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Introduction

In this paper we shall deal with well-posedness of the Cauchy problem
for some weakly hyperbolic operators with involutive and non-involutive
multiple characteristics. For the second order equations, Oleinik [4]
obtained a sufficient condition for well-posedness. Menikoff [1] extended
Oleinik’s results to the equations of higher order, and Ohya [3] improved
and simplified Menifoff’s proof. In a previous paper [5], we considered
weakly hyperbolic operators whose characteristic roots come across one
another with finite order at $t=0$ .

Recently Nishitani [2] has proved well-posedness of the Cauchy problem
for a hyperbolic operator with characteristic roots coming into double
at $t=0$ in contact with each other of infinite order. In this article we
shall treat the case where the characteristic roots may have $m(\geqq 2)$

multiplicities at $t=0$ in contact with one another of infinite order.
Now our concern is the following operator $P$ which is a partial

differential operator of the form:

$P=D_{t}^{\prime h}+\sum_{|\alpha\}+j\leqq m}a_{\alpha,j}(x, t)D_{x}^{\alpha}D_{t}^{j}$

where each coefficient $a_{\alpha,j}(x, t)$ belongs to $\mathscr{B}((0, T)\times R^{n})$ . Let $\lambda_{j}(x, t, \xi)$ ,
$j=1,$ $\cdots,$ $m$ , be the characteristic roots of $P$. If all the $\lambda_{\dot{f}}(x, t, \xi)$ are real
valued functions in $\mathscr{B}((0, T),$ $S^{1}$) for some $T>0,$ $P$ is said to be a weakly
hyperbolic operator. We consider only such operators throughout the
paper.

We say that a weakly hyperbolic operator $P$ has involutive charac-
teristic roots if for any $i,$ $j(1\leqq i, j\leqq m)$ , there exist pseudo-differential
operators $A_{:,\dot{g}},$ $B_{i,j}$ and $C_{i,j}e\mathscr{B}((0, T),$ $S^{0}$) such that
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(0.1) $[\partial_{i}, \partial_{j}]=A_{i,j}\partial_{i}+B_{i,j}\partial_{j}+C_{i,j}$

where $[A, B]=AB-BA$ is the commutator, and $\partial_{j}$ is a pseudo-differentiI
operator

$\partial_{j}=D_{t}-x_{\dot{f}}(x, t, D_{l})$

where $D_{t}=-i\partial_{t}$ and $D_{x}=-i\partial_{x}$ .
In the following we denote by $(u, v)$ the $L^{2}$-scalar product wit

respect to $x$ , by $||u(\cdot, t)||$ . the norm in Sobolev space $H$ and

$||u(\cdot, t)||_{k}^{2}.=\sum_{j=0}^{k}||D_{t}^{\dot{f}}u(\cdot, t)||_{+k-j}^{2}$ .

\S 1. Involutive case.

Let $P$ be a weakly $hy$perbolic operator with involutive characteristi
roots deflhed in $introductf\alpha n$ . Following to Zeman [6] we cortsider th
$module8W_{k}(0\leqq k\leqq m-1)$ over the ring of pseudOdifferential operators $i$.
$x$ of order zero. Let $\Pi_{n}=\partial_{1}\partial_{2}\cdots\partial_{n}.$ . Let $W_{n-1}$ be the mdule gen$erate|$

by the monomial operators $\Pi_{*}/\delta_{1}=\partial_{1}\partial_{2}\cdot\cdot\check{\partial}_{i}\cdot\cdot\partial_{n}$ of order $m-1$ and let $W_{*-}$

be the module generated by the operators $\Pi,./\partial_{i}\partial_{j}(i\neq J)$ of order $m-$
and so on.

Zeman [6] proved the folIowing theorem in the case of multiplicity $m$

$TroRb$ . Let $P$ be a weahly hyperbol$io$ operator with involutiv
characterigtic roots $satisfy\prime ing$ the condition:

(1.1) $P=\Pi_{\alpha}+\sum_{\dot{g}=1}^{*}a_{a.j}\omega_{n-j}^{\alpha}$

where $a_{\alpha,j}e\mathscr{G}((0, T),$ $S^{0}$) and $\omega_{n-j}^{\alpha}\in W_{n-\dot{g}}$ . Then the Cauchy problem $foi$

$P$ is $H^{\infty}$-well-posed, where $H^{\alpha}=\cap.H$ .
In this section we shall consider the application of this theorem.

THEOREM 1.1. Let $P$ be a weakly hyperbolie operatof with the pro
perty:

llhe characterist$ic$ roots $\lambda_{\dot{f}}(x, t, \xi)$ are of the form $\lambda,(x, \underline{t,}\xi)=$

$\sigma(x)\tilde{\lambda}_{j}(x, t, \xi)$ , where $\tilde{x}_{j}e\mathscr{B}((0, T),$ $S^{1}$)
$,$

$\sigma(x)\in$ ta $(R)$ and $\lambda_{\ell}\neq\tilde{\lambda}$

when $i\neq j$ .
Then the Cauchy problem for $P$ is well-posed if the lower order termi
$P_{m-j}(j=1,2, \cdots, m-1)$ satisfy
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(1.2) $P_{n-j}(x_{1}t, \xi, \sigma(x)\lambda ffl, t, \xi))\Rightarrow\sigma\langle x)^{n-j}K,j(x, t, \xi)$

with $K_{j}(x, t, \xi)e\mathscr{B}((0, T),$ $S^{m-j}$).

REMARK. The.eomdition \langle $l.\cdot 2$) implies $R$ if we write

$P_{l*-\dot{f}}\langle a,$ $t,$ $\xi_{1}\tau\backslash $) $=\sum_{i=0}^{n\cdot-\dot{g}}n_{i,\dot{g}}\zeta x,$ $t,$ $\xi$) $\tau^{\hslash\mapsto j-i}$

then we have
$a_{i},(x, t, \xi)\overline{\sim}\sigma\langle x)\alpha_{l.\dot{g}}(p, t_{l}\xi)$

where $\tilde{a}_{i,j}$ belpng to $\ovalbox{\tt\small REJECT}((0, T),$ $S$‘),
The theorem will be proved by showing $t$bat $P$ $atisfies the gouditions

of the Zeman theorem. To begin with the lemma which shows $P$ is a
weakly hyperbolic operator with involutive characteristic roots.

LEMMA 1.2. For any $i,$ $J$ there exist $A,jB_{i,j},$ $\text{\c{C}}_{J\cdot j}\in\ovalbox{\tt\small REJECT}((0_{1}T), S^{0})$

such that

(1.3) $f\partial,$ $\partial_{\dot{f}}$] $=A_{i,j}\partial+B,\partial_{jl}+C,\cdot$

PROOF. ket $\phi_{0_{\backslash }}([\partial_{1}\partial_{j}J)$ be the $ffli\iota wipgl$ symbol of {$\partial_{u}\partial_{j}$], Tb\S n, by
the formula of product of Peudo $\cdot$di\Re ee $gp9rs$ , we obtaia

$\sigma_{0}([\partial_{i}, \partial_{j}J)=\partial_{-,-0}^{\{D_{\epsilon_{\backslash }}(\xi_{\beta}-\sigma(\alpha)\tilde{x}_{i})\partial_{p_{l}}(\xi_{l}-\sigma(x)\tilde{\lambda}_{\dot{f}})}$

$-D_{6ff}(\xi_{0}-\sigma(x)\tilde{\lambda}_{j})\partial ae_{\alpha}(\xi_{0}-\sigma(x)\tilde{\lambda})\}$

$=\sigma\langle x)D,j(x, t, \xi)$

where $D_{i,\dot{g}}e\mathscr{G}((0. \Psi\lambda, S^{4})$ . Here we $usd$ tbe motatfpu

$x_{n^{r}}t$ and $\xi_{0}=T$ .
If we define funetions $A_{i,j}$ and $B_{i,j}$ for $i\neq j$ by $A_{i,j}=D,\dot{f}(x, t, \xi)/(\tilde{\lambda}_{\dot{f}}-X_{i})$ ,
$B_{j}=D_{i,\dot{f}}(x, t, \xi)/(\tilde{\lambda}_{i}-\tilde{\lambda}_{j})$ respectively, then $A_{i,j},$ $B_{i.;}e\mathscr{G}((0, T),$ $S^{0}$) and the
equality:

$A,j(x, t, \xi)(\xi_{0}-\sigma(x)\tilde{\lambda}_{i})+B_{i,j}(x, t, \xi)(\xi_{g}-\sigma(x)\tilde{\lambda}_{l})=\sigma(\#)D_{l_{J}i}(\alpha_{J}t, \xi)$

holds. Hence we have [ $\partial_{i},$ $\partial_{i}1\Rightarrow A,\dot{4}\partial_{l}+B_{f.i}\partial_{i}+C_{*j}$ for some
$Q.EDC_{i,j}.e$.$\ovalbox{\tt\small REJECT}((0, T),$ $S^{0}$).

The following elementary lemma is helpful rub show that $P$ uaa be
$xaepr\epsilon\epsilon eented$ in the form $d$ \langle 1.1\S .
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LEMMA 1.3. Let $\Pi.=\partial_{1}\cdots\partial_{i}$. where $i_{j}$ are integers and $1\leqq i_{1}\leqq\cdots-<-$

$i_{\iota}\leqq m$ . Then $\sigma(\Pi.)$ , the symbol of $\Pi.$ , can be written in the form;

(1.4) $\sigma(\Pi.)=\prod_{\alpha=1}^{\cdot}(\tau-\sigma(x)\tilde{\lambda}_{j})+R_{-1}+\cdots+R_{0}$

where $R_{-j}(x, t, \xi, \tau)=\sum_{\dot{\beta}=0}^{-j}b_{\beta,j}(x, t, \xi)\sigma(x)^{\beta}\tau^{-j-\beta}$ for some $b_{\beta,j}\in \mathscr{G}((0, T),$ $S^{1}$

$(j=1, \cdots, s)$ .
PROOF. Let us prove by induction on $s$ . When $s=1,$ $(1.4)$ is trivia]

Suppose it holds for $s$ . Since $\Pi_{+1}=\Pi.\partial_{\iota+1}$ , the symbol of $\Pi_{+1}$ is give
by $\sigma(\Pi_{+1})=\sigma(\Pi.)(\xi_{0}-\sigma(x)\tilde{\lambda}_{\dot{g}.+1})+\sum_{\alpha\neq 0}D_{\xi}^{\alpha}\sigma(\Pi.)\partial_{x}^{\alpha}(\xi_{0}-\sigma(x)\tilde{\lambda}+\iota)$ . From the af
sumption of induction, $\sigma(\Pi.)$ in the above equality can be replaced by th
$fors+lrighthand$

side of (1.4). Arranging the terms suitably we
$have(1.\cdot 4Q.Er$

Now we shall show (1,.2) implies (1.1). From (1.2) and Lemma 1.
with $s=m$ , we have

$\sigma(P-\Pi_{n})=\sum_{j=I}^{*}\sum_{=0}^{f*-\dot{g}}c_{i,j}\sim(x, t, \xi)\sigma(x)^{i}\tau^{n-j-i}$

for some $c_{i,j}\sim e\mathscr{G}((0, T),$ $S$‘). Pick up the homogeneous part of degre
$m-1$ in the right hand side, and denote by

$\tilde{P}_{m-1}(x, t, \xi, \tau)=\sum_{i=0}^{\prime*-1}c_{i,1}\sim(x, t, \xi)\sigma(x)^{i}\tau^{n-1^{\vee}i}$ .

To show (1.1) we must determine $A_{j}e\mathscr{G}((0, T),$ $S^{0}$) so that

(1.5) $\tilde{P}_{n-1}(x, t, \xi, \tau)=\sum_{g=1}^{n}A_{j}(x, t, \xi)\prod_{i\neq j}(\tau-\sigma(x)\tilde{\lambda}_{:})$ .
Let us note $\tilde{P}_{m-1}(x, t, \xi, \sigma(x)\tilde{\lambda}_{\dot{f}})=\sigma(x)^{n\cdot-1}\tilde{K}_{j}(x, t, \xi)$ for some $\tilde{K}_{j}(x, t, \xi)\in$

$\mathscr{B}((0, T),$ $S^{n*-1}$) by the assumption. Define $A_{j}e\mathscr{G}((0, T),$ $S^{0}$) by

$A_{j}(x, t, \xi)=[\prod_{i\neq j}(\tilde{\lambda}_{\dot{f}}-\tilde{\lambda}_{i}’)]^{-1}\tilde{K}_{j}(x, t, \xi)$ .
Then Lemma 1.3 for $s=m-1$ yields

$\sigma(P-\Pi_{m}-\sum_{j=1}^{\cdot}A_{\dot{f}}\prod_{i\neq\dot{g}}\partial_{j})=\sum_{g=}^{n}\sum_{i2=0}^{n-\dot{f}}d_{i,j}(x, t, \xi)\sigma(x)\tau^{n-i-j}$

where $d_{i,\dot{g}}e\mathscr{G}((0, T),$ $S^{i}$).
Repeating these steps we attain to the representation (1.1). Q.E. $D$
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Therefore the proof of Theorem 1.1 is completed by the help of
Zeman’s theorem.

\S 2. Non-involutive case.

In this section we consider the weakly hyperbolic operator $P$ in $\Omega=$

$R^{n}\times(0, T)$ with principal symbol of the form

(2.1) $P_{m}(x, t, \xi, \tau)=\prod_{\dot{s}=1}^{m}(\tau-\sigma(t)\lambda_{\dot{f}}(x, t, \xi))$

where $\lambda_{j}\in\ovalbox{\tt\small REJECT}((0, T),$ $S^{1}$) is real valued, $\lambda_{i}\neq\lambda_{j}$ for $i\neq j$ , and $\sigma(t)\in\ovalbox{\tt\small REJECT}([0, T])$

is positive and strictly increasing for $t>0$ . In addition, we assume that
$\tau(t)\equiv\sigma(t)/\sigma^{\prime}(t)$ belongs to $\ovalbox{\tt\small REJECT}^{m}([0, T])$ and for any $N\geqq 0$ there exists a
positive constant $C_{N}$ such that $\sigma(t)\leqq C_{N}\tau(t)^{N}$ in $[0, T]$ .

Now we state the main theorem in this section.

THEOREM 2.1. Let $P$ be an operator satisfying the condition (2.1).

Then the Cauchy problem for $P$ is well-posed ’if the lower order terms
$P_{m-j}(x, t, \xi, \tau)$ satisfy the condition;

(2.2) $P_{m-j}(x, t, \xi, \sigma(t)\lambda_{i}(x, t, \xi))=\sigma(t)^{m-\dot{g}}\tau(t)^{-j}K_{i,j}$

where $K_{i,j}(x, t, \xi)e\ovalbox{\tt\small REJECT}((0, T),$ $S^{m-j}$).

REMARK. The condition (2.2) implies that if we write $P_{m-j}(x, t, \xi, \tau)=$

$\sum_{i=0}^{m-\dot{f}}a_{i,J}(x, t, \xi)\tau^{m-j-i}$ , then $a_{l,;}=\sigma(t)^{i}\tau(t)^{-j}\tilde{a}_{i,j}(x, t, \xi)$ where

$\tilde{a}_{i,j}e\mathscr{G}((0, T),$ $S^{i}$)

for $i\geqq 1$ .
We prove the Theorem by the same procedure to [5].

LEMMA 2.2. For any $i,j$ there exist pseudo-differential operator
$A_{i,j},$ $B_{i,j},$ $C_{i,j}e\ovalbox{\tt\small REJECT}((0, T),$ $S^{0}$) such that

(2.3) $[\partial_{i}, \partial_{j}]=\tau(t)^{-1}[A,\dot{f}\partial_{i}+B_{:,j}\partial_{j}+C_{i,j}]$ .

PROOF. Let $\sigma_{0}([\partial_{i}, \partial_{\dot{f}}])$ be the principal symbol of $[\partial_{i}, \partial_{\dot{f}}]$ . Then we
obtain

$\sigma_{0}([\partial_{i}, \partial_{j}])=\sum_{\alpha=0}^{r}\{D_{\epsilon_{\alpha}}(\xi_{0}-\sigma(t)\lambda)\partial oe_{\alpha}(\xi_{0}-\sigma(t)\lambda_{j})$

$-D_{\epsilon_{a}}(\xi_{0}-\sigma(t)\lambda_{j})\partial_{v_{\alpha}}(\xi_{0}-\sigma(t)\lambda_{i})\}$

$=-\sigma^{\prime}(t)(\lambda_{i}-\lambda_{\dot{f}})-\sigma(t)(\partial_{t}\lambda_{j}-\partial_{t}\lambda_{i})+\sigma(t)\{h_{i}, \lambda_{j}\}$

$=\sigma(t)\tau(t)^{-1}D_{i,j}(x, t, \xi)$
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where $\{$ , $\}$ is Peimon bracket and $D_{s,j}\langle at,$ $\xi$) are smooth fnnctions $i$

$\mathscr{G}((0, T),$ $S^{\iota}$). On the other hand the principal symbol of $\tau(t)^{-}qA_{2,f}\partial_{i}\dashv$

$B_{i.j}\partial_{\dot{f}}+C,j]$ is

$\tau(t)^{-1}[A_{i,j}(x, t, \xi)(\tau-\lambda)+B_{i.j}(x, t, \xi)(\tau-\lambda_{\dot{f}})]$ .
Put

$A,j(x, t, \xi)=D,j(x_{1}t, \xi)/(\lambda_{j}-\lambda_{i})$ ,
$B_{i.j}(x, t, \xi)=D,j(ae, t, \xi)/(\lambda_{i}-\lambda_{j})$ .

Then $A_{h\dot{g}}B,\in \mathscr{G}((0, T),$ $S^{0}$) and

$[\partial_{\hslash}\partial_{j}]=\tau(t)^{-1}IA_{i.j}\partial_{\triangleleft}+B_{c,;}\partial_{;}+C.;]$

for some $C_{j}e\mathscr{G}((0, T),$ $\theta$). Q.E.D

LEMMA 2.3. For any monomial $\omega^{a}eW$ there exist $\partial$ and $\omega_{+1}^{\beta}\in$

$W_{+\iota}St\iota\epsilon h$ that

(2.4) $\partial\omega^{\alpha}=\omega_{+1}^{\beta}+\sum_{k=1}^{l+1}\sum_{\gamma}\tau(t)^{-l}c_{r,k}\omega_{l}^{r_{+1-b}}$

where $c_{r,k}e\ovalbox{\tt\small REJECT}((0, T),$ $S^{0}$) and $\omega_{+1-b}^{f}eW_{+1-k}$ .
PROOF. For any $\omega^{\alpha}=\partial_{j_{1}}\cdots\partial_{j}(j_{1}<j_{2}\cdots<j.)$ , there exists some $ j\not\in$

$\{\dot{g}_{1}, \cdots, j.\}$ with $1\leqq j\leqq m$. $Si\iota reI\partial_{\theta}\partial_{l}$] $=\tau(t)^{-1}[A,\beta+B.\beta_{f}+c_{t.f}\iota b]$

Lemma 2.2, we hve immdiately (2.4). Q.E.$D$

LEMMA 2.4. For any $ueC^{\infty}(\Omega)$ and any real number $s$ the $ followin\ell$

energy estimates hold.

(2.5) $\frac{d}{dt}||w_{n-\dot{g}}^{\alpha}u||^{2}\leqq const|\tau(t)||\omega_{n\cdot-j+1}^{\beta}u|\rceil^{t}$

$+||\omega_{*-j}^{a}u||^{2}+\sum_{k=1}^{r-j+1}\sum_{\gamma}\tau\langle f)^{-2l+1}||\omega_{\wedge j+1-\neq\iota\uparrow|_{l}^{l}\}}^{\gamma}$ .
PROOF. By Lemma 2.3 with $\epsilon=m-j$ we have

$\partial\omega_{*-j}^{\alpha}u=\omega_{n-\dot{g}}^{\beta}u+\sum_{k=1}^{n-j+}\sum_{r}\tau(t)^{-k}c_{\gamma.k}\omega_{-\dot{g}+1-k}^{\underline{\gamma}}1$

Putting

$v=\omega_{-\dot{g}}^{\alpha}u$

$g=\omega_{-j+1}^{\rho^{\vee}}u+\overline{a}_{-,-1\gamma}^{J+1}\sum_{\backslash }\tau(t)_{h_{k}}^{-k}.\omega_{-;a-}^{\underline{r}}u$ ,
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we have a first order hyperbolic equation $\delta v=g$ . Henee it foilows

$\frac{d}{dt}||v||;=2{\rm Re}(\frac{d}{dt}v,$ $v)$.
$=2{\rm Re}(\sqrt{-1}\lambda_{i}(x, t, D_{\emptyset})v+\sqrt{-1}g, v)$.
$=2{\rm Re}(\sqrt{-1}\lambda_{i}(x, t, D_{g})v, v).+2{\rm Re}(\sqrt{-1}\tau^{1\prime 2}(t)g, \tau(t)^{-1/2}v)$.
$\leqq\epsilon on\epsilon t\{||vJj^{2}.+\tau tt)||gJ\{l2+\tau(t)^{-1}|||v\{|_{l}^{2}\}$ .

Therefore we proved (2.5) using the inequality

$||g||^{2}.\leqq const\{\sum_{k=1}^{*-j+}1\sum_{\gamma}\tau(t)^{-2k}\#|0)_{\#-j+1-k}^{\gamma}u\{L^{l}\}$ ,

which immediately follows frm the definition of $g$. Q.E.D.

Now we prove a basic lemma.

LEMMA 2.5. Set $\Phi(t)=\sum_{i=1}\sum_{\alpha}\tau(t)^{-2k}||oe_{n*-k}^{\alpha}u$ ] $|_{l}^{2}$ . $Th\alpha\alpha e$ ineguality

(2.6) $f_{fl}^{d}\Phi(t)\leqq const\{\Phi(t)+\tau(t)^{r}\Phi(t)+\tau(t)^{\rightarrow 1}||\Pi_{n}u||_{l}\mathfrak{h}$

holds for any $ueC^{\infty}(\Omega)$ .
PROOF. Since

$\frac{d}{dt}\Phi(t)=\sum_{k=1}^{*}\{-2k\tau(t)^{-2k-1}\tau^{\prime}(t)||\omega_{n-k}^{\alpha}u||^{2}+\tau(t)^{-2k}\frac{d}{dt}||\omega_{m-k}^{\alpha}u||_{l}^{2}\}$ ,

from Lemma 2.4 it follows

$\frac{d}{dt}\Phi(t)\leqq const\{\sum_{k=1}^{m}\sum_{\beta}\tau(t)^{\prec\iota-A}|\mathfrak{j}\theta_{n-k+1}\alpha\{|^{2}.+\sum_{k=1}^{n}\sum_{\alpha}\tau\langle t)^{-\#}?|\omega_{n-k}^{\alpha}u||^{2}$.
$+\sum_{k=1\dot{f}}^{-a}\sum_{=1}^{-k+}\iota\sum_{\gamma}\tau(t)^{-2k-\iota_{\dot{9}+1}}||\omega_{n-k+1-\dot{g}}^{\gamma}u\{\uparrow^{s}\}$

$\leqq C\alpha 1St\{\{$

$+\tau(t)^{-1}\sum_{k=1}^{nm}\sum_{\dot{g}=1}^{-k+1}\sum_{\gamma}\tau(t)^{-2(k+j-1)}||\omega_{n-(k+\dot{g}-1)}^{\gamma}u||_{*}^{2}\}$ .
Recalling $j+k-1\leqq(m-k+1)+k-1=m$ , we have thus

$E^{m}\sim(b+\dot{s-}1)1$

which implies (2.6) by combining with the above inequality. Q.E.D.
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Next let us state the main lemma in this section.

LEMMA 2.6. Under the condition of Theorem 2.1, there exist $c_{\alpha,k}e$

$\mathscr{B}((0, T),$ $S^{0}$) and $\omega_{m-k}^{\alpha}\in W_{*-k}$ such that

(2.7) $P-\Pi_{n}=\sum_{k=1}^{*}\sum_{\alpha}\tau(t)^{-k}c_{\alpha,k}\omega_{*- k}^{\alpha}$ .

The following lemma is needed for proving Lemma 2.6, as in the prool
of Theorem 1.5.

LEMMA 2.7. Let $\Pi.=\partial_{i_{1}}\cdots\partial_{i}$ . where each $i_{j}$ is an integer with $ 1\leqq$

$i_{1}\leqq\cdots\leqq i.\leqq m$ . Then $\sigma(\Pi.)$ , the symbol of $\Pi.$ , can be written in the form:

(2.8) $\sigma(\Pi.)=\prod_{\alpha=1}(\tau-\sigma(t)\lambda_{i_{\alpha}})+R_{-1}+\cdots+R_{0}$

where $R_{\iota-j}(x, t, \xi, \tau)=\sum_{\dot{\beta}=0}^{-j}a_{\beta,j}(x, t, \xi)\tau^{-\dot{J}^{-\beta}}$ and $a_{\beta,j}=\sigma(t)^{\beta}\tau(t)^{-\dot{f}}\tilde{a}_{l,j}(x, t, \xi)$

for $\beta\geqq 1$ with some $\tilde{a}_{\beta,j}(x, t, \xi)e\mathscr{P}((0, T),$ $S^{\beta}$).

PROOF. We carry out the proof by induction on $s$ . When $s=1(2.8)$

is trivial. Assume (2.8) is valid for 8. Since $\Pi_{+1}=\Pi.\partial_{i.+\iota}$ , by the product
formula for two symbols we have

(2.9) $\sigma(\Pi_{+1})=\sigma(\Pi.)(\xi_{0}-\sigma(t)\lambda_{i_{*+1}})+\sum_{\alpha\neq 0}D_{\xi}^{\alpha}\sigma(\Pi.)\partial_{x}^{\alpha}(\xi_{0}-\sigma(t)\lambda_{i}+1)$ .

Since $\sigma(\Pi.)$ satisfies (2.8) by the assumption, so does $\sigma(\Pi.)(\xi_{0}-\sigma(t)\lambda_{i_{S+1}})$

and since

$\sum_{\alpha\neq 0}D_{\xi}^{\alpha}\sigma(\Pi.)\partial_{x}^{\alpha}(\xi_{0}-\sigma(t)\lambda_{i.+\iota})$

$=\sum_{\dot{g}=0}\sum_{\beta=0\alpha}^{-j}\sum_{\neq 0}b_{\beta-|\alpha|+1}(x, t, \xi)\sigma(t)^{\beta}\tau(t)^{-j}\sigma(t)\tau(t)^{-\alpha_{0}}\tau^{-j-\beta-\alpha_{0}}\sim$

where $b_{i}e\mathscr{G}((0\sim, T),$ $S^{i}$), the formula (2.8) is also valid for $s+1$ , which
completes the induction. Q.E.D.

PROOF OF LEMMA 2.6. From the condition (2.2) and Lemma 2.7 with
$s=m$ , we obtain

$\sigma(P-\Pi_{n})=\sum_{\dot{g}=1}^{n}\sum_{=0}^{n-\dot{g}}c_{i,j}(x, t, \xi)\tau^{m-:-j}$

where

(2.10) $c_{i,j}(x, t, \xi)=\sigma(t)\tau(t)^{-j}c_{i,j}\sim(x, t, \xi)$ for $i\geqq 1$ with $c_{i,j}\sim\in \mathscr{G}((0, T),$ $S^{i}$).

Let the homogeneous part of degree $m-1$ on $(\tau, \xi)$ be
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$\tilde{P}_{m-1}(x, t, \xi, \tau)=\sum_{i=01}^{m-1}c_{i,1}(x, t, \xi)\tau^{m-1-j}.$ .

We want to determine $A_{j}(x, t, \xi)\in \mathscr{B}((0, T),$ $S^{0}$) so that

(2.11) $\tau(t)^{-1}\sum_{g=1}^{m}A_{j}(x, t, \xi)\prod_{l\neq j}(\tau-\sigma(t)\lambda_{i})=\tilde{P}_{m-1}(x, t, \xi, \tau)$ .

From the condition (2.10) for $j=1,$ . we obtain
$\tilde{P}_{m-1}(x, t, \xi, \sigma(t)\lambda_{j})=\sigma(t)^{m-1}\tau(t)^{-1}K_{\dot{f}}(x, t, \xi)$

where each $K_{j}(x, t, \xi)$ is a smooth function in $\ovalbox{\tt\small REJECT}((0, T),$ $S^{m-1}$). Putting
$\tau=\sigma(t)\lambda_{j}$ into (2.11) gives

$\sigma(t)^{m-1}\tau(t)^{-1}A_{j}(x, t, \xi)\prod_{i\neq j}(\lambda_{j}-\lambda_{i})=\sigma(t)^{m-1}\tau(t)^{-1}K_{j}(x, t, \xi)$ .

Then we can find
$($

$A_{j}(x, t,\xi)(=[\prod_{i\neq\dot{g}}(x_{j}-x_{i})]^{\underline{\iota}_{1}^{I}}K_{j}(x, t, \xi)|$ in $\mathscr{G}((0, T),$ $S^{0}$).

Applying Lemma 2.7 with $s=m-1$ to $\sigma(\sum_{j=1}^{m}A_{j}\prod_{i\neq j}\partial_{i})$ , we obtain

$\sigma(P_{n-1}-\tau(t)^{-1}\sum_{j\circ=1\backslash ^{\prime}}^{m}A_{\dot{g}}\prod_{i*}\partial_{i})_{\backslash }=\tau(t)^{-1^{\backslash }}\{\sum_{i=1}^{m-1}\sum_{i=0}^{m-1-j}d_{\ell,j}(x, t, \xi)\tau^{m-1-i-j}\}$

with $d_{i,\dot{g}}(x, t, \xi)=\sigma(t)^{i}\tau(t)^{-1}\tilde{d}_{i,j}(x, t, \xi)$ for $i\geqq 1$ where $\tilde{d},je\mathscr{G}((0, T),$ $S^{i}$).

Next we pick , up the homogeneops part of degree $m-2$ on $(\tau, \xi)$ in
$\sum_{j\Rightarrow 1}^{m-1}\sum_{i=0}^{m\cdot- 1-j}d_{i,j}(x, t, \xi)\tau^{m-1-t-j}$ , i.e., $\tilde{R}_{m-2}(x, t, \xi, \tau)=\sum_{i=0}^{m-2}d_{i,1}(x, t, \xi)\tau^{m-2-i}$ .
We shall represent this in a form:

(2.12) $\tau(.t)^{-1}\sum_{\dot{s}=2}^{m}\tilde{A}_{j}(x, t, \xi)\prod_{i\geq 2}c\neq j(\tau-\sigma(t)\lambda_{i})$ for $\tilde{A}_{j}\in \mathscr{G}((0, T),$ $S^{0}$).

From $d_{i,1}=\sigma(t)^{i}\tau(t)^{-1}\tilde{d}_{i,1}$ provided for $i\geqq 1$ , it results

$\tilde{R}_{m-2}(x, t, \xi, \sigma(t)\lambda_{j})=\sigma(t)^{m-2}\tau(t)^{-1}\tilde{K}_{\dot{f}}(x, t, \xi)$

with $\tilde{K}_{j}\in \mathscr{B}((0, T),$ $S^{m-2}$). Then (2.12) with $\tau=\sigma(t)\lambda_{j}$ for $j=2,3,$ $\cdots,$ $m$

shows

$\sigma(t)^{m-2}\tau(t)^{-1}\tilde{A}_{j}(x, t, \xi)\prod_{\neq j,i\geq 2}(\lambda_{j}-\lambda_{i})=\sigma(t)^{m-2}\tau(t)^{-1}\tilde{K}_{j}(x, t, \xi)$
.

Then we can find $\tilde{A}_{j}$ so that
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$\tilde{A}_{j}(x, t, \xi)=[\prod_{\neq j,\geq z}(\lambda_{i}-k)]^{-1}\tilde{K}_{l}(x, t, \xi)$ .

Successive use of these steps flnally makes us attain to

$ff_{--1}\langle x,$ $t,$ $D_{g},$ $D_{t}$) $=\tilde{\sum_{=\iota 1}}\sum_{\alpha}\tau\langle t)^{\leftarrow b}d_{\alpha,k}\omega_{*-b}^{a}$

where $c_{\alpha.k}^{1}e\mathscr{G}((0, T),$ $S^{0}$) and $a\cdot.-*eW_{\alpha-k}$ .
Now we proceed to the homogeneous part of $\sigma(P-\Pi_{n})$ of degre $($

$m-2$ on $(\tau, \xi)$ ;

$F_{--2}=\sum_{=0}^{-1}c,\mathfrak{g}(x, t, \xi)\tau^{n-2-}$ .
Here $c_{i,2}(x, t, \xi)=\sigma(t)\tau(t)^{\leftrightarrow p}\sigma.g(x,t, \xi)$ for $i\geqq 1$ with $c\sim.\ell\langle x,$ $t,$ $\xi$) $e\ovalbox{\tt\small REJECT}_{\backslash }((0, T),$ $S^{i}$)
We want to determine $B_{j}(x, t, \xi)e\ovalbox{\tt\small REJECT}((0, T),$ $S^{0}$) for $j=2,3,$ $\cdots,$ $m$ so thal

(2.13)
$\tilde{P}_{r-2}=\tau(t)^{-2}\{\sum_{j=2}B_{j}(x, t_{1}\xi)\prod_{\geq t}i^{\neq j}(\tau-\sigma(t)\lambda_{i})\}$ .

From the above conditions on $c_{i.2}$ we have

$\tilde{P}_{-2}(x, t_{1}\xi, \sigma(t)\lambda_{j})=\sigma(t)-a\tau(t)^{-2}Q_{\dot{9}}(x, t, \xi)$

for $j=2,3,$ $\cdots,$ $m$ where $Q,(x, t, \xi)e\ovalbox{\tt\small REJECT}((0_{1}T), S^{\alpha-2})$ . Let us put $\tau=$

$\sigma(t)\lambda_{j}$ into (2.13). Then we have

$\sigma(t)^{\alpha-2}\tau\langle t)^{s}\prod_{\geq 2}\langle x_{j}-\lambda)BXx,$
$t,$ $\xi$) $=\sigma\langle t)^{-\triangleleft}\tau(\$)^{-}Qdx,$ $t,$$\xi 9i\neq j$

so that

$B_{\dot{f}}(x, t, \xi)=[\prod_{\neq\dot{g},\geq z}(\lambda_{j}-\lambda_{i})]^{-1}Q_{j}(x, t, \xi)$ in $\mathscr{G}((C, T9, S^{0})$ .

Applying Lemma 2.7 with $s=m-2$ to $\sigma(\sum_{j=2}^{\sim}B_{j}\prod_{\neq j ,\geq 2}\partial)$ , we obtain

$\sigma.(P_{r-2}-\tau(t)^{-2}\alpha aB_{j}\prod_{i\neq J,\geq a}\partial_{i})=\tau(t)^{-2}\{\sum_{f}^{*-2}i\sum^{- 2-f}=0e_{tj}(x, t, \xi)\tau^{n-2--j}\}$ .

Here $e_{i,j}=\sigma(t)\tau(t)^{-j}e\sim,j(x, t, \xi)$ for $i\geqq 1$ with $e\sim.je\mathscr{J}((0, T),$ $S$‘). In the
same way as the proof for $P_{r-1}$ we have

$\tilde{P}_{n-2}(x, t, D_{g}, D_{t})=\geq=z\sum_{\alpha}\tau(t)^{-k}t_{\alpha,\delta}^{f}\omega_{*\leftrightarrow b}^{\alpha}$
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where $c_{\alpha,k}^{2}\in\ovalbox{\tt\small REJECT}((0, T),$ $S^{0}$) and $of_{n-k}eW_{m\rightarrow k}$ . ${\rm Re}\iota nating$ the $ nm\iota$ prce\mbox{\boldmath $\epsilon$}s

for $\tilde{P}_{m-3},$ $\cdots,\tilde{P}_{0}$ , we conclude

$\tilde{P}_{m-j}(x, t, D_{x}, D_{t})=\sum_{k=\dot{g}}^{n}\sum_{\alpha}\tau(t)^{-k}c_{\alpha,k}^{j}\omega_{n-k}^{a}$

for $j=1,2,$ $\cdots,$ $m$ where $c_{a,k}^{\dot{f}}e\mathscr{B}((0, T),$ $S^{\alpha}$) and $\omega_{\sim-k}^{f}eW_{n-k}$ . Therefore
we obtain the representation (2.7) and the proof is completed. Q.E.D.

It can be easily seen from Lemma 2.6 that

$||\Pi_{m}u||_{*}^{2}=||(\Pi_{m}-P)u+Pu||_{l}^{2}$

$\leqq 2\{\}\}(\Pi_{u}-P\rangle u|\}_{l}^{g}+|$ } Pu $||:$ }
$\leqq const${$\Phi(t)+||$ Pu $||_{l}^{2}$}.

This inequality combined with Lemma 2.5 immediately shows

LEMMA 2.8. For any $ueC^{\infty}(\Omega)$ there exists a constant $c$ so that

(2.14) $\frac{d}{dt}\Phi(t)\leqq c\{\Phi(t)+\tau(t)^{-1}\Phi(t)+\tau(t)^{-1}||Pu||^{2}.\}$ .

Let us proceed to obtain the energy estimate for $P$. Using the
inequality (2.14), we have

$\frac{d}{dt}\{e^{-\iota t}\Phi(t)\}=-ce^{-et}\Phi(t)+e^{-ct}\frac{d}{dt}\Phi(t)$

$\leqq ce^{-\iota t}\{\tau(t)^{-1}\Phi(t)+\tau(t)^{-1}||Pu||_{l}^{2}\}$

and then

(2.15) $\frac{d}{dt}\{\sigma(t)^{-c}e^{-ct}\Phi(t)\}=-c\sigma(t)^{-c-1}\sigma’(t)e^{-ct}\Phi(t)+\sigma(t)^{-c}\frac{d}{dt}\{\Phi(t)e^{-\iota t}\}$

$\leqq c\sigma(t)^{-\iota}\tau(t)^{-1}||Pu||_{l}^{2}$ .

Now in order to be able to integrate both sides of (2.15) from $0$ to
$t$ , the value $\sigma(t)^{-e}e^{-\epsilon t}\Phi(t)|_{t=0}$ must be finite.

Hence we shall consider the following argument.

LEMMA 2.9. Under the condition of Theorem 1.1 there exist $A_{1},$ $A_{2}$ ,
$\ldots,$

$A_{m}\in \mathscr{G}((0, T),$ $S^{0}$) and a pseudMifferential operator of order $m-1$

with respect to $(x, t)L_{m-1}$ such that

$P=\partial_{\iota}\partial_{2}\cdots\partial_{m}+\sum_{S=z}^{\bullet}A_{j-1}\partial_{f}\cdots\partial_{*}+\tau(t)^{\leftarrow(m-1)}\sigma(t)L_{n-\iota}$

$=L+\tau(t)^{-(m-1)}\sigma(t)L_{n-1}$ .
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Since this lemma is clear we omit the proof.

LEMMA 2.10. Let us consider $a$ equation $Lu=f$. Then we obtain
the energy inequality:

$(2.16\rangle$ $||u(t)||$ . $\leqq const\{\sum_{j=0}^{n-1}||D_{\ell}^{\dot{f}}u(0)||_{+m-1-j}+||f(t)||.\}$ .
PROOF. From the form of $L$ we can reduce $Lu=f$ to the first order

system with diagonal principal part. Hence it follows easily the energy
inequality (2.16). Q.E. $D$

Let us consider the following Cauchy problem.

(2.17) $\left\{\begin{array}{l}Pu=f\\D_{t}^{\dot{9}}u|_{t=0}=0j=0,1,\cdots,m-1\end{array}\right.$

Here we shall define the function $u_{i}(x, t)(i\geqq 0)$ analogous to Nishitani [2]
successively as follows.

(2.18) $\left\{\begin{array}{ll}u_{0}\equiv 0 & \\Lu_{i+1}=f-\tau(t)^{-(\cdot 1)}\vee\sigma(t)L_{n-1}u_{i} & \\D_{t}^{i}u_{i+1}|_{t=0}=0 for j=0,1, \cdots, m-1\} & (i\geqq 0)\end{array}\right.$

Hence we have

LEMMA 2.11. For any integer $i$ , the solution $u(x, t)$ of (2.17) is
decomposed

(2.19) $u=(u-u_{i+1})+u_{i+1}$

$=w_{s+1}+u_{+1}$

where $w_{l+1}$ and $u_{i+1}$ have the estimates

(2.20) $||w_{i+1}||_{\epsilon}\leqq const\{\tau(t)^{-(m-1)}\sigma(t)\}^{i+1}||u||_{(m-1)(i+1),\epsilon}$

(2.21) $||u_{+1}||_{*}\leqq const||f||_{(n-1)},$ . .
Furthermore let $g_{i+1}=f-Pu_{i+1}$ . Then

(2.22) $||g_{i+1}||.\leqq const\{\tau(t)^{-(n-1)}\sigma(t)\}^{+1}||f||_{(m-1)(i+1)},$ . .
PROOF. (i) Proof of (2.20). From (2.17) and (2.18) $L(u-u_{i+1})=$

$-\tau(t)^{-(’ n-1)}\sigma(t)L_{m-1}(u-u_{i})$ . Then it follows from Lemma 2.10
$||u-u_{i+1}||.\leqq const\tau(t)^{-(n-1)}\sigma(t)||u-u_{i}||_{n-1},$ .
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$\leqq const\{\tau(t)^{-(n-1)}\sigma(t)\}^{i+1}||u-u_{0}||_{(n-1)(i+1),*}$

$\leqq const\{\tau(t)^{-(m-1)}\sigma(t)\}^{i+1}||u||_{(n-1)(i+1)}..$ .
(ii) Proof of (2.21). Combining (2.18) with Lemma 2.10, we have

$||u_{i+1}||.\leqq const||f-\tau(t)^{-(n\iota-1)}\sigma(t)L_{m-1}u_{i}||_{\iota}$

$\leqq const\{||f||.+\tau(t)^{-(m-1)}\sigma(t)||u||_{n-1},.\}$

$\leqq const\{\sum_{\dot{s}=0}^{i}[\tau(t)^{-(m-1)}\sigma(t)]^{j}||f||_{(m-1)j},.\}$

$\leqq const||f||_{(m-1)i},$ . .
(iii) Proof of (2.22). Note that

$g_{i+1}=\tau(t)^{-(m-1)}\sigma(t)L_{m-1}(u_{l+1}-u_{i})$ .

Then

$||g_{i+1}||.\leqq const\tau(t)^{-(m-1)}\sigma(t)||u_{i+1}-u_{i}||_{m-1},$ . .

Since we can estimate $u_{i+1}-u_{i}$ in the similar way, the estimate (2.22)

follows easily. Q.E.D.

Now we shall investigate the Cauchy problem (2.17). Since $Pu=$

$f,$ $w_{i+1}$ satisfies the equation $Pw_{i+1}=g_{i+1}$ . Here we redefine $\Phi(t)$ replacing
$u(x, t)$ by $w_{i+1}(x, t)$ . From (2.15) and (2.20) we have

(2.23) $\frac{d}{dt}\{\sigma(t)^{-c}e^{-\iota t}\Phi(t)\}\leqq c\sigma(t)^{-\epsilon}\tau(t)^{-1}||g_{i+1}||_{\epsilon}^{2}$

$\leqq const\sigma(t)^{-c}\tau(t)^{-1}\{\tau(t)^{-(m-1)}\sigma(t)\}^{2(+1)}||f||_{(n-1)(i+1),\epsilon}^{2}$

$=const\sigma(t)^{-0+2(i+1)}\tau(t)^{-1-2(i+1)(m-1)}||f||_{(n\cdot-1)(i+1)}^{2},$ . .

Now we choose a positive integer $i$ such that $i\geqq[c/2]+1$ . Then
$\sigma(t)^{-0}e^{-ot}\Phi(t)|_{t=0}=0$ . Integrating (2.23) from $0$ to $t$ we obtain for any
$\epsilon>0$

$\sigma(t)^{-0}e^{-ot}\Phi(t)$

$\leqq const\int_{0}^{t}\sigma(t)^{2(i+1)-0}\tau(t)^{-1-2(i+1)(m-1)}||f(t)||_{(m-1)(i+1)}^{2}..dt$
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$\leqq const\int_{0}^{t}\sigma(t)^{2(+1)-\iota-}||f(t)||_{(n-1)(i+1)}^{z},.dt$

because $\tau(t)^{-(--1)(+1)}\leqq const\sigma(t)^{-\iota}$ for any $\epsilon>0$. On the other hand from
monotony of $\sigma(t)$ it follows

$\sigma(t)^{-\iota}e^{-\iota\iota}\Phi(t)\leqq con\S t\sigma\langle t)^{2(i+1-ae-\epsilon}I_{0}^{t}||f(t)||_{n-1)(i+11}^{8}..dt$ .

Hence

(2.24) $\Phi(t)\leqq const\sigma(t)^{2(+1)-*}\int_{0}^{t}||f(t)||_{(\alpha-1)(i+1)}^{2},.dt$ .

From (2.21) and (2.24) we have following energy inequality.

LEMMA 2.12. Under the condition of Theorem 2.1 for any real
and $\epsilon>0$ there exists some $non- negat\dot{j}ve$ integer $i$ only depending on 1
so that

(2.25) $||u(t)||^{2}.\leqq const\{||f(t\rangle$ } $|_{(\cdot-1)i}^{2},$ .
$+\sigma(t)^{2(+1)-e}\tau(t)^{2n}\int_{0}^{t}||f(t)||_{\{n-1)(i+1)}^{2},.dt\}$ .

Following Nishitani [2] we shall complete the proof of Theorem 2.1
Define the &translation $P_{\delta}(x, t, Dae, D_{t})$ of $P$ by

$P_{\delta}(x, t, D_{x}, D_{t})=P(x, t+\delta, D_{x}, D_{t})$ $(0\leqq\delta\leqq\delta_{0})$ .
Now we consider the foIlowing Cauchy problem.

$P_{\delta}(x, t, D_{u}, D_{t})u_{\delta}(x, t)=f(x, t)$

(2.26)
$D_{t}^{\dot{f}}u_{\delta}(x, t)|_{\iota=0}=0$ for $0\leqq j\leqq m-1$ .

Since $P_{\delta}$ is strictly hyperbolic for $\delta>0,$ $(2.26)$ is well-posed. From (2.25
the energy inequality of (2.26) holds uniformly in $\delta$ such that

(2.27) $||u_{i}(t)||;\leqq const\{||f(t)||_{(r-1)i}^{2},$ .
$+\sigma(t)^{2(i+1)-e}\tau(t)^{2*}\int_{0}^{t}||f(t)||_{(n-1)(i+1)}^{2},.dt\}$

Then there exists a subsequence of $\{u_{\delta}(t)\}_{0<\delta\leq\delta_{0}}$ which converges weakl]
in $\mathscr{G}^{0}((0, T),$ $H$ ). The limit function $u$ is a unique solution of the Cauch]
problem (2.17).
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Finally we state the following theorem as a combined result of
Theorem 1.1 and Theorem 2.1.

THEOREM 2.13. Let $P$ be a weakly hyperbolic operator with the
property:

The characteristic roots $\lambda_{j}(x, t, \xi)(1\leqq j\leqq m)$ are of the form $\lambda_{j}(x, t, \xi)=$

$\phi(x)\sigma(t)\tilde{\lambda}_{j}(x, t, \xi)$ where $\tilde{\lambda}_{\dot{f}}\in \mathscr{B}((0, T),$ $S^{1}$) are real valued, $\tilde{\lambda}_{i}\neq\tilde{\lambda}_{j}$ when
$i\neq j$ and $\phi(x)$ is real valued smooth function in $\mathscr{G}(R$“ $)$ . In addition
$\sigma(t)$ is the same function in Theorem 2.1.

Then the Cauchy problem for $P$ is well-posed if the lower order
terms $P_{m-j}(x, t, \xi, \tau)(j=1, \cdots, m-1)$ satisfy

(2.28) $P_{m-j}(x, t, \xi, \lambda_{i}(x, t, \xi))=\phi(x)^{m-j}\sigma(t)^{m-j}\tau(t)^{-j}K_{i,\dot{g}}(x, t, \xi)$

where $K_{i,j}(x, t, \xi)\in \mathscr{G}((0, T),$ $S^{m-j}$).
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