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Abstract. Let (X, L) be a hyperquadric fibration over a smooth curve with dim X = n > 3. In this paper we
will calculate the ith sectional Euler number e; (X, L) of (X, L). Using this, we will study a lower bound for the
ith sectional Betti number b; (X, L) with i < 4. In particular we will prove that bp(X, L) > 3, b3(X, L) > 0 and
bg(X, L) > 3.

1. Introduction

Let X be a projective variety of dimension n defined over the field of complex numbers,
and let L be an ample line bundle on X. Then (X, L) is called a polarized variety. If X is
smooth, then we say that (X, L) is a polarized manifold.

In [6], we introduced some ith sectional invariants of (X, L), that is, the ith sectional
Euler number ¢; (X, L) and the ith sectional Betti number b; (X, L) for every integer i with
0 <i < n, and we investigated some properties of these.

Here we explain the meaning of these invariants if X is smooth, L is very ample, and
i is an integer with 1 <i <n — 1. Let Hy, ..., H,_; be general members of |L|. We put
Xn—i = H N---N H,_;. Then X,_; is smooth with dim X,,_; = i, and we can show that
ei(X,L) = e(X,—;) and b; (X, L) = b;(X,,—;), where e(X,_;) is the Euler number of X,,_;
and b; (X,—;) is the ith Betti number dim H (X,—;, C) of X,—;.

We think that we will be able to investigate the structure of polarized manifolds more
deeply by using these sectional invariants. But in general, it is very hard to calculate these
sectional invariants concretely. So, in order to make a study of a general theory of these
sectional invariants, as the first step, it is important to calculate these for the case of some
special polarized manifolds, for example, polarized manifolds arising from the adjunction
theory.
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In [7] we calculated and studied the ith sectional Euler number and the ith sectional
Betti number of (Px (&), H(E)), where £ is an ample vector bundle of rank r on a smooth
projective variety X of dimension n, Px (&) is the projective space bundle associated with £
over X and H (€) is its tautological line bundle.

As the next step, in this paper, we will study the ith sectional Euler number and the ith
sectional Betti number of hyperquadric fibrations over a smooth curve. (For the definition of a
hyperquadric fibration over a smooth curve, see Definition 2.3 below.) First we give a formula
of the ith sectional Euler number e; (X, L) of hyperquadric fibrations over a smooth curve C
(Theorem 3.1). Theorem 3.1 shows that ¢; (X, L) can be calculated by using e = deg&, b =
deg B and the genus g(C) of C, which are fundamental quantity of hyperquadric fibrations
over C (see Remark 2.2). Next we consider a lower bound for the ith sectional Betti number
b;i (X, L) of hyperquadric fibrations over a smooth curve. In general, the following conjecture
was given in [6, Conjecture 3.1 (2)].

CONJECTURE 1.1. Let (X,L) be a polarized manifold of dimension n. Then
bi(X,L) > hi(X, C) holds for every integeri with 1 <i <n.

Here we note that if i = 1, then this conjecture is a famous conjecture of Fujita (see
[4, (13.7) Remark] or [1, Question 7.2.11]) because b1(X, L) = 2¢9(X, L) (see [6, Remark
3.1 )]) and A'(X, C) = 2h'(Oy), where g(X, L) is the sectional genus of (X, L). So it
is interesting to consider this conjecture. If L is base point free, then this conjecture is true
(see [6, Proposition 3.3 (2)]). But it seems to be too difficult at the moment to solve this
conjecture in general. So, as the first step, we study the non-negativity of b; (X, L). If i = 1
(resp. i = 2 and «(X) > 0), then by [4, (12.1) Theorem], [9, Lemma 7] and [6, Remark
3.1 (2)] (resp. [6, Theorem 4.4 (4.4.2)]) we get b1 (X, L) > O (resp. ba(X, L) > 0). But
in general it is also unknown whether b; (X, L) is non-negative or not. So we think that it is
meaningful to investigate the non-negativity of b; (X, L) for the case where (X, L) is a special
polarized manifold. If (X, L) is a hyperquadric fibration over a smooth curve, then by virtue
of Theorem 3.1, we can study the non-negativity of b; (X, L) fori < 4. In this paper we will
prove the following:

(1) by(X,L)>3ifn > 3.

2) b3(X,L)=>0ifn > 4.

(3) ba(X,L)=3ifn>>5.

Moreover we will consider a classification of hyperquadric fibrations over a smooth curve
with the following:

(1) n>3andby(X,L)=3.
(i) n>4andb3(X,L)=0.
(iii) n >5and bsa(X, L) = 3.
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2. Preliminaries

DEFINITION 2.1 (See [6, Definition 3.1]). Let (X, L) be a polarized manifold of
dimension n. For every integer i with 0 < i < n we define the following:
(1) The ith sectional Euler number e; (X, L) of (X, L).

ei(X,L) = Z(_1)1<" —iti- 1)Cil(X)Ln—i+l .

=0 J
(2) The ith sectional Betti number b; (X, L) of (X, L).

A eo(X, L) if i =0,
i(X, L) = (=D (er(X, L) = Y 20 2(=1)7b;j(x) if 1<i <n,

where b (X) := h/ (X, C).

DEFINITION 2.2. Let (X, L) be a polarized manifold of dimension n. We say that
(X, L) is a quadric fibration over a normal projective variety Y with dimY = m if there
exists a surjective morphism with connected fibers f : X — Y suchthat 1| < m < n and
Kx + (n —m)L = f*A for some ample line bundle A on Y.

DEFINITION 2.3. (X, L) is called a hyperquadric fibration over a smooth curve C if
(X, L) is a quadric fibration over C such that every fiber is irreducible and reduced.

REMARK 2.1. Assume that (X, L) is a quadric fibration over a smooth curve C with
dimX =n > 3. Let f : X — C be its morphism. By [2, (3.2.6) Theorem] and the proof of
[9, Lemma (c) in Section 1], we see that (X, L) is one of the following:

(a) f is the contraction morphism of an extremal ray, and every fiber of f is irreducible
and reduced. Moreover p(X) = p(C) + 1 = 2. Therefore b»(X) = 2 in this case.

(b) X is a P!-bundle over a smooth surface and L|f = Op1(1) for every fiber F.

Soif (X, L) is a hyperquadric fibration over a smooth curve with dim X > 4, then b (X) = 2.
But if dim X = 3, then b>(X) # 2 is possible.

REMARK 2.2. Let (X, L) be a hyperquadric fibration over a smooth curve C and let
f : X — C be its morphism.

(1) We put £ := fi(L). Then & is a locally free sheaf of rank n + 1 on C. Let
7 : Pc(E) — C be the projection. Then there exists an embedding i : X < P¢(€) such that
f=moi,X € 2H(E) + n*(B)| for some B € Pic(C), and L = H(E)|x, where Pc(€) is
the projective space bundle associated with £ over C and H (£) is its tautological line bundle.

(2) Since Kx + (n — 1)L = f*(A) for some ample line bundle A on C, we have
g(X, L) > 2, where g(X, L) is the sectional genus of L.

DEFINITION 2.4. Let X be a smooth projective variety and let F be a vector bundle
on X. Then for every integer j with j > 0, the jth Segre class s;(F) of F is defined by the
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following equation: ¢;(F")s;(F) = 1, where 7" := Homp, (F, Ox), ¢;(F") is the Chern
polynomial of 7 and s;(F) = ijo sj(F)ts.

REMARK 2.3. (1) Let X be a smooth projective variety and let F be a vector bundle
on X. Let §;(F) be the Segre class which is defined in [8, Chapter 3]. Then s;(F) = §;(F").
(2) For every integer i with 1 < i, s5;(F) can be written by using the Chern classes
cj(F)with 1 < j <i. (Forexample, s1(F) = c1(F), s2(F) = c1(F)? — ¢2(F), and so on.)

3. Calculations of the sectional Euler number of hyperquadric fibrations over a
smooth curve

Let (X, L) be a hyperquadric fibration over a smooth curve C with dim X = n > 3. Let
€ and B be as in Remark 2.2 (1), and set e := deg(€) and b := deg B. Then we are going to
calculate ¢; (X, L).

THEOREM 3.1. Let (X, L) be a hyperquadric fibration over a smooth curve C with
dim X =n > 3, and let i be an integer with 0 < i < n. Then

26+ 1)(1 — g(C)) if iisodd,

ei(X, L) = (=)' Qe+ (i + 1)b) + {21’(1 — 4(C)) if iiseven.

PROOF. Here we use notation in Remark 2.2 (1).

If i = 0, then by [6, Remark 3.1 (1)] and [3, (3.4)], we have ep(X, L) = L" = 2e + b.
Hence this is true. So we may assume thati > 1.

By Definition 2.1 we have

M ei(X, L) = Z(—l)l(n ! 71 - l)c,-_l(X)L"—"H .
=0

Here we will calculate ¢;_;(X)L" . First we note that by [8, Example 3.2.12]

i—l
cici(X) =Y cj(Tpe) | x)si—1—(O(—X]x)),
j=0

where 7p..(g) is the tangent bundle of P¢(€). On the other hand we have
si—1—j(O(=X|x)) = (=D e (O(X|x) 7
and by [8, Example 3.2.11]

J
cj(Tpee) = Y_ a(m*Te)e; 1 (x*(€) ® H(E))
k=0

=c;(@*(€) ® H(E)) + c1(x*Tc)cj—1(w* (€) @ H(E))
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J
=2 (" . k)ck(n*(é»H(E)-"—k
j—k

k=0
+e1(t*7c) Z <n 1 ~ k)ck(n*(é))H(g)flk :

Therefore

2)  ci(X)Lni
i—l
= i1 (OXLO)IL"™™ + <Z ¢j(Tpc)|x)si-1- (0(—X|x)))L”i+l
Jj=1

1=k . N
+ (ZH)”’Z( . )Ck(f*(g))L]kO(X|X)ll])Lnl+l
1—k
(Z( it /cl(f*7c>2<”+ k)

j=1

x Ck(f*(g’))Lj‘k(’)(x|x)ilj)Lni+z '

Here we note that
OX|x) = =QHE) +7* By
= QL+ f*(B) '
:Zi—l—le'—l—j + (l —l _ j)2i_l_j_lLi_l_j_1f*(B) ,
and
a(f*EnLIFox|x) !
= e (fFENLITRQITTILITI (i — 1 — j2i I ey

=2 (FHENLITITR (i — 1= 2T e (FHEN LTI IR (B,

Hence

J

3 (Z( i fZ("jl k) (P ENLIFOX )1 ')L" i+

k=0

J
—Z( Dl ’Z(’ﬁl k) W E@ Lk

k=0

53
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+ (i =1 — j2iTI=i=pn=k=1 2 (gy)
i—I
j=1 J J

+ ( i ’ 1>2"’fc1(f*(é>)L"‘} :

On the other hand,

i—l

j—1

. . 1—k v . . . .

“) ( > DT 1) Y (j i L k>ck(f*(&)LH—"O(X|x>'—l—f)L"—’”
j=1 k=0

i—l

=Y (=" (f*Te)

j=1
Jj—1 ntl—k
X ( ' )Ck(f*(é»Lf”(z”anf
j—1—k
k=0
(=1 — 2L )

— (N +1—k <
= Z<—1)“"-’2"l"<2 ( i1 k)ck(f*(encl(f*Tcm—l—k)
j=1

k=0
il . .. n+1
=) (=)t (}. . 1>c1 (f*Te)L" "
j=1

Therefore by (2), (3) and (4) we have

cl_il(X)Lnfl:I»l — (—1)171(2L + f*(B))ifanflLkl
i—I
+ 3 (i { (n + 1>2i—l—jLn + (n + 1>(i _ = jyailmitpnel ey
j=1
P B Y 1
+ (J. ! 1>2 Tei(fENL }

i—l
1 jniei—j (M F 1
+ Y (=1 <'Jl N 1>c1(f*Tc)L”_1
j=1

i—l

(G ()

Jj=0
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i—l

(St (U a i)

Jj=0
i—l

+ (Z(—n"—l—f'zf—l—f (j " 1))C1(f*(5))L"—1

j=1
i—l

(Z( 1yi~Imigils J(’;fl))cl(f*fc)ml.

j=l1

Here we note that L" = 2e + b, L"" 1 f*(B) = 2b, c/(f*(€))L""! = —2¢ and
c1(f*Tc)L"~' = 4 — 4¢(C). Hence

Ci—l (X)Ln7i+l

<Z( 1)i~l=igi=l= ,<n+ ))(Ze—i—b)
J

j=0
i—l

(Z( Dyi-t-igil=i- 1("#)0—!—1))(%)

j=0

) =

+ (Z(—l)"—l—fz"—l ("t ))(4—49(0)
j=1

J J

i—l
_ Z(_l)iljziljJr](
j=0
i—l

+ ( l)l —I— jzl —l— j+2
2 i

j=1

>e+2( 1yi—t=igi-= /(n—i,_l)(i—l—j+1)b

)(1 —9(0)).

Therefore by (1)
(5) e(X,L)

E Z(—l)l(” o ’;l - l)c,-_z(X)L"—"”
=0

i . i—l
:Z(_l)l(n_l+l_ 1) Z(—l)lljzll]+l<n) e
=0 J j=0 J
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i . i—l

s e (T ey (T i b
=0 j=0
NIRRT RS A i—l—jsil—j2 (M1

+Y (=1 l > (=i i) e©n.
=0 j=1

Next we prove the following:

CLAM 3.1. (a) Leti be a non-negative integer. Then

i . i—l
Y (") B () v
1=0 j=0 J

(b) Leti be a non-negative integer. Then

i i—l

_q —1 . . 1 .
§j(—1)’<” ! ){Z(—%’”(’“j )(z‘—l—j+1>}=(—1)'(z‘+1>.
=0 j=0

(c) Leti be a positive integer. Then

! n—idl—1\ [ n+ G +1)/2 if iisodd

S (" S () o e

P = Jj - i/ if iiseven.

PROOF. First we consider (a). Let x be a variable with |x| < 1. Then the following
holds.

(6) I+x)=14x)"1A+x)"H

20N
O )

i—l

(TR0

By substituting —1/2 for x in (6) and multiplying it by (—2)’, we get the assertion of (a).
Next we consider (b). By the same argument as above we get the following equality.

(7) (14+x) =1+ 0" 1 4 x)

2B
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(S0
SIS T

J=0

By multiplying (7) by (1/x)'*! we have

P\t il m—i N e
1+ = — _11 j+17171.
(1+5) =z (TN Z ()

By differentiating the both sides with respect to x, we see that

, 1\ 1
i+ (1+2) (-2)
X X

i+1 . i+1-1
_ 1 1 o
:Z(_l)z(n l—li—l ){ Z (n—]i- >(j+l—i—1)x’+l’2}
1=0

j=0

1 . .
(”J,“ )(j+l—i—1)x-’+l_’_2}.
J

i ; il
— -1
= ()
=0 j=0
By substituting —1/2 for x, we get

8) i+ (=D'(=4)
i . i—l
= Z(—l)’(" S 1){ > <"+.1>(j - 1)(—2>"—f'—’+2}.
=0 j=0 J

By multiplying (8) by —1/4, we get the assertion of (b).
Finally we consider (c). Here we use (7) again. We note that by using (7) we see

o) if:(—l)l<n —it+1- 1){”21:’ <n + 1)xj+l}
z .
=0

=0 7
= n—i+l—1\[' (n+1
_ il ' BNtV ki - i+
=x +(l+1)x’+12(;( 1)( z ){ 2(:)( ; )xf }
= Jj=

Hence by (7) and (9) we have

(10 (14 x)F — x4 Dxt

_ ’i(_l)l(n —i4l- 1){"‘1" (n-l.—l)xj_'_l}.
=0 ! j J

~
S
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By substituting 1/x for x in (10) and multiplying it to x'~!, we have

1+x)*T—1—@G+ Dx

11
(11) -
i—1 i—1-1
S CTE )
1=0 j=0
i—1 l+l— i—I n41
— -1 l i—j—I .
(NG
=0 j=1
By substituting —2 for x in (11), we get the assertion (c). O

By using this claim and (5), we have

~ . 2+ (1 —g(C)) if iisodd,
(X, L) =(=D"'(2 Db
aX, L) = (1) Ze+(+ ))+{2i(l—g(C)) if i is even.
Therefore we get the assertion of Theorem 3.1. g

REMARK 3.1. (1) Let Q" be aquadric hypersurface in P”"*!. Then by [11, Example
(1.5), (iv)] and using the Lefschetz theorem on hyperplane sections we see that for 0 < j <

m—1
0 if jisodd
. n — 4
bjQ )_{1 if jiseven,
and
2 if miseven
my __ )
bm(Q )_{0 if m is odd.

(2) Let (X, L) be a hyperquadric fibration over a smooth curve C withdim X =n > 3,
let i be an integer with 1 < i < n and let F be a general fiber of it. Then (F, L|f) =
Q™ 1, Ogn-1(1)). By (1) above and [6, Proposition 3.2 (3.2.2)] we have

2 if iisodd,
0 if iiseven.

m«ﬂum=m4@“5={
Moreover if i > 2, then by (1) above we have
i—2

. i—1 1if iisodd,
22}4wmm={i L

’ if iiseven.
J=0
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Hence by Definition 2.1 we have

(L|p)"! ifi=1,

ff—l(F’L'F)Z{z (= DIbi(F) + (=1 b (FL LIp) i i =2,

_Ji+1 if iisodd,
i if iiseven.

Therefore by Theorem 3.1 we have
ei(X, L) — ei—1(F, L|F)e(C) = (=1)'(2e + (i + 1)b).
(Here ¢(C) is the Euler number of C.)

REMARK 3.2. Let (X, L) be a hyperquadric fibration over a smooth curve C with
dim X = n. Then we see that the degree L" is equal to 2e¢ + b and the sectional genus g(X, L)
isequal to 2g(C) — 1 + e + b. So if we are able to know the value of L", ¢(X, L) and ¢g(C),
then we can calculate b and e, and we can also calculate ¢; (X, L) by Theorem 3.1.

4. A lower bound for the sectional Betti numbers of hyperquadric fibrations over
a smooth curve

In this section, we consider a lower bound for the sectional Betti numbers by using
Theorem 3.1.

THEOREM 4.1. Let (X, L) be an n-dimensional hyperquadric fibration over a smooth
curve C.

(1) Assume that n > 3. Then by(X, L) > 3. Moreover if this equality holds, then
n=3,e=2,b=—1, g(C) > 1 and every fiber is smooth.

(2) Assume that n > 4. Then b3(X, L) > 0. Moreover if this equality holds, then
XZP' xQlandL = p1O0pi1 (1) ® p50q3(1), where p; is the ith projection.

(3) Assume that n > 5. Then ba(X, L) > 3. Moreover if this equality holds, then
n=>5e=3,b=—1, g(C) > 1 and every fiber is smooth.

PROOF. (1) By Theorem 3.1 we have e>(X, L) = 2e 4+ 3b + 4(1 — g(C)). Hence

by(X, L) =ex(X, L) — 2(bo(X) — b1(X))
=2e+3b+4(1 — g(C)) —2(1 —29(C))
=2e+3b+2.
Here we show the following:

CLAIM 4.1. 2e+ 3b > 1 holds. Moreover if this equality holds, then we have n = 3,
e=2andb = —1.
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PROOF. Here we note that the following inequalities hold (see [3, (3.3) and (3.4)]):

(@) 2e+b>0.

(b) 2e+m+1)b>0.

If b > 0, then by (a) we have 2e¢ + 2b > 0. Since 2e + 2b is an even number, we get
2e + 2b > 2. Therefore 2e + 3b > 2.

If b < 0, then by (b) we have 2e¢ + 3b > 1. Therefore we get the first assertion.

If 2e + 3b = 1, then by the above argument we have n = 3 and 2e + 4b = 0. Hence we
see that b = —1 and e = 2. So we get the second assertion. O

By this claim we have by(X, L) > 3. Moreover if this equality holds, then by Claim
4.1 we see that 2¢ + 3b = 1. Hence we haven = 3, ¢ = 2 and b = —1. Here we note
that g(X, L) = 2¢(C) in this case. Hence by Remark 2.2 (2) we have g(C) > 1. Since
2e + (n 4+ 1)b = 2e + 4b = 0, we see that every fiber is smooth by [3, (3.3)].

(2) By Theorem 3.1 we have e3(X, L) = —2e — 4b + 8(1 — ¢g(C)). We also note that
b>(X) = 2 in this case because n > 4 (see Remark 2.1). Hence

b3(X, L) = —e3(X, L) + 2(bo(X) — b1(X) + b2(X))
=2e+4b—8(1 —g(C)) +2(1 —2¢9(C) +2)
=2e+4b —2+49(C).

Here we show the following:

CLAIM 4.2. 2e+4b > 2 holds. Moreover if this equality holds, then we have (e, b) =
(1,0), 3, —1) or (5, =2). Moreover if (e,b) = (3, —1) (resp. (5,—=2)), thenn = 4 or5
(resp. n = 4).

PrROOF. (I) If b > 0, then by (a) in the proof of Claim 4.1 we have 2e¢ + 4b > 0.
Since 2e + 4b is an even number, we have 2e + 4b > 2.

If b < 0, then by (b) in the proof of Claim 4.1 we have 2e + 4b > 0. (Here we note that
n > 4.) So we get the first assertion because 2e + 4b is even.

(I)  Assume that 2e + 4b = 2.

(Il.1) If b = 0, then we see that b = 0 because 2¢ + b > 0. Hence e = 1.

(I.2) If b < 0, then we see that n = 4 or 5 because 2¢ + (n + 1)b > 0 and n > 4.

(I1.2.1) Assume that n = 4. Then 2¢ + 5b > 0. Sowe have b = —1 or —2. If b = —1
(resp. —2), then e = 3 (resp. 5).

(I1.2.2) Assume thatn = 5. Then2e+6b > 0. So we getb = —1 and e = 3. Therefore
we get the second assertion. O

By this claim we have b3(X, L) > 0. Moreover we assume that b3(X, L) = 0. Then
2e¢ +4b = 2 and g(C) = 0. By Claim 4.2, we have (e, b) = (1, 0), (3, —1) or (5, —2). Here
we note that g(X, L) =2¢g(C) — 14+e+b. Soif (e, b) = (1, 0) (resp. (3, —1), (5, —2)), then
g(X, L) = 0 (resp. 1, 2). Here we also note that by Remark 2.2 (2) we have g(X, L) > 2.
Therefore there exists only (n, e, b) = (4,5, —2). Since g(X, L) = 2, by [3, (3.30) Theorem]
we see that X Z P! x Q®and L = piO0pi (1) ® p30¢3(1).
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(3) By Theorem 3.1 we see e4(X,L) = 2e + 5b + 8(1 — ¢g(C)). By [12, (2.74)
Corollary], we have b3(X) > b1(X) = 2¢(C). We also note that b>(X) = 2 in this case
because n > 5. Hence

3
ba(X, L) =es(X, L) =2 (=1)/b;(X)
j=0
>2¢ +5b 4 8(1 — g(C)) + 2(—1 4 2g(C) — 2 +2¢(C))
=2¢+5b+2.

By the same argument as in the proof of Claim 4.1 we get 2¢ + 5b > 1 and we see that if
this equality holds, thenn = 5,¢e =3 and b = —1. Since g(X, L) =2¢9(C) — 1 +e+ b =
29(C) + 1, we have g(C) > 1 by Remark 2.2 (2). Since 2¢ + (n + 1)b = 2¢ + 6b = 0, we
see that every fiber is smooth by [3, (3.3)].

This completes the proof. O

REMARK 4.1. (1) Here we note that if (X, L) is a hyperquadric fibration over a
smooth curve, then hﬁ’O(X, L) = h?’i(X, L) = g(X,L) = 0 fori = 2,3 by [5, Exam-
ple 2.10 (9)] and [6, Theorem 3.1 (3.1.4)], where h/" (X, L) is the ith sectional Hodge
number of type (j, i — j) (see [6, Definition 3.1 (3)]). Hence by [6, Theorem 3.1 (3.1.1) and
(3.1.3)], we see that by(X, L) = hy' (X, L) and b3(X, L) = 2hy (X, L).

(2) There exists an example of a hyperquadric fibration over a smooth curve C such
that b (X, L) = 3 and g(C) = 1. See [3, Example (3.14)].

PROBLEM 4.1. (1) Does there exist an example of a hyperquadric fibration (X, L)
over a smooth curve C with b>(X, L) =3 and g(C) > 2?

(2) Does there exist an example of a hyperquadric fibration (X, L) over a smooth curve
C with b4(X, L) = 3 and g(C) = 1 ? (If this (X, L) exists, then this is also an example of
a hyperquadric fibration over a smooth elliptic curve (X, L) with g(X, L) = 3 and L" = 5.
See [10, (2.4)].)

Theorem 4.1 suggests the following conjecture.

CONJECTURE 4.1. Let (X, L) be a hyperquadric fibration over a smooth curve C with
dim X = n. Then
0 ifiisodd,
3 ifiisevenwithi > 2.

bi(X,L) Z{

REMARK 4.2. Let (X, L) be a hyperquadric fibration over a smooth curve C and let
f + X — C be its morphism. We consider the case where i = 1. Then by Remark 2.2 (2) we
have g(X, L) > 2. Therefore b (X, L) = 2¢g(X, L) > 4 (see [6, Remark 3.1 (2)]).

EXAMPLE 4.1. (1) LetX =C x Q**!and L = p}(A) + p5(Oga+1 (1)), where C
is a smooth curve, A is an ample divisor on C with deg A = 1, k is a positive integer and p;



62 YOSHIAKI FUKUMA, KENTARO NOMAKUCHI AND ATSUSHI URAKI

is the ith projection for i = 1 and 2. Then (X, L) is a hyperquadric fibration over C via the
first projection X — C. In this case, we see that e = 2k + 3 and b = —2. Hence by Theorem
3.1 we have ez;+1(X, L) = 4(k + 1)(1 — g(C)) — 2. On the other hand, by the formula of
Kiinneth (see [13, Theorem 11.38]), we have

1 if j =0,
bi(X)=12 if jiseven with2 < j <2k,
29(C) if jisoddwithl < j <2k — 1.
Hence
2k '
22(-1)-/@(){) =4k + 2 — 4kg(C).
j=0

Therefore we have box11(X, L) = 4¢(C). In particular, if g(C) = 0, then byg41(X, L) = 0.

(2) LetX=CxQ%*andL = pi(A) + p5(Oq (1)), where C is a smooth curve, A
is an ample divisor on C with deg A = 1, k is a positive integer and p; is the ith projection
for i = 1 and 2. Then (X, L) is a hyperquadric fibration over C via the first projection
X — C. In this case, we see that e = 2k + 2 and b = —2. Hence by Theorem 3.1 we have
e (X, L) = 4k(1 — g(C)) + 2. On the other hand, by the formula of Kiinneth, we have

1 if j=0,
bij(X) =12 if jisevenwith2 < j <2k —2,
29(C) if jisoddwithl < j <2k —1.
Hence
2k—1
2 Z(—l)fbj(X) =4k(1 — g(C)) = 2.
j=0

Therefore we have by (X, L) = 4.
Finally we note the following:

PROPOSITION 4.1. Let (X, L) be a hyperquadric fibration over a smooth curve C with
dim X = n, and let F be a general fiber of it. For every integer i with 1 <i < n, we have

<0 ifiisodd,
ei(X:L)_ei1(F7L|F)e(c){;0 z;iiseven

PROOF. By Remark 3.1 (2) we have
ei(X,L) —ei_1(F, LIp)e(C) = (1)’ (2e + (i + D)b).

By the same argument as in the proof of Claim 4.1 we can prove that 2¢ 4+ (i + 1)b > 0. So
we get the assertion. O
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