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§1. Main theorem.

This paper is a continuation of my previous paper [8]. Let x be
a primitive character mod q. We put

(1.1) a=-;—<1-—x<——1>> ,

(1.2) h(s)=h(s, %)
_ T —(s+a)/2 S+a
=(2) (% 5%)

(1.3) s(=-L 3, 1(m) exp (2mimq)

q m=1

(1.4) £1(8)=h'(s)/h(s) ,

and

(L.5) G(s)=G(s, %)

=L(s, X)+L'(s, X)/(f'(8)+f'(1—3)) .
We have proved in [8] the following theorem.
THEOREM 1. Let NyD) be a number of zeros of G(s) in the region

1/2<50=<3,
T<t<T+U.

Then, for sufficiently large T and for UZ T/log (qT/2x), we have

U 10g 9T _ v
N(T+U, 0)—N(T, Nz5 - log L= 2N,(D)+0(-2-+1) .
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Using this theorem, we shall give here the detailed proof of the
following main theorem.

MAIN THEOREM. For >0, we assume that

log g=(log T)'~*

and put
T
L=log 41 |
g 2r
T
U= .
gL’

Then we have
N(T+ U, x)—N(T, x)>%(N(T+ U X—N(T, X)) .

§2. Preliminary to calculation of N (D).

In the following sections, we shall estimate N, (D). But we shall
estimate Ny (D) instead of Ny(D), where

@2.1) ¥(s)= 3, X0y
n<X n
Now we assume the following;
X=1
log X< L
[ba =1
b,=1.

Using Littlewood’s theorem, we get
@2  2oN«D)s | log \(«#G)<%—-5+it) tdt+0<%>
Sl w)+o(f).

U Jr
To calculate the above integral, we use an approximate functional equation
of L(s, ¥) for a special value of o.
We put

(«PG)(%—aﬂ't)
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ns(qlt]/2mt/2 Qo

(2.3) 9.(s, X) = X(_%)_

2.4) gis, = 5 Xmlogm

S(qt]/2m)1/2 nt
Then we have
THEOREM A. For 0=1/2—6 and log q|t|=0(1/d), we have

h(1—

8) _ 14
20 (g.(1—s, X)) +O0((q/| t])"*)

(2.5) L(s, Y)=9.(s, 1) +e()——==

and

26) Lo, =05, ) +e00{ (55 L= Jout—s, D+

+O0((q/|t])"* log qlt]) .

Proor. This follows easily from the results in Lavrik [2, 8] or
. Motohashi [4].
Using this theorem, we can easily get

hl=s) 4 _
70 B3 g1 -5, D)}

1~ 0se, D+ =g (1—s, )}

1
2.7 G(s)=g,(s,
&0 GE=0l 0t T o)

+0(a/|t ) -

From Stirling’s formula, we have for above ¢ and ¢>0

h(1—s) [ qt\° _ T _
(2.8) e _(m) exp( 7 (@a—1/2)i— it log 2 ) +-0(1/1) -
Let 6(t) denote the main term of the right-hand side of (2.8). From (2.7)
and (2.8) we get

(2.9) G(%——5+it)=gl<—;-——5+it,x> loglqt< gz(.%_—én%t,x)
27

+e(0E)g.(5+0—it, T)+O(a/|¢ )}
=H<—;——5+it, x>+H1<—2———5+it, x) (say!) .

We shall estimate
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(2.10) ' S:“’

(-H) (-;——-3+it, x)‘zdt=O(U) :

Using this estimate, we get

r+U

(2.11) S:”

1 ., 1 s L\
(«;rG)(_z_ B—I—'Lt) (a/rH)( > —a+it, x)' dt
+O(U g A T M UL + X)“2+ ¢ T~( UL+ X))

2dt=§

T

by the same calculation as that of [7]. In order to prove (2.10), we
expand the above integral as the sum of 6 terms;

T+U 1 . 2
2.12 —_—
(2.12) ST («/rH)(z 6+zt,x>| dt
=1+ I,+I;—2Re l,—2Re I;+2Re I,
where
T+U 1 . 2
I,= S (“#91)(_—5’*‘“; x> dt ,
T 2
T+U 2
L=\ |tho(Z—o+it, 1) | —2—
T 2 lo 2_.q£.
3
2
r+U 2
L= ("0 1| e +o—it, )%,
T 2 log? gt
g —_—
2r
T4+U _ .
L=\ " (vlrag)(3—o+it, ) —2—,
i 2 lo gt
g_
2r
T+U — —_ —
L=\ " S v T@e (L~ o+it, x)a( o+t 7)—L—,
logzl—
7T

r+v_____ U — —_—
1= {750 11900, (2 0-+it, 1) (5+o—it, T)— L
logzq_
2
§3. Lemmas.

We now list up some lemmas to make calculations a little simpler.
Since the most calculations of them are similar to those of Levinson, so
we shall not give here their proofs in details.
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LEMMA 3.1. For 9,0<]|o|<(c/logY) and Y >c'q, where ¢ and ¢’ are
some constants, we have

3, s 2O (G5 55) He@ 9+ 06@ Y )

18787 g 20 20
log j _ ¢(q) Yo ey X0 1 5
155y JiTY q ( 20 % (20) i (20)* > (¢, 9)

4, )=

+O(3() Y log Y')

log’j _ @ ( Y¥ 1 ory o XY” 1oy 42 X2 2
1<y g q \ 25 8 (20)* g L+ (20)® (25)3)

(5,9)=1
+c4(g, 0)+O0(g(q) Y ¥ log’Y) ,

where c,(q, 6)’s are some constants depending on only q and 6. Moreover,
we can estimate c,(q, 0) as

3.1) (g, 0) €K ——(log log ¢)*

ak—l
Sfor k=1, 2, and 3.
ProOF. Combine Lemmas 3.1 and 3.9 in [7].

LEMMA 3.2. We assume that m=1, 2, and 3. Let A be a sufficiently
large number and

A=0Q) .
Then, for r,

Asr=B=A+A/log A,

we have
SB exp <it log t )( qt )6 dt
4 er /\ 2w log™ qt
og™ 2=
27
= @} (2m) = 2+ exp (—’L’I‘ +___ /log"' rq
2
+q’E(r)/log™qA ,
where

E(r)=o<1)+0(lA_T‘?+Am)+0(|B_T113+Bm).
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For r<A or r>B, we can estimate the above integral by
q"E(r)/log"‘ qA .
(See Lemmas 3.4 and 3.5 in [7].)
LEMMA 3.3. Let K be the region in the first quardrant given by
Ci=(u+B)(v+B)=C,,
Co(u+B)=(w+B)=Clu+8,)

where G, C;>0 and B,, B,>0. Let f be a function on K with continuous
partial derivatives. Let |K| denote the area of K and

Uy= MAX U
(u,v)e K

Vy= Max v
(u,v)e K

|fle= max | f]
(v,v)e K
and similarly for |0f/ou|, and |0f/ov|,. Then we have

>, f(m, n)= SSKf(u, v)du dv+J

(m,n)e K

and
|J|<<1f|,(uu+vu+1>+(lKl+”u>I%HJ’K',%ln

(See Lemma 3.7 in [7].)
S4. Notation and terminology.

For simplicity, we use further notation;
=(2L\"
¢ (27:')

o= (LLEDY"

k., k;; variables which come from .
Ju J;; variables which come from g, or g, .

We put
k=(k1; kz)
and then
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k,=kA, (=1, 2)
A,=max (4, A,
k,=max (k,, k,)
k.=min (k, k,)
T,=max (T, 2rji/q, 2nji/q) .

We also assume
X=t/(qL),
and
¢=T.
Let 3.* denote the summation over relatively prime j’s or k’s to gq.

§ 5. Estimates of I, I, I,;,, and I,.

We can estimate I, I, I,, and I, by similar method to that of
Levinson with aid of Lemma 8.1. Now we have

PRrROPOSITION 5.1. We have

qu___¢((;1> UP(1, 1—26) ;5 —(£9 2 —cr)USs,+0(R)

g 20

I”:EE}Q‘ Ufu{((za)%y - 2(2;)2L )Pt 1-20)
+(_(25§2L2 N 2(28)L )P, 1-20)}
8 (@ o)+ (@ i)
—(55— i cr)S, | +O(®)

Ta= 2%) ve (- (25?3L2 B 2(2;)21, JP-25, 1)

+<_(23)1’L2 2(25)1, )Pa—20, 1)

+2 L (G s (g 58
+<_1__+ (‘I)c,)S'}+0(R)
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2Rel,=1,+1,

_ @) ([ 2 1 _ 1 _
=2 g {( (23)2L+2(23))P0(1,1 26) + 55— Pi(L, 1-20)

v U2, 2% ct )Se+2( 2+ -2 cr)S.}+om)

¢ L\ @y  ¢@) % TR
where
R=tXL+ UL*/T+¢(q)XUL¥7 ,
and
— x Dbk
So—— 15k, kps X (k1kz)1_2" ’
— « Dbk
8= e e o8 (k)
S,= * M log (kl/k) log (kg/k) ,

15k kosX (klkz)l‘“

Si Z* bklbkzkl-’_”

0 1Sk, ko< X k1k2 ’

Si= > Dubuk™ o k),
iskpkesx Lk,

Si= > Dbk o k) log (k)
1sikesx  Jk,

P(a, p)= * Dubuk ,

1k kesx K% k5,

P(a, @)= S+ Dubuk oo ok ik,

15k kesx % kP

(ck 18 a constant satisfying an inequality similar to that in Lemma 3.1
Jor k=1,2, and 3. For k=4,5, and 6 ¢} is also a constant satisfying
the same inequality as c}, does.)

§6. Estimates of I, and I,,.

From the definition, we have

o (™ s bebuy(ed,d)T(k) log j,
6y L=so| "’ = MI L)

koS X
1S4y, 49 (gt 122)1/2
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(&)
< 27 .
lo _ﬂ__
g 2r

= _1Y; br,big) (K., 5)X(Ks) l0g J,
=¢&()) exp ( 5 (a 5 >?’>1Sk§‘2sx g

1 k.qt
exp( (a—— 1+t log—-l—#)
2 2 ) 2mek,3,7,

1531 Je
. k,qt )
ex tlog—24
gy )
r 2r log.it_
27
=IO+ IP,

say, where I denotes the summation over the error terms when we
apply Lemma 3.2 to above inner integrals. This term is estimated by
similar method to that of Levinson. Namely

| I | <t XL? .

Hence we have

(6.2) I9 ::s(_ij exp (1_27'._(@._ 1/2)@> S br,bi Y (K, 5,32 X (K2) 10g

15kukesX (oo 1) " 95"+
X qﬁ (27C)1/2—5( 27tj1j2k1 >1/2+5 exp ( _ 277."1:’01").1‘7.2_'_ 7:1: )/log jljZkl ,
ak, qk, 4 k,

where 3 means the summation over
(6.3) T, =2r5,5.k:,/(gk)=T+ U .

This condition is equivalent to

Tk q(T+ U)k,
6.4 a2 <45 <@L T U)K,
6.4 2nk, =hde= 2rk,
and
1k . 7.k
6.5 Dl < 5 < Dl
(6.5) . <5= .

From (6.5) we may assume that
(6.6) k,<k, .

First we consider a sum
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(6.7) =3 x(3,) exp (_ ZMJIJJGL) )
n qkz

We divide this sum into ¢ sums according to j,=l,(mod q). For each
sum, we can apply the same method as that of Levinson.
We define I,, 0<1,< A,, by

JsA,=l, mod A, .
If 1,+0, we get

S=0(s(@( £+ ) .

l, A,—1,
Using the partial summation method, we get
' JP _ 2mij, g5k, 4,
% Tog Gl = o) =0(s@( 2+ 52))

for I, # 0. Since (4,, 4,)=1, we have

SV j2log ,x(4.9) exp (_M) / log Judsky
L 122 qkz kz
JgAd;¥FEO0moddy

_O(( +1)¢(‘*’)A§< I, A,:%l2 7))
=0(¢(Q)TL) .

Therefore, the contribution to I? from these terms is at most

O(¥()g "t XL?) .

Hence we have

(6.8) I =19 + O(¢"* XL?) ,
where
O — (Y~ /2 T ) ’ bkM(jlj,kl)i(ks) log Jj,
IY =e(x)qg™'” exp ( 2 at )2r 151:%251’ Ty ¥k, i
154,557
JoA;=0modd,y

y exp< 273,55k, ) /log Judok,
gk,

o= GT-x)q—xlz exp (E_a% or Z* bklb-kzkf"
2

1<kp<k;SX k,

log jA,
X 26__-—___ A ex
(71,5) €K 1 log .71 A X( 1-71.7) p

?

( 271,54, )
J
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where K is the region given by

T _ ., <¥T+0) 4
oA = 0= Toza, MY 7

Since
1 1 U
— 2 0=
log 7,5A, L (TLZ)
for (7,, 7) € K, we get

o_1 7@ U s 1
6.9) I =11 +O( T T o S L) :

Because

s 1<<§.( qU:j +1)

(JeK 2T A

UL | ©_
< A, +A, ’

the error term in (6.9) is at most

Lo

T.L ky, kg Az k2
e U? UX
A el T

using Lemma 3.6 in [7]. We have

(6.10) I®=a(p)g—remoigy Sx bubukl < iwio0 4 2(A g )

1Sk k<X k., (1,3 €K

X eXp <_' M) _
e aq
Put
(6.11) - IR, D= 2. ji'log jA,.
Ji=1lymodg
s=lmodg
(J1pd) €K

Then the above inner most sum in (6.10) is given by

(8.12) CI9=_ S 190, (ALY exp (— 24
i - q

Now we calculate IY; we put

(6.13) Ji=7Fq+1l, and j=j*q¢+1.

295
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Then the condition on ;5 and j* is that
(Jf 9" eK(l, ),

where K(l,, 1) is the region defined by

A Do <dT+HD)  qutl oo qutly
oA (qu+l)@gv+l)= oA A s+l = y TR

Applying Lemma 3.3, we have
(6.14) IP, = 3 (gi¥+1)"log (g5*+1)A,

(41,9 e Ky, D)

= S qu l)(qu +1)% log (qv+1)A, dudv+O(R(,, 1)) .

Using the same notation in Lemma 3.3, we can easily estimate

< qA,

» | ful KL,
ov lx T

luul<<'£'
q

A

and

s |k, 1= 3 | dudv
osl< 21,<¢J J (u,v) e K(ly,0)

OSl<q 051(0

:l > SS(u u)exdudv

q® 0sii<q¢
0st<q

=| K|

A

-

TIA]_

Uy
<<Al .

Hence the contribution of R(l, l)’s to I{? is at most

(6.15) Lg ™ 3 EZ* R, 1)

1<k, k2§

g 3 23 (L (q+1>+|K(l1,l)]qA‘+A>

1Sk Fes X k A,

Lq P XL+ q *UXL +g*rX? .
T

Since
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1| (qu+Ly*log (qu+DAdudy =L ] w10 va, dudo
K1, q K

=1lp (say!)

and F is independent of I, and I, we get from (6.12)
(6.16) w=E S (ALY exp(—2mil lAl/q)+O< > R, z)>
q o§l<q 0sl>q

Because of (A,l,, ¢)=1, we have

6.17) 3 w(ALD exp (—2illA,/)=9(g) 37 A(—m) exp Zwim/)

0si<¢q

=a(q)q'"17%e(Y) -
From (6.10)-(6.12) and (6.13)-(6.17), we have

@ — o Pd) #(q) S bhl;:zkfd F+O(q“27:XL2+q“2UXL/z'+q3/2X2) .

Q® 1skiSksX A

On the other hand, we can easily see that

et (- 5 () ) + o)

We remark that, for k,=k, the main term of F' is zero. From (6.6),
we get

Ay=A,, ky,=k .

Using these facts, we finally have

(2):l #(Q) .25 ,___L___l__ — _1_ —
618) 2Rely=7f0r U{(-2-3)R@, 1-20)+5 PA-2, 1)

+1p0-2, D}+0@ " TXL 4 * UKL+ X) -

Combining (6.1), (6.2), (6.8), (6, 9), and (6.18), we have just estimated I,.
We can also estimate I,, in similar lines. We have

ProOPOSITION 6.1. We have
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2Re I,=1,+1,

__._!-_ #(Q) 2 _i_ 1
-+ %0, U{(—5—5) Pl 1- 20)+ = —Py(1—25, 1)
+§2E-P1(1——26, 1)}
+O(@ e XL+ ¢ ULY T+ ¢ " UX LYz + ¢ X?)
2Re I,=1I,+1I,

_1 ¢(9) 7t U‘{
4 ¢

6W(P A(1—23, 1)—Py(1, 1—25))
232L —2—(Py(1—26, 1)+ P(1, 1—25))
52L2(P1(1 —23, 1)+ Py(1, 1—25))

— —925.1)— _
+5r(P(1—23, )~ P,(1, 1—26)}

+0(q"*c XL*+ ¢ U LY T+ ¢ UX LYz + g** X?)
§7.

Evaluation of the sum of I’s.

From Propositions 5.1 and 6.1, we can see that all main terms of
I’s are different from those of [7] by multiple of ¢(g)/q. Hence terms
of P’s are cancelled as in [7]. Now we have

T+U

.

'l/I’H(%—a—I"it, x) rdt

=L Lu{s| ~(Z 557 ) - @y 7o)
1

—Z( (2?)‘)2 Ry ¢2(q) )]

Szl )15 )]
sk
5 ii( (225)8 + ¢21 )”*)

+81 5 (2 29 s
T LP\(20) ' 4(q) )
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+5: 2 ( 215 * ¢fg) c‘*)}

+0(q"*t XL+ q'* LU/ T+ qU XL/t + ¢** X?) .
§8. Calculation of S’s.

First we define some auxiliary functions;

Fen, w)= IT (1—_57)
Fin, w)=T1 <1+;};—)

fle,dy= S* Dan

1snsx/d plood

ba log 2=
Ao d)= 3~
Now we can prove
LEMMA 8.1. We have
S= S £y 1—20) ro9 gy
15dsX dr—2 !
S.= 3 L@ 10 o) 10g X1 2, d)-Fi2, D)
15dsXx a2 d
_ s F(d, 1—-20) ( logp
1s§s‘x a2 \% p1—2a__1 )f"(z’ d)
_ v« F(d, 1—29) X . 2
S,= 3 GBI 10 212, d)—£2, D))

—2 S M(z _E_T_’_)(log %— 1.2, d)—fi(2, d))fo(z, )

idasx g% pia P —1
« 1 0'F
12dsx % owt

S= S £ 142050 g

12dsX ar—2

si= 3t L@ L2 10, a) (108270, - 110, )

1£dsX a2

S F(d, 1+25)(Z log p ) 20, d)

1S x di—2 od p1+za_1

(d, 1—20)f3(2, d)
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Si= 3i 2B (10g L0, - 1,0, D)

12dsX dar—z

—2 32 L@ LD (s, 08P Y(1og L 1,0, )10, d)£0, @

15dsx dl—zd ?2ld p1+20__1

. 1 &F .
+ SV (A, 1420)130, )

These formulas are proved by the same method of [7]. Now we
need exact form of b,, since we must calculate f, and f,. We put

log X
b. = p(n) n
" w logX

as in [7]. Then we get

X
p(n) logh+t =—
file, d)=L4D _1 nd
’ d? log‘X1(§n,:d§q{£ pi—(e—D3
Now we calculate
t(n) log' L
XY, )= 3 — n
1S8sY n c

(n,dg)=1

for [=1 and 2.

LEMMA 8.2. For c==1 and logY <L, there exists some absolute
constant ¢, such that we have

f*(Y, 1)____ 1'—66 logY +0(log2L + Yao—-l logcl L) ,

F(dq, 1—c¢d) L
2logY —co log*Y 3 - .
*(Y, 2)= O(log® L+ Yo' logt L) ,
FH(Y, 2) Fldg 1—oo) (log® L+ og® L)

where g, 18 a constant defined by the fact that {(3) 18 zero-free in the
region

o=z1—-21—0y), [t|ISL*.
These estimates are independent of q and L.

ProOF. These calculation will be done by a similar method as in [7].
But above estimates are a little different from those of [7]. So we only
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merntion the different part. We may put

o,=1——2_,
’ log L

where ¢ is a constant. In [7], the error term of f*(Y, 1) is of the form

0( 1°g£ L | F(dq, 0, Y”0‘1> .

Since, for 0<a<1/3, we have

log Fi(n, 1—a) < Z e +0Q1)
< 1 +O( @(n) +1)
p=(logm1/(1=a) pl=ea log n

=< (log n)*'*~*(log log log n+ O(1)) .
Hence we get
F\(dq, 0,)< (log L)*
for some ¢'. Q.E.D.

From this lemma we can easily deduce

LEMMA 8.3. We have
1w ffn) Fd,1-20) (1 51 X\ oflognL
log® X:&2x d F¥dg, 1—o)\ % d> + ( I )

1 « £2(d) F(d, 1—20) 5 2 X 1 X log L
log? X1da=x d  F*dg, 1— 5)< log"~ d g d)+0< L )

1 o ffd) F@d,1-20) | X | o0 ol
Tog® X:2x d Fiag 1) % g " oUog™L)

g—_1 s.r@ Fd, 1+2a)/1+510gx> +O(logeL)

0=

1=

2=

" log?X:<@Ex d  Fdgq, 1+0)\ d L
,_ =1 :(d) F(d, 1+25) X, X log* L
Si= * 6 log*%-log =
Tog" X & d Fz(dq,l—l—é)( 087G °% d>+0( L )
S:= _1 s 22d) F(d,1+29) log?® +O(log°2 L).

log? X:i=x d F*(dq, 1+9) d
All main terms in the above lemma are linear forms of type

« 1(d) F(d, 142¢d) log’ &
isd=x  d  F*(dg, 1+¢0) d
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for 1=0,1 and 2, and ¢=+1. Now we cannot apply Lemmas 3.11-3.13
in [7] directly because these terms depend on g as well as X. So we

use the same method appearing in the proof of Lemma 8.2. Then we
have

LEMMA 8.4. For ¢c==*1,1=0,1, and 2, and X<Y=<2X, we have

« 1(d) F(d, 1+2¢0) log‘X= 1 log't'Y
idésy  d F*(dq, 1+¢0) d l+1 F(q,1)

+O(L'log* L) .

Now we get from Lemmas 8.3 and 8.4.
PRrROPOSITION 8.5. We have

—_1 (1 5 ologX o(log* L
S FaD\Tegx 2t 3 ) +o(5:%)

5= (—}‘+M)+o<10g°ﬂL)

Fg, )\ 2 3 7
S D 5 oo D)
Si= s T Tog T HO ) +o(LE k)

for some constant c,.

§9. Proof of main theorem.

Since
Flq, 1>=i’—fl‘-fl :

we have from §7 and Proposition 8.5

9.1) % S:w

«/rH(%— 5+it) | "t

__ L /_1_1_1)+i
log X\ 2R 2R* 4R*/ 2




where

Now we put
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+

log X (1 _E_1)
3L \2 2 4R
e T 1 5 1E)

+0 (1°—i°‘l‘—+ ¢*c XL/ U+q UL} T+aXLY [z +q" XU )

T T

o v

i T

Then we see that above error term is O(log* L/L). We also assume that,

for ¢>0,

log g<(log T)* .

Hence we have

log X 1

==4+0L™ .
7 2+( )

Now the main term of (9.1) becomes of the form

where

(9.2)

F(R)+O(L™) ,

F(R)=823(1+1) 1 _1_2 1 R

2R*  24R/ 2R* R ©24R 12 12

From (2.2), (2.11), (9, 1), and (9.2), we get

N.(D) < UL log F(R)-I—O(ULI"E) .
2z R

We put R=1.3, then we have

log F(R)/R <-31_ .

Hence we have just proved main theorem.
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