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Introduction

Recently the theory of analytic functionals with non-compact carrier
has been studied by many mathematicians. For example, see Morimoto
[4], [5], Morimoto-Yoshino [6], [7], de Roever [8], Sargos-Morimoto [9],
Zharinov [10]. However, it seems only a few examples have been given
in the literature. In this paper, we will construct several examples of
analytic functionals which are closely related to special functions.
Furthermore we calculate the Fourier-Borel transformation and the
Avanissian-Gay transformation of the analytic functionals. Some of
them were already employed in Morimoto-Yoshino [7]. We will show
that, in many cases, the Avanissian-Gay transformation G (w) is a
generating function of orthogonal polynomials and that the integral
representation of the Fourier-Borel transformation by the Avanissian-
Gay transformation is a classical formula of special functions. We
confine ourselves to one dimensional case.

§1. Fundamental space Q(L; k') and its dual space Q'(L; k').

Let L be a convex compact set or a set of the following form:
L=[a, ©)+i[—k, k], 1=V —1, K€ R, ac R and k=0. We denote by
Q,(L.; k' +¢') the space of all functions f({) holomorphic in the interior
of L, which satisfy the following estimate:

sup {|f(Q)| exp (K +€")8); {=¢&+ime L}<+ o,

‘where L,=[a—s¢, «)+i[—k—¢, k+¢]. Taking the inductive limit following
the restriction mappings as €>0 and &>0 tending to zero, we define
the fundamental space Q(L; k') as follows:
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QL; k) =lim ind Qu(Ly; ¥'+¢) .
An analytic functional with carrier in L and of type k' is, by definition,
a continuous linear functional on the space Q(L; k). Q(L; k') will denote
the dual space of Q(L;%’). An analytic functional T is called to be
with carrier at the infinity o +i[—Fk, k] if TeQ(L; %), L=[a, )+
i[—Fk, k] for every a>0.

§2. Transformations of analytic functionals.

We recall two transformations of analytic functionals:
1) The Fourier-Borel transformation T of T e Q'(L; k') is defined by

(1) T(z)=(T., exp (20)) .

Remark that T(z) is defined only for ze¢ {Re 2< —kK'} in general. If T is
an analytic functional with compact carrier, then the Fourier-Borel
transformation 7'(z) is defined on the whole complex plane C. It is
known the Fourier-Borel transformation FB: T— T establishes a linear
topological isomorphism of Q'(L;%’) onto Exp ((—oo, —K)+iR; L) the
space of all holomorphic functions F(z) on the left half plane (— o, — k') +
1R which satisfy the following estimate: For every €>0, ¢>0, there
exists a constant C,,.=0 such that

| F'(2)|=C.. exp ((a—€)x+ (k+€)y)

for any z=z+1iye€ (— oo, —'k’——s']—f-i_R (Theorem 5.1 in Morimoto [5]).
2) Suppose in the sequel 0<k<7w and %k’'<1. The Avanissian-Gay
transformation of analytic functional T e Q'(L; k') is defined by

(2) - Gr(w)=(T, A—we*)™) .

Remark that G,(w) is a holomorphic function of weC\exp(—L). We
have the inversion formula (Theorem 4 in Morimoto-Yoshino [6])

(3) (T, my=@miy* | Grlehc,

where h({) e Q(L; k') and €>0 is sufficiently small. Especially T can be
expressed by G, as follows:

4y  T@)=Er) |, Gele9 exp @)z

= —(2mi)! S G (w)yw——'dw .

dexp (—Lg)
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C~onverse1y G,(w) can be expressed by the Fourier-Borel transformation
T of T as follows:

(5) GT(w)=——Z:,17~’(——n)w’" for |w|>e™™.

If T is an analytic functional with compact carrier, there is another
way to represent G.(w) by T:

(6) Gr(w)= 2 T(n)w®  for sufficiently small |w]| .

Remark that (5) is the Laurent expansion of G,(w) and that (6) is the
Maclaurin expansion of Gp(w). The Avanissian-Gay transformation
G: T—G, establishes a topological linear isomorphism Q'(L;%’) onto
Z\C\exp(—L); k') the space of all holomorphic functions on C\exp (—L),
which vanish at w=~ and satisfy the following condition: For any ¢
with 0<e<m—Fk, and any & with 0<e’<l—k" there exists a constant
C=0 such that '

|G (w) | SClw|™*~

for weC\{[0} with k+e<|argw|<2r—k—¢ (Theorem 6 in Morimoto-
Yoshino [6]). Therefore via the space Q'(L; k') of analytic functionals,
the spaces Exp ((—c, —k)+iR; L) and Z,(C\exp(—L); k") are linear-
topologically isomorphic each other. For the details of the Avanissian-
Gay transformation of analytic functionals with compact carriers, we
refer the reader to Avanissian-Gay [1]. In many cases the formula (4)
turns out to be a classical integral formula, for example, Hankel’s
integral formula of the Gamma function, Sonine’s integral formula of
the Bessel function, etc. On the other hand the formulas (5) and (6)
are the g'eneratlng function expansions of orthogonal polynomials, for
example, Legendre polynomlals, Laguerre polynomlals, ete.

§3. Examples of analytic functionals with compact carrier,

In this section we will give several examples of analytlc functlonals
with compact carrier.

ExaMpLE 1 (Dirac’s delta function). Let L be the singleton {a} and
k' be any real number. We put i o

(T, by =h(a) ,
where h(&) e ~({a}). In this case T(z)=e* and Gp(w)=1—ew)™
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EXAMPLE 2. Let L={0}, ¥’ be any real number. We put
(T, hy=(2mi)™ | exp (—te/(1—e )1 —e)dL

= —(2m)™" S ) exp (—tw/(1—w))(1—w)*h(—log w)dw/w

lw—1l=
for n)e~{0}). In this case, T(2)=L,(t)/['(z+1) and Gy(w)=
exp (—tw/1—w))(1—w)™*, where L,(t) is the Laguerre function. The
formulas (4) and (5) read as follows:

(6) L.(t)/(z+1)=(2r?)™* Sl . exp (—tw/(1 —w))(1—w)w—*"‘dw ,

w—1ll=

(7) exp (—tw/(1—w))(1 —w) = 2 L.(&)/n! w" .
ExAMPLE 3. For ¢t (—1<t<1l), we define the compact set L as

follows: L={—log (t—iV'1—¢), —log (t+1V'1—¢?)}. For k() e & (L), we
define

(T, by =(2mi)~" Sr (t—e5)(1—2te~% + )" h(C)dC
1
= —@ri)~ Sr (t—w)(1 — 2w + w?)~h(—log w)dw/w ,
2
where the integral path I, (I",) is a sufficiently small closed path

enclosing once the points —log (t—4V'1—¢) and log (t+aV1—¢) (t—
iV/1—¢ and t+i1/1—¢ respectively). See Figure 1.

Im ¢ Imw
—log (t—iv1—1¢%) % RN+ iy T
Iy ,// \\“ I,
!
0 Re¢ '\ 0 ]i" Rew
\\ ,/ .
—log (t+ivI—1)\ % o LK S—ivT

FIGURE 1

In this case T(2)=T,(t) (the Chebychev function of the first kind) and
Gr(w)=1—tw)(1—2tw+w?*)~'. The formulas (4) and (56) read as follows:

(8) T.(t)=— 27)™t St’, 11— w?)(1—2tw+ w?) " w*"dw ,
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(9) (1 — tw)(1 — 2tw -+ w?) "= i‘, T.Ow" .

EXAMPLE 4. Let L, I', and I', be as in Example 3. For k() e (L),
we define

(T, by = — (2mi)~ Sr (1—2¢tw+w?)~ h(—log w)dw/w
= @ri)~ SF (1—2te~S+e~%)~ R(O)dL .
In this case 7(z)=U,t) and G,(w)=1—2tw+w?™, where U,(t) is the

Chebychev function of the second kind. The formulas (4) and (5) read
as follows:

(10) U.(t) = (2ri)~ Sr (1—2tw+ wd) " w—""dw ,
(11) (1—2¢w +w?) = 2 U.(Hw" .

ExXAMPLE 5 (Characteristic function of a closed interval [a, b]). Let
L=[a,b]. For h()e (L), we define

<, = nodc .

We have 7T(z)=(e**—e*)z~* and G,(w)=log (e*—w)—log (¢ *—w). In this
example, we omit the formulas (4) and (5).

EXAMPLE 6. For t (—1<t<1), we define the compact interval L as

follows: L=[—log(t—iv'1—¢ ), —log (t+i1'1—¢)]. For k() e (L), we
define

(T, b =(2mi)~ gr (1—2te~¢+e~%)~h(C)dL
1
— —(2mi)~ Sr (1 — 2t + w?)~2h( —log w)dw/w ,
2
where I'; and I'; are the same integral paths as in Example 3. We have
T(2)=P/(T) and Gp(w)=(1—2tw+w? "2, where P,t) is the Legendre

function. In this case the formulas (4) and (5) read as follows:

12) P.()= — (2mi)~* Sr (1 —2¢w + wh) " w=*dw ,
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13) (1—2tw+w?) 2= 2 P.(Ow" .

In fact, by the definition of this functional and the formula (4), we
have

(14) Fi(z)= — (2ri)~* Sr (1—2tw+w?) 2w dw .
2 .
The right hand side of (14) equals to the following integral:
(14,¢+)
@mi)— S (w—1)2*(w—t)~~'dw ,

which, in turn, coincides with the Legendre function P,(¢) by the
Schlafli’s integral formula. Therefore, we obtain (12). It is clear that
the Avanissian-Gay transformation G (w) of the functional 7T is
A—2tw+w?)"%. -~ If we apply the formula (6), then we have the
generating function expansion (13).

EXAMPLE 7 (Generalization of Example 6). Let L, I', and I', be as
in Example 6. For he (L), we define

(T, by = — 2mi)~ Sr (1 —2¢w + w)~h(—log w)dw/w ,
2
where 2v is an integer. We have T(2)=C:(t) and G (w)=(1—2tw+w?™,

where C:(t) is the Gegenbauer function. The formulas (4) and (5) read
as follows: ’

(15)  cm=—@r | -2+ w)wd,
(16) (1—2tw+w) =3} CaO)w" .

(16) is a generating function expansion of the Gegenbauer .polynomials.

§4. Examples of analytic functional with real carrier.
In this section we will show four examples.

ExXAMPLE 8 (Characteristic function of an infinite interval [a, c)).
Let #=0 and L=[a, ). We define T € Q'(L; k') as follows:

T, By=|" hOde
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for h(Q) e Q(L; k). We have T(z)= —exp (az)z~! and G(w)=log A —e™*w™).
-The formulas (4) and (5) read as follows:

an —exp (az)z~ = (27i)~ SaL log (1—e5=%) exp (20)dC ,
(18) log(l—e*w™)=— 21 (e *w™)"nt.

(18) is the ordinary Maclaurin expansion of log (1—w).

EXAMPLE 9 (Mellin transformation of test functions). Let seC,
k'=0 and L=[0, ). For h({)e Q(L; k'), we put

(T, b = (2i sin (s— 1))~ Su (=R Q)L .

We have T(z)=I'(s)(—2)~* and G,(w)= -2, [@)n*w"=—I(8)F(w™, s).
F(w, s) is the Jonquiére function (Appell’s function). For the Jonquiére
function, see Magnus [3] p. 83. Especially G,(1)=1I"(s)¢(s).

ExXAMPLE 10. Let L=[0, ) and 1/2<k’'<1l. We put
(T, my=@zi)* | (etet—1) ™ h(OdL
= —(@ri)™ Sa  (w(w—1)""h(~log wydw/w .

Remark that this functional is not a Fourier-hyperfunction, while those
functionals in Examples 8, 9 are Fourier-hyperfunctions. We have
T(2)=2(2z+1)"'B(—z, 1/2)' and G(w)= (w(w—1))"?, where B(x, y) is the
Beta function. In fact, by the definition of this functional and the
formula (4), we have

T(2) = (2ri)™ S (e=$(e$—1))"2 exp (2L)dC .

By Cauchy’s integral theorem and elementary estimates, we can change
the integral contour 4L, to the new contour shown in Figure 2.

IH{C

4
5 Re &
—i

FIGURE 2



486 KUNIO YOSHINO

Therefore we have
T(@)=(2mi)* | (e~ 1)) exp (ze) (e — e~
=n"'s8in w2 S:w t* (1 4-t) "t .
By the formula of the Beta function
B, )=~ t“(+&=*dt  (Inui [2] p. 18 or Magnus [3] p. 1),

we have

T(z)=n"'sinnz B(—2z—1/2, z+1)
=—-I'(—2z—1/2)(—2)"'"'(1/2)™*
=2(22+1)"'B(—z,1/2)*,

where we used the formula B(z, y)=I'(x)[(y)/'(x+y) and I'@)(1—x)=
m/sinwx. It is clear that the Avanissian-Gay transformation Gp(w) of
T is equal to (w(w—1))"'~2.

EXAMPLE 11 (Generalization of Example 10). Suppose the same as-
sumption as in Example 10. Let A'=m—\<1 (m=1,2,8, ---) and L=
[0, ). We define Te Q' (L; k') as follows:

(T, by = — (21i)~* S w™(L—w)~*h( —log w)dw/w

dexp (—Lg)

for h{)eQ(L; k). We have T(z)=—I“()\.)"II“(—z—m+1)‘1F(—z—m+>\,)
and G(w)=w™1—w™)"2 The formulas (4) and (5) read as follows:

(19) T T(—z2—m+1)"T(—2z—m+1)
= (27i)-! Sa -y,
(20) w™(1l—w") = 2 ') I'(n—m+1)"'I'n—m+1N)w™.

§5. Examples of analytic functionals with non-compact carrier.

In this section we calculate the transformations of analytlc functionals
with non-compact carrier.

EXAMPLE 12. Let L=[0, «)+i[—x/2, #/2] and 0<k'<1l. We define
TeQ(L; k') as follows:
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(T, by = — (2mi)~* Su 2! log (1—2¢tef+ eX)R(C)dL

— (2mi)~ Sa 21 log (1 —2tw -+ w-)h( —log w)dw/w .
exp (—L¢) ' .
We will show following four equalities:
(21) T(z)= —T.(t)z™*,
(22) Gy(w)=—log A —-2tw+w™?) ,
@3)  T_.(Dz'=—(2xi)~ Sa 27 log (1—2tw™+ww™""dw ,
exp (—L;
(24) —27log (1 —2tw+w")= 3, T.()n"w" ,

where T,(t) is the Chebychev function of the first kind.

First we will show equality (21). In the definition of this functional,
we take the principal branch of the logarithmic function. Therefore
the function log (1—2tw'+w™?) is holomorphic in the complement of the
closed set {w=wu+1iv; (u—1/2t)*+v*=1/4¢*, u*+v*<1}. See Figure 3.

Imw

————

- P
— =~

e /\t+i\/1 =7 N
/ N \

FI1GURE 3

From the definition of this functional and the formula (4), we have

T(z)= —2ri)™ S 2 'log (1 —2tw™+w™)w™*'dw .

dexp (—Lg)
By the equality

w*log (1—2tw*+w ) =d/dw{log A —2tw+w Hw™*(—2)7'}
—2(1 —2tw+wd)'Gw—1Lw*"(—2)™,

we obtain
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T(z) = (2mi)~ S (1 — 28w+ wd)"(tw — 1w —2)"dw .

dexp (—Lg)
By the residue theorem, we have

T(z)= —2z{t+WV1=28 +(t—V1=¢ )}/2
= —27'T,(t) .

For the last equality, see Inui [2] p. 204. It is easily seen that the
Avanissian-Gay transformation G(w) is equal to —1/2log (1 —2tw™'+w™?).
By the formulas (4) and (5), we can obtain equalities (238) and (24). Remark
that (24) is a generating function expansion of Chebychev function of
the first kind (Magnus [3] p. 259). From (23), we can deduce the follow-
ing integral representation of the Chebychev polynomial of the first
kind (Magnus [3] p. 260):

To(e)=tam)™ S HO) 1—-w)A—2tw+w?) " 'w"dw .

This integral representation of T,(t) is given in the literature only if z
is a positive integer, as far as the author knows.

EXAMPLE 13. Let L=[0, «)+1i[—7/2, ©/2]. 0=<k'<1l. We define an
analytic functional as follows:

(T, y=(2ri)* | log (1+e9hQ)aL ,

where h(0)eQ(L; k). We have T(z)=—2z"'cos(7z/2) and Gp(w)=
log A+w™2).

§6. Examples of analytic functionals with carrier at the infinity.

In this section we will show three examples of analytic functionals
with carrier at the infinity. For the details of these examples, see
Morimoto-Yoshino [7].

EXAMPLE 14. Let ac R, L=|a, ©)+i[—=x/2,7/2] and %k’ be an
arbitrary real number. We put

(T, y=(2miy* | exp (0L .

We have T(z)=—I'(1—2)" and Gp(w)=exp(w)—1. In this example,
the formulas (4) and (5) read as follows: :
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25) ra-»==—@r)" | exp () exp @i,
(26) 'exp (w)—1= 21 (n!)w™™ .

(25) is equivalent to Hankel’s integral formula of the Gamma function.
(26) is the Laurent expansion of exp (w™)—1.

EXAMPLE 15. Let L and k' be as in Example 14. Suppose A>0.
We put ) ‘

(T, by =(2mi)~ Su exp (A sinh OR()dC .

We have T(2)=J_,() and G (w)=exp Mw—w™)/2)— 3=, J.0)w", where
J.(\) is the Bessel function. The formulas (4) and (5) read as follows:

27 J_.W)=02ri)! LL exp @ sihh ) exp (z0)dC ,

(28) - - exp Mw—w1)/2)= imJn(x)w" .

n=-—

(27) is equivalént to Sonine’s integral representation of the Bessel function.
And (28) is the generating function expansion of the Bessel function

EXAMPLE 16. Suppose L=[a, o)+ i[—3/4x, 3/47] and ¥’ be an arbi-
trary real number. We put

(T, by = (2ri)~ S“ exp (2tef — ()AL .

Then we have ’T’(z)=—H_,(t)/F(1—-z) and Gp(w)=exp Qtw'—w™). In
this case the formulas (4) and (5) read as follows:

29)  —H.OIA-2=@r)" | exp (266 —e¥) exp (20)dl
(30) exp (2w — w2 = i:, H,(&)(n)w .

(30) is the generating function expansion of the Hermite polynomial
H,(¢t).
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