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Introduction

This paper is a continuation of the previous paper [9]. We retain
the notation used there.

Let (W, S) be a finite Coxeter system. If the rank of W is{, there
exist l-number of algebraically independent W-invariant polynomials

%, -+, ®; which freely generate the W-invariant ring. Let fy(x,, -- ., &)
be the square of an anti-invariant of W. Then there exist vector fields
X, -+, X, such that they form a free basis of the Lie algebra of vector

fields thereby the set {x € C; f5(x) =0} being left invariant. In particular,
we have X,fy=c(x)fy with a certain polynomial ¢,(x) (i=1, ---,1). We
studied in [9] the microlocal structure of the =.-Module

N =D / g Da(X.—acfz) (@aeC).

The main purpose of this paper is to determine the holonomy diagram
of the system .#7’ for an irreducible finite Coxeter system (except of
types E; and E;), which gives enough information for the system .47’

In connection with the study, we shall also obtain rather computa-
tional results concerning the basic invariants z,, ---, «;, which are com-
plementary to our study but may be useful to the theory of logarithmic
poles developed by Professor K. Saito (cf. [4]). Since we have only
intermediate results when W is of type E, or E;, we treat in this paper
the Coxeter systems of types A4, B, D, E,, F, G, H, H, IL(p).

§1. The holonomy diagram.

(1.1) We begin with explaining the holonomy diagram of a holonomic
system. The holonomy diagram gives enough information for the holo-
nomic system. A typical application will be seen in [3].
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For the notation, see [9]. Let X be an l-dimensional complex mani-
fold and let 7*X be the cotangent bundle over X. Let, further, =
denote the projection of T*X to ){/ A holonomic system & is then a
coherent =,-Module with codim,.; SS(#)=1l. An irreducible component
of S\./S(S,”) is called a holonomic variety.

The holonomy diagram of & is determined as follows. To each
holonomic variety 4 corresponds a circle inscribing 4. The diagram
@ —@ means that two holonomic varieties 4 and A’ intersect in a one
codimensional analytic subset. If 4,, ---, 4, are holonomic varieties such

that codim, (ANA4N --+ N4,)=1, then 4 and 4; (j=1, ---, k) are joined
by a branching segment starting from 4 and branching off at a point
in the k directions of 4, (=1, ---, k). If 4;, ---, 4,, are another holonomic

varieties such that codim,(ANAiN --- N4x)=1 and ANA4,N --- N4 #
AnAn --- N4, then the corresponding branching segments should
have different starting points. In this way, we can depict a diagram
consisting of circles and segments. This is the holonomy diagram of &~
If & is generatedvby an unknown function % and A4 is a simple holo-
nomic variety of SS(%), the order of w on A is sometimes denoted
beside 4.

(1.2) We now restrict our attention to the study of the system 2%
corresponding to a Coxeter system given in [9]. We always assume that
a Coxeter system is irreducible. The general case of a reducible Coxeter
system is reduced to that case. (cf. the first step of [9, Th. 4.1]).

(1.3) We refer the reader to [1], [9] for notation and results on
Coxeter systems. Let E be an l-dimensional Euclidean space with an
orthonormal basis {¢,} and E* its dual with the dual basis {¢}. Let W
be a finite irreducible Coxeter group acting on FE as a standard represen-
tation. Let R be the W-invariant subalgebra of the symmetric algebra
S(E*) of E*. There exist algebraically independent homogeneous elements
%, ---, % of S(&*) such that R=R[x,, ---, #;]. Let D(¢) be the product
of linear functions defining the hyperplanes of reflections in W. Then,
since D(¢)® is contained in R, we denote it by fw(x, ---, 2).

Let X be the quotient space of the complexification of E by the
action of W whose coordinate ring is C®QR. We use the notation T*X
and 7 as in (1.1).

(1.4) From the definition, the polynomials

1 & ox, 0%y . s q L.
m¢;(w)——2—k2=la—e:a—e: (Z, =1, » D

belong to R and the vector fields
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0
ax"

1
Xi=jZ=.1 M 5(2)

leave the set f57'(0) invariant. Hence we have

X, frr= () fw()

with certain polynomials ¢,(x) € B. It should be here noted that X, ---, X,
form a free basis of the Lie algebra & of vector fields thereby f;'(0)
being left invariant. It follows from this fact that

l
[X, X;] =kZ=‘.1 cii(@) X,
with cf;(x) € B. Putting a matrix

M(W; @z, -, @) =(m(2))s, 5211

we have
det M(W; x,, - - -, x))=cfw(®)

with a non-zero constant c.

(1.5) We shall discuss in the following sections the coherent =,-
Module

N =D [ 3, DX —ac (o)

corresponding to each Coxeter system of types A, B, D, E,, F, H, H,
L(p). For convenience we denote by u the generator of _#7’ which is
the class of 1e =,. In the sequel we always assume that a is not a
sum of a root of the b-function of f(x) and a positive integer.

(1.6) We now explain a procedure to determine the holonomy dia-
gram of _#7;’. There is a one to one correspondence between the totality
of holonomic varieties and the set of conjugate classes of S-subgroups
(cf. [9, Th. 4.1(1)]). Hence we first determine the latter. For a holonomic
variety 4, the order of © on 4 and the codimension of #(4) in X are
determined by [9, Th. 4.1(2)]. We next examine the intersections of
holonomic varieties. For this purpose, it is sufficient to investigate
whether two holonomic varieties interseet in an analytic subset of co-
dimension one or not. We have already obtained a partial result in
[9, Th. 4.1(3)]. But it may occur that there are holonomic varities 4
and A4’ with codim, (4N A4)=1 not satisfying that condition. One will
find this phenomenon in cases D, (I=4), F, and E,. In this way, we
obtain the holonomy diagram of _+7 .
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(1.7) In the following sections, we treat each type of Coxeter sys-
tems separately, and describe (1)-(10).

(1) Definition of the Coxeter group W.

(2) The W-invariant ring.

(8) The square of a fundamental anti-invariant of W.

(4) The matrix M(W;x,, ---, x,).

(5) Vector fields X, ---, X,.

(6) Commutation relations of X, ---, X, and the equation X,f,=
c®)fw-

(7) Conjugate classes of S-subgroups.

(8) Intersections of holonomic varieties.

(9) Properties of holonomic varieties.

(10) The holonomy diagram.

§2. The holonomy diagram of _#,;' for a Coxeter system of the
classical type.

(2.1) Type A,.

(2.1.1) The Coxeter group W(A,) of type A, is isomorphic to the ({+1)-st
symmetric group &,,;,. Let E’ be an (l+1)-dimensional Euclidean space
and let E'* be the dual space of it with an orthonormal basis {,, - - -, {i44}.
Let E be the subspace of E’ defined by {,+ .-+ +{,,,=0. Then W(A)
acts on K by permutation of indices of ({, ---, {iy,). The dual space E*
of E is isomorphic to E'*/R(,+ --- +&i)-

(2.1.2) Let S(E*) and S(E'*) denote the symmetric algebras of E* and
E'*, respectively. Let p,&, ---, {iy) (1=1=1+1) be the i-th elementary
symmetric polynomial of &, ---, {;;,. Define I elements =, ---, x,,, of
S(E*)=S(E"*)[p.S(E") by

z,=p, mod p,S(E'*) @2=i=1+1).

Then we have R=R[x., : -+, T144]-
(2.1.8) A fundamental anti-invariant of W(A4,) is

D={1;[j (€:—¢;) mod p,S(E"™)

and the square
fa @y -+, 1) =D?

is the discriminant 4(x,, - - -, ;,,) of the polynomial of the (I+1)-th degree
Plw)=u'"+zu' "+ out 4 - gy,

=11 w+2) mod p.SE™) .
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(2.1.4) We define polynomials m, (x) (2=1, j<l+1) by the formula

S @t = —L_(P/(u) P) — Pu) P'(0) -+~ P"(w)P'(v)
t,5=2 —v l1+1

(cf. [5, Prop. (2.4.2)]) and a matrix M(A; @, -+, Tir1) =(M(®))s, 522, 1410
Then we have

det (M(Ay; 5, -+, @u4n)) =(— D710 (@, -+ -, T11a)

(cf. [5)).
(2.1.5) We define differential operators
I1+1 a .
Xi=§2mi+2.1‘(w) . (7’=0, 1; Sty l——l) .

Then the following hold.

min (i, )

(2.1.5.1) [X’t’ X’] == (j'—'i) {XH,--—%H,-XO"I- (kai+J'—k—mi+j+1—ka——l)}

k=2

__("v_tll__)*t(%:_alxm X;_, +_(9_tl3_lJ)T(i_:ﬂwj+1 X.,.

2.1.5.2) X fuy=U+1—i) =5, fa, -

We shal prove (2.1.5.1) and (2.1.5.2) in (2.4).
(2.1.6) Any S-subgroup of W(A,) is isomorphic to W(A,,_,) X -+ X W(4,,,)
with a partition (n,, ---, n;) of I+1 and any two S-subgroups correspond-
ing to the same partition are conjugate in W(A,;). Therefore there is a
one to one correspondence between & (cf. [9]) and the set of partitions
(fny, -« -, my); Dk n,=1+1, n,=1}. We denote by 4,...,.,, the holonomic
variety corresponding to W(A4,,_,)X -+ X W(4,,-1)-

o (2.1.7) PROPOSITION. Given an irreducible component A=A,,,.....,y Of
SS(_+7"). Then the following hold.
(1) ecodimy () =3k, (n,—1).
(2) ord u=—23%, (n(n,—1)/2)(a+1/2).
(3) We use the notation (n,, - - -, n); instead of (ny, « -+, Ny, 3, ;i —3J,
N1, *, Wy). Then the holonomic varieties A,,,....np,; 1Sisk, 1=7<[n,/2])
have one codimensional intersection with A. Furthermore

if and only if 1=1..

The proposition follows from Theorem 4.1 in [9].
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(2.1.8) In this case, we amplify (2.1.7)(8) as follows.

PROPOSITION. Fix an irreducible component A=A,,,...,n, of S\é’(./lc‘,’).
Let (g, - -+, ny,,) be a partition of n, for 1=i<k. Then we have

We omit the proof since it is elementary but long.

(2.2) Type B,.
(2.2.1) The Coxeter group W(B;) of type B, is a semidirect product of
&, by (Z/2Z)'. It acts on (&, ---, &) by permutation of indices and ar-
bitrary sign changes.

(2.2.2) Let p(t, ---, t;)) be the i-th elementary symmetric polynomial of
t, -+, t,. Put

T =P, -+, &) (A=1=D) .

Then we have
R=R[x2, * 272;] .

(2.2.3) A fundamental anti-invariant of W(B,) is
D=¢, --- & II (£1—¢5)
1<y
and therefore fp (%, - - -, %) =D? is the product of x,, and the discriminant
A(x,, - -+, 2,) of the polynomial of the I-th degree
Pu)=w'+xut*+ -+« +x,
4
=TI (u+§£) .
i=1
(2.2.4) We define polynomials m,,.;(x) (1<14, j<I) by the formula
]
33, Mauss @03 =2 (WP (W)P(v) ~vP)P'))
(cf. [5, Prop. (2.2.2)]) and a matrix M(B;; x,, « -+, Tap) = (M;,25())s, j1,-.1-
Then we have
det (M(By; @5, - -+, ¥r)) =(—1D)H0U-272201, () .
(2.2.5) We define differential operators

0

]
X2i=z mt+1,:i(w) ('i:O’ 1! °t % l_l) .
i=1 ox

2§
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Then the following hold.

min (1,7)

2250 Koy Kol =@i—20){ Xt 3 @nXucrson—Tncrsmi-nKanw)] -

k=1

Here we understand z,=1, z,,=0 for k>1 and X,,=0 for k=I.
(2.2.5.2) X, f5,=2(l—0)sf5, (0=i=sl-1).

We shall prove (2.2.5.1) and (2.2.5.2) in (2.4).
(2.2.6) Any S-subgroup of W(B,) is isomorphic to W(B,,) X WA, D)X -+ X
W(A,,, for integers m, n, ---, with the condition

k
(2.2.6.1) ne+S,n,=0, n,=0, n=1 (@=1,---, k).

i=1
Here B,, denotes the type corresponding to the subdiagram (2.2.6.2) of
the Coxeter diagram of type B;.
(2.2.6.2) O—O—eee —O0—+0 (n, vertices) .
The groups W(A,) and W(B,) are isomorphic but not conjugate in W(B,),
because the lengths of roots corresponding to them are different. There-
fore there is a one to one correspondence between & and the set
{(ng; My, -+ -, m); 6=0, n, subject to (2.2.6.1)}. We denote by Aiuin,,-.np the
holonomic variety corresponding to the class of W(B,) X W(A,, DX +++ X
W(Ank-—l)'

o (2.2.7) PROPOSITION. Fix an irreducible component A=A ipyin, e OF
SS(_#3"). Then the following hold.

(1) codimy w(4)=mn,+ 3.k (n,—1).

(2) ord,u=—(mi+ 3k, (n,(n,—1)/2))(a+1/2).

(8) We use the notation (1 n,, « -+, W)y instead of (Mo My « ) Wiy
Fy Mi—Jy Massy +*, M) for LSk, 1=<j=<[n,/2] and (55 m—3, My -, n,) for
i=0, 0<j<n,—1. Then the holonomic varieties Auyn, -mp; have omne
codimensional intersection with A. Furthermore

A n A(‘»oml ;;;; ‘uk)‘j= A n A(no:n1 ,,,, AN
if and only if i=4" (cf. [9, Th. 4.1]).
(2.2.8) As in the case of type A4;, the following statement holds.

\/
PROPOSITION. Fiz an irreducible component A=A, ..., 0F SS(AZ).
Let (1, + -+, n,,) be a partition of n, for 1<i=<k and let (Mg, -, Nop,)
be a partition of m,—mn, with a non-negative integer M. Then we have
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k
(2.2.7.1) codimm (AN Aiuggings,-+-,mopgrmizsentpy) =po+§1 (ps—1) .

(2.3) Type D,.
(2.3.1) The Coxeter group W(D,) of type D, is isomorphic to a semi-
direct product of &, by (Z/2Z)"'. It acts on (&, - -+, &) by permutation
of indices and such sign changes (¢, - -, &) (6.8, - -, &&) that JI., e=1.
(2.3.2) Put 2,,=p,(&, ---, &) (1=5i<1-1) as in (2.2.2) and Y=¢& - &.
Then we have
R=R[x29 *c oty gy, y] .

(2.3.3) A fundamental anti-invariant of W(D,) is
D=]] (&—¢&%
i<j
and the square of D is
fD;(xzy *r oy Loy, y)=d(x2’ tc oy Lo, yz) ’
where A(x,, - - -, 2,_,, ¥*) is the discriminant of the polynomial
Pu)=w'+2u' '+ -+ +25_u+9y°
4
=II (u+4) .

(2.3.4) We define a matrix

2y

Il—l Il—l
M(Dl; Lgy *°y Topy, y)= 1 M(Bl; Lyy **y Tyy_y, yz) 1 .
2y

Then we have
det (M(Dl; xi!, Y le—h y))= _(_l)ul-“/zzl_zfl)l(xb R le—Z’ y)

(cf. [BD).
(2.3.5) We define differential operators X,, X,, - - -, Xo1_s, Y by the formula

‘ —MD,; z,, - (2 ... 9 9
o Xoy -2y K D=MDi iy -, 2 (5L o 52— ).

Then the following hold. (For the proof, see (2.4).)
min (1, 5)
[th, Xz;‘]=(2.’i—'2i) {quﬂ')‘l‘ ;“1 (xsz2(¢+j—k)—m2(¢+:’+1—k)Xz(k—1))}

0=1,5=1-2),
[Xe, Y]=(—2-92 Y~ (-1-i)yX,,,, (05i<1-2).

(2.3.5.1)
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Here we understand z,,=0 for k>l,.x,,=y2, X.,=0 for k=1, X, _,=2yY.

thfD,=2(l"‘":)(l'—":—1)wztfm 0=i=l-2),

(2.3.5.2) Yf0=0.

(2.3.6) Any S-subgroup of W(D,) is isomorphic to W(D, ) x W(A,,_,) X --- X
W(A,, ,) with integers n, n,, -+, n, subject to the condition

2.3.6.1) gnﬁz, =0, =1, m=1 @G=1,---, k).

Two S-subgroups corresponding to the same symbol (ny %, ---, n,) with
the condition (2.3.6.1) are conjugate in W(D,) except when 7n,=0 and all
n; (1=t1<k) are even. Here D, denotes the type corresponding to the
subdiagram (2.8.6.2) of the Coxeter diagram of type D,.

(2.3.6.2) o o coe =< (n, vertices) .

When n,=0 and n, (1=<71<k) are even, we use the notation (0; %, ---, n,)
and (0; n,, - --, m,)_ respectively for the choices of subdiagrams

-n;-l nz’—'l ﬂk"l
[0 [ X W} - N (o) eoe —O, soo, Qe 0060

and

m—1 na—1 ng—1
[0 L N} —() > O [N N J ——-—O, oo, o ooo—o\o

Therefore, if I is odd (resp. even), there is a one to one correspondence
between & and the set {(n,n, ---, n.); %, ---, n, subject to (2.3.6.1)}
(resp. the union of the set {(m,; %, ---, %); Ny, - - -, 1 Subject to (2.3.6.1)}
and the set {(0;n, ---, n,)_;n, 1=1, ---, k, are even, >, n,=1}). We
denote by Aiyiny,oinpy (OF Aigiy,....n—) the holonomic variety corresponding
to ('no; Nyy *° 2y ’nk) (Or (0; Ny + 0y nk)—)-

o (2.3.7) PROPOSITION. Fix an irreducible component A=A, ;n,....n;» OF
SS(.4."). Then the following hold.
(1) condim,; w(4)=n,+>%, (n,—1).
(2) ord,u=—(mn,—1)+>%L, n(n,—1)/2)(a+1/2).
(8) We wuse the motation (M, my, ---, M) (0S1<k) instead of (nm,;
Ny =y j; n{—jy Neyry 0 %y "’k) (léjé[ntlzl) fO’r 1=i<sk and (j;'no""j:
Ny -0, M) (0=Z5=<n,—1, 7#1) for 1=0. Then holonomic wvarieties
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Aingingseermpresy ONA Aoy —1,1,np,---,np D€81des them when n,=4, have one codimen-
stonal intersection with A. Furthermore

A n A(”O;”l"" =A n A("O"”l

imglgg At 4R (mping, e, LI

tf and only if 1=, and
AnA(o;no—x,l,ul,---.nk)—‘:/ln A("O""l ----- nEloj °
The statement holds if we change Aqgm,,....m,) SO Agimy, - mp—-

ProoOF. The proposition follows from Theorem 4.1 in [9] except the
statement concerning 4., —i,i,a,,...,sp- But this is derived from the fol-
lowing lemma.

(2.3.7.1) LEMMA. When n,=4, the holonomic wvarieties A and
Aoing—1,1,np,--,mp HOVE @ ome codimensional intersection, and

A n A(O;no—l.l,sp---mk) =A n A(O;ﬁo.ul,---ml,) .

ProoOF. First assume that =0 and prove the lemma. In this case,
4 is the conormal bundle of the origin in X. Put A'=4,,.,,, [=4.
Then it suffices to show

An /1'=An A(o;;) .

To prove this, we put ¢,, =3y, & v=1,2, ---,1-1), y=¢ --- & and
take (q,, « -+, @a_s, ¥) a8 a coordinate system of X 1nstead of (x,, « -+, Zoy_y, Y).
Let us denote by A'*°® the regular part of 4’. Then we have

A8 = {(q:, vy Qs Y, Cz, °t %y Cﬂ—z’ v) eT*Xx ;

@ =1—1D&"+&@=1, .-+, 1—-1), y=£"6 (6,#8&) ,
z o, er— + 1Y ’Z_” =0 (i=1, 2)}

Each element (g, - -, @u_s, ¥; sy ++ ¢, Cus, M) of A'™°® gatisfies the condition

cz+z»cg.,5* =& o,
_Ez
4C +2 2»{ gu—-z 2v—2 EI—B v.__
4 2y 51 62 E
Taking an analytic path & =t, &=at'"* (a+0) and letting ¢ tend to zero,
we have that {,=0 and 4a{,—%7=0. Since we can take a0 arbitrary,

we finally obtain
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Aﬂ A’:{q2; sy Qo Y, Cz, Tty ‘:21-—2, 77) € T*X;
Q= -+ =(Qy_,=yY=0, C2=0} .

Then the right-hand side of this coincides with 4N 4., (cf. [9 Th. 4.1)).
Hence we have proved the lemma for the case k=1.

The general case is proved by an argument similar to the first step
of the proof of Theorem 4.1 in [9]. Q.E.D.

(2.3.8) The case of type D, is more complicated than the cases of types
A;, B, to describe the codimension of the intersection of two irreducible

components. Let (n,; n, ---, n,) be a symbol consisting of integers with
the condition (2.3.6.1).

PROPOSITION.
Case I. m,=2. Let (n,, «--, ny,) be a partition of n, for i=1, ---, k
and let (ny, - -+, N,,) be a partition of n,—mn, with a 'no'n-'nega.ti've integer
Ny Mot equal to 1. We put A=Appny,....np ond A'=

Then
k
(2.3.8.1) codim, (4N A')=po—e+i§ (p.—1) .
Here e=1 if My, Ny, Ny, - * +, Nop, 30ti8fY one of the conditions in (2.3.8.2)

and €¢=0 if otherwise.
(2.3.8.2) (i) my=4 and n,=0.
(ii) When 2= p,=[n:/2]: nes=1 for some 1i.
When [n,/2]+1=ZD,: ny,=3 for some 1.
In case =0, (2.3.8.1) holds if we exchange A for Ay, ...mpppnitr - snpp)—
Case II. %,=0. Let (ny, ---, By, (E=1, ---, k) be partitions as in
Case 1. We put A= Agn,,....nyy 0N A'=Aiginyy, - mppy) (resp., A= Agin;,..,np-3
and A'= Ay, .., o)~ when all n,; are even, or A=Ay, ) when one
of m;; 18 odd). Then

(2.3.8.3) codim, (4N A")= g”; (p.—1) .

Since the proof is elementary but tedious, we omit it.

(2.4) Proof of (2.1.5), (2.2.5), (2.3.5).

In this paragraph, we prove (2.1.5), (2.2.5), (2.3.5). For convenience,
we first prove (2.2.5), next (2.3.5) and finally (2.1.5).

(2.4.1) PROOF OF (2.2.5). We first prove (2.2.5.1) by induction on I. |
It is trivial for the case I[=1. Assume (2.2.5.1) holds for B;,_, and prove
it for B,. The vector field X,, is rewritten in the form
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1 & ox 0
X, == pIUES VLA
=g 08, 08

Comparing the coefficients of /08, of both sides of (2.2.5.1), we have
only to prove the following equation for each m (1=m=<l):

! ox X, ; ox. o*x
2.4.1.1 2(4+1) 25+ O%a¢i+n) 2(4-+1)
( ) Z( 08,  0£.0%nm 08, OL.0fa )

1
4= {3 (st g BN <)
We may assume m<! without loss of generality. Let us denote by .,
(1=¢=<1-1) the i-th elementary symmetric polynomial of &, ---, &_,. It
should be noted that x,,=£&4%,,_,+¥.. Here we understand y,=1 and
Yu=0. For simplicity, we define

n=1

A~ 0°Yais 0Yzii+n 'Y
A f— 2(4+1) 2(9+1) ___ 2(5+1) 2(4+1)
i 9) Z( 08, 08,06.  O&, ae..ae..)

i
B(z, 3)= % (%k—ay—z(‘geﬁl;& —Y2tutit1-k) aat:z" ) .

Then direct calculation shows that

n=1

]

(2.4.1.2) 3 0%yusny Oy _ 0yijan azxz(un)
»=t ae" ae”ae'l 35 ” af nae m
= A(i—1, — gt

+{4G-1, )+ 4G, §~1+4(s g?e’m —y,;%)}57+A(i, 3,

‘ r3
(2.4.1.3) 3, (wzké%“ge’—-%—m-—%uﬂ'ﬂ—m ?‘)2?)

=B(1—1, j—1&i+(B(i—1, 5)+ B, j—1)&+B(, 7) -

=0

On the other hand, it follows from the induction hypothesis
A(t—1, j—1)=4(j—?)B(1—1, 1),
A(—-1, =4 —1+1)B(i—1, 3),

A(t, j—1)=4(j—i—1)B@, 5 1),

A(i, )=4(F —9)B(, j) ,

and the definition of B(i, ) shows

(2.4.1.5) B(t, j—1)—B(i—1, j)=vu ‘;’e’f ~y2;———‘;g: :

(2.4.1.4)
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In view of (2.4.1.4) and (2.4.1.5), we conclude that the right-hand side
of (2.4.1.2) equals to that of (2.4.1.3). Hence (2.4.1.1) is proved.
Next we prove (2.2.5.2). For this purpose, we define ¢, (x) by

XszB;(x) = czi(x)fB;(w) .
and show
‘ Co(@)=2(1 — 1)@,

by induction on . It is trivial for the case [=1. Assume that (2.2.5.2)
holds for B, ,. We employ the notation in the preceeding argument.
Let us define

D=g ---& II -6,

1gi<is!

D'=g &, T (-8 .

15i<jsl—-1

Then D and D’ are the fundamental anti-invariants of W(B;) and W(B,_,)
givn in (2.2.3), respectively. In particular, it follows that

1—1
D=¢ 1 (&—8D' .
We define ¢, (y)=2(—1—1)*y,; 0=<i=<l1—1). Then the induction hypothesis
implies

ch(y)= o a?/2u+1) (log D).
* k=1 a&k 0%

In view of this, we have
2.4.1.6)  op@=3%um 9 (o0 D)
k=1 08, 0&
= E%cé(i o(¥) +es(y) + 2y2z

+4 Z (Ezyzu-n—i-yg;) — 48 2 Yai

sl sa—g

Here % denotes the i-th elementary symmetric polynomial of &, ---, & _,,
&, -+, &_,. Owing to the identities

Yoi=EWYu—n + yzﬁi
I—1 . .
k2=1 Yu=>10—1—)¥u ,

we have

3 G robzEo=a (3 ) + 10w

éz
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Substituting this equation to (2.4.1.6), we have

Cou(®) =120 —1)"Yae—0 + 200 — 1 — ) yus + (4L — 1 — 1) +2)y,,
=2 —1)*xy, .

(2.4.2) PROOF OF (2.3.5). For convenience, let us denote by X;; (1=
0,1, ---, 1—1) the vector fields specified in (2.2.5). Then Xo Xoy o0, Xotoays
Y are obtained from X/, X;, ---, X/,_,, in the following manner. Let

0
axz,'

be a vector field on the (x, ---, #,)-space. Then we denote by Zl,,-,
the pull back of Z along the map (x,, ---, Loi—nyy P> (Xzy * <+, Taq_yy, Y.
Namely

1
Z='21 @i (@, -+, To)
’._—

0 1 n O
——ay(Zs, -, Loy, —
% +2y (2, 2(1—1) y)a

-1
Zlﬂzz=vz=zi @i (X -0y Ty, YY)
’=

Under this notation, we have
Xoi=Xotlog=ye (0=1=1-2),
Y = o (Khucolog) -
Due to this relation and (2.2.5), it is easy to prove that (2.8.5.1) holds

at least for 4, j<l—1. We must examine the remaining case j=1I1—1.
In this case, (2.2.5.1) implies

[ Xz Xeun]=2(0—1— D) (@2 Xo0_1) + T X)) -

It follows from this commutation relation that
[Xm Y]=[qu %y(xz'(z—nlzgﬁyz)]

= X5 )@Y+ Gl Kby, (Kl

= —(l—0)2 Y +(1—1—12)(22,,Y — YXoi_v)
=(l—-2—Dx, Y —(1—1 — )Y Xy -

Here we used the equations

Xz,(i-

(Xl ogims®)y (Xdtnlagymy®) = [ Xty Xtoollagost -

).____U:yi% (cf. (2.3.4), (2.3.5)),
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Hence (2.8.5.1) is proved.
The identity (2.8.5.2) is derived from (2.2.5.2). Actually, due to the
relation
I, (% -+, Toanyy y2)=y2fpl(w2, ce ey Xoaony Y)

it follows that

1
XoiS 0, (%, +, Tau_ny Y)= {Xz’t <?c—2,—f3‘(x2’ ) le))} —_—
=2(l—i)(l_1—i)x21fpl(x2, sy oaony Y)
for 1=0,1, ---,1—2. A similar argument shows that

Yfp, (22 -+, ®aqn, ¥)=0.

(2.4.3) PROOF OF (2.1.5). We denote by X the (p,, - - -, Pis,)-space and
rfgard X=EQ®C/W(A, as the subspace of X defined by {(»,, ---, Pis) €
X: p,=0}. Inparticular, p,/;==, (cf. (2.1)). We define polynomials #,;(p) by
(2.4.3.1) —i— ‘lzzo F‘ti(p)u’“"'v‘*“":-;%;(uP’(u)P(v)——'vP'(v)P(u)) ,

where
P(u)-—-—u‘“+p1u‘+ ces D

i+1
:1::[=:-[1 (u+Ci) ’

and vector fields

Z=L S p. 02 =01, -1
o & iy, s p)_é—_ (=0,1, ---, 1)
J=1 p"
(2.4.3.2) L1 5 L
Z_,= l4+2—9)p;— = Z).
5=1( J)D; lap,- ( Do l)

Then we have

. - min {4,5) . .
[Z, Z;]=2(5—"%) {Z¢+5+ kgl (ka¢+j—k_p£+j+1—ka-—1)} (¥, 7=0)
[Z—-n Z)=1—-DZ,_,+pd_, (*t=0) .
This follows from (2.4.3.1), (2.4.3.2), (2.2.4) and (2.2.5). We define

(2.4.3.3)

’ 2 +1
Zi=14— 'lb-l_‘:l y JI0V/

(1, o G+HDA+2—)) A XA e ]—
—%(4”&1,:(?) I+1 pt+1p:—1)apj (=0, 1, ,1—1).
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Since
- 1 —_ 'i(l+2_j) . TH1—i,l+1—35
"’Z;o (Z#u(p) ——l_l_—l——p,p,_l)u v
_— _1___ 4 — ’ __]_-_ ’ ’
= —u{ I PP @)~ P Pw) — 1 P'w)P')
and
Xp,=0,
it follows from (2.1.4) that
Zt’lx:Xi .

On the other hand, it follows from (2.4.3.3) that

. , min (4,5) ’ ’
(2.4.3.4) [Z], Z]]1=(G—9) {Zi+.1' + kg; (VA —Zh+:‘+1_ka—1)}

_L+D—g) , 7+t D(—1)

"
T+1 I+1  Pindin

i+1

(mod ~3Z_,)

where <’; denotes the sheaf of holomorphic functions on X. Since
[Z{, Z{]lp,=0 and Z_,p,=1+1, both sides of (2.4.8.4) must be equal. Re-
stricting (2.4.3.4) on X, we obtain (2.1.5.1).

We next show (2.1.5.2). Let f(p) be the discriminant of P(u). Then
we have fp  (D)=91..7(») and fly=f,. Since (2.2.5.2) implies

Zife,=U+1—9)fp,, (i=0,1, ... 1),
we have
v F__ _ ’b"l"l 1
Zif= (Zt -l_-‘}—‘—l—pi_i-lz—l)(mflh-‘-l)
=l+1-)A—3)p. f .
Restricting this equation on X, we obtain (2.1.5.2).

§3. Type F..

We first remark that partial results are already given in [5] and [6].

(8.1) Let {e, e, ¢, ¢,} be an orthonormal basis of a Euclidean Space
E=R'. The set of roots of type F, consists of e, te; (i<j), *e (i=
1,2,8,4) and (te,+e,+¢,1¢)/2. We may take a,=e,—e;, Ay=¢e;—e,, a,=e¢,,
a,=(e,—e,—e;—e,)/2 as a fundamental system of roots.
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Let us denote by s; the reflection of E with respect to the root «;
(1=1, 2, 3, 4) and put S={s,, s,, 8, 8,}. The Coxeter group W(F,) of type
F', is the group generated by S. It is known that W(F,) is a semi-direct
product of the Coxeter group W(D, generated by {s,8:8,8:8,, 8;, 8, 8:3:8:}
by the symmetric group of degree three generated by {s, s,}.

(3.2) Let E* denote the dual of E and let {g, &, &, &} denote the
dual dasis of f{e, e, €, ¢e}. Put ¢,=>_,&* (v=1,2, 3,4). Then the
polynomials

1

Ye="5s

Yo=3¢s— 145 9:9,+ ig a: ,

Ys=9¢s— 221 9295 — 241 qi+ 683 ¢:q,— ZZ q: ,

Y12=9¢,9s— 287 a3qs ——g—qﬁ 3:? ——q:9.qs+ iz 9295 — 147 —qi+ %qéqi
s b

form a generator system of the W(F)-invariant ring.
(3.3) We introduce an orthogonal transformation * of E* defined by

*: (&, &ar &ay &) — 1/2 e (G &y 81— 8y B0 &8

and write f*(¢) instead of f(*¢) for a polynomial f(¢) on E.
Define

DO=1L E—&)
and

D(&)=2""D"(©)D"™ (&) .
Then D(¢) is a fundamental anti-invariant of W(F,). Accordingly, the

square of D(¢) is a polynomial of ., ¥, ¥Ys ¥ We denote it by
Fr (Y2 Yo, Us, Y1»)- Then we have

A\ 1 1 1,
fr ()= 6'”{ (?/e'*‘yzya_"]i'yz) +27(ym+3y§ys~—6—y§+3yzye>z}

X {4(118—%% —i—yz)3+27(:1/12 ——%—yéyﬁ%yﬁ—é—y:ya)z} .
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(3.4) Put

—1 < 0y 0y;
md(y) 2 5__:‘. a ae

Then direct calculation shows

Me(Y) =Y , Mys(Y) =3Ys » Mos(Y) = 4Ys , My 12(Y) = 6Y,, ’

Mee(Y) = —15yzys+—;iy2 ’ Meg(Y) = — 18y, —6Y3Ys ,

Mg 1 (Y) = 4Yi — Yty + 4Y3Y5 Mg(Y) = —TY3ys+ TY:Y5 + %yé ’

Mg 12(Y) = Y3Yels — Vs —%ygua ,

My, (YY) = llezys 131 ——YYsYs+ 161 ——YsYi+ ']?.—2'1151 .

We introduce a matrix
M(F,; Y2y Ysy Ys,y y12)=(mtj(y))t..i=2,0.8.ll .
Then we have

det (M(F4; ?/2, yﬂ) '!/8, ylz))=2m312fi'4(y2; ’llo, ya, y12) .
' (3.5) Define vector fields Y,, Y,, Y, Y,, by

¢ 2,2 :
(Yo, Yy Yo, Yio)=M(F\; Yy Yo Yor o) <a Y, 0Ys’ OUs ayn)

Then the following hold.

([ Yo, Y2¢]=iYu (7:=0, 2, 3, 5) ’
Y, Y ]J=—-389y. Y, —41Y,—3Y,,,
1

@51 J[¥o Yol= —6u(uiv—501) Yot Suin Yo+ 8(ys—501) Vo,

(Yo, Yyl= 4%%(% —%ys) Y.+ {%(yiya ——;—yi) +%y§(ya ——l—yz)} Y,

+2y:. Y, .

(3.5.2) Y.f, r,=12f F, Y.f 7,=0, Y.f, .= —6Y3f Fy» Y.f F,= 6Y2y,f, F,

(3.6) There are twelve conjugate classes of S-subgroups of W(F)
(cf. Table 1). Taking into account that the root system of type F, con-
sists of long roots and short ones, we use the symbol A* in Table 1 to



denote the root system of type A, consisting of short roots (:=1, 2).
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(3.7 For each irreducible component 4 of S\é(./Va’), ord,« and

codim, 7(4) are determined by [9; Th. 4.1].

The holonomy diagram .of

S\é(./f/;,’) (Figure 1) is obtained by the use of Theorem 4.1 in [9] and

TABLE 1
F,

No Type 5 ‘Subset of S ordsu codim x n(A)
1 @ D 0 0
2 A {81} —(a+1/2) 1
3 Af {2} —(a+1/2) 1
4 A} A¥ {81, 84} —2(a+1/2) 2
5 A, {81, 82} —8(a+1/2) 2
6 A¥ {83, 84} —3(a+1/2) 2
7 B {82, 83} —4(a+1/2) 2
8 Ay x A¥ {81, 82, 84} —4(a+1/2) 3
9 AQ(A;'< {81, 83, 84} —4(a+1/2) 3

10 Bs {81, 82, 85} —9(a+1/2) 3
1 Cs {82, 83, 84} —9(a+1/2) 3
12 F, {81, 82, 8s, 84} —24(a+1/2) 4
0 /A (¢)\
1 A(Ay) A(AD
~N
2 A (A, X AY)
3 A4, A(AY
\ /
4 A(A, XA/ A(B,) \A (A4, XA
5
6
7
8
9 A (B,) A(Cy)
10
:
:
23
24 A(F,)

FIGURE 1 F,
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Lemma (3.7.1) below. It should be noted that any S-subgroup of a
Coxeter group is also a Coxeter group. In Figure 1, 4(X) denotes the

irreducible component of SS(/V') corresponding to the eclass of an S-
subgroup G of W(F,), where G is a Coxeter group of type I (cf. (3.6)).

(8.7.1) LEMMA. A(F,)N A(B;)=A(F,) N A(B,).

PROOF. We employ invariants «,, @, &, %,, defined by

=Y, , L= _'g‘ya+5yg= _2‘16+%Q2Q4 ’
3.7.1.1)
Ty= — Uy tloF = — Byt g+ gl,, Te=y
8 g Yo 5 Vil 122 s Ty 8T8 12 12

as a generator system of the W(F))-invariant ring. Take (x,, %, ¥, .;
N2y Ny Nsy 12) @8 a coordinate system of T™X. Then if (x;7%) is contained
in the regular part of A(B,), x,, %, ; ., are defined by (8.7.1.1) with the
condition £,£,+0, &1+£2, £=¢,=0, and 7, 7, 7, 7. satisfy the relations

(B.7.1.2) 7.+ (3¢1+ 106363+ 562)7 + (461 + 21163 + 2881t + TeDN: 4 f(&5, £)7..=0
(8.7.1.3) 7+ (3654108561 +5¢1)7, + (462 + 216361 +2883¢1 + TeDN: + f(8, £D7..=0,

where f(u,, u,) is a homogeneous polynomial of degree five. Subtracting
(3.7.1.2) from (3.7.1.3) and dividing the result by &.—¢2, we have

(3.7.1.4) 2(81+ 297+ (361 + 108362 + 3+ 9(&L, £9)7,.=0,

where g(u,, u,) = (f(u,, u,) —f(u,, u,))/(u,—u,) is a polynomial of degree four.
Take an analytic path g,=t+at’, &=V —1t, £=£=0 (0<|t|<2 a1
and let ¢ converge to zero. Then (3.7.14) turns out to be

3.7.1.5) 4a7n,—47,=0
Since a can be taken arbitrary, it follows from (8.7.1.2) and (8.7.1.5) that
AF)NAB)={(x, 7) € T*X; =0, 7,=0} .

The right hand side of the above equality coincides with A(F,)N A(B;) by
Theorem 4.1(3) in [9]. Hence the lemma.

§4. Type E,.

(4.1) Let E’ be an 8-dimensional Euclidean space with an orthonormal
basis {e, e, - -, ¢;} and let £ be a 6-dimensional subspace of E’ spanned
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by e, ---, es and e,=(e;—e;,—e,)/V' 3. The set of roots of type E, con-
sists of

de,+e;, (l<i<j<5), i%{i‘,(—l)”“’ei—i—l/—ge;} with >(i) even.
=] =1

We can take

1 Vv
a1=_2—(31"‘62—63"64—35+ 335) ’ a,=e,t+e, , ;=6 —¢, ,
a,=e;—e, , a=e,—¢, Ay=6€;—¢, ,

as a fundamental system of roots.

Let us denote by s, the reflection of E with respect to the root a,
(¢=1, .-, 6) and put S={s,, ---, 8;}. Then the Coxeter group W(E, of
type E; is the group generated by S. It is known that W(X,) is identi-
fied with the group of the 51840 automorphisms of the 27 lines on a
general cubic surface.

We change the basis of E by the orthogonal transformation
(fl: Sty ‘fe)z(elp Ty GQ)P, where

[ 3 -1 0 0 —'% 1ﬁ
—v'3 1 0 0 —v'3 1 -
1 cma— N—
P= 1V'8 1 43 0 118 1|
22| 17 1 23 2 13 1
1V'3 1 28 —2 13 1
| -1 V¥ 0 0 1 V'3

We shall identify (u,, v,, ., v,, %, v;) with the vector
U S+ Vo F U s+ Vot Us fs+ 05 S

Then a; (=1, ---, 6) are represented as follows:

a1:(09 —V 2; 0, 0: 0’ 0)
a2=(0, 0,00 — Y6 ____V2>

2 ' 2
a4=(1/3—§—,0, ‘/36 0, ‘/f,o)
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a5=(09 0’ _‘—_6—7 _2—'v Or 0)
2 2
a,=(0,0,0, -1+ 2,0,0) .
(4.2) The algebra of W(E,)-invariant polynomials is generated by
six elements of degrees 2, 5, 6, 8, 9, 12. We describe a complete set of
six fundamental invariants indicated in J. S. Frame [2]. Set

p,=ui+vi, q¢=—;—ui—umi , 1=1,2,3.

Then the fundamental invariants »; (¢=2,5, 6, 8,9, 12) are defined as
follows: (We use the notation z, (¢=2, -, 12) instead of 4, B,C, H, J, K
in [2].)

, 1
%=21p, 1, 11"

z=1g, p, 1|
1
z=19", p, 1 —21p, B, PI"+ 0", 1, 11" —5lg, ¢, 11" ,

xs=—;-lp2, ?°, ll“——;—lpz, p, p|*+2|¢?, p, 1|* —6lq, qp, 1{* +4lq, q, p|*

x,=|qp, D, 1|+2[q, », p*|+4lq, ¢, 1
2
L= —%—Ipa, p°, 1|* — |p®, p°, p|* +§lp2, ?°, p°|* +4lg*p, p*, 1"+ 2|¢’, p°, 1]*
—6|g¢*, »*, p|* —10|qp’, ap, 1|* +4|qp? q, p|* +12|¢p, qp, D|*
_10qu: qr p2|++4|Q9 Q, ps|+—8|qs, qr 1|++16|q2, q2, 1|+_8lq2’ Q, q|+ .
Here p="(p,, D, Ps), 4="(qy, = @), 1="'(1, 1, 1), and the notation |u, v, w|*
and |u, v, w| for three vectors w, v, w are permanent and determinant,
that is:
[u, v, W|* =u, (VW + VW,) + U (VW + V,W;) + Ug(V, W, + VW)
lu, v, W|=u,(V,W; — VW,) + U (VsW, — V,W3) + Ug(V, W, — VW) .

4.3) If we put

Som="1; cO8 21 4, sin 2’:’3"” ,
i, m=1,2 3,
_ . 2mm 2mm
Sim= —u;sin + v, cos 3

v fkmn=¢1k+¢2m+¢3n ’ k, m9 n=17 2’ 3 ’
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then f,,=0 and f,..=0 define the reflection hyperplanes, and hence a
fundamental anti-invariant of W(E,) is given by:

p—( it 7)( 1 7).

ym,n=1
As usual, we define
2 __
D*=f Eg(xZQ L5, Loy Tsy Loy L12) -

(4.4) We define polynomials m,(x) (4, 1=2, 5, 6, 8, 9, 12) by

m= 5 5 a2 o 00)
BT e i e L
Then we have the following.
my(x)=12, (1=2,5,6, 8,9, 12), Mygs() = T Mge(X) = 92, + 252, ,
Myss(X) = BX,X, + 42574 Myge(X0) = %xm , My 12() = 624X + T, 0205+ 1025
Mge(x) = 102,20, + 200500, + 4023 Mmes(x) = 12, + 4aiw, + 102,25 ,
Mge(X) = B2, + 13,2 Mg 1,(2) = 6232, + 5OX,Xxx, + 8k + 3223w, ,

Myge(X) = 62,2, + 28,2, + 4205 + 6235 ,

Mogo(2) = 622, + T, x5 + 1023 (= M5 15())

Mg 1o(X) = 6X42,, + 1823 + 262200, -+ 42,205 + 262325 + 162,057,

Moge(X) = 42,2052, + x5 + 4o,

Mg 1o(X) = XX, + TL, 25X, + 2820, + 8L 5025 + 62505

M5 15(%) = BX, 6%, + 24220, -+ 102202 + 440,220, + 402,052,005 + 425 + 2BX5250,

+ 162322 + 402,25 . '
Using m,;(x), we define a matrix
M(Ee; Xy, L5, Lgy Lgy Lgy L12) = (M 5(%)), 5=2.5,6,8,9,12 -
Then we have
det (M(Ey; ) =2"87"f 5(%) -
(4.5) Define vector fields X,, X,, X,, X,, X;, X,, by

0 o0 o0 o 0 0 ) '
ox,’ 0x, 0T, 05 0%, 0%y

' t
t(XO’ Xa, Xb XB; X?, X10)=M(E0; m) (
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Then the
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following hold.

[Xo, Xt] = iXi (7: = 0, 3’ 4, 6’ 7: 10) ’
[X;, X ]=4z2. X, — 2} X, + X, ,
[X;, Xo]=38xX,+ 22, X, + 2. X, ,

[Xa, X'I] = %Xm ’

[Xs, Xio]l =552, X, + (8,05 + 1425) X, + 4%, X, + 3,0, X, + 22, X,

[X,, X.o]=(—4x.2,+1025) X, + 203 X, + 2X,, ,

[X,, X;]= —6x,2,X,+ 3%, X, + 82, X, + 33 X, ,

[X., Xi]=3(—x.2,, + 102,2,) X, + 6(52,2, + 42,2,) X; + 1222 X, + 62, X,
+102,2,. X, +42: X, ,

[X,, Xo]l= — 322, X+ (@205 + 223) Xy — 20, X, + 2,2, X, + 22, X,

[Xe, Xio]=82,2,2, X, + 2(Txie, + 1222, + 42,2,%,) X, + 4,22 X,
+ 2(,%5 — 25) Xo + 2(420, + 2325) X + 200, X o

[X:, Xio]l= (B2, + 3astr, + 4a,23) X, + (3,20, + 24,2, + 22308) X,

\ + 42,2, X, + 32,00, X — (0,5 + 405) X; — 2,2, X .
(4.5.2) {XOng = 72fE3 ’ Xsfze': 0, X4fE., = 30x§fE, ’
X fry=24%,f g, » X f, £e = 12825 f &, » Xif, £y = 24(, %5 + 5%3) f &, -
TABLE 2
E,

No. Type 2 Subsut of S ordsu codimx n(4)
1 1) %] 0 0
2 A, {81} —(a+1/2) 1
3 A1 XA,y {81, 8s} —2(a+1/2) 2
4 A {81, 82} —8(a+1/2) 2
b5 A3 XA X Az {81, 84, 85} —3(a+1/2) 3
6 A XA {81, 83, 86} —4(a+1/2) 3
7 Aa {81! 83, 84} - 6(“ + 112) 3
8 Az X Al X Al {sh 83, 82, 30} —5(0! + 1/2) 4
9 A XA, {81, 83, 85, 86} —6(a+1/2) 4

10 Aa X Al {811 83, 84» 80} _7(a+1/2) 4
1 A, {81, 82, 85,84} —10(a+1/2) 4
12 D, {82, 85, 8¢, 85} —12(a+1/2) 4
13 A X A X Ay {81, 83, 8s, 8s, 82} —T(a+1/2) 5
14 AXA {81, 82, 83, 84, 86} —11(a+1/2) 5
15 A5 {slv 83, 84, 85, sﬂ} _15{a+1/2} 5
16 Dy {81, 82, 8, 84, 85} —20(a+1/2) 5
17 Ey {81, 82, 83, 8¢, 85, 8¢} —36(a+1/2) 6
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(4.6) There are seventeen conjugate classes of S-subgroups of W(Ee)
(cf. Table 2).

(4.7 For each irreducible component A4 of S\é’(./l/,,’), ord,« and
codim, 7(4) are determined by [9, Th. 4.1]. The holonomy diagram
(Figure 2) is obtained by Theorem 4.1 in [9], Lemma (2.3.7.1) and Lemma
(4.7.1) below. In Figure 2, the notation A(Z) has the meaning similar
to the one in (8.7). .

(4.7.1) LEMMA. Let X=D,, A, or A, xA,. Then
A(Ee) N A(Z)': A(Ee) N A(Du) .
PROOF. The proof runs as same as that of Lemma (8.7.1).

(4.7.2) REMARK. We can also check that 4(4,x A, X A,) (or 4(4,x A4,))
A(E,) intersect in a 2-codimensional analytic subset. ,
§5. Type H,.
(6.1) Let E=R’and let {g, ¢, ¢} be an orthonomal basis of it. Define

1 _
a,=e, , a2=——(ael+aez+e3), a=e, ,

where we put a=(1+1V"5)/2 and a=1—-Vv"5)/2. We denote by s, the
reflection of E with respect to a; (¢=1, 2,3). Then we have

(6.1.1) si=id. (=1, 2,3), (818,)°=(8:8,)*=(8,8,)*=1id.

The group generated by S={s, s,, 8} is the Coxeter group of type H3
We denote this group by W(H,). The fundamental relation is given by

(5.1.1).
(5.2) Put

P, =81+8&+6E, D =&+ $§6§ + 83635, Pe=E18365
d=(E—&)E -8 —8) .
Then the polynomials ‘
%, =P, , ®e= —11p+p:0,+V 54,
L= 95p4pa - 32p§pe - 5p2pi + 2pgp4 + 3274( V' 5 d)

form a generator system of the W(H,)-invariant ring.
(5.3) Put
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DE=2" 11 (5:8)"(&) -

Then D(£) is a fundamental anti-invariant of W(Ha) and [y, (X, X i) =
(D(g))* is given by '

Fira) = — 403+ — 40, + léixg)xgxfo + (18024 + 48wz + }g‘ixg)xzxaxm
(54 3 32 6 16 9 2
—( 54ad + 92x3x; + 8xix, +—5—x2 x: .

(5.4) Put

1 & ox, ox; . .
m..(x)=— _— 2 =2, 6, 10) .
i ) ) kz.=1 3, 08, (2, J )

Then straightforward calculation gives
Mys(X0) = 20, , Mge(0) = 6, My 1o(X) =102y, ,

Mrge(X) = 4%+ 403%s Mg 1o(X) = 142,25 + 4225, ,
My 10(X) = 1528 + 4docse,, + 183 .
Define a matrix

M(H,; x5, 5, X10) = (M 5());, =2,6,10 -

Then
det M(Hy; ®,, %4, ®10) = 10f 5, (202, T, L) -

(5.5) We define differential operators X, X,, X; by

t . . tf 8 6 3
(X X,y X =M(Hs; 7, 00, 1) (501 501 50—
Then the following hold.
(56.5.1) [X,, Xil=kX, (k=0,4,8), [X,, Xs]:(4x§+8x§xe)Xo+8xzxsX4 ’

(5.5.2) Xofu,=30fm,, Xifu,=4ifu,,  Xofu,= (2000 +822)f, :

TABLE 3
H;
No. Type 2 Subset of S ordsu codimy w(A4)
1 ) @ .0 0
2 A {81} —(a+1/2) 1
3 W {84, 83} —2(a+1/2) 2
4 A, {82, 83} —3(a+1/2) 2
b L(5) {81, 82} —5(a+1/2) 2
6 HB {81) 82, 83} —15(a+1/2) 3
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A (I(5))
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(5.6) There are six conjugate classes of S-subgroups of W(H,). They

are listed in Table 3.
(56.7) The holonomy diagram is given in Figure 8.

§6. Type H,.
(6.1) Let E=R* and let {e, e, ¢, ¢} be an orthonormal basis of it.
Define

a=e,, a2=%(ael+a‘e2+es) ’ az;=e; , a,= _%'(aez’l'es'i‘del‘) ’
where we put a=(1+1"5)/2 and @a=(1—1"5)/2. We denote by s, the
reflection of E with respect to a; (¢=1, 2, 8, 4). Then we have

si=id. (=1, 2,3, 4),
(8,8:)° = (8:85)° = (858,)° = (8,8,)* = (8,8,)* = (8,8,)* =1id.
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The group generated by S={s,, s, 8;, 8,} is the Coxeter group of type H,.
We denote it by W(H,).

(6.2) Let {&, &, &, &)} be the dual basis of {e, e, e, ¢}. Let W(H,)
be the S-subgroup of W(H, generated by {s, 8., 8}, and z,, %, «,, the
generator system of the W(H,)-invariant ring specified in (5.2). Then
the following polynomials 2, 2, 2, 2 Of {&, %, %, %} form a generator
system of the W(H,)-invariant ring (cf. [5]).

=&+, ,

21y = — 20,810 + 6283 +- (832, — 142323 — (88er,2, — 13282 + (1120, + 29 &4
— X, %50 + —g—xﬁ ’

Zs0 = 402218 — (8025 + 202321t + (138,20, + 44 x) 21 + (180, — 402050, — 4425)E7°
+ (— 464w, + 29422 + 4023w, + 4428) 25 + (29623, — 306,25 — 138x300,
— 202088+ (— 11424, — 76232, + 168x a2 + 3052, + 43) &4
+ (4m;xm + -%?-xﬁ — 21x;’m§) T+l — —2—:::23:3 ,

32

o= 32 a3t — (12002, + 80)e7 + 360z, 1344

20+ 672x§x6) m ( — 28802,%,,

+108022 — 1608, — 13328903) 191 (100242:8%,, — 5628, -+ 12484, -+ 27201l

+ (— 7260, — 1685623, -+ 1858852 4 2728) 2l
+ (23508w2x6wm +142164%x,, — 5796 — 2T39603% — 1248530, — 13328 x:)e?

+ (324037%0 4 7650a,52 + 1996842 + 16081, + 13544 xé")si“
+ (—38232x,x%, — 195622 — 6924 xix: — 672252, — 80x31) &8

+ <1168a:§x%0 —1908x,2%x,, — 21 T2x5x,2,, — 344xi2,, + 2394w} + 288x30s

+ 133282 + 120232, + —?’:?-m?);-‘i + (848,22, — 152503, + 40823k, + 6023250,

+ 1625w, — 9092, + 84xiar: — 84wla) et + (8wix?, — 8Txsx,, — 4205wk, + 135xiacs

—6x§x§)&':’+—§—xio—~3xzx§wm+%x3 .

(6.3) Put

D(E):‘-z—wii{ Ec ¢ H (Exifzifsi&) .ag (afa(l) idfomisa(s)) ’
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where we take products over all combinations of signs and %, is the
alternating group of degree four. Then D(¢) is a fundamental anti-
invariant of W(H, and is of degree 4+2°+2*x12=60. We denote the
square of D(&) by fg,(2:, 212, Zu, 250)-

(6.4) Put

: 1 B zz o . 2. 12. 20 30
3 — — —— = 1 -
”"u (Z) 2 Z___ a 85 (7’1 J y ’ ] )

Then via direct calculation:

my(2)=12, (1=2, 12, 20, 30), My 1o(%) =222,2,,— 42324,
My 20(2) = — 1524, — 12252, + 42523, ,

y 8
My, 30(2) = — 202525, — 4023, — 8252,,2,, — ‘Ezngz ’

Mg 2o(z)=10z;zso—28zzzmzzo+1;iz,zfz ,

Mg 50(2) = — 60232524, + 242525, — 562321,2,, — 1621, ,

464
2,225 -

Mgy 50(2) = 80222,02,, + 1202322,2,, + 482:2,,25, +

We define a matrix
M(H,; 2y, 213, %20y %30) = (M;5(2))s,5-2,1,20,0 -
Then
det M(H,; 2;, 212y %20, 230) = 1,(Z2y %12y %20y Zs0) -

(6.5) We introduce vector fields X,, X, X, Xis by

0 0
(Xoy Xioy Xisy Xos)=MHy; 22, 21sy Zaoy 2 ( : )
( 0y 109 189 23) ( 4 29 #12 20 30) a 2 az12 azzo azao ,
TABLE 4
H,
No Type & Subset of S ordsu codim y n(A4)
1 1] 1] 0 0
2 A, {81} —(a+1/2) 1
3 A XA, {81, 85} —2(a+1/2) 2
4 A, {82, 8} ' —8(a+1/2) 2
5 L,(5) {81, 83} —b(a+1/2) 2
6 A1 XA, {81, 85, 84} —4(ax+1/2) 3
7 L(5)x A, {81, 8¢, 84} —6(a+1/2) 8
8 As {82, 85, 84} —6(a+1/2) 3
9 Hj {81, 83, 85} —15(x+1/2) 3
10 H, {81, 82, 83, 84} —60(a+1/2) 4
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Then the following hold.
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([Xo, X¢]=iX‘ (7:_—:0, 10, 18, 28) ’

[ X0, Xiol=38223(222,,— 2%,) X, + 8232, X, — 82:X,s—4Xy,

[ X0y Xos] = (6028250 + 562322, + 242,23,) X,
(6.5.1) | —823(2i2+ 280) Xs0— (3620 +8242,) X1 — 1625 X, ,

[Xis, Xos] = (60232520 + 402525, + 402,2%,2,,) X,

+ (2053%0 + 40252525, — 40 zzz)Xm
3
\ + (8232, — 562323,) X s — 32232,, X5
(6.5.2) {Xof 7, =120f%, , Xofu,=—602fn,,  Xifu,=—120232,fn, ,
e Xzsf H,= 12023(27250+ zfz)f H, *

(6.6) There are ten conjugate classes of S-subgroups of W(H,). They
are listed in Table 4.
(6.7 The holonomy diagram is given in Figure 4.

§7. Type L(p).

(7.1) Let {e, ¢} be an orthonormal basis of E=R? define a,=e,
a,= —cos (w/p)-e,+sin (n/p)-e, and denote by s, the reflection of E with
respect to a; (¢=1,2). Then we have

(7.1.1) 8t=8:=(8,8,)"=id.

The Coxeter group of type I,(p) is the group generated by S={s,, s,}.
We denote it by W(I,(p)). It is isomorphic to the dihedral group of
order 2p, and (7.1.1) is the fundamental relation of S. We remark that
W (I,(p)) is isomorphic to W(A,) x W(4,), W(A,), W(B,), W(G,) when p=
2, 3, 4, 6, respectively.

(7.2) Define x,=¢t+&Z,

x,,=(—2)”:1:1: cos {(k+—;—)—g—}&+sin {(k+%)%}e,] X

Then z,, x, generate the W(I,(p))-invariant ring.
(7.3) A fundamental anti-invariant of W(I(p)) is

— (=297 leos (¥ )z, +sin (25
DE=—(-2r 11 {cos( . >$1+sm( : )52} :
Therefore f,,,,=D* is given by fi,,=4%—x}.

(7.4) The m,;(x)=3%-, 0x,/05,-0%;/05:. (i, =2, p) are given by

My () =22, , M,y () = P2, , m,,(x) =2p°x} " .
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Set M(I,(p); X,y wp)=(mtj(x))t,a'=2.p' Then

det M(L(p); ) =0*f 1, (%) .
(7.5) Define vector fields X, X,_, by X, X, o) =M(I(p); x) - *(8/dz,,
0/ox,). Then we have
(7.5.1) Xy X, l=(0—-2)X,_,,
(7.5.2) Xofty=20fr,0r »  Xpoafrum=0.

(7.6) The conjugate classes of S-subgroups are listed in Table 5.
(7.7) The holonomy diagram is given in Figure 5.

(7.8) For convenience, put f=f,. We define an ideal Z(8) of
Dxls] by

- F)={P(s) € Z[s]; P(s)f*=0}
(cf. [8]) and an ideal _#(a) of =, by
A (@)={Pe Zy; P=Q(a) with Q(s)e_~Z(s)}

for a complex number a. Then 4=,/ #(a) equals 4;'=D,/Z ()
and the b-function of f* is determined. Namely, we have the following
proposition.

TABLE b
L(p)
p: odd p: even
Type 3 Subset ordsu codim Type X Subset ordsu codim
@ %) 0 0 @ @ 0 0
A; {81} —(a+1/2) 1 A, {81} —(a+1/2) 1
L(p) {81, 82} —p(a+1/2) 2 Ay {82} —(a+1/2) 1
L(p) {81, 82} —pla+1/2) 2
p: odd p: even
0 A(g) A(g)
| AN
1 A(A) A(A,) A(AY
P A(L(p).) A (L(p))

FIGURE 5 I(p)
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(7.8.1) PROPOSITION.

(7.8.1.1) N = A
3 1/ 14
(7.8.1.2) bi(e)=(s+1) II (s+—2—+;) .

ProOOF. First recall that
Z(a)=Dx(X,—2pa)+ D X, , .

Since df/ox,=4px?~* and af/ox,= —2z, form a regular sequence, it follows
from §6 in [8] that

S @)= D8} (X, —2ps) + D[8]X,_; .
Hence we have
ZHa)=_Fa)

for any complex number «, and this proves (7.8.1.1).

The formula (7.8.1.2) follows from Th. 3.8 in [8].
(6.8.2) Proposition (7.8.1) asserts that Conjectures in [9] hold for the
Coxeter system of type L(p).
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