €
C* L > 0and 0 < B < 1. Suppose q, satisfies (4.10), g2 satisfies (3.32), and 0 #*

[(1 —BI" (MO f(2) + BI™T L 0 f(2)

Z

n
] € Hg(0), 11N Q. Let

[(1 —BI"OOf @)+ BT L O ()

n
- :| {o +yuld(f,B,m, 1, L) —11}+8 (5.5

is univalent in U. If

aq1(z) +8 +yzq1(2) <

[(1 —BI" (A, O f(2)+ BT O f(2)

w
7 :| {Ol+ J/M[Q(fsﬁvms)"vg)_l]}‘i_(s

<aqr(2)+ 8 +yzq5(2), (5.6)

then

(5.7)
Z

(1=BI" (A0 f @)+ BI™T L, 0) f ()"
q1(z) < < q2(2)

and q1 and q> are, respectively, the best subordinant and the best dominant.
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