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Introduction

As in the previous paper [1], we consider here a second order non-
linear differential equation

(1) xn=tal—-2x1+a , '=d/dt , a>0 , a7\.>1 R
in a domain
G: 0<t<<oo, 0=sr<<oo .

As we restrict ourselves entirely within the real domain, any real power
of a nonnegative-valued variable should be regarded as representing its
nonnegative-valued branch. So, for example,

ta1—2>0 , xH—“_Z_O
in G.
The solutions of (1) to be considered here are those which satisfy
the “initial condition”

ltimx=a, , linolx'=b , 0<a<<o, |b| << oo .
-0 t—

Such solutions will be denoted by ¢(t, a, b). The object of this paper is
to show that each ¢(t, a, b) has, in general, a movable singularity and
to obtain the explicit expression of ¢(t, @, b) valid in the vieinity of its
movable singularity.

To do this, we have to make use of some of the results obtained
in [1]. This section is devoted to the brief description of them.

The equation (1) has a solution

w=ye(t) =MD

For any solution wx(t) of (1), let us define a function y() by
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262 TOSIYA SAITO
z(@t) =4(O)[y@)]"~ .
Then a function z(y) defined by
y=y(t) ’ z=ty'(t) ’ y>0 ’
satisfies a following differential equation:

(2) dz _ — A +Daty +@r+Dayz—(1—a)z2+ A+ Da’y®
dy ayz )

Conversely let z(y) be a solution of (2) and y(t) be any solution of
ty'=2(y), y>0.

Then x=+(t)[y(t)]'* is a solution of (1). Therefore every solution of (1)
will bring forth a solution of (2) and, since y(t) contains an arbitrary
constant, every solution of (2) will bring forth a one-parameter family
of solutions of (1).

If we notice that

(3) y=D(+ 1)]—1ta1¢a , Ly =M+ D] (ant ™+ at*+ g y]
and hence
(4) zly=ty'ly=atx'/x-+axr ,

it is obvious that a solution x=¢(t, a, b) of (1) will give rise to a solu-
tion z2=2(y) of (2) such that

lim 2(y)=0, lim 2(y)/y=a .
Y0

v—0

As was proved in [1], such a solution can be expressed explicitly by a
following double power series in y and y=? absolutely convergent in the
neighbourhood of y=0:

(5) z=2(y, C) =a7\'y+y,,.§>o VmaY™(CY )", Vp=1.

Here the value of a constant C is determined by the initial values a
and b.

To make clear the dependence of C on @ and b, we notice that, since
ax>1, Cy“** is the term of the lowest degree in the double power series

‘” 2, 0wy CY), v=1,

Consequently
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y—0 y—0

’
C=lim y~v** (—z———ax )= lim y‘”“(—@-——a?\. ) .
Y )

Then from (3) and (4) we get

C_____lti—gl [7\'()\‘_1_1)11/00 [¢C(¥t¢j E:" ;:’)1]2_)1/2 =[7\,(7\,-{-]_)]l/au'l.a?Tl:/Z .

Let us consider a following dynamical system

22— A+ Day+ 2+ Dayz—(1—a)22+ M+ Day?,

associated with the equation (2). A solution curve of (2) in (y, #)-plane
represents an orbit (or union of several orbits) of (6).

As one can observe easily, y=2=0 and y=1, z=0 are the critical
points of (6), and the solution z=z(y, C) of (2) corresponding to a solu-
tion ¢(¢, a, b) of (1) represents an orbit of (6) which tends to y=2=0 as
s——oco having a straight line z=axy as its tangent at y=2=0. As
this is true for every a and b, there exist infinitely many such orbits,
and as was proved in [1], one of them tends to y=1,2=0 as s—co.
Since the critical point y=1, 2=0 is a saddle point, the phase portrait
near this orbit will look like Figure 1.

Let C be the value of C which corresponds to this particular orbit.
Then, as was proved in [1], every solution y=#(t) of

ty' =z(y, C )

Z2=0aNy

z=2(y, C)

PO

FI1GURE 1
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will bring forth a bounded solution of (1). Exactly to say,
z=4()[F(C)]/*

is a solution of (1) which is defined and bounded for 0<¢< together
with its derivative. ~
In other words, if we define b(a) by
C=[nOv+ 1) v 2b@)
a1+1/1
then z=¢(t, a, b(a)) is a bounded solution of (1) for every a. Hence such
particular solution 4¢(, a, b(a)) does not have any smgularlty within

0<t<o. In what follows we shall show that, if b;éb(a), #(t, a, b) will
generally have a movable singularity somewhere in 0<¢< oo,

§1. The explicit expression of (¢, a, b) at £=0.

Before discussing about the movable singularity, we shall give here
the explicit analytical expression of ¢(¢, a, b) valid in the neighbourhood
of a fixed singularity t=0. Although this has already been done in [1],
we shall study it again in more detail and make clear how (¢, a, b) de-
pends on its initial values a and b.

The solution y(¢) of

ty'=z(y, C)

is given implicitly by

dy Sdt log ¢ t.
Sz(y, o=V og t+cons

Since z(y, C) is given by (5):
2(y, C)=ary+y _ g‘; , Umny"(CYY)

termwise integration after taking its inverse will yield

S W_— L (logy+ 3 9ny™(Cy’)")=log t+const .
Z(y, C) an m4n>0

Multiplying @) and taking the exponentials of both sides, we have
(Bt)y*=y(1+ n §‘>o Cuay™(CY*2)™)

where B is an arbitrary positive constant. To obtain the explicit ex-
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pression of y(t) from this implicit one, we need the following lemma.
LEMMA 1. Let 7 be a function of  defined implicitly by
(7) E=9+ 2 Vup"('[hlogn+CDh"),  p>0,

where h and C are arbitrary constants and h=0 whenever K is mot an
integer, and the power series in n and n“[hlog n+C] in the right-hand
member i3 absolutely convergent in the mneighbourhood of 0=0,
N*[h log n+C]=0. Then we have

n=C1+ m§.>o Tmal"(C R log L+ C]™) .

Here the double power series im the right-hand member 1is absolutely
convergent in the meighbourhood of {=0, {*[h log {+C]=0.

ProoF. This lemma is due to R. A. Smith [2]. We shall sketch his
proof here.
From the given relation (7), we get

Cr=n"1+A4,,
hlog{+C=hlogn+C+A,,

where A,(k=1, 2) is a double power series in 7 and 7»*[k log 7+ C] lacking
constant term. Thus we have

¥l log C+Cl=7"[h log n+ClL+ A) +7*(A,+ A, 4,) .

If we notice that =0 when g is not an integer, the right-hand side of
the above equality is a double power series in 7 and %“[h log +C] even
when p is not an integer and the only first-degree term is »“[h log 7+ C].
Therefore if we put

n*lhlog n+Cl=¢, C*[hlog {+Cl=0,
we have

E=n(l+ Mzmvmm"‘é”), O=E+ D, Ou"E" .

mta>1

Since the right-hand sides are holomorphic functions of 7 and & in the
neighbourhood of n»=¢=0, and

85, 0) _y
3, &)

at 7P=£=0, » and ¢ are holomorphic functions of { and ¢ in the neigh-
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bourhood of {=0=0. Also {=0 implies 7=0. Hence we have

P=CA+ 3 Fml"0")

m4-n>0

in the neighbourhood of {=0=0. This proves Lemma 1.
In order to apply Lemma 1 to our problem, we have only to put

77=y’ C=(Bt)al’ #=1/a)'! h=0’ ’Yﬂﬂ—;c‘m"
in (7). Then we immediately get

y=(BH(L+ 3, Ea(BH™(CBY") .

Hence 9% can be expressed as
Yy =B (1+ m%o Y ma(Bt)*™(CBt)*) .
Inserting it into
#(t, a, b) =[N\ + 1)t~ y""
we obtain
(8) é(t, a, b)=[7n(7\.+1)]‘/“B‘(1+m+%o Yma(Bt)*™(CBt)*) .
The initial condition
1}31 é(, a, b)=a
implies
AMA+1)]*B*=a or B=aYAM\+1)]7V=,

Also we already know that

C=DMA+ 1)) a_“b

1+1/2 °

Inserting these values of B and C into (8), we finally get

(9) st a, )=a(1+ 3 7,,,(% g2 )"' %’?t))

Here one will easily observe that

701=1/a
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since axn>1 and ¢'(¢, a, b)—b as t 0. Moreover it is not difficult to show
that

You=0,2=2,3, --- .

§2. The solution ¢(¢, a, b) with b>b(a).

To study the solutions #(¢, @, b) other than &(¢, a, 5(a))’, we begin
with the case b>b(a).

Let z2=2(y, C) be a solution of (2) brought forth by ¢(¢, a, b)) with
b>b(a). As b>b(a) implies C>C, the expression (5) will give us

2(y, C)>z(y, C)

if y is sufficiently small. Due to the uniqueness of the solution of (2),
this inequality holds good as long as both solutions are defined and
holomorphic.

LEMMA 2. The solution z(y, C)(C>C) of (2) is defined for 0<y<
and

1) limz(y, C)=c , 2) limy2(y, C)=c .

Yoo y—oo

PROOF. As one will observe from Figure 1, z(y, C) cannot tend to 0
as y—1 if C>C. Consequently, to show that z(y, C) is defined for
0<y< oo, it is sufficient to show that z(y, C) does not tend to « as y
tends to a finite value.

Assume that

lim 2(y, C)= , 0<n<eo,

vy

‘to derive a contradiction. By putting 1/z2=¢, (2) will become

(10) e A+ Dyl — @+ D+ IZEE v Dy,
dy a Yy

and {=1/2(y, C) is a solution of (10) such that {=0 for y=%. Since the
right-hand side of (10) is holomorphic at y=7, {=0, such a solution
must be unique. However, as {=0 is also such a solution, this is ob-
viously a contradiction.

Thus 2(y, C) is defined and positive for 0<y<o. Therefore the
orbit of (6) represented by z==z(y, C) crosses the line y=1 for some
positive value of s. This means that, at some >0, we have ‘

#(, a, b)=(7) .
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Then, as was proved in [1], the following inequality holds for ¢>z:

¢(t; a, b)>1/l'(t)+(¢’(l', a, b)—ﬂll"(’f))(t——f) »

¢'(z, a, b)>'(7) .
(In [1], the above inequality was proved for the bounded solution
o(t, a, b(a)). However, as one can easily see, the proof is wvalid if

#(t, a, b)<+(t) for t<t and ¢(z, a, b)=v(7).)
This inequality implies that there exists an w(0<®w<=< ) such that

(11) lim ¢(¢, @, b)=oo .

t—o
Since

¢N=ta1-?¢1+a>0 y
¢’ is a nondecreasing function. So it follows from (11) that
(12) #'(¢, a, b)>0

if ¢t is sufficiently close to w. Then, from (8), (4), (11) and (12), it fol-
lows that
lim y(t) = , lim 2(y, C)=lim ty'(t)= .
t—w Yy t—w
Thus we have proved 1). |
To prove 2), we put ¥y '2=wu. Then u satisfies a differential equation
(13) du _ — MO+ Da*+@h+Dau —u*+ A+ 1a’y

dy ayu

and w=y"%(y, C) is a solution of (13) defined for 0<y< . Also u is
positive for 0<y <. Suppose that there exists ©>0 snch that 0<u=<k
for 0<y<oo. Then if K>0 is chosen sufficiently large

—MA+Dat+@h+Daw—u*> — K
and the inequality

du > K+ \+1)aty
dy ayu

holds for 0<y< . However the solution of

dU_ —K+Mr+1)a’y
dy ayU
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is given by
U%2=—(K/a)log y + M\ +1)ay +const
and hence U—c as y—oco. Therefore u—s as y—oo in contradiction

with our assumption 0=su<k.
Therefore % is not bounded as y— «~ and we have

lim sup #=1lim sup ¥y *2(y, C)=co .

y—00 y-—co

Consequently we can find a sequence {y,} such that

Y<Yo <o <Y< e o, limy,=o,
wY)<u(Y) < - - <uy,)<-:-, lim u(y,)=co ,
dul 50, n=12 .

dy Y=Yn

Let us denote by f(y, ) the right-hand side of (13) and consider a
function

Fy, u(y,))=—L =M +Da’+ @0+ Dau(y.) —u¥a)* | Mr+Da

ay u(Y,) u(Y,)
Since
lim — AMA+Dar+- @+ Daw—u®
w00 u

and u(y,)— c as n—c, we have

=M+ D+ (@ + Dau(y,) —u®.)’ -
U(Ya)
if » is sufficiently large. Hence f(y, w(y,)) is an increasing function of
y for large n. Therefore if y>v,,

F, Wy >F e, wwN=3| | >0.

From this we easily get
u(y) > u(Y,)
if y>v,. Indeed, if not, there exists y>v, such that

w(Y) >u(Y.,) » I>Y>Yn »
w(P) =u(Ya)
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since du/dy>0 at y=y,. This implies

du| 9, W@)=1@, wy)<O0
Y lv=v

in contradiction with the above inequality.
This being valid for every large n, we get

lim w(y)=oo .

Yy—

Thus we have proved 2).
As an immediate consequence of Lemma 2, we get

LEMMA 3. Let 4(¢, a, b) be a solution of (1) with b>b(a). Then

. tg'(t, a,b) _ ., o
lim stan lim ¢'¢, @, b)= ,

where @ i8 a positive number or o which appears in (11).

PROOF. Let z2(y, C) be a solution of (2) corresponding to ¢(¢, a, b).
Then from 2) of Lemma 2, we have

lim z(y, C)/y=lm ty'[y=co .
Yy —o

So, from (4), we get

1 t¢’(t9 a, b) — oo
2 56t, @, B)

14

which is the first assertion to be proved.

As ¢(t, @, b)— - as t—w, the second assertion is obvious if w<co.
So suppose that w=c. Then, for any given T>0, there exists M>0
such that

ét, a, b))>M for t=T.
Therefore ’
¢"'(t, a, b)=t""*[¢(t, a, b)]'+*> M g2, t=T.
Integrating both sides of this inequality from T to t>T, we get

Mi+e - -
(¢, a, )—¢'(T, a, b)> 0 (gt —T=Y)
#(t, 0, b)—¢(T, a, B> 2T )

As axn>1, the right-hand member tends to « as t—->w=o. Thus we
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get the second relation
lim ¢'(¢, a, b)= o .
t—w

LEMMA 4. Let ¢(t, a, b) be a solution of (1) with b>b(a) and z(y, C)
be a corresponding solution of (2). Then

o IA(nF1)
1 2 —q L fEMATD)
lim y 2(y, )=« P
PRrROOF. Since the relation (8) will give
(19) Y5y, C)=[MOv+ DI *ane =4t a, )]~
+at™ (¢, a, (¢, a, b)),

and we already know that

limy=-c,

t—w
what we have to show is that the right-hand side of (14) tends to
aV'2MM+1)/(a+2) as t—w. However, as

lim t~*[¢(¢, a, b)]~*2=0
t—w

by (11), all we need is to show that
lim ¢ *¥2g~1"2¢' =1/ 2[(a +2) ,

t—w

or, what is the same thing, that

lim > ¢~ 2" =2/(a +2) .

t—aw

(i) The case when an=2.
In this case

t-—a1+2¢-—a—2¢r2 — ¢12/(ta2—-2¢a+2)

takes the form o/~ as t—w from Lemmas 2 and 8. So, to apply
I’Hospital’s theorem, we consider

i [ 6 g

Then since
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__d_(¢r2) =2¢r¢n =2ta1_ ¢1+a ’ ,
dt
L (trimrgm = (A~ D @ 2R

we have

: __d_ 2 i ar—2 ra+2
lim dt(¢)/dt(t 59|

=tim |1/ (252 5 255) |-

As ¢/t¢’—0 as t—>w by Lemma 3, we obtain the required result.
ii) The case when an<2.
In this case we write

$—ar+2 B2 ¢r2 — (tz—aa ¢r2) / $+2 .

Then the limit of the right-hand side as { > is again of the formoo/c.
Differentiating the numerator and the denominator and passing to the
limit, we get

lim| -2 [ £ 69|

=lim [((2—an)t' =" + 20 *¢'s") [(a +2)¢" 9]

= }im [((2 _ a)\:)tl—“zqi'z + 2¢1+a¢r)/(a + 2)¢¢+1¢I]

tvo  a4+2 (¥ a42

Since an>1, the first term is of the form o/c. So, to apply I’Ho-
spital’s theorem again, we consider the limit

. d -
1 [H/_talla+1]
lim | ¢ dt( ¢*+) |

=lim [ta1—2¢1+a/((a7\'_1)tal—~2¢a+1+(a+1)ta2—1¢a¢l)]

t—w

=lm [1/((@n—1)+(a+L)ts'/9)] -
As t¢'/¢p— o by Lemma 3, this limit is equal to zero. Thus we have
obtained

lim [£*4¢"/g"+] =2/(a+2) .
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§3. Explicit construction of the solution ¢(¢, a, b) with b>b(a).

From Lemma 4 just proved, we now know that z(y, C) correspond-
ing to é(¢, a, b) (b>b(a)) is a solution of (2) such that

N 2n(A+1)
limy¥*%2z=« \/———— .
y—oo v % a2

In view of this fact, we put
_ - 1 a+2
2=y, 2 l=p3 — +u
y 7 7 (a 22(A+1) )
and transform the equation (2) into the following one:

4

dy  An+Do?

@

where the unwritten part is a polynomial of » and u starting with the
terms of the second degree. What we need is the solution of (15) which
tends to zero as 7—0. Since =0 is a singularity of Briot-Bouquet type
and 244/a>0, such solution can be expressed as

U= 5, U (A

m+n>

if 24+4/a is not an integer, and as

u= >, . Unma?)"[7*T4(c, log 7+ A)]"

m+n>

if 2+4/a is an integer. Here A is an arbitrary constant and ¢, is a
constant (which might be zero). Thus we get

(16) (z(y, C))—lzy—s/z (_2_;_ E%F%+m+%o um”y—m/z(Ay——r—wa)n)

if 4/a is not an integer, and

(18) (a(w, O =y (2 o2t 5 sy ™™ (0 log y+ A)))

otherwise (c= —c¢,/2).
The solution y(¢) of

ty'=2(y, C)

is then obtained from
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v dy ¢ odt -t
= =log— , o=Y(to) -
Syoz(y, 9 S og Yo=Y(to)

to t to

To carry out the integration on the left-hand side explicitly, we return
to the variable » and replace the expression (16) or (16’) by

2y, C)'=0"F() ,

_l a+2 m 2+4/a\n
17) Fop=— T D) +1)+,..§; | Yma] " (AT 4)
or
(171) F(7]) —_-_i— -2—)?{(—;'_‘%1)- +m+%o uanm[712+4/a(cl log' 7]+A)]“ .
Then we get

A4

Sy 2(y, C) 'dy =—2S” Fpdn, np=y™*, n=y"°.
Yo 70

Since y — as t—w, we have the equality

lim V Fo)dp=—Llimlog L .
7-0 J7, 2 tow t

0

Since F(7) is bounded as »—0, the left-hand side of the above equality
has a finite (negative) value. This implies the finiteness of w. In other
words, there exists a finite positive number @ such that

lim ¢(t, a, b)=co .

t—w

Hence ¢(t, a, b)(b> b(a)) has a movable singularity at t=w.
o being finite, y(¢) is given by

y—1/2 _ 1 t
So F@np)dn= El"g?o“

Now let us put

1 a—+2 4
—_—p—=7, 2+_= .
a Y2A(\+1) 7 a ¥

Then termwise integration of (17) will give

(18) \| Fopdn=rmii+_ 5 var(Apy=—Zlog L.
0 min>0 2 w
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Also, if F(n) is of the form (17"), we get

a8) |\ Fopan=rmii+ 3 v.7@lelogn+ADl=——log L .
0 mn>0 2 [0))

This can be done by termwise integration and rearrangement of the
integrated series noticing that, in this case, ¢ is a positive integer.
Such rearrangement is justified by the absolute convergence of the
series (cf. [2], p. 309).

To obtain the explicit expression of y(t), we have to solve (18) or
(18) with respect to » and then put =y~ "2 This can be done with
the aid of Lemma 1. In fact, (18) and (18’) can be written as

i+ >, Vw)"(*[e,log n+AD"]=7, r=—ZLlogt,
m+n>0 2y w
where ¢;=0 if g is not an integer. Thus Lemma 1 can be applied
directly and we get

p=ye=cllt 3 Fn.c e log o+ AD] .

m+4+n>

First let us suppose that y:2+4/a is not an integer. Then since
¢,=0 in this case, we have

Y =71+ D Tn.t™(ATH"].
m+n>0

Hence y 2 is a holomorphic function of = and z# in the neighbourhood
of z=0. On the other hand,

T = ——_:!'__.log_t_

2v 0]

is a holomorphic function of ¢ in the neighbourhood of ¢t=w and admits
a Taylor expansion

T=

1 1
— (co—t)<1+%(w—t)+---> .

Therefore y~*/* is a holomorphic function of w—¢t and (w—¢)* in the
neighbourhood of t=w. Hence it can be expressed as a double power
series in w—t and (w—¢t)* in the following way:

y = 1 (@—=t[1+ > ap.(@—t)"(@w—1t)*"].
27(0 m4+n>0
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From this we obtain

YV =(2vw)¥*(w—1t)"¥*(1 +m+§0 G pn(@ —)™(@ — 1))

— 2(a+2)w2 ve —t\ 2/ -~ — 1\ — +\2+4/a\n
=(Bat D) @Ml 3 Gaalw— ) (@~ )]

Next suppose that ¢=2+4/a is an integer. In this case, ¢;0 and

y =z[l+ I, Yn..™(z¥[c, log T+ AD"] .
0

m4n>

This expression shows that ¥ is a holomorphic function of = and
t#[e, log T+ A] in the neighborhood of =0, t#[¢c, log T+ A]=0. Since

~ 1 At ...
r==t (0 t)(1+2w(w £)+ )
we have
(¢, log T+A)=(27—1w—)y(a)—-—t)“(l+ o)

X [¢, log(w—t)—e¢, log 2vw+ A+ i c.(w—1t)]
r=1
=(w —t)" log(w —t)B,(t) + Byt)
where B,(t) and B,(t) are power series of @w—t absolutely convergent in
the neighbourhood of t=w. Therefore ¥y ** can be expressed as

y-1f2=§1—<w—t>[1+ S Tnal@—t)"(@—t)"log(@—1))"] .
{0} m4-n>0

From this we obtain

Y= (27 w)**(w — t)—2/a[1 +‘m_§'>o 5,,,,,((!) —t)™ (o — t)”log(a) —_ t))ﬂ] .

Since ¢ is a positive integer, we can rearrange the above expression
into a form

¥/ =@10) (@ —1) 1+ 3 5]
Sit)=_ 2, Ona(@—8)" (@ —t)log(w—1))"

nu=

= (0) - t)k Z " amn(l‘)g(a) - t))” .

minu=

Since m-+-np=k implies n=(k—m)/tt, Zim+ni-r Oms(log(w—1t))* is a poly-
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nomial of log(w—t) whose degree is at most [k/¢] where [ ] is the Gauss’
symbol. Hence we can write

Y= 2rw) " (w—1)" 1+ 3 (@ —t)"gn(log(@— £))]

_(2@42)@® V¥, o e _
_(m) (@—8) 1+ 3, (@—1)"g.(log(@—1)]

where ¢,(£) is a polynomial of & whose degree is at most [m/y].
Inserting these expressions of y'* into

é(t, a, b) =M+ )]Vt 2yve

and noticing that
t_zz(l)_z (]..'I—l ((I)'—t)‘l" M '> ’
)

in the neighbourhood of ¢=w®, we obtain the following expression of
#(t, @, b) which is valid in the neighbourhood of its movable singularity
t=qw:

s(t, a, ) =(2LEBD N @)1t 3 can@— 8" (@ =t

20)012-—2 £m>0

if 4/a+integer ,

o(t, @, b)=( 22BNty ¥e[14 3 (@—t)"palog@—1)] ,

a2wa2—2
if 4/a=integer ,

where p,(¢) is a polynomial of & whose degree is at most [m/u]=
[ma/Ca+4)].

§4. The solution curve of 2(y, C) with c<C.

To study the behaviour of #(¢, @, b) with b<b(a), we must examine
the corresponding orbit of the system (6) in detail.

As we already know, the system has (0,0) and (1,0) as critical
points and (1, 0) is a saddle point. There exist infinitely many orbits
tending to (0, 0) as s——co with the common tangent z=a)\y at (0, 0).
Among them, one and only one orbit tends to (1,0) as s—co which is
represented by a curve z=2z(y, 0).

Also, as we can easily observe from (6), z-axis is an invariant set
of the system. If a=1, it consists entirely of critical points. Other-
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z=2(y, C)

)

z2=2(y, C)

FIGURE 2

wise it consists of three orbits one of which is a critical point (0, 0).
Let us consider an orbit corresponding to ¢(t, a, b) with b<b(a). It
is represented by a curve z=z2(y, C) with C<€. Hence it is located
below the curve z=2(y, 6). As one can observe from Figure 2, this orbit
crosses y-axis somewhere between 0 and 1 and goes into the region

D: o<<y<1i, 2<0 .

Since dy/ds=ayz<0 in D, the point (y(s), 2(s)) on the orbit moves left-
wards as s increases as long as it stays in D.
Now on the segment 0<y <1 on y-axis, we have

%: M+ Do (yP—y») <0 .

Consequently (y(s), 2(s)) can never leave D and it keeps on moving to
the left as s—c. Thus we have the following alternative.

(1) (y(8), 2(s)) tends to (¥., — ) as s—co where 0=<y.<1.

(i1) (y(s), 2(3)) tends to a critical point other than (1, 0) as s—co.
In the case (i), we have to have

lim %y—::lim ayz(y, C)=0.

8—0 S VVoo

Since z——co as s—oco, this is possible only when y.=0. Hence, in the
case (i),

lim y(s)=0 .

80

In the case (ii), we also have

lim y(8)=0

8—00
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because every critical point other than (1,0) lies on z-axis. (Detailed
investigation shows that when a<1, the case (i) takes place and when
a=1, the case (ii) takes place.)

As y=0 implies ¢(¢, a, b)=0, ¢(¢, a, b) tends to zero as t—o0(0<w= o).
If =, then ¢(t, a, db) is a bounded solution of (1). This is however
absurd because the boundedness of the solution implies b= b(a). Hence
@ must be finite.

Sinece ¢(t, a, b)) >0 for 0<t<w and ¢(w, a, b)=0,

¢ (w, a, b)<0 .

As ¢(w, a, b)=¢'(®, a, b)=0 implies ¢(¢, a, b)=0 because of the uniqueness
of the solution, we must have

¢’(C¢), a, b)<0 .
Thus it follows that

lim W .

t—w ¢

From this and (4):
zly=ty'ly=atx'[x+ar,
we get

lim 268 < 1im 2% O = _ oo .
= Y(s) v Y

§5. The solution ¢(t, a, b) with b<b(a).
The transformation
z2—ow=yz*
will change (2) into

(19) Y —g—y&— = —Ew @n+Dw+ A+ Daw* — v+ Dayw® .

Then from what we have shown in the preceding section,
w=y(y, C)™*, C<C
is a solution of (19) such that
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lim w=0.
¥-0

As y=0 is a Briot-Bouquet type singularity and 1/&>0 and also the
right-hand side of (19) is divisible by w, such solutions are given by

(20) W= 2, Wy y™(By’)*, wy=1,

m4-n>0

even if 1l/a is an integer. Here B is an arbitrary constant.

If 1/a is not an integer, it is known that (19) has one and only one
holomorphic solution which tends to 0 as ¥y—0. This solution is obtained
by putting B=0 in (20). Hence it is given by

W= 3, W™ .
m=1
However w=0 is also such a solution. Therefore

Wpe=0, m=1,2, .-- .

Consequently By~ is the term of the lowest degree in the expression
(20).

If 1/ is an integer, say N(>0), then the double power series in (20)
can be rearranged into a single power series

> ayt .
=1

As the right-hand member of (19) is divisible by w, it can easily be
proved that

ak=0 ) k<N

and ay is arbitrary. So a,y"=a,y"* is again the term of the lowest
degree.
Thus, in both cases, we can write

w=y(z(y, C))™
=By"l+ 3 wa.y™(By')"].

Hence we get
(2(y, C))'=By"*'[1+ N gl} , Wra™(BYy )] .

2(y, C) being negative for sufficiently small y, B must be negative. So
we shall put B=—1/I"(I">0) hereafter.
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The solution y(¢) of ty'=2(y, C) such that
lim y(t)=0

t—w

is then obtained from

|, e, Oay=| 2 =tog-L .

w

Carrying out the termwise integration of the left-hand side and dividing
both sides by —a, we obtain

Ty i+ 3, By )= —log .
mya>0 a @
If we put I'y*={, y={¢)* in the above equality and then apply

Lemma 1, we immediately have

r

yl/a: —_——_—
(44

logzi—[l—i- >, gmn( llog;i-)m<—§log —t—)a”]

miIn>0 (41 @

which shows that Y% is a holomorphic function of —log(t/w) and
(—log(t/w))* when ¢t is sufficiently close to w. Applying the same argu-
ment as was used at the end of §8, yV/* can be expressed as a double
power series in w—¢ and (w—t%)® in the following form:

:l/”‘"=———r (@—D1+ 3 Bal@—t)™(w—1)"].
aw m+n>0
Substituting it into

¢(t, a, b)=[ M+ D]/t yve
and noticing that
=0 (1+ 2 @—t)+- )
®
in the neighbourhood of t=w, we get the following expression of
é(t, a, b) valid in the neighbourhood of t{=w:
¢(t’ a, b)=A(C¢)——t>[1+ m§>o bmn(a)'_’t)m(w—t)om] ’

A TOO+ 1
- A1 ¢
aw

This expression shows that t=® is a movable branch point of the solu-
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tion if a is not an integer.

§6. Summary of the results obtained.

Summarizing the results obtained so far, together with those men-
tioned in [1], we get the following theorem.

THEOREM. Let x=¢(t, a, b) be a solution of the differential equation
mn=ta1—2x1+a y a>0 , a):>1 ,
such that

limz=a, lim 2’ =b, 0<a<oo, |b|<oo .

t—0 t—0

Such a solution actually exists and has following properties.
1) ¢(¢, a, b) admits following double power series expression im the
neighbourhood of t=0:

ta0r-ali 5 i ) (24)).

miwso AN +1) a

2) For each a (0<a< ), there exists one and only one value b(a) of
b such that x=¢(t, a, E(a)) 18 defined and bounded for 0<t< oo together
with its derivative. In the meighbourhood of t=, ¢, a, b(a)) can be
expressed in the following form:

8(t, a, b@)=D\OADI A+ 3 et ,

where p 18 a nmegative eigenvalue of a matrix

botte @l
AN+ Da? @ev+a/

3) If b>5(a), é(, a, b) has a movable singularity at t=w(0<w< )
and

lim ¢(¢, a, b)=cc .

t—o

In the meighbourhood of t=w, ¢(t, a, b) can be expressed as
s¢, 0, 0)=(ZLED N oty i+ S, cn(@—tr(@—tprey],

if 4/a 18 mot an imteger, and as



SOLUTIONS OF x//=tai-2xl+« 283

8¢, a, 0)=(22ED Y (o—ty {1+ 3 (@—1)"palog@—1))] ,

azwaz—z
p,.(8): a polynomial of & whose degree is at most [ma/(2a+4)],

if 4/a 18 an iz&teger. Here @ maturally depends on a and b.
4) If b<b(a), then

lim ¢(¢, a, b)=0

t-rw
for some finite positive w, and in the neighbourhood of t=w, ¢(t, a, b)
18 expressed im the following form:

é(t, a, b)=A(w—t)[1+ m+2,>0 D pn(@ —)™(0 —1)*"] .

Here A and @ depend on a and b, and t=w 18 a movable branch point
of the solution unless « is an integer.
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