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Introduction

A sequence of $m$ polynomials $f_{1},$
$\cdots,$

$f_{m}$ in $C[x_{1}, \cdots, x_{n}]$ defines a
configuration of hyper-surfaces $S_{j}:f_{\dot{f}}=0$ in $C^{n}$ . The space of such con-
figurations, being parametrized by the coefficients of polynomials, can
be regarded as an analytic space. On this space, the integrals

(J) $\int\exp[f_{0}]f_{1}^{\lambda_{1}}\cdots f_{m^{m}}^{\lambda}dx_{1}\wedge\cdots\wedge dx_{n}$

(J’) $\int f_{0}^{\lambda_{0}}f_{1}^{\lambda_{1}}\cdots f_{m}^{\lambda_{m}}dx_{1}\wedge\cdots\wedge dx_{n}$

satisfy Gauss-Manin connections or equivalently holonomic systems in the
sense of S. S. K. (See [8], [16] and [18].) But generally it seems difficult
to get their explicit formulae in global forms. According to the method
which has been developed in [1] and [5], in this note we shall give the
Gauss-Manin connections for the above integrals in invariant expressions
with respect to certain algebraic groups which act on them in a natural
way, when $f_{0}$ is quadratic and $f_{1},$

$\cdots,$ $f_{m}$ are all linear (see the formulae
$EI_{0},$ $EII_{0}-EII_{p},$ $EIII_{0},$ $EIV_{0}$ and $EV_{p}$). These equations generalize the
Schlafli formula for the volume of a spherical simplex (see [2]) and
Appell’s hyper-geometric functions of type $(F_{4})$ (see [10]). In case where
$f_{0}$ is linear, they have been computed in terms of logarithmic forms and
simple rational l-forms of Grassmann coordinates attached to the confi $\cdot$

guration of hyper-planes (see [3]).
In Part II of this note, we shall show from the results obtained in

Part I, that in case where the exponents $\lambda_{0},$ $\lambda_{1},$
$\cdots,$ $k$ are all integers, the

integrals can be expressed by means of logarithmic connections of basic
algebraic invariants, so that they become hyper-logarithms in the sense
Received April 15, 1981



250 KAZUHIKO AOMOTO

of [4]. This proves the Theorem 2 stated in [6]. The integrability
condition for these Gauss-Manin connections gives certain significant
relations among logarithmic forms and associated hyper-logarithms (see
the formulae $RI_{1}-RI_{2},$ $RII_{1}-RII_{2}$ and also [7]). On the other hand, as
V. Lakshmibai, C. Musili and C. S. Seshadri have recently shown, the
classical invariant theory can be formulated in the framework of Schubert
Calculus in ”miniscule” flag manifolds, by using so-called ”standard
monomials” (see [12]). It seems interesting to study further the structures
of logarithmic forms and hyper-logarithms of standard monomials, in
relation to Schubert Calculus on the generalized flag manifolds.

As is well known, the integral (J) give some important models in
mathematical physics such as the Feynman integrals of one loop diagrams
in Q. E. D. (see [10], [15] and [17]), and the correlation functions of the
F. J. Dyson’s complex systems or the Onsager vortex models (see [9] and
[14]). These will be discussed elsewhere.

ACKNOWLEDGMENT. The author would like to be thankful to the
referee for careful reading and useful advices.

\S 1. Generalized Schl\"afli integrals.

First we are going to describe in an explicit way the Gauss-Manin
connection for the integral, $m\geqq n$ ,

(J. $I_{0}$) $\tilde{\varphi}(\lambda_{1}, \cdots, \lambda_{m};\phi)=\int\exp(f_{0})\cdot f_{1}^{\lambda_{1}}\cdot f_{2}^{\lambda_{2}}\cdots f_{*}^{\lambda_{B}}dt_{1}\wedge\cdots\wedge dt_{n}$

where $f_{0}=(-1/2)(t_{1}^{2}+\cdots+t_{n}^{2})$ and $(\lambda_{1}, \cdots, \lambda_{n*})\in C^{n}$ , by means of the funda-
mental $SO(n)$-invariants attached to the configuration $\langle f_{1}, \cdots, f_{m}\rangle$ . It is
known that $\tilde{\varphi}(\phi)$ is a meromorphic function of $\lambda_{1},$

$\cdots,$
$\lambda_{n}$. satisfying the

maximally overdetermined linear difference system. First we shall
compute this. We shall denote by $X$ the space of configurations
$\langle f_{1}, \cdots, f_{*}\rangle$ , canonically identified with $C^{(n+1)m}$ .

We denote by $T_{j}$ the j-th difference operators acting on the integrals
defined by:

(1.1) $T_{j}^{\pm}\tilde{\varphi}(\lambda_{1}, \cdots, \lambda_{n}.)=\tilde{\varphi}(\lambda_{1}, \cdots, \lambda_{j}\pm 1, \cdots, \lambda_{m})$ .
The followings are easily proved.

LEMMA 1. (i) $T_{\dot{f}}\cdot T_{k}=T_{k}\cdot T_{j}$ ,
(ii) Each $T_{\dot{f}}$ is invertible,
(iii) For any multiplication of a function $\psi(x)$ , we have $T_{j^{\circ}}\psi(\lambda)=$
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$T_{f}\psi(x)\circ T_{j}$ ,
(iv) For any differential operator of constant coefficients $P$ on,

$T_{j^{\circ}}P=P\circ T_{j}$ .
Let $S_{j}$ be the hyperplane $f_{j}=0,0\leqq j\leqq m$ , and $S=\bigcup_{j=1}^{m}S_{j}$ in $C^{n}$ .

First we assume
(H. 1) $S_{0},$ $S_{1},$

$\cdots,$
$S_{m+1}$ are all real and normally crossing each other,

where $S_{fn+1}$ denotes the hyperplane at infinity.
(H. 2) $\lambda_{1},$

$\cdots,$
$\lambda_{m}$ are all real and positive, such that $x_{i_{1}}+\cdots+\lambda_{i_{p}}\not\in$

$Z$ for any $1\leqq i_{1}<i_{2}<\cdots<i_{p}\leqq m+1,1\leqq p\leqq n$ , where $\lambda_{m+1}$ denotes $-\sum_{j-1}^{ln}\lambda_{j}$ .
Let $M$ be the complement $C^{n}-S$ and $H^{*}(M, \nabla_{\omega})$ be the rational de

Rham cohomology with respect to the covariant differentiation $\nabla_{\omega}\psi=$

$ d\psi+\omega\wedge\psi$ , defined by the l-form

(1.2) $\omega=df_{0}+\sum_{j=1}^{n}x_{j}df_{j}/f_{j}$ .
This is essentially the regularization of integrals in the sense of Hadamard-
Leray. For the general theory of this cohomology, see [1] and [8].

LEMMA 1. $H^{n}(M, \nabla_{\omega})$ has a basis of the following type:

(1.3) $\varphi(i_{1}, \cdots, i_{p})=\tau/f_{i_{1}}\cdots f_{i_{p}}$ ,

$1\leqq i_{1}<\cdots<i_{p}\leqq m,$ $0\leqq p\leqq n$ , so that $\gamma kH^{n}(M, \nabla_{\omega})$ is equal to $\sum_{p=0}^{n}\left(\begin{array}{l}m\\p\end{array}\right)$ , where
$\tau$ denotes the n-form $dt_{1}\wedge\cdots\wedge dt_{n}$ . This is also equal to the number of
connected components $\Delta$ of $R^{n}-R^{n}\cap S$ .

We have the pairing:

(1.4) $\tilde{\varphi}(i_{1}, \cdots, i_{p})=\langle\varphi(i_{1}, \cdots, i_{p}), \Delta\rangle$

$=\int\exp(f_{0})f_{1}^{\lambda_{1}}\cdots f_{m}^{\lambda_{m}}\varphi(i_{1}, \cdots, i_{p})$

between the cohomology $H^{n}(M, \nabla_{\omega})$ and the homology of twisted cycles
$H_{n}(M, \mathscr{G}_{-\omega})$ with the modified local system $\mathscr{G}_{-\omega}$ (see [5]), where

(1.5) $ d(U\cdot\psi)=U\cdot\nabla_{\omega}\psi$ ,

for the function $U=\exp(f_{0})\cdot f_{1}^{\lambda_{1}}\cdots f_{m}^{\lambda_{m}}$ .
PROOF. See [5].

We shall abbreviate by $\varphi(I)$ the form $\varphi(i_{1}, \cdots, i_{p})$ for the sequence
of indices $I=(i_{1}, \cdots, i_{p})$ of length $|I|=p$ . We put $f_{\dot{J}}=\sum_{\nu=1}^{n}u_{j\nu}t_{\nu}+u_{j,0}$ .
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We may assume the norm of $f_{j},$ $\Vert f_{\dot{f}}\Vert^{2}=\sum_{\nu=1}^{n}u_{j,u}^{2}$ to be equal to 1. We
define the symmetric matrix $A=(a_{i,j}),$ $0\leqq i,$ $j\leqq m$ as follows:

(1.6) $A=\left(\begin{array}{llll}a_{0,0} & a_{0,1} & \cdots & a_{0_{\prime}n*}\\a_{1,0} & a_{1,1} & \cdots & a_{1.\#}\\\cdots & \cdots & \cdots & \cdots\\\cdots & \cdots & \cdots & \cdots\\ a_{n,0} & a_{*,1} & \ldots & a_{n,\prime*}\end{array}\right)$

where $a_{i,j}=(f_{i}, f_{\dot{f}})$ denote the scalar product of the coefficients of $f$ and
$f_{\dot{f}}:(f_{i}, f_{\dot{f}})=\sum_{\nu=1}^{n}u_{i\nu}u_{j\nu}$ , and $a_{0,0}=1,$ $a_{0,1}=a_{1,0}=u_{1,0},$ $\cdots,$ $a_{m,0}=a_{0,n}.=u_{*,0}$ . These
matrix elements invariant with respect to $0(n, C)$ parametrize the con-
figuration space $X$ of sequences $\langle f_{1}, \cdots, f_{m}\rangle$ . Remark that $A$ is normalized
such that $a_{0,0}=a_{1,1}=\cdots=a_{\pi\iota,m}=1$ . As was noted in [11], this space can
be identified with a Schubert variety in a big cell of a miniscule flag
manifold.

NOTATION. For $1\leqq i_{1}<\cdots<i_{p}\leqq m,$ $0\leqq p\leqq n$ , we put $A(j_{1}^{1}j_{p}^{p})$ the
subdeterminant of $A$ of the $i_{1},$

$\cdots,$
$i_{p^{-}}th$ lines and $j_{1},$

$\cdots,$
$j_{p^{-}}th$ columns

of $A$ and abbreviate by $A(i_{1}, \cdots, i_{p})$ the principal one $A(i_{1}^{1}i.\cdot.\cdot.\cdot ii_{p}^{p})$ . We
shall denote by $[i_{1}, \cdots, i_{n}]$ and $[i_{1}, \cdots, i_{n+1}]$ the determinants of the
matrices $((u_{i_{\alpha},\sigma}))_{1\leqq\alpha\leqq n}$ and $((u_{i_{\alpha},\sigma}))_{1\leqq\alpha\leqq n+1}$ respectively. $\partial_{\mu}I$ and $\partial_{\mu}\partial_{\nu}I$ will

15a5n $0\leq\sigma\leqq n$

represent the deleted sequences $(i_{1}, \cdots, i_{\mu-1}, i_{\mu+1}, \cdots, i_{p})$ and $(i_{1},$
$\cdots,$

$i_{\mu-1}$ ,
$i_{\mu+1},$

$\cdots,$
$i_{\nu-1},$ $i_{\nu+1},$

$\cdots,$
$i_{p}$) for $I=(i_{1}, \cdots, i_{p})$ respectively.

PROPOSITION $1.1_{p}$ . (Maximally overdetermined system of linear dif-
ference equations). We have, for any sequence of indices $I=(i_{1}, \cdots, i_{p})$ ,
$0\leqq p\leqq n$ ,

(i) $T_{i_{1}}\overline{\varphi}(I)=\tilde{\varphi}(\partial_{1}I)$ ,
(Remark that $\tilde{\varphi}(I)$ is symmetric with respect to $i_{1},$

$\cdots,$
$i_{p}.$ )

(D. $I_{p}$) (ii) $A(I)T_{i_{0}}\tilde{\varphi}(I)=\sum_{\mu=1}^{p}(-1)^{\mu-1}A\left(\begin{array}{ll} & I\\i_{0} & \partial_{\mu}I\end{array}\right)\cdot(\tilde{\varphi}(\partial_{\mu}I)-u_{i_{y},0}\tilde{\varphi}(I))$

$+u_{i_{0},0}\tilde{\varphi}(I)+\sum_{k\epsilon I}\lambda_{k}A\left(\begin{array}{ll}i_{0} & I\\k & I\end{array}\right)\tilde{\varphi}(k, I)$

if $i_{0}\not\in I$.
PROOF. As the affine coordinates, we can take $y_{1}=f_{i_{1}},$ $\cdots,$ $y_{p}=f_{c_{p}}$ and

$y_{p+1}=f_{p+1},$ $\cdots,$
$y_{n}=f_{i}$. where $(i_{p+1}, \cdots, i_{n})$ are suitably chosen such that
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$ I\cap(i_{p+1}, \cdots, i_{n})=\emptyset$ . Then $f_{0}$ is written as follows:

(1.7) $f_{0}=\frac{1}{2}\sum_{\mu,\nu=1}^{n}b_{\mu_{\nu}},(f_{i_{\mu}}-u_{i_{\mu},0})(f_{i_{\nu}}-u_{i_{\nu},0})$ ,

where the matrix $B=((b_{\mu_{\nu}},))_{1\leqq\mu_{\nu\leqq n}}$, denotes the inverse of $((a_{i_{\mu},i_{\nu}}))_{1\leqq\mu,\nu\leqq n}$ .
Then,

(1.8) $[i_{1}, \cdots, i_{n}]\tilde{\varphi}(i_{1}, \cdots, i_{p})=|U\frac{df_{i_{1}}\wedge\cdots\wedge df_{i_{n}}}{f_{i_{1}}\cdots f_{l_{p}}}$

and we have

(1.9) $0\sim\nabla_{\omega}(\frac{(-1)^{p+\mu-1}}{f_{i_{1}}\cdots f_{i_{p}}}df_{i_{1}}\wedge\cdots\wedge df_{i_{p+\mu-1}}\wedge df_{i_{p+\mu+1}}\wedge\cdots\wedge df_{c_{n}})$

$=-\sum_{\nu=1}^{n}\frac{b_{p+\mu.\nu}(f_{\triangleright}-u_{i_{\nu}.0})}{f_{i_{1}}\cdots f_{i_{p}}}df_{i_{1}}\wedge\cdots\wedge df_{\iota_{n}}$

$+\lambda_{l_{p+\mu}}[i_{1}, \cdots, i_{n}]\varphi(I)$

$+\sum_{k\not\in I}\lambda_{k}(-1)^{p+\mu-1}[k, i_{1}, \cdots, i_{p+\mu}^{\wedge}, \cdots, i_{n}]\varphi(k, I)$ .

Since the subdeterminant $B(i_{p+1}, \cdots, i_{n})\neq 0$ (see (H. 1)), we can sokve
the right hand side with respect to $T_{i_{p+\mu}}\tilde{\varphi}(I),$ $1\leqq\mu\leqq n-p$ , and get the
proposition.

As for the inverse operators $T_{j}^{-1}$ , we have

PROPOSITION $1.2_{p}$ . For $0\leqq p<n$ and $I=(i_{1}, \cdots, i_{p})$ ,

$T_{i_{0}}^{-1}\tilde{\varphi}(I)=\tilde{\varphi}(i_{0}, I)$ , if $i_{0}\not\in I$ ,

(D. Ig) $(x_{t_{1}}-1)\cdot A(I)\cdot T_{\iota_{1}}^{-1}\tilde{\varphi}(I)=\sum_{\nu=1}^{p}A\left(\begin{array}{l}\partial_{1}I\\\partial_{\nu}I\end{array}\right)(-1)^{\nu+1}\tilde{\varphi}(\partial_{\nu}I)$

$-\sum_{k\not\in I}\lambda_{k}A\left(\begin{array}{ll} & I\\k & \partial_{1}I\end{array}\right)\tilde{\varphi}(k, I)-A\left(\begin{array}{ll} & I\\0 & \partial_{1}I\end{array}\right)\tilde{\varphi}(I)$ .

PROOF. We have only to use the relations

(1.10) $0\sim\nabla_{\omega}(\frac{df_{t_{2}}\wedge\cdots\wedge df_{i_{n}}}{f_{i_{1}}f_{i_{2}}\cdots f_{i_{p}}})=(\lambda_{i_{1}}-1)[i_{1}, \cdots, i_{n}]$

$\times T_{i_{1}}^{-1}\varphi(I)+\sum_{j\not\in I}\lambda_{j}[j, i_{2}, \cdots, i_{n}]\varphi(j, I)$

$-\sum_{\nu=1}^{n}b_{1,\nu}(f_{i_{\nu}}-u_{i_{\nu},0})[i_{1}, \cdots, i_{n}]\varphi(I)$ ,
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and to solve these with respect to $T_{i_{1}}^{-1}\varphi(I)$ , in view of the Proposition
$1.1_{p}$ .

For $p=n$ , we have the following truncated form:

PROPOSITION $1.2_{n}$ . For $I=(i_{1}, \cdots, i_{n})$ ,

(D. $I_{n}^{*}$ ) (i) $[i_{0}, i_{1}, \cdots, i_{n}]T_{i_{0}}^{-1}\tilde{\varphi}(I)$

$=\sum_{\sigma=0}^{n}(-1)^{\sigma}\cdot\tilde{\varphi}(i_{0}, \cdots, i_{\sigma}\wedge, \cdots, i_{n})[i_{0}, \cdots, i_{\sigma}\wedge, \cdots, i_{n}]$ ,

if $i_{0}\not\in I$.
(ii) $(\lambda_{1}-1)T_{i_{1}}^{-1}\tilde{\varphi}(I)=-\sum x_{k}^{[k}\ovalbox{\tt\small REJECT}^{\partial_{1}I]}(I)$

$k\not\in I$ $[k, I]$

$+\sum_{\nu=1}^{n}(-1)^{\nu}\frac{[k,\partial_{\nu}I][k,\partial_{1}I]}{[IIIk,I]}\tilde{\varphi}(k, \partial_{\nu}I)$

$-\sum_{\mu=\iota}^{n}\frac{A\left(\begin{array}{l}0,\partial_{1}I\\I\end{array}\right)}{A(I)}(-1)^{\mu-1}\tilde{\varphi}(I)+\sum_{\mu=1}^{n}\frac{A\left(\begin{array}{l}\partial_{1}I\\\partial_{\mu}I\end{array}\right)}{A(I)}(-1)^{\mu-1}\tilde{\varphi}(\partial_{\mu}I)$ .

PROOF. The first is simply obtained by partial fraction:

(1.11) $\frac{[i_{0},i_{1},\cdots,i_{n}]}{f_{\iota_{0}}f_{i_{1}}\cdots f_{i_{n}}}=\sum_{\sigma=0}^{n}\frac{[i_{0},\cdot.\cdot.\cdot.i\wedge}{f_{i_{0}}\hat{f}’}\sigma\frac{i_{n}]}{i_{\sigma}f_{c_{n}}}(-1)^{\sigma}$

The second is obtained by the relation

(1.12) $0\sim\nabla_{\omega}(\frac{df_{i_{2}}\wedge.\cdot\cdot.\cdot.\wedge df_{i_{*}}}{f_{i_{1}}f_{i_{2}}\cdot f_{i_{n}}})$

and (D. $I_{n}^{*}$ )$-(1)$ .
Propositions $1.2_{p}$ and $1.2_{n}$ imply the following:

THEOREM 1. (D. $I_{p}^{*}$ ), $0\leqq p\leqq n$ , define the maximally overdetermined
linear difference system with respect to the basis $\tilde{\varphi}(i_{1}, \cdots, i_{p}),$ $1\leqq i_{1}<\cdots<$

$i_{p}\leqq m,$ $0\leqq p\leqq n$ . These are also equivalent to the system (D. $I_{p}$), $0\leqq p\leqq n$ .
Now we have an invariant expression of the Gauss-Manin connection

of the integral (J) as follows.

PROPOSITION 1.3. (Generalization of Schl\"afli formula, inhomogeneous
case).

(E. $I_{0}$) $d\tilde{\varphi}(\phi)=\sum_{\dot{g}=\iota}^{m}da_{j,0}\lambda_{\dot{f}}\tilde{\varphi}(j)+\frac{1}{2}\sum_{1\leqq\dot{g}\neq k\leqq’ n}da_{j,k}\lambda,\lambda_{k}\tilde{\varphi}(jk)$ .
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PROOF. By suitable change of coordinates we may assume that $f_{1}=$

$t_{1},$ $\cdots,$ $f_{n}=t_{n}$ and $f_{0}=-(1/2)\sum_{\mu,\nu=1}^{n}b_{\mu,\nu}(t_{\mu}-u_{\mu,0})(t_{\nu}-u_{\nu,0})$ . Then we have

(1.13) $\frac{\partial\tilde{\varphi}(\phi)}{\partial u_{n+\dot{g},0}}=\lambda_{n+j}\tilde{\varphi}(n+j)$ ,

(1.14) $\underline{\partial\tilde{\varphi}(\phi)}=\lambda_{n+j}T_{\mu}(\tilde{\varphi}(n+j)-u_{\mu,0}\cdot\lambda_{n+j}\tilde{\varphi}(n+j))$

$\partial u_{n+j,\mu}$

$=x_{n+j}[\frac{a_{n+\dot{g},\mu}}{a_{n+j,n+j}}(\tilde{\varphi}(\phi)-u_{n+j,0}\tilde{\varphi}(n+j))$

$+\sum_{k\neq n+j}\lambda_{k}\frac{A\left(\begin{array}{ll}n+j & \mu\\ n+j,k & \end{array}\right)}{a_{n+j,n+j}}\tilde{\varphi}(n+j, k)]$ .

In the same way

(1.15) $\frac{\partial\tilde{\varphi}(\phi)}{\partial b_{\mu_{\nu}}}=-(T_{\mu}-u_{\mu,0})(T_{\nu}-u_{\nu,0})\tilde{\varphi}(\phi)$ , $\mu\neq\nu$

(1.16) $\frac{\partial\tilde{\varphi}(\phi)}{\partial b_{\mu,\mu}}=-\frac{1}{2}(T_{\mu}-u_{\mu,0})^{2}\tilde{\varphi}(\phi)$ .

According to Proposition $1.1_{p}$ , each right hand side can be described
in terms of $\tilde{\varphi}(i_{1}, \cdots, i_{p})$ as follows: For $1\leqq\mu,$ $\nu\leqq n$ ,

(1.17) $(T_{\mu}-u_{\mu,0})(T_{\nu}-u_{\nu,0})\tilde{\varphi}(\phi)=(\sum_{j=1}^{m}\lambda_{j}\frac{a_{j,\mu}a_{j,\nu}}{a_{j,j}}+a_{\mu,\nu})\tilde{\varphi}(\phi)$

$-\sum_{j=1}^{n}\lambda_{j}\frac{a_{j,\mu}a_{j,\nu}a_{j,0}}{a_{j,j}}\tilde{\varphi}(j)+\frac{1}{2}\sum_{lg_{\dot{g},k\leq m}^{\dot{g}\neq k}}(\frac{a_{j,\mu}A\left(\begin{array}{ll}j & \nu\\ j & k\end{array}\right)}{a_{j,j}}+\frac{a_{k_{*}\mu}A\left(\begin{array}{ll}k & \nu\\ k & j\end{array}\right)}{a_{k,k}})_{\tilde{\varphi}(j,k)}$ ,

(1.18) $(T_{\mu}-u_{\mu.0})\tilde{\varphi}(\phi)=\sum_{\dot{g}=1}^{m}\lambda_{j}a_{j,\mu}\tilde{\varphi}(j)$ .
Since we have

(1.19) $d\tilde{\varphi}(\phi)=\sum_{J=1}^{m-n}du_{n+j,0}\otimes\frac{\partial\tilde{\varphi}(\phi)}{\partial u_{n+j,0}}+\sum_{j=1}^{m-n}\sum_{\mu=1}^{n}du_{n+j,\mu}\otimes\frac{\partial\tilde{\varphi}(\phi)}{\partial u_{n+j,\mu}}$

$+\frac{1}{2}\sum_{1\leqq\mu\neq\nu\leqq n}db_{\mu,\nu}\otimes\frac{\partial\tilde{\varphi}(\phi)}{\partial b_{\mu_{\nu}}}+\sum_{\mu=1}^{n}db_{\mu,\mu}\otimes\frac{\partial\tilde{\varphi}(\phi)}{\partial b_{\mu,\mu}}$ ,

the formula (E. $I_{0}$) is proved.

THEOREM 2. In addition to (D. $I_{p}^{*}$ ), $0\leqq p\leqq n$, (E. $I_{0}$) gives a maximally
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overdetermined system of linear differential equations with respect to
the basis $\tilde{\varphi}(I)=\tilde{\varphi}(i_{1}, \cdots, i_{p}),$ $0\leqq p\leqq n$ .

\S 2. Generalization of Schl\"afli formula, homogeneous case.
We assume now that $f_{j}$ are all homogeneous, namely $u_{j,0}=0,1\leqq j\leqq m$ .

In stead of (H. 1) we shall put the following hypothesis:
$(H. 1)^{*}$ Any $n$ members of $f_{j}$ are all linearly independent.

LEMMA 2.1. Under $(H. 1)^{*}$ and (H. 2), the cohomology $H^{n}(C^{n}-S, \nabla_{\omega})$

has a basis

(2.1)
$\varphi(I)=\frac{dt_{1}\wedge\cdots\wedge dt_{n}}{f_{i_{1}}\cdots f_{i_{p}}}$

for $1\leqq i_{1}<\cdots<i_{p}\leqq m,$ $0\leqq p\leqq n$ , with the fundamental relations:

(2.2) $0=\sum_{\nu=1}^{n+1}(-1)^{\nu-1}[i_{1}, \cdots i_{\nu}\wedge, \cdots, i_{n+1}]\varphi(\partial_{\nu}I)$ ,

for $I=\{i_{1}, \cdots,i_{n+1}\}so$ that $rkH^{n}(C^{n}-S,\nabla_{\omega})$ is equal $to\sum_{\nu=0}^{n-1}\left(\begin{array}{l}m\\\nu\end{array}\right)+\sum_{\sigma=0}^{n*-n}(-1)^{\sigma}\left(\begin{array}{l}m\\n+\sigma\end{array}\right)$ .
RROOF. See [5].
As was proved in [5], this rank is also equal to the number of

connected components $\Delta$ of $R^{n}-R^{n}\cap S$ . The pairing

(J. $II_{p}$) $\tilde{\varphi}(I)=\langle\varphi(I), \Delta\rangle=\int_{A}U\cdot\varphi(I)$

defines the duality of $H^{n}(C^{n}-S, \nabla_{\omega})$ and $H_{n}(C^{n}-S, \mathscr{L}_{-\omega})$ due to the well-
known comparison theorem (see [8]).

As for the linear difference system, Proposition $1.1_{p}$ is reduced to
the following:

PROPOSITION $2.1_{p}$ . For $0\leqq p\leqq n$ ,
(i) $T_{i_{1}}\tilde{\varphi}(I)=\tilde{\varphi}(\partial_{1}I)$ ,

(D. $II_{p}$) (ii) $A(I)\cdot T_{0}\tilde{\varphi}(I)=-\sum_{\mu=1}^{p}A\left(\begin{array}{ll} & I\\i_{0} & \partial_{\mu}I\end{array}\right)(-1)^{\mu}\cdot\tilde{\varphi}(\partial_{\mu}I)$

$+\sum_{klI}\lambda_{k}A\left(\begin{array}{l}i_{0},I\\Ik\end{array}\right)\tilde{\varphi}(k, I)$ ,

if $i_{0}\not\in I$.
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PROOF. We have only to put $u_{j,0}=0$ in Proposition $1.1_{p}$ .
Proposition $1.2_{p}$ is transformed as follows by putting $u_{j,0}=0$ .
PROPOSITION $2.2_{p}$ . For $0\leqq p<n$ and $I=(i_{1}, \cdots, i_{p})$ ,

(D. $II_{p}^{*}$ ) (i) $T_{i_{0}}^{-1}\tilde{\varphi}(I)=\tilde{\varphi}(i_{0}, I)$ , $i\not\in I$ ,

(ii) $(\lambda_{i_{1}}-1)A(I)T_{i_{1}}^{-1}\tilde{\varphi}(I)=\sum_{\nu=1}^{p}A\left(\begin{array}{l}\partial_{1}I\\\partial_{\nu}I\end{array}\right)(-1)^{\nu+1}\tilde{\varphi}(\partial_{\nu}I)-\sum_{klI}\lambda_{k}A\left(\begin{array}{l}I\\k,\partial_{1}I\end{array}\right)\tilde{\varphi}(k, I)$ .

PROOF. We have only to put $u_{j,0}=0$ in Proposition $1.2_{p}$ .
When $p=n$ , we have to modify Proposition 1, $2_{n}$ as follows:

PROPOSITION $2.2_{n}$ . $\tilde{\varphi}(I)=\tilde{\varphi}(i_{1}, \cdots i_{n})$ satisfy the linear difference
equations:

(D. $II_{n}^{*}$ ) (i)
$T_{i_{0}}^{-1}\tilde{\varphi}(I)=\frac{-1}{2(\lambda_{\infty}-1)}\sum_{0\leqq\mu\neq\nu\leqq n}\frac{A(\partial_{\mu}\partial_{\nu}I)}{A\left(\begin{array}{l}\partial_{\mu}I\\\partial_{\nu}I\end{array}\right)}(-1)^{\mu+\nu}\tilde{\varphi}(\partial_{\mu}\partial_{\nu}I)$

,

for $i_{0}\not\in I$, and

(ii) $T_{\iota_{1}}^{-1}\tilde{\varphi}(I)=$

$\sum_{i\not\in I,0\xi\mu.\nu\xi n^{0}.\mu\neq\nu,\nu\neq 1}(-1)^{\mu+\nu+n+1}\cdot sgn(\mu\nu)\frac{A\left(\begin{array}{l}i_{0},\partial_{1}\partial_{\nu}I\\\partial_{\rho}i_{0},\partial_{\nu}I\end{array}\right)}{A(i_{0},\partial_{\nu}I)}$

$\times A\left(\begin{array}{ll}i_{0} & \partial_{\nu}l\\ & I\end{array}\right)\tilde{\varphi}(i_{0}, \partial_{\mu}\partial_{\nu}I)\frac{\lambda_{t_{0}}}{(\lambda_{i_{1}}-1)(\lambda_{\infty}-1)}$

$-\frac{(\lambda_{i_{1}}+\cdots+\lambda_{i_{n}}-1)}{(\lambda_{i_{1}}-1)(\lambda_{\infty}-1)}\sum_{\sigma=1}^{n}(-1)^{\sigma+1}\cdot\frac{A\left(\begin{array}{l}\partial_{1}I\\\partial_{\sigma}I\end{array}\right)}{A(I)}\tilde{\varphi}(\partial_{\sigma}I)$ .

PROOF. We fix $i_{1}$ . In view of the equality,

(2.3) $0\sim\nabla_{\omega}(\frac{df_{i_{2}}\wedge\cdot\cdot.\cdot.\wedge df_{t_{n}}}{f_{i_{1}}f_{i_{2}}\cdot f_{i_{t}}})$

$=(\lambda_{i_{1}}-1)T_{i_{1}}^{-1}\varphi(I)[i_{1}, \cdots, i_{n}]+\sum_{j\not\in I}\lambda_{j}[j, i_{2}, \cdots, i_{n}]\varphi(j, I)$

$-\sum_{\nu=1}^{n}(-1)^{\nu-1}\frac{A\left(\begin{array}{l}\partial_{1}I\\\partial_{\nu}I\end{array}\right)}{A(I)}\varphi(\partial_{\nu}I)[i_{1}, \cdots, i_{n}]$ .

On the other hand we have, by partial fraction,
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(2.4) $\frac{[i_{1},i_{2},..\cdot.\cdot\cdot i_{n}]}{f_{i_{1}}f_{i_{\hslash}}’}+\sum_{\nu=1}^{n}(-1)^{\nu}\frac{[j,i_{1},\cdots,.i_{\nu},..\cdot.\cdot\cdot,i_{n}]\wedge}{f_{\dot{f}}f_{i_{1}}\cdot\cdot\hat{f_{i_{\nu}}}f_{r}}=0$ .

Therefore the right hand side of (2.3) is described as:

(2.5) $(\lambda_{t_{1}}-1+\sum_{jlI}x_{j})T_{1}^{-1}\tilde{\varphi}(I)[i_{1}, \cdots, i_{n}]$

$+\sum_{j\epsilon I}\sum_{\nu=2}^{n}(-1)^{\nu}\lambda_{j}T_{i_{1}}^{-1}\tilde{\varphi}(j, \partial_{\nu}I)[j, i_{1}, \cdots, i_{\nu}\wedge, \cdots, i_{n}]$

$=Y(\partial_{1}I)[i_{1}, \cdots, i_{n}]$ ,
where $Y(\partial_{1}I)$ denotes

(2.6) $Y(\partial_{1}I)A(I)=\sum_{\nu=1}^{n}(-1)^{\nu-1}\cdot A\left(\begin{array}{l}\partial_{\nu}I\\\partial_{1}I\end{array}\right)\tilde{\varphi}(\partial_{\nu}I)$ .

Owing to the Lemma 2.2, which will be proved later, we have the
proposition.

LEMMA 2.2. Let $X_{t_{1},\ldots,i_{n-1}}$ and $Y_{i_{1},\ldots i_{*-1}}$ be skew-symmetric with respect
to $I=(i_{1}, \cdots, i_{n-1})$ , then the linear equations

(2.7) $(\alpha+\sum_{\dot{g}\not\in I}x_{j})i^{\wedge}\cdots,i$ ’

can be solved in a unique way, with respect to $X_{i_{1}\ldots.,i_{n-1}}$ as follows:
(2.8) $\alpha(\lambda_{1}+\cdots+\lambda_{n})X_{i_{1},\cdots,i_{n-1}}=(\alpha+\lambda_{i_{1}}+\cdots+\lambda_{i_{n-1}})$

$\times Y_{i_{1}\cdots,t_{n-1}}+\sum_{k\not\in I}\sum_{\nu=1}^{n-1}\lambda_{k}(-1)^{\nu-1}Y_{k,t_{1}},\ldots.\wedge$ .

PROOF. The proof is elementary, so we omit it.

PROOF OF (i). First we remark the following identity:

(2.9) $[i_{2}, \cdots, i_{n+1}]\tilde{\varphi}(i_{1}, \cdots, i_{n+1})$

$=\sum_{\nu=2}^{n+1}(-1)^{\nu}[i_{1}, \cdots, \prime i_{\nu}\wedge, \cdots, i_{n+1}]T_{i_{1}}^{-1}\tilde{\varphi}(i_{1}, \cdots, \prime i_{\nu}\wedge, \cdots, i_{n+1})$ .
By the substitution of the formulae (ii) for each term of the right hand
side of the above formula, we have the desired formula.

Propositions $2.2_{p}$ and $2.2_{n}$ imply the

THEOREM 3. The system (D. $II_{p}^{*}$ ), $0\leqq p\leqq n$ defines a maximally over-
determined $s$ystem of linear difference equations with respect to the basis
$\tilde{\varphi}(i_{1}, \cdots, i_{p})$ with the fundamental relations:
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(2.10) $\sum_{\nu=0}^{n}\tilde{\varphi}(i_{0}, \cdots, i_{\nu}\wedge, \cdots, i_{n})[i_{0}, \cdots, i_{\nu}\wedge, \cdots, i_{n}](-1)^{\nu}=0$ .
PROPOSITION 2.3. Generalized Schlafli formula, homogeneous case.

(E. $II_{0}$) $d\tilde{\varphi}(\phi)=\frac{1}{2}\sum_{1\leqq j\neq k\leqq m}\lambda_{j}\lambda_{k}\tilde{\varphi}(j, k)da_{j,k}$ .

PROOF. In Proposition 1.3 we have only to put $u_{j,0}=0$ .
REMARK. This formula is just a generalization of classical Schl\"afli

formula (see [2], (3.3)). In fact, when $m=n$ , by taking the limit $\lambda_{j}\rightarrow$

$0$ , we get the well-known Schlafli formula from (E. $II_{0}$).

THEOREM 4. In addition to $(D, II_{p}^{*}),$ $0\leqq p\leqq n$ , the system $(E, II_{0})$ defines
a maximally overdetermined system of linear differential equations with
respect to the basis $\tilde{\varphi}(I)=\tilde{\varphi}(i_{1}, \cdots, i_{p})0\leqq p\leqq n$ , with the fundamental
relations (2.10).

Actually we have the more explicit formula for the variation of $\tilde{\varphi}(I)$

as follows:

PROPOSITION $2.4_{p}$ .
(E. $II_{p}$) $A(I)\cdot d\tilde{\varphi}(I)=\frac{1}{2}\sum_{j\neq k;j,k\not\in I}\{dA\left(\begin{array}{ll}I & j\\I,k & \end{array}\right)-\frac{1}{2}d$ log $A(I, j)\cdot A\left(\begin{array}{ll}I & j\\I,k & \end{array}\right)$

$-\frac{1}{2}d$ log $A(I, k)\cdot A\left(\begin{array}{l}I,j\\I,k\end{array}\right)\}\lambda_{j}\cdot\lambda_{k}\cdot\tilde{\varphi}(I, j, k)$

$+\frac{A(I)}{2}\cdot\{-d$ log $A(I)-\sum_{1\leqq\nu\leqq p}\lambda_{t_{\nu}}d$ log $(\frac{A(\partial_{\nu}I)}{A(I)})$

$+\sum_{k\not\in I}\lambda_{k}d\log(\frac{A(I,k)}{A(I)})\}\tilde{\varphi}(I)$

$+\frac{1}{2}\sum_{1\leqq\mu\neq\nu\leqq p}(-1)^{\mu+\nu}\{-dA\left(\begin{array}{l}\partial_{\mu}I\\\partial_{\nu}I\end{array}\right)+\frac{1}{2}A\left(\begin{array}{l}\partial_{\mu}I\\\partial_{\nu}I\end{array}\right)d$ log $A(\partial_{\nu}I)$

$+\frac{1}{2}A\left(\begin{array}{l}\partial_{\mu}I\\\partial_{\nu}I\end{array}\right)d$ log $A(\partial_{\mu}I)\}\tilde{\varphi}(\partial_{\mu}\partial_{\nu}I)+\sum(-1)^{\mu+\nu}\lambda_{k}$

$\times\{dA\left(\begin{array}{l}k,\partial_{\nu}I\\I\end{array}\right)-\frac{1}{2}A\left(\begin{array}{l}k,\partial_{\nu}I\\I\end{array}\right)d$ log $A(\partial_{\nu}I)$

$-\frac{1}{2}A\left(\begin{array}{l}k,\partial_{\nu}I\\I\end{array}\right)d$ log $A(k, I)\}\tilde{\varphi}(k, \partial_{\nu}I)$ .

The above formula can be rewritten in the following way:
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PROPOSITION $2.4_{p}$ . For $0\leqq p\leqq n,$ $p=|I|$ ,

(E. II) $A(I)\cdot d\tilde{\varphi}(I)=\frac{1}{2}\sum_{j\neq k,\not\in I}dA\left(\begin{array}{l}I,j\\I,k\end{array}\right)\lambda_{j}\cdot\lambda_{k}\cdot\tilde{\varphi}(I, j, k)$

$+\sum_{\dot{g}\not\in I}d$ log $A(I, j)W\left(\begin{array}{l}I\\I,j\end{array}\right)+\sum_{\nu=1}^{p}d$ log $A(\partial_{\nu}I)\cdot W\left(\begin{array}{l}I\\\partial_{\nu}I\end{array}\right)$

$+\frac{1}{2}\sum_{1\leqq\mu\neq\nu\leqq p}dA\left(\begin{array}{l}\partial_{\mu}I\\\partial_{\nu}I\end{array}\right)\cdot\tilde{\varphi}(\partial_{\mu}\partial_{\nu}I)$

$+\sum_{k\not\in t}\sum_{\nu=1}^{p}dA\left(\begin{array}{l}h,\partial_{\nu}I\\I\end{array}\right)\cdot W\left(\begin{array}{l}I\\k,\partial J\end{array}\right)+dA(I)\cdot W(I)$ ,

where we put respectively:

(2.11) $W\left(\begin{array}{l}I\\I,j\end{array}\right)=-\frac{1}{2}\sum_{k\not\in I,k\neq j}A\left(\begin{array}{l}I,j\\I,k\end{array}\right)\lambda_{j}\lambda_{k}\tilde{\varphi}(I, j, k)+\frac{1}{2}\lambda_{j}\cdot A(I)\cdot\tilde{\varphi}(I)$

$-\frac{1}{2}\sum_{\nu=1}^{p}(-1)^{p+\nu}\lambda_{j}A\left(\begin{array}{l}j,\partial_{\nu}I\\I\end{array}\right)\tilde{\varphi}(j, \partial_{\nu}I)$ ,

which is equal to

$\frac{1}{2}\lambda_{j}A(j, I)T_{\dot{f}}^{-1}\tilde{\varphi}(I, j)(\lambda_{j}-1)$ ,

and

(2.12) $W\left(\begin{array}{l}I\\\partial_{\mu}I\end{array}\right)=-\frac{1}{2}\lambda_{i_{\mu}}\tilde{\varphi}(I)+\frac{1}{2}\sum_{\nu=1}^{p}(-1)^{\mu+\nu}A\left(\begin{array}{l}\partial_{\mu}I\\\partial_{\nu}I\end{array}\right)\cdot\tilde{\varphi}(\partial_{\mu}\partial_{\nu}I)$

$-\frac{1}{2}\sum_{k\not\in I}(-1)^{p+\mu}x_{k}A\left(\begin{array}{l}k,\partial_{\mu}I\\I\end{array}\right)\tilde{\varphi}(k, \partial_{\mu}I)$ ,

which is equal to $-(1/2)T_{\mu}\tilde{\varphi}(\partial_{\mu}I)\cdot A(\partial_{\mu}I)$ ,

(2.13) $W\left(\begin{array}{l}I\\j,\partial_{p}I\end{array}\right)=(-1)^{p+\mu}\cdot\lambda_{\dot{f}}\tilde{\varphi}(j, \partial_{\mu}I)$ , and

(2.14) $W(I)=\{-\frac{1}{2}+\sum_{\nu=1}^{p}x_{i_{\nu}}-\sum_{k\not\in I}x_{k}\}\tilde{\varphi}(I)$ .

COROLLARY. If $A(I, k)$ or $A(\partial_{\mu}I)$ vanishes, then $W(I, k)$ or $W(\partial_{\mu}I)$

vanishes. In this case (E. $II_{p}^{\prime}$) still has a meaning.

PROOF. According to the formulae (D. $II_{p}^{*}$ ), (D. $II_{n}^{*}$) and (D. $II_{p}$), we
have

(2.15) $W\left(\begin{array}{l}I\\I,j\end{array}\right)=\frac{1}{2}\lambda_{j}(\lambda_{j}-1)\cdot A(j, I)\cdot T_{\dot{f}}^{-1}\tilde{\varphi}(I)$ ,
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(2.16) $W\left(\begin{array}{l}I\\\partial_{\mu}I\end{array}\right)=-\frac{1}{2}A(\partial_{\mu}I)\cdot T_{i_{\mu}}\tilde{\varphi}(\partial_{\mu}I)$ ,

which immediately imply the corollary.

For the variation of $\tilde{\varphi}(I)$ when $|I|=n$ , we can again apply the
formula (E. $II_{p}$) by putting $p=n,$ $A(I, j)=0$ and $W(I, j)=0$ . Consequently
we have

PROPOSITION $2.4_{n}$ . For $|I|=n$ ,

(E. $II_{n}^{\prime}$) $A(I)\cdot d\tilde{\varphi}(I)=\sum_{\nu=1}^{n}d$ log $A(\partial_{\nu}I)\cdot W\left(\begin{array}{l}I\\\partial_{\nu}I\end{array}\right)$

$+\frac{1}{2}\sum_{\mu,=1}^{n}dA\left(\begin{array}{l}\partial_{\mu}I\\\partial_{\nu}I\end{array}\right)\cdot\tilde{\varphi}(\partial_{\mu}\partial_{\nu}I)$

$+\sum_{k\not\in I}dA\left(\begin{array}{l}k,\partial_{\nu}I\\I\end{array}\right)\cdot W\left(\begin{array}{l}I\\k,\partial_{\nu}I\end{array}\right)+dA(I)\cdot W(I)$ .
Theorem 4 can be restated as follows:

THEOREM 4’. The system of equations (E. $II_{p}^{\prime}$), $0\leqq p\leqq n$ , defines a
maximally overdetermined linear differential equations with respect to
the basis $\tilde{\varphi}(I)$ with the fundamental relations (2.10).

DEFINITION 2.1. We shall denote by $\omega(i_{1},$ $\cdot i_{1},\cdots,i_{p)}i_{p},$
$i_{p+1},$ $i_{p+2}$

the nor-
malized logarithmic l-form defined by

(2.17) $\frac{1}{2\sqrt{-1}}d$ log $[i_{1}i_{1}i_{1}i_{1},i_{p}i_{p}i_{p}i_{p},$$i_{p+2}i_{p+1}i_{p+2}i_{p+1}\ovalbox{\tt\small REJECT}]$

(see [2] p. 5). In particular we have

$\omega\left(\begin{array}{l}\phi\\ i,j\end{array}\right)=\frac{1}{2\sqrt{-1}}d\log[\frac{-a_{l,j}+\sqrt{a_{i,j}^{2}-1}}{-a_{i,j}-\sqrt a_{i,j}^{2}-1}]$ ,

because $a_{j,j}=1$ . We shall also denote by $\omega(i_{1}^{1}i,$ $i_{p},ji_{p)}$ the l-form

(2.18) $d$ log $[A(i_{1}, \cdots, i_{p})/A(i_{1}, \cdots, i_{p}, j)]$ .
Then Proposition $2.4_{p}$ is expressed as follows:

PROPOSITION $2.4_{p}^{\prime\prime}$ . With respect to the normalized basis
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(2.19) $\varphi(i_{1}\approx, \cdots, i_{p})=\sqrt{A(i_{1}}$, $i_{p}$) $\tilde{\varphi}(i_{1}, \cdots, i_{p})$ ,

$0\leqq p<n$ , we have the simple formula:

(E. $II_{p}$ ) $ d\varphi\approx(I)=\frac{1}{2}\sum_{1\leqq\dot{g}\neq k\leqq r*}x_{j}\cdot x_{k}\omega\left(\begin{array}{ll} & I\\I & j,k\end{array}\right)\varphi(I, j, k)\approx$

$+\frac{1}{2}\{-\sum_{\nu=1}^{p}\lambda_{i_{\nu}}\omega\left(\begin{array}{l}\partial_{\nu}I\\I\end{array}\right)-\sum_{keI}\lambda_{k}\omega\left(\begin{array}{ll}I & \\I & k\end{array}\right)\}\varphi(I)\approx$

$+\frac{1}{2}\sum_{1\leq\mu\neq\nu\leqq p}\omega\left(\begin{array}{l}\partial_{\mu}\partial_{\nu}I\\I\end{array}\right)\cdot\varphi(\partial_{\mu}\partial_{\nu}I)\approx$

$+\sum_{k\not\in I}\lambda_{k}(\frac{A(k,\partial_{\nu}I)A(I)}{A(k,I)\cdot A(\partial_{\nu}I)})^{-1/2}\omega\left(\begin{array}{l}\partial_{\nu}I\\Ik\end{array}\right)\cdot\varphi(k, \partial_{\nu}I)\approx$ .

In the same manner, from Proposition $2.4_{n}^{\prime}$ we have,

PROPOSITION $2.4_{n}$ . For $|I|=n$ ,

(E. $II_{n}$) $d\varphi(I)\approx=\frac{1}{2}\{-\sum_{\nu=1}^{n}\lambda_{l_{\triangleright}}\omega\left(\begin{array}{l}\partial J\\I\end{array}\right)-\sum_{k\not\in I}\lambda_{k}d$ log $ A(I)\}\varphi(I)\approx$

$+\frac{1}{2}\sum_{1\leqq\mu\neq\nu\leq n}\omega\left(\begin{array}{l}\partial_{\mu}\partial J\\I\end{array}\right)\cdot\varphi(\partial_{\mu}\partial_{\nu}I)\approx$

$+\frac{1}{2}\sum_{k\not\in I,1\leqq\nu\leqq p}\lambda_{k}\{d$ log $ A(k, \partial_{\nu}I)-\omega\left(\begin{array}{l}\partial_{\nu}I\\I\end{array}\right)\}\varphi(k, \partial_{\nu}I);\approx$

with the fundamental relations:

(2.10) $\sum_{\nu=0}^{n}(-1)^{\nu}\varphi(i_{0}\approx, \cdots, i_{\nu}\wedge, \cdots, i_{n})=0$ .

The integrability condition for the (E. $II_{p}$) gives rise to the amusing
relations (see also [2]):

COROLLARY. (i) For two sequences of indices $I,$ $J$ such that $I\subset J$

and $|I|+4=|J|$ , we have

(R. $I_{1}$) $|K|=|I|+2\sum_{I\subset K\subset J}\omega\left(\begin{array}{l}I\\K\end{array}\right)$ A $\omega\left(\begin{array}{l}K\\J\end{array}\right)=0$

(ii) For any $j,$ $k\not\in I,$ $j\neq k$ , we have

(R. $I_{2}$) $\omega\left(\begin{array}{ll} & I\\I & j,k\end{array}\right)$ A $(\omega\left(\begin{array}{ll}I & k\\I & j,k\end{array}\right)-\omega\left(\begin{array}{l}I\\I,j\end{array}\right))=0$
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\S 3. The conformal case.

We now want to study the analytic structure of the integral

(J. $III_{0}$) $\hat{\varphi}(\phi)=\int\hat{U}(x)\cdot dx_{1}\wedge\cdots\wedge dx_{n}$ ,

for $\hat{U}(x)=\hat{f_{0}}^{\lambda_{0}}\cdot\hat{f}_{1}^{\lambda_{1}}\cdots\hat{f}_{m^{m}}^{\lambda}$ , where $\hat{f}_{0}=-(x_{1}^{2}+\cdots+x_{n}^{2})+1$ and $\hat{f_{1}},$ $\cdots,\hat{f}_{m}$ are
all linear functions: $\hat{f}_{j}=\sqrt{-1}\sum_{\nu=1}^{n}u_{j,\nu}x_{\nu}+u_{j,0}$ . We denote by $\hat{S}_{j},$ $0\leqq j\leqq m$ ,
the hyper-quadric $\hat{f}_{0}=0$ or hyper-planes $\hat{f}_{j}=0$ . Then (J. $III_{0}$) can be re-
garded as the pairing between the twisted cohomology $H^{n}(C^{n}-\bigcup_{j=0}^{m}\hat{S}_{j},\hat{\nabla})$

and the twisted dual homology $H_{n}(C^{n}-\bigcup_{\dot{g}=0}^{m}\hat{S}_{j}, \mathscr{L}_{-\omega}^{\wedge})$ , where $\hat{\nabla}$ denotes the
covariant differentiation $\hat{\nabla}_{\omega}\psi=d\psi+\hat{\omega}\wedge\psi$ , for $\hat{\omega}=\sum_{j=0}^{m}\lambda_{j}d$ log $\hat{f}_{j}$ . We
put $\sqrt{-1}x_{j}=t_{j}/t_{0},1\leqq j\leqq n$ and $f_{j}=\sum_{\nu=0}^{n}u_{j,\nu}t_{\nu}(1\leqq j\leqq n),$ $f_{0}=t_{0}^{2}+\cdots+t_{n}^{2}$ .
Consider the homogeneous form of the integral (J. $III_{0}$) as follows:

$(J. I_{0})^{\prime}$ $\tilde{\varphi}(\phi)=\int\exp(-f_{0}/2)\cdot t_{0}^{\mu_{0}}\cdot\prod_{i=1}^{m}f_{i}^{\lambda_{i}}(t)dt_{0}\wedge\cdots\wedge dt_{n}$ .
By change of variables $(t_{0}, \cdots, t_{n})\mapsto(t=t_{0}^{2}\hat{f_{0}}\wedge, x_{1}, \cdots, x_{n})$ and after the
integration with respect to $ t\wedge$, this is rewritten as

(3.1) $\tilde{\varphi}(\phi)=\Gamma(-\lambda_{0})\cdot 2^{-\lambda_{0}-1}(\sqrt{-1})^{n}\cdot\int_{\gamma}\wedge\hat{f}_{0}^{\lambda_{0}}\prod_{i=1}^{m}\hat{f}_{i}^{\lambda_{i}}dx_{1}\wedge\cdots\wedge dx_{n}$

$=\Gamma(-\lambda_{0})\cdot 2^{-\lambda_{0}-1}\cdot\hat{\varphi}(\phi)(\sqrt{-1})^{n}$ ,

the integration being done on a suitable twisted cycle $\hat{\gamma}$ in $C^{n}-\bigcup_{j=0}^{m}\hat{S}_{j}$ ,
where $\lambda_{0}denotes-(1/2)(\mu_{0}+\sum_{i=1}^{m}x_{i}+n+1)$ .

We denote by $\rho$ the linear mapping defined by

(3.2) $\rho:\hat{\varphi}(\phi)=\hat{\varphi}(\lambda_{0}, \cdots, \lambda_{m};\phi)-\succ\tilde{\varphi}(\phi)=\varphi(\mu_{0}, x_{1}, \cdots, \lambda_{m};\phi)$ .
Then

LEMMA 3.1. $\rho$ is a monomorphism from $H^{n}(C^{n}-\bigcup_{j=0}^{m}\hat{S}_{j}, \nabla)$ into
$H^{n+1}(C^{n+1}-\bigcup_{j=1}^{m+1}S_{j}, \nabla)$ , where $S_{m+1}$ denotes the hyperplane $t_{0}=0$ .

The hyper-quadric $Y=\hat{S}_{0}$ being fixed, we can take as coordinates of
the configuration of hyper-planes $\hat{S}_{1},$ $\cdots,\hat{S}_{m}$ , the $0(n+1, C)$-invariants
$a_{i,j}=\sum_{\nu=0}^{n}u_{l,\nu}u_{j,\nu},$ $1\leqq i,$ $j\leqq m$ and $a_{0,0}=1,$ $a_{i,0}=u_{i,0},1\leqq i\leqq m$ .

DEFINITION 3.1. We denote by $\hat{T}_{0}^{\underline{+}1},\hat{T}_{i}^{\pm 1}$ the difference operators as
follows:
(3.3) $\hat{T}_{0}^{\pm 1}\hat{\varphi}(\lambda_{0}, \cdots, \lambda_{m};\phi)=\hat{\varphi}(\lambda_{0}\pm 1, \lambda_{1}, \cdots, \lambda_{n};\phi)$ ,

$\hat{T}_{i}^{\pm 1}\hat{\varphi}(\lambda_{0}, \cdots, \lambda_{m};\phi)=\hat{\varphi}(\lambda_{0}, \cdots, \lambda_{i}\pm 1, \cdots, \lambda_{n*};\phi)$ .
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Then

LEMMA 3.2. The following diagrams are all commutative:

(3.4) $\hat{T}\downarrow\rightarrow\leftarrow\rho\rho\downarrow T_{i}T_{0}^{-1}$ , $-2\lambda_{0}\hat{T}_{0}^{-1}\downarrow\rightarrow\rightarrow\rho\rho\downarrow T_{0}^{2}$ , $-\frac{1}{2(\lambda_{0}+1)}\hat{T}_{0}\downarrow\rightarrow\rightarrow\rho\rho\downarrow T_{0}^{-2}$ .

We assume now

ASSUMPTION 3.1. $\hat{S}_{0},\hat{S}_{1},$

$\cdots,$
$S_{n}$ are in general position among them-

selves in $C^{n}$ , and $\hat{S}_{1},$

$\cdots,$
$S_{n}$ are all real.

The following lemma was proved in [1] (see [1], Th\’eor\‘eme 4.3.)

LEMMA 3.3. Under the Assumption 3.1, $H^{n}(C^{n}-\bigcup_{j=0}^{m}\hat{S}_{j},\hat{\nabla})$ has a
basis

(3.5) $\varphi(i_{1}, \cdots, i_{p})=\frac{dx_{1}\wedge\cdot.\cdot.\cdot.\wedge dx_{n}}{\hat{f}_{1}\hat{f_{i_{p}}}}$

for $1\leqq i_{1}<\cdots<i_{p}\leqq m,$ $0\leqq p\leqq n$ , so that its dimension is equal to $\sum_{p=0}^{n}\left(\begin{array}{l}m\\p\end{array}\right)$ .
The twisted homology $H_{n}(C^{n}-\bigcup_{\dot{g}=0}^{m}\hat{S}_{j}, \mathscr{G}_{-\omega}^{\wedge})$ has a basis consisting of the
relatively compact connected components of $R^{n}-\bigcup_{j=0}^{m}R^{n}\cap\hat{S}_{j}$ .

We denote by $\hat{\varphi}(i_{1}, \cdots, i_{p})$ or $\hat{\varphi}_{*}(i_{1}, \cdots, i_{p})$ the integrals

(J. $III_{p}$) $\hat{\varphi}(i_{1}, \cdots, i_{p})=\int\hat{U}(\lambda)\cdot\varphi(i_{1}, \cdots, i_{p})=\hat{T}_{i_{1}}^{-1}\cdots\hat{T}_{i_{p}}^{-1}\hat{\varphi}(\phi)$ ,

$\hat{\varphi}_{*}(i_{1}, \cdots, i_{p})=\int\hat{U}(x)\cdot\varphi_{*}(i_{1}, \cdots, i_{p})$ ,

where $\varphi_{*}(i_{1}, \cdots, i_{p})$ is defined to be

(3.6)
$\varphi_{*}(I)=\varphi(I)+\sum_{\nu=1}^{p}(-1)^{\nu}A\left(\begin{array}{l}I\\\sim 0,\partial_{\nu}I\end{array}\right)(\partial_{\nu}I)$

.
$A(I)$

Remark that $\hat{\varphi}(\phi)=\hat{\varphi}_{*}(\phi)$ and $\varphi(I)$ is a linear combination of $\varphi_{*}(J)$ for
$J\subset I$. In view of (3.1) and (3.4), according to the formulae (D. $I_{p}$) and
(D. $I_{p}^{\prime}$), a direct calculation shows the following:

PROPOSITION $3.1_{p}$ (Reduction from weight $p$ to $p+1$).
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(D. $III_{p}$)
$(\mu_{0}+p-1)\hat{T}_{0}\hat{\varphi}(I)=-2(\lambda_{0}+1)\frac{A(I)}{A(0,I)}\hat{\varphi}_{*}(I)-\sum_{k\not\in I}\lambda_{k}\frac{A\left(\begin{array}{ll}0 & I\\k & I\end{array}\right)}{A(0,I)}\hat{T}_{0}\hat{\varphi}(k, I)$

,

for $0\leqq|I|\leqq n$ and, in particular

(D. $III_{n}$)
$(\mu_{0}+n-1)\hat{T}_{0}\hat{\varphi}(I)=\sum_{\nu=1}^{n}(-1)^{\nu+1}\cdot\frac{A\left(\begin{array}{ll}k & \partial_{\nu}I\\0 & \partial_{\nu}I\end{array}\right)\cdot A\left(\begin{array}{ll}0,k & \partial_{\nu}I\\0 & I\end{array}\right)}{A(0,k,\partial_{v}I)\cdot A(0,I)}\hat{\varphi}_{*}(k, \partial_{\nu}I)$

$+\frac{A(I)}{A(0,I)}(\mu_{0}+x_{l_{1}}+\cdots+x_{i_{n}}+n-1)\hat{\varphi}_{*}(I)$ ,

for $|I|=n$ .
In the same manner, according to the formula (D. $I_{p}$), we have the

following difference systems.

PROPOSITION $3.2_{p}$ . For $0\leqq p\leqq n$ ,

(D. $III_{p}^{*}$ )
$-2\lambda_{0}\cdot\hat{T}_{0}^{-1}\hat{\varphi}(I)=\sum_{\dot{g}lI}\lambda_{j}\frac{A\left(\begin{array}{ll}0 & I\\j & I\end{array}\right)}{A(I)}\cdot\hat{\varphi}(j, I)$

$+\sum_{\mu=1}^{p}\frac{A\left(\begin{array}{l}I\\0,\partial_{\mu}I\end{array}\right)}{A(I)}(-1)^{\mu-1}(-2\lambda_{0})\cdot\hat{T}_{0}^{-1}\hat{\varphi}(\partial_{\mu}I)$

$+(\mu_{0}+p+1)\frac{A(0,I)}{A(I)}\hat{\varphi}(I)$ .

PROPOSITION $3.3_{p}$ . For $0\leqq p\leqq n$ ,

(D. $IV_{p}^{*}$ ) $\hat{T}_{k}^{-1}\hat{\varphi}(I)=\hat{\varphi}(k, I)$ , for $k\not\in I$

$(\lambda_{i_{\mu}}-1)\hat{T}_{i_{\mu}}^{-1}\hat{\varphi}(I)=\sum_{k\not\in I}\lambda_{k}\frac{A\left(\begin{array}{l}I\\k,\partial_{\mu}I\end{array}\right)}{A(I)}(-1)^{\mu-1}\cdot\hat{\varphi}(k, I)$

$+(\mu_{0}+p+1)\frac{A\left(\begin{array}{l}I\\0,\partial_{\mu}I\end{array}\right)}{A(I)}(-1)^{\mu}\hat{\varphi}(I)$

$+\sum_{\nu=1}^{p}\frac{A\left(\begin{array}{l}\partial_{\mu}I\\\partial_{\nu}I\end{array}\right)}{A(I)}(-1)^{\mu+\nu}(-2\lambda_{0})\hat{T}_{0}^{-I}\hat{\varphi}(\partial_{\nu}I)$ .

As for the differential system for $\hat{\varphi}(\phi)$ , (E. $II_{0}$) and (3.1) imply the
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following:

LEMMA 3.4.

(3.7) $-2(\lambda_{0}+1)\cdot d\hat{\varphi}(\phi)=\frac{1}{2}\sum_{1\leq j\neq k\leqq*}\lambda_{\dot{f}}\lambda_{k}da_{j.k}\hat{T}_{0}\hat{\varphi}(j, k)+\sum_{k=1}^{n*}\mu_{0}x_{k}da_{0,k}\hat{T}_{0}\hat{\varphi}(k)$ .

We now want to eliminate the terms $\hat{T}_{0}\hat{\varphi}(j, k)$ and $\hat{T}_{0}\hat{\varphi}(k)$ in the
right hand side, by using Proposition 3.1. Owing to Proposition $3.1_{1}$ ,
the above can also be written as follows:

(3.8) $d\hat{\varphi}(\phi)=\sum_{k=1}^{*}\lambda_{k}da_{0,k}\frac{\hat{\varphi}_{*}(k)}{A(0,k)}+\frac{1}{2}\sum_{1\leqq j\neq k\leqq m}\lambda_{\theta}\lambda_{k}da_{j,k}\frac{\hat{T}_{0}\hat{\varphi}(j,k)}{-2(\lambda_{0}+1)}$

$+\sum_{1\leqq j\neq l\leqq n}\lambda_{\dot{f}}\lambda_{k}\frac{A\left(\begin{array}{ll}0 & k\\k & j\end{array}\right)}{A(0,k)}\hat{T}_{0}\hat{\varphi}(j,k)-2(\lambda_{0}+1)^{da_{0,k}}$

The latter can be described as follows:

(3.9)
$\sum_{k=1}^{*}\theta\left(\begin{array}{l}\phi\\ k\end{array}\right)\lambda_{k}\hat{\varphi}_{*}(k)+\frac{1}{2}\sum_{1\leqq j\neq k\leqq n}\lambda_{j}\lambda_{k}\frac{\theta\left(\begin{array}{l}\phi\\ j,k\end{array}\right)\cdot\hat{T}_{0}\hat{\varphi}(j,k)}{-2(\lambda_{0}+1)}$

,

where $\theta(\phi j)$ and $\theta(j^{\phi}k)$ denote the l-forms which are symmetric with
respect to $j,$ $k$ :

(3.10) $\theta\left(\begin{array}{l}\phi\\j\end{array}\right)=da_{0,\dot{g}}/A(0, J)$ ,

(3.11)
$\theta\left(\begin{array}{l}\phi\\ j,k\end{array}\right)=\frac{1}{2}(_{da_{j,k}+\frac{A\left(\begin{array}{l}0,k\\k,j\end{array}\right)}{2A(0,k)}da_{0.k}}+\frac{A\left(\begin{array}{l}j0\\j,k\end{array}\right)}{2A(0,j)}da_{0},J$ .

More generally we define the following sequence of l-forms

DEFINITION 3.2. We denote by $\theta(j_{1},$ $\phi.,.j_{p}),$ $3\leqq p\leqq n+1$ , the l-form
which is symmetric with respect to $g_{1},$ $\cdots,$ $g_{p}$ and defined by recurrence
relations:

(3.12)
$\theta\left(j_{1} & \phi & \cdots & j_{p}\right)=\sum_{\nu=1}^{p}(-1)^{\nu}\cdot\theta\left(\begin{array}{lllll} & & \phi & & \\j_{1} & \ldots & \hat{j}_{\nu} & \ldots & j_{p}\end{array}\right)\cdot\frac{A\left(\begin{array}{lllll}0j_{1} & \cdots & \hat{j}_{\nu} & \cdots & j_{p}\\j_{1}j_{2} & \cdots & \cdots & \cdots & \end{array}\right)}{A(j_{1},\cdots,\hat{j}_{\nu},\cdots,j_{p})}$ .

A characterization of these forms will be given in Part II.
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By applying repeatedly Proposition $3.1_{p}$ for the second term in the
right hand side of (3.8), we have

PROPOSITION 3.4. For $\hat{\varphi}(\phi)=\hat{\varphi}_{*}(\phi)$ ,

(E. $III_{0}$) $d\hat{\varphi}(\phi)=\sum_{=1}^{n}\frac{1}{s!}\sum\frac{\lambda_{i_{1}}.\cdot.\cdot\cdot\lambda_{c_{\epsilon}}}{(\mu_{0}+1)\cdot(\mu_{0}+s-1)}$

. $\theta\left(\begin{array}{lll} & \phi & \\i_{1} & \ldots & i\end{array}\right)\frac{A(i_{1},\cdot\cdot.\cdot.’.i.)}{A(0,i_{1},,i_{l})}\hat{\varphi}_{*}(i_{1}, \cdots, i_{\iota})$

$+\frac{1}{(n+1)!}\sum\frac{\lambda_{i_{1}}.\cdot.\cdot.\cdot\lambda_{n+1}}{(\mu_{0}+1)(\mu_{0}+n-1)}\cdot\theta\left(i_{1} & \phi & \cdots & i_{n+1}\right)$

$\times\frac{\hat{T}_{0}\hat{\varphi}(i_{1},\cdots,i_{n+1})}{-2(\lambda_{0}+1)}$ ,

where $\hat{T}_{0}\hat{\varphi}(i_{1}, \cdots, i_{n+1})$ is given by the following lemma:

LEMMA 3.5. For any $(n+1)$ indices $i_{1},$
$\cdots,$

$i_{n+1}$ we have the identity:

(3.13)
$\hat{T}_{0}=\sum_{1\leq\alpha*\beta\xi n+1}(-1)^{\alpha+\beta}\frac{A\left(\begin{array}{l}\partial_{\alpha}I\\\partial_{\beta}I\end{array}\right)}{A(I)}\hat{T}_{i_{\alpha}}\hat{T}_{i_{\beta}}$ .

Consequently,

(3.14)
$\hat{T}_{0}\hat{\varphi}(I)=\sum_{1\leq\alpha\neq\beta\leqq n+1}(-1)^{\alpha+\beta}\frac{A\left(\begin{array}{l}\partial_{\alpha}I)\\\partial_{\beta}I\end{array}\right)}{A(I)}\hat{\varphi}(\partial_{\alpha}\partial_{\beta}I)$ .

PROOF. By simple calculation, we have the identity (3.13) by replacing
$\hat{T}_{j}$ by $\hat{f}_{j}$ , which implies the lemma.

According to the Propositions 3.3 and 3.4, we can obtain a similar
but complicated formula for $d\hat{\varphi}(i_{1}, \cdots, i_{p})$ , so that

THEOREM 5. The difference $s$ystems (D. $III^{*}$ ) and (D. $IV^{*}$ ) define a
maximally overdetermined one with respect to the basis (3.5).

THEOREM 6. The formula (E. $III_{0}$) together with (D. $III^{*}$ ) and (D. $IV^{*}$ )

defines a maximally overdetermined linear differential equations with
respect to the basis (3.5).

\S 4. Configuration of hyper-plane sections in a hyper-quadric.

As in the preceding section we make the Assumption 3.1, where we
consider it in the $(n+1)$ dimensional affine space $C^{n+1}$ . We put further,
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ASSUMPTION 4.1. $\lambda_{0}=0$ .
We denote by $X$ or $Y$ the complements $C^{n+1}-\bigcup_{\dot{g}=1}^{m}\hat{S}_{j}$ or $\hat{S}_{0}-$

$\hat{S}_{0}\cap\bigcup_{j=1}^{n}\hat{S}_{j}$ . Then as was proved in [1], Theoreme 4.2 and [5], we
have

PROPOSITION 4.1. Let $\hat{\nabla}_{0}$ be the covariant differentiation defined on
$X$ or $Y$, by $\hat{\nabla}_{0}\psi=d\psi+\hat{\omega}_{0}$ A $\psi$ for $\hat{\omega}_{0}=\sum_{j=1}^{m}x_{j}d\log\hat{f}_{\dot{f}}$ . We denote by $\hat{U}_{0}$

the corresponding function $\prod_{j=1}^{n}\hat{f}_{\dot{f}}^{\lambda_{j}}$ . Suppose that
Assumption 4.2. $\lambda_{1},$

$\cdots,$
$\lambda_{n}$ are real and positive. These are generic,

in the sense that $\lambda,+\cdots+\lambda_{i_{p}}\not\in Z$ for any $1\leqq i_{1}<\cdots<i_{p}\leqq m+1,1\leqq p\leqq n$ ,
where $\lambda_{n*+1}denotes-\sum_{\dot{g}=1}^{n*}\lambda_{j}$ .

Then we have

(4.1) $H^{p}(X,\hat{\nabla}_{0})=0$ , $0\leqq p\leqq n$ ,

(4.2) $H^{p}(Y,\hat{\nabla}_{0})=0$ , $0\leqq p\leqq n-1$ .
Consequently the boundary homomorphism

(4.3) $\partial:H^{n+1}(X, Y;\hat{\nabla}_{0})-\rightarrow H^{n}(Y;\hat{\nabla}_{0})$

is an isomorphism. In view of the exact sequence

(4.4) $0\cong H^{n}(X,\hat{\nabla}_{0})-\rightarrow H^{n}(Y,\hat{\nabla}_{0})$ }$\rightarrow H^{n+1}(X, Y;\hat{\nabla}_{0})\mapsto H^{n+1}(X,\hat{\nabla}_{0})\mapsto 0$ ,

we have the isomorphism

(4.5) $H^{n+1}(X_{;}Yi\hat{\nabla}_{0})=H^{n}(Y;\hat{\nabla}_{0})\oplus H^{n+1}(X;\hat{\nabla}_{0})$ .
The corresponding dual basis is obtained as follows:

LEMMA 4.1. The basis of $H_{n+1}(X, \mathscr{G}_{-\omega_{0}}^{\wedge})$ consists of the relatively
compact components of $R^{n+1}-R^{n+1}\cap\bigcup_{j=1}^{m}S_{j}$ . The basis of $H_{n+1}(X, Y;\mathscr{G}_{-\hat{\omega}_{0}})$

consists of the relatively compact components of $ R^{n+1}-R^{n+1}\cap$

$\bigcup_{j=0}^{n*}S_{j}$ . $H_{n+1}(X, Y;\mathscr{G}_{-\omega_{0}}^{\wedge})$ is isomorphic to a direct sum $\Xi_{+}\oplus\Xi_{-}$ , such
that

(4.6) $\partial:\Xi_{+}\rightarrow^{\cong}H_{n}(Y, \mathscr{G}_{-\hat{\omega}_{0}})$ ,
$\partial:\Xi_{-}\rightarrow 0$ .

Namely the basis of $H_{n}(Y;\mathscr{G}_{-\omega_{0}}^{\wedge})$ consists of the cycle $\Delta_{+}^{(1)}=\partial\Delta_{+}\cap Y$, where
$\Delta_{+}$ denotes any relatively compact connected components of $ R^{n+1}-R^{n+1}\cap$

$\bigcup_{\dot{g}=0}^{n}S_{j}$ .
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NOTATION 4.1. According to J. Leray [12], p. 90, for any
$\Omega^{n+1}(X, *\bigcup_{j=1}^{m}\hat{S}_{\dot{f}})$ , we shall denote by $ d^{k}(\hat{f}_{1}^{\lambda_{1}}\cdots\hat{f}_{m}^{\lambda_{m}}\cdot\varphi)/(d\hat{f_{0}}/2)^{k+1}=\hat{f}_{1}^{\lambda_{1}}\cdots$

$\hat{f}_{m}^{\lambda_{m}}\varphi^{(k+1)}$ the residue n-form on $Y$ of k-th order $k!$ Res $(\hat{f}_{1}^{\lambda_{1}}\cdots\hat{f}_{m}^{\lambda_{m}}\varphi)/(\hat{f}_{0}/2)^{k+1}$ .
Then the following is obvious.

LEMMA 4.2. For any $\varphi\in\Omega^{n+1}(X, *\bigcup_{j=1}^{m}S_{j}),$ $h\in Z^{+}$ , we have

(4.7) $\lim_{\lambda_{0^{\rightarrow}}-1}-2(\lambda_{0}+1)\cdot\int_{\gamma}\hat{f}_{0}^{\lambda_{0}-k}\hat{f}_{1}^{\lambda_{1}}\cdots\hat{f}_{m}^{\lambda_{m}}\varphi$

$=1/k]\cdot\int_{\partial\gamma}\hat{f}_{1}^{\lambda_{1}}\cdots\hat{f}_{m^{\hslash}}^{\lambda},d^{k}\varphi/(d\hat{f}_{0})^{k+1}$ ,

if $\gamma\in\Xi_{+}$ and the left hand side vanishes if $\gamma\in:-.$

PROOF. See J. Leray [12], pp. 90-94.
Owing to this lemma, we can compute, from the result in the

preceding section, the linear difference system and the Gauss-Manin
connection of the integral

(J. $IV_{0}$) $\hat{\varphi}=\int\hat{f}_{1}^{\lambda_{1}}\cdots\hat{f}_{m^{m}}^{\lambda}\varphi^{(1)}q.$ ,

$\varphi^{(1)}\in\Omega^{n}(Y, *\bigcup_{j=1}^{m}\hat{S}_{j})$ on Y.

FIGURE 1

We denote by $\tau$ the standard form $dx_{1}\wedge dx_{2}\wedge\cdots\wedge dx_{n+1}$ and by $\tau^{(1)}$

$\sum_{\nu=1}^{n+1}(-1)^{\nu}x_{\nu}dx_{1}\wedge\cdots$ A $dx_{\nu-1}\wedge dx_{\nu+1}\wedge\cdots\wedge dx_{n+1}$ , the residue n-forms

(4.8) $\varphi^{(1)}(i_{1}, \cdots, i_{p})=\tau^{(1)}/f_{i_{1}}\cdots f_{i_{p}}=m,$ $0\leqq p\leqq n+1$ ,

of the $(n+1)$-forms $\varphi(i_{1}, \cdots, i_{p})=\tau/f_{i_{1}}\cdots f_{i_{p}}$ , with the fundamental rela-
tions in the following way. For any sequence of indices $I=\{i_{1}, \cdots, i_{n+2}\}$ ,
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we have the identity:

(4.9)
$\frac{1}{2}\sum_{1\leq\alpha\neq\beta\leqq n+a}(-1)^{\alpha+p}\ovalbox{\tt\small REJECT}(1$

}

$(\partial_{\alpha}\partial,I)A(0,\partial_{\alpha}\partial_{I},I)A(00,\partial_{\beta}\partial_{\alpha}I)$

$+\sum_{\alpha=1}^{n+2}(-1)^{\alpha}\frac{A(\partial_{\alpha}I)}{A\left(\begin{array}{l}0,\partial_{\alpha}I\\I\end{array}\right)}\hat{\varphi}^{(1)}(\partial_{\alpha}I)=0$

.

In fact, the left hand side is equal to $\hat{T}_{0}\hat{\varphi}(i_{1}, \cdots, i_{n+2})/df_{0}$ , which
is obviously equal to zero.

Proposition 4.1 follows from (4.6) and (4.7).

NOTATION. We put

$\varphi_{*}^{(1)}=\varphi^{(1)}$ ,

(4.10)
$\varphi_{*}^{(1)}(i_{1}, \cdots, i_{p})=\varphi^{(1)}(i_{1}, \cdots, i_{p})+2^{\neg}\nu=1(-1)^{\nu}\frac{A(\wedge)}{A(i_{1},,i_{p})}$

$\times\varphi^{(1)}(i_{1}, \cdots, i_{\nu}\wedge, \cdots, i,)$ ,

for $0\leqq p\leqq n+1,1\leqq i_{1}<\cdots<i_{p}\leqq m$.
By the Lemma 4.1, we can take, as a basis of H $(Y,\hat{\nabla}_{0})$ , the follow-

ing form:

(4.11) $\varphi^{(1)}(i_{1}, \cdots, i_{p})$ , $0\leqq p\leqq n$ , $1\leqq i_{1}<\cdots<i_{p}\leqq m$ ,
and $\varphi^{(1)}(1, i_{2}, \cdots, i_{n+1})$ , $2\leqq i_{2}<\cdots<i_{n+1}\leqq m$ .

On the other hand we know, through [3] Lemma 1, $H^{n+1}(X,\hat{\nabla}_{0})$ has a
basis of the logarithmic forms

(4.12) $d\log\hat{f}_{1}\wedge\cdots\wedge d\log\hat{f_{i.+1}}$

for $2\leqq i_{1}<\cdots<i_{*+1}$ . Therefore the forms

(4.13) $\varphi(i_{1}, \cdots, i_{p})$ , $0\leqq p\leqq n+1,1\leqq i_{1}<\cdots<i_{p}\leqq m$ ,

just constitute a basis of $H^{n+1}(X, Y;\hat{\nabla}_{0})$ .

COROLLARY. The dimension of $H^{n}(Y_{1}\hat{\nabla}_{0})$ is equal to $\sum_{p=0}^{n}\left(\begin{array}{l}m\\p\end{array}\right)+\left(\begin{array}{l}-ml\\n\end{array}\right)$ .
We shall now represent the logarithmic forms on $Y$ by means of the

above basis. First we prove
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LEMMA 4.3 (Reduction from weight $p$ to $p+1$). For $0\leqq p\leqq n$ , we
have the equivalence in $H^{n}(Y,\hat{\nabla}_{0})$ :

(4.14) $(\lambda_{\infty}+n-p)d$ log $\hat{f}_{j_{1}}\wedge\cdots\wedge d$ log $\hat{f}_{j_{p}}\wedge dx_{l_{1}}\wedge\cdots$ A $dx,$
$-p$

$\sim\sum_{k\not\in J}\lambda_{k}(-1)^{\nu-1}\frac{A\left(\begin{array}{lll}k,j_{1} & \cdots & j_{p}\\j_{1}0_{\prime} & \ldots & j_{p}\end{array}\right)}{A(0,j_{1},\cdots,j_{p},k)}\sum_{\nu=1}^{n-p}u_{k,i_{\nu}}$

$\times d$ log $\hat{f}_{\dot{f}_{1}}\wedge\cdots\wedge d$ log $\hat{f}_{\dot{3}p}\wedge d$ log $\hat{f}_{k}\wedge dx_{1}\wedge\cdots$ A $d^{J}x_{i_{\nu}}^{\backslash }$ A A $dx_{n-p}$

$-\sum_{k\not\in J}\lambda_{k}u[ki_{1|}^{*}j_{1}\ldots i_{p+1}^{*}j_{p}]\varphi_{*}^{(1)}(k, j_{1}, \cdots, j_{p})$

$\times sgn(i_{1}^{*}, \cdots, i_{p+1}^{*}, i_{1}, \cdots, i_{n-p})$ , $0\leqq p\leqq n$ ,

where $(i_{1}^{*}, \cdots, i_{p+1}^{*})$ denotes the complement of $(i_{1}, \cdots, i_{n-p})$ in the set
$(1, \cdots, n+1)$ and $u[$ $]$ the determinant

$\left|\begin{array}{ll}u_{k},i & u_{k,i_{p+1}^{*}}\\u_{\dot{g}_{1},i}\cdot\cdot & u_{i_{1,p+1}}*\\u_{j_{p}.li}\cdot\cdot & u_{\dot{J}p},*p+1\end{array}\right|$

In particular, for $p=n$ , the logarithmic forms $d$ log $f_{i_{1}}\wedge\cdots\wedge d$ log $f$ ,
can be expressed by means of the above basis as follows:
(4.15) $\lambda_{\infty}d\log\hat{f}_{1}\wedge\cdots\wedge d\log\hat{f}_{n}\sim$

$-\sum_{\dot{g}(i_{1},.,i,)}..\lambda_{j}[j, i_{1}, \cdots, i_{n}]\varphi_{*}^{(1)}(j, i_{1}, \cdots, i_{n})$ .
Conversely any $\varphi_{*}^{(1)}(i_{1}, \cdots, i_{n+1})$ can be expressed as follows:
(4.16) $[i_{1}, \cdots, i_{n+1}]\varphi_{*}^{(1)}(i_{1}, \cdots, i_{n+1})\sim$

$\sum_{\vee=\iota}^{n+1}(-1)^{\nu}d$ log $\hat{f}_{1}\wedge\cdots\wedge d\log\hat{f}_{\nu}\wedge\cdots\wedge d\sim$ log $\hat{f}_{i_{n+1}}$ .
PROOF. An elementary computation shows that, on $X$ for $I=$

$(i_{1}, \cdots, i_{p}),$ $0\leqq p\leqq n$ ,

(4.17) $(\lambda_{\infty}+n-p)\hat{\nabla}_{0}$($d$ log $f_{1}\wedge\cdots\wedge d$ log $f_{p}\wedge dx_{p+2}\wedge\cdots\wedge dx_{n+1}$)

$=\sum_{klI}\lambda_{k}\frac{A\left(\begin{array}{ll}k & I\\0 & I\end{array}\right)}{A(0,k,I)}\sum_{\nu=p+2}^{n+1}(-1)^{\nu-p}\cdot u_{k,\nu}\cdot\hat{\nabla}_{0}(d$

log $\hat{f}_{i,}\wedge\cdots\wedge d$ log $\hat{f}_{p}$

$\wedge d$ log $\hat{f}_{k}\wedge dx_{p+2}\wedge\cdots\wedge dx_{\nu-1}\wedge dx_{\nu+1}\wedge\cdots$ A $dx_{n+1}$)
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$-\sum_{kgI}\lambda_{k}u\left\{\begin{array}{llll} & k & I & \\l & \cdots & p & +1\end{array}\right\}\hat{\nabla}_{0}\varphi_{*}^{(1)}(k, I)$ ,

in particular,

(4.18) $\lambda_{\infty}\hat{\nabla}_{0}$($d$ log $\hat{f}_{1}\wedge\cdots\wedge d$ log $\hat{f_{i_{n}}}$) $=-\sum_{klI}\lambda_{k}[k, I]\hat{\nabla}_{0}\varphi_{*}^{(1)}(k, I)$ ,

for $I=(i_{1}, \cdots, i_{n})$ . By applying the mapping (4.3), we get (4.14) and
(4.15) respectively.

Therefore we have from (4.11)

LEMMA 4.4. $H^{n}(Y,\hat{\nabla}_{0})$ has a system of generators

(4.19) $\varphi_{*}^{(1)}(i_{1}, \cdots, i_{p})$ , $0\leqq p\leqq n$ ,

and

$d$ log $\hat{f}_{i_{1}}\wedge\cdots\wedge d$ log $\hat{f}_{n}$ ,

with the fundamental relations

(4.20) $i^{g\{i_{1},\ldots i-1\}}\sum,x_{j}d$
log $\hat{f}_{j}\wedge d$ log $\hat{f}_{1}\wedge\cdots\wedge d$ log $\hat{f}_{i,-1}\sim 0$ ,

for any sequence $\{i_{1}, \cdots, i_{n-1}\}\subset\{1, \cdots, m\}$ .
Using the above basis, Proposition $3.3_{p}$ implies, through residue

operation (4.7), the difference system

PROPOSITION 4.2. For $0\leqq p\leqq n+1$ and $I=(i_{1}, \cdots, i_{p})$ ,

(D. $V_{p}$)
$(\lambda_{\sigma}-1)\cdot\hat{T}_{i_{\sigma}}^{-1}\hat{\varphi}^{(1)}(I)=\sum_{k_{r}I}\frac{A\left(\begin{array}{l}I\\k,\partial_{\sigma}I\end{array}\right)}{A(I)}(-1)^{\sigma-1}\cdot\lambda_{k}\cdot\hat{\varphi}^{(1)}(k, I)$

$+\sum_{\nu=1}^{p}\frac{A(\partial_{\nu}\partial_{\sigma}II)}{A(I)}(-1)^{\sigma+\nu}\hat{\varphi}^{(2)}(\partial_{\nu}I)+(\mu_{0}+p+1)\ovalbox{\tt\small REJECT}^{(1)}(I)(-1)^{\sigma}A\left(\begin{array}{l}I\\0,\partial_{\sigma}I\end{array}\right)A(I)$

$\hat{T}_{i_{0}}^{-1}\hat{\varphi}^{(1)}(I)=\hat{\varphi}^{(1)}(i_{0}, I)$ if $i_{0}\not\in I$ ,

where $\varphi^{(2)}(I)$ denotes the residue form of 2-nd order: $d^{2}\varphi(I)/(df_{0}/2)^{2}$ .
From (D. $III_{p}^{*}$ ) this form itself can be expressed by recurrence formula
as follows: For $0\leqq p\leqq n+1$ ,
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(4.21)
$\hat{\varphi}^{(2)}(I)=\sum_{jGI}\lambda_{f}\frac{A\left(\begin{array}{ll}0 & I\\j & I\end{array}\right)}{A(I)}\hat{\varphi}^{(1)}(j, I)$

$+(\mu_{0}+p+1)\frac{A(0,I)}{A(I)}\hat{\varphi}^{(1)}(I)+\sum_{\nu=1}^{p}\frac{A\left(\begin{array}{l}I\\0,\partial_{\nu}I\end{array}\right)}{A(I)}(-1)^{\nu-1}\cdot\hat{\varphi}^{(2)}(\partial_{\nu}I)$ .
$The_{-}^{\vee}following$ is proved by a direct calculation:

LEMMA 4.5.

(4.22) $\sum_{1\leqq k\leqq m}\sum_{1\leqq\sigma\neq\sigma\leqq n+1}\frac{\lambda_{k}u_{k,\sigma}du_{k,\sigma^{\prime}}}{A(0,k)}sgn(\sigma, \sigma^{\prime})\hat{\nabla}_{0}(d$ log $ f_{k}\wedge dx_{1}\wedge\cdots$

A $ dx_{\sigma-1}\wedge dx_{\sigma+1}\wedge\cdots dx_{\sigma^{\prime}-1}\wedge dx_{\sigma^{\prime}+1}\wedge\cdots$ A $dx_{n+1}$) $(-1)^{\sigma+\sigma^{\prime}}$

$=\lim_{\lambda_{0^{\rightarrow-1}}}\sum_{1\leqq j\neq k\leqq m}\frac{1}{2}\lambda_{j}\lambda_{k}da_{j,k}\hat{T}_{0}\varphi(j, k)+\sum_{1\leqq j\neq k\leqq m}\lambda_{j}\lambda_{k}\frac{da_{0,k}A\left(\begin{array}{ll}0 & k\\k & j\end{array}\right)}{A(0,k)}$ .
$\times\hat{T}_{0}\varphi(k, j)$ .

By this lemma, we have from (3.7) the following:

LEMMA 4.6.

(4.23) $d\hat{\varphi}^{(1)}(\phi)=\sum_{k=1}^{m}\lambda_{k}\frac{da_{0,k}}{A(0,k)}\hat{\varphi}_{*}^{(1)}(k)$

$+\sum_{k=1}^{m}\sum_{1\leqq\sigma<a^{\prime}\leqq n+1}(-1)^{\sigma+\sigma^{\prime}-1}\cdot\lambda_{k}\frac{u_{k,\sigma^{\prime}}du_{k,\sigma}-u_{k,\sigma}du_{k,\sigma^{\prime}}}{A(0,k)}$

$\times\overline{d\log f_{k}\wedge dx_{1}\wedge\cdots\hat{\sigma}\cdots\hat{\sigma}’\cdots\wedge dx_{n+1}}$ .
PROOF. In fact

(4.24) $d\hat{\varphi}^{(1)}(\phi)=\lim_{\lambda_{0^{\rightarrow}}-1}-2(\lambda_{0}+1)d\hat{\varphi}(\phi)$

$=\lim_{\lambda_{0^{\rightarrow}}-1}-2(\lambda_{0}+1)[\sum_{k=1}^{m}x_{k}\frac{da_{0,k}}{A(0,k)}\hat{\varphi}_{*}(k)+\frac{1}{2}\sum_{1\leqq\dot{g}\neq k\leqq m}\theta\left(\begin{array}{l}\phi\\ j,k\end{array}\right)\frac{\hat{T}_{0}\hat{\varphi}(j,k)}{-2(\lambda_{0}+1)}]$

$=\sum_{k=1}^{m}\lambda_{k}\frac{da_{0,k}}{A(0,k)}\hat{\varphi}_{*}^{(1)}(k)+\sum_{1\leq k\leqq m}\frac{du_{k,\sigma}u_{k.\sigma^{\prime}}}{A(0,k)}\lambda_{k}sgn(\sigma, \sigma’)$

$\times\int_{A+}\hat{U}_{0}\hat{\nabla}_{\mathfrak{a}}$($d$ log $ f_{k}\wedge dx_{1}\wedge\cdots\hat{\sigma}\cdots\hat{\sigma}^{\prime}\cdots$ A $dx_{n+1}$) $(-1)^{\sigma+\sigma^{\prime}-1}$

$=\sum_{k=1}^{m}\lambda_{k}\frac{da_{0,k}}{A(0,k)}\hat{\varphi}_{*}^{(1)}(k)+\frac{1}{2}\sum_{k,\sigma,\sigma^{\prime}}\frac{du_{k,\sigma}u_{k,\sigma^{\prime}}}{A(0,k)}\lambda_{k}sgn(\sigma, \sigma’)(-1)^{\sigma+\sigma^{\prime}-1}$

$\times\int_{\Delta_{+}^{(1)}}\hat{U}_{0}$ .($d$ log $f_{k}\wedge dx_{1}\wedge\cdots\check{\sigma}\cdots\check{\sigma}’\cdots\wedge dx_{n+1}$).
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The lemma has been proved.

Finally we obtain the

THEOREM 7. The variation formula for $\hat{\varphi}_{*}^{(1\}}(\phi)=\hat{\varphi}^{(1)}(\phi)$ can be ex-
pressed in terms of $\hat{\varphi}_{*}^{(1)}(i_{1}, \cdots, i_{p})$ as follows:

(E. $IV_{0}$)
$d\hat{\varphi}_{*}^{\{1)}(\phi)=\sum_{p=1}^{n+1}\frac{1}{p!}\sum_{(-\lambda_{\infty}-n+1)\cdot\cdot(-h_{\infty}-n-1+p)}\lambda_{1}\left(\begin{array}{l}\phi\\\underline{i_{1}\cdots i,}\end{array}\right)\lambda_{i_{p}}.\theta^{(1)}$

$\times\hat{\varphi}_{*}^{(1)}(i_{1}, \cdots, i_{p})$ ,

where $\theta^{(1)(}i_{1},$ $\cdot\phi.,$ $i_{p})$ does not depend either on $h_{1},$ $\cdots,$
$\lambda_{n}$ or on the

dimension $n$ .
PROOF. This follows from Lemmas 4.3, 4.4 and Lemma 4.6.
The l-forms $\theta^{(1)(}i_{1},$ $\cdot\phi.,$ $i_{p})$ will be determined later more explicitly.

As a special case where $n=1$ , we have the following simple formula:

$(E. IV_{0})^{\prime}d\hat{\varphi}_{*}^{(1)}(\phi)=\sum_{k=1}\lambda_{k}\frac{da_{0.k}}{A(0,k)}\hat{\varphi}_{*}^{(1)}(k)$

$+\frac{1}{2}\sum_{1\leqq j\neq k\leqq n}\frac{A(j,k)}{A(0,j,k)}.-A(0, j, k)dA\left(\begin{array}{l}0,j\\0,k\end{array}\right)+\frac{1}{\ovalbox{\tt\small REJECT} 2}A\left(\begin{array}{l}0,j\\0,k\end{array}\right)dA(0, j, k)A(0,)A(0,k)$

$\times\lambda_{j}\lambda_{k}\hat{\varphi}_{*}^{(1)}(j, k)$ .
The Appell’s hyper-geometric function $(F)$ investigated by J. Kaneko

$|10]$ is a degenerate case for $m=4$ .
\S 5. Degenerate case I. Invariant connections for the diagonal

general linear group $\Delta(GL.xGL.)$ .
Let $f_{0}$ be the quadratic form $\sum_{=1}^{n}x\cdot y$ of $(x, y)eC‘‘\times C$“, and

$f_{1},$
$\cdots,$ $f_{r},$ $ m=t+\epsilon$ , be homogeneous linear functions on $C^{n}$ . We consider

the integral

(J. $V_{0}$) $\tilde{\varphi}(\phi)=\int\exp[-f_{0}(x, y)]f_{1}(x)^{\lambda_{1}}\cdots f.(x)^{\lambda}\cdot\cdot f_{+1}(y)^{\lambda+1}\cdots f_{+t}(y)^{\lambda.+\iota}\cdot\tau$ ,

where $\tau$ denotes the 2$n$-form $dx_{1}\wedge\cdots\wedge dx_{n}\wedge dy_{1}\wedge\cdots\wedge dy_{n}$ .
Since the group $G=\Delta(GL_{n}\times GL_{n})$ leaves $f_{0}$ invariant, the integral

(J. $V_{0}$) admits of the action of the group $G$ and so its Gauss-Manin
connection can be expressed by means of basic algebraic invariants in
the sense of H. Weyl’s book (see [17], p. 45). We denote by $a,j=$
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$\langle f_{i}, f_{j}\rangle=\sum_{\nu=1\nu}^{n}u,u_{j,\nu}$ the inner product of $f(x)=\sum_{\nu=1}^{n}u_{i,\nu}x_{\nu}$ and $f_{i}(y)=$

$\sum_{\nu=1}^{n}u_{j,\nu}x_{\nu},$ $1\leqq i\leqq s,$ $s+1\leqq j\leqq s+t$ . These are a basic generating system of
invariants with respect to $G$ . Now we assume the following:

ASSUMPTION 5.1. (i) Arbitrary n-functions among $f_{1},$
$\cdots,$ $f$. (or

$f_{l+1},$
$\cdots,$ $f_{+t}$) are linearly independent, namely for any indices $(i_{1}, \cdots, i_{n})\subset$

$(1, \cdots, s)$ (or $\subset(s+1,$ $\cdots,$ $s+t)$) we have $[i_{1}, \cdots, i_{n}]\neq 0$ .
(ii) For any indices $I=(i_{1}, \cdots, i_{n})\subset(1, \cdots, s)$ and $ J’=(j_{1}, \cdots, j_{n})\subset$

$(s+1, \cdots, s+t)_{f}$ we have $A\left(\begin{array}{l}I\\J\end{array}\right)\neq 0$ .
We denote by $\lambda_{\infty}=\sum_{\dot{g}=1}\lambda_{j}$ , and $x_{\infty}=\sum_{j=1}^{t}x_{j+}.$ .
DEFINITION 5.1. The mapping $\rho$ . By suitable change of coordinates

$(x, y)$ , we may assume that $f_{1}(x)$ is equal to $x_{1}$ . Then by the substitution
of the integral variables $x_{1}=x_{1},$ $x_{\dot{f}}=x_{1}\cdot x_{\dot{f}}^{\prime},$ $2\leqq j\leqq n$ and $y_{1}=y_{1},$ $y_{j}=y_{1}\cdot y_{\dot{f}}^{\prime}$ ,
$2\leqq j\leqq n$ respectively, (J. $V_{0}$) can be rewritten in the following way:

$(J. V_{0})^{\prime}\tilde{\varphi}(\phi)=\int\exp[-x_{1}y_{1}(1+\sum_{j=2}^{n}x_{\dot{f}}\cdot y_{j}^{\prime})]x_{1}^{\lambda_{\infty}+n-1}\cdot y_{1}^{\lambda_{\infty}^{\prime}+n-1}$

$\times f_{2}(1, x_{2}^{\prime}, \cdots, x_{n}^{\prime})^{\lambda_{2}}\cdots f_{l}(1, x_{2}^{\prime}, \cdots, x_{n}^{\prime})^{\lambda_{*}}f_{l+1}(1, y_{2}^{\prime}, \cdots, y_{n}^{\prime})^{\lambda.+\iota}\cdots$

$f_{+t}(1, y_{2}^{\prime}, \cdots, y_{n}^{\prime})^{\lambda_{\iota+t}}$

$\times dx_{1}$ A $ dx_{2}\wedge\cdots$ A $dx_{n}^{\prime}$ A $ dy_{1}\wedge dy_{2}^{\prime}\cdots$ A $dy_{n}^{\prime}$ .
In view of the fact that

(5.1) $\int\exp[-x_{1}y_{1}]\cdot x_{1}^{\lambda_{\infty}+n-1}y_{1}^{\lambda_{\infty}^{\prime}+n-1}dx_{1}\wedge dy_{1}$

is equal to zero or $(2\pi i)\Gamma(\lambda_{\infty}+n)$ for $x_{\infty}\neq x_{\infty}$ or $x_{\infty}=x_{\infty}^{\prime}$ , we have the
following:

LEMMA 5.1. $\tilde{\varphi}(\phi)$ vanishes when Nt $\neq\lambda_{\infty}$ . If $\lambda_{\infty^{--:\lambda_{\infty}}}^{\prime}$ , then $\tilde{\varphi}(\phi)$ is
equal to

(5.2) $(2\pi i)\cdot\Gamma(\lambda_{\infty}+n)\int(1+\sum_{\dot{g}=1}^{n}x_{\dot{f}}^{\prime}\cdot y_{j})^{-\lambda_{\infty}-}‘‘$

$\times f_{2}(1, x’)^{\lambda_{2}}\cdots f.(1, x’)^{\lambda}\cdot\cdot f_{+2}(1, x^{\prime})^{\lambda_{s+2}}\cdots f_{l+t}(1, x)^{\lambda.+t}dx_{2}\wedge\cdots$

$\wedge dx_{n}^{\prime}\wedge dy_{2}^{\prime}\wedge\cdots\wedge dy_{n}^{\prime}$

for $x_{0}=-(\lambda_{\infty}+n)$ . We shall put $\hat{f}_{0}(x^{\prime}y^{\prime})=1+\sum_{i=2}^{n}x_{i}y_{i}$ and $\hat{f}_{j}(x’)=f_{j}(1, x^{\prime})$

respectively.

We denote by $\hat{S}_{0}$ the hyper-quadric $\hat{f_{0}}(x’, y’)=0$ in $C^{n-1}\times C^{n-1}$ , by $\hat{S}_{j}$ ,
$2\leqq j\leqq s$ , the hyper-planes $\hat{f}_{j}(x’)=0$ and by $\hat{S}_{j},$ $s+2\leqq j\leqq s+t$ , the hyper-
planes $\hat{f}_{j}(y^{\prime})=0$ . As in the preceding section, we consider the twisted
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cohomologies $H^{n}(C^{n}\times C^{n}-\bigcup_{\dot{g}=1}^{n}S_{J}, \nabla)$ and $H^{2n-2}(C^{n-1}\times C^{n-1}-\bigcup_{\dot{g}=0}^{n}\hat{S}_{j},\hat{\nabla})$ for the
covariant differentiations $\nabla\psi=d\psi+\omega\wedge\psi$, and $\hat{\nabla}\psi=d\psi+\hat{\omega}\wedge\psi$, respectively,
$where\wedge\omega$ and $\hat{\omega}$ denote $df_{0}+\sum_{g=1}^{:}\lambda_{j}d$ log $f_{j}(x)+\sum_{\dot{j}=\cdot+1}^{+t}\lambda_{j}d$ log $f_{\dot{f}}(y)$ and
$d$ log $f_{0}+\sum_{j=2}^{*}\lambda_{\dot{f}}d$ log $\hat{f_{j}}(x’)+\sum_{g=\cdot+2}^{:}+tx_{\dot{f}}d$ log $\hat{f_{\dot{f}}}(y^{\prime})$ respectively. Then the re-
lation (5.2) defines the linear mapping $\rho$ from

$H^{2n-2}(C^{n-1}\times C^{n-1}-$
$\bigcup_{g=0,j\neq 1,.+1}^{n}\hat{S}_{j},\hat{\nabla})$ into $H^{2n}(C^{n}\times C^{n}-\bigcup_{\dot{s}=\iota}^{m}S_{\dot{f}},$ $\nabla)$ .

LEMMA 5.2. When $x_{\infty}=x_{\infty}^{\prime}$ , the mapping $\rho$ is an isomorphism.

PROOF. The 2-dimensional homology associated with the integral
(5.1) is just equal to 1. Namely (5.1) can be integrated in a unique way.
This implies the lemma.

According to Theorem 5.2 proved in [1], p. 291, the dimension of
$H^{2n-2}(C^{n-1}\times C^{n-1}-\bigcup_{\dot{g}=0}^{n} \hat{S}_{j}^{\wedge}\nabla)$ is equal to the Euler number of the space

$i^{\neq 1..+1}$

$C^{n-1}\times C^{n-1}-\bigcup_{\dot{g}=0}^{m}$ $S_{j}$ , which can be computed easily by Mayer-Vietoris
$\dot{g}\neq 1,.+1$

sequence. The result is as follows:

LEMMA 5.3. The Euler number $\chi(C^{n-1}\times C^{n-1}-\bigcup_{j=0}^{n}\hat{S}_{j})$ is equal to
$\sum^{n-1}p=0\left(\begin{array}{ll}s & -l\\ & p\end{array}\right)\left(\begin{array}{l}t-1\\p\end{array}\right)$ .

Actually this is equal to the number of a subset of connected com-
ponents of the complement $R^{n-1}\times R^{n-1}-\bigcup_{j=0}^{m}\hat{S}_{j}$ , including all the relatively
compact components, where (5.2) converges (see Figure 2).

FIGURE 2
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Lemma 5.2 and 5.3 imply

LEMMA 5.4. The cohomology $H^{2n}(C^{n}\times C^{n}-\bigcup_{j=1}^{m}S_{j}, \nabla)$ has the dimension
$\sum_{p=0}^{n-1}\left(\begin{array}{ll}s & -1\\ & p\end{array}\right)\left(\begin{array}{l}t-1\\p\end{array}\right)$ .

We are now in a position to prove the following:

PROPOSITION 5.1. The cohomology $H^{2n}(C^{n}\times C^{n}-\bigcup_{j=1}^{m}S_{j}, \nabla)$ has a system
of generators

(5.3) $\tilde{\varphi}(I, J’)=\tilde{\varphi}(i_{1}, \cdots, i_{p}, j_{1}^{\prime}, \cdots, j_{p}^{\prime})$

$=\tau/f_{1}(x)\cdots f_{i_{p}}(x)\cdot f_{\dot{g}_{1}}^{\prime}(y)\cdots f_{\dot{g}_{p}^{\prime}}(y)$

for $I=(i_{1}, \cdots, i_{p})\subset(1, \cdots, s),$ $J’=(j_{1}, \cdots, j_{p})\subset(s+1, \cdots, s+t),$ $|I|,$ $|J’|\leqq n$,
with the following fundamental relations:

(5.4) $\sum_{\nu=1}^{n+1}(-1)^{\nu}\varphi(\partial_{\nu}I, J’)\approx=0$ for $|I|=n+1$ , $|J’|=n$ ,

(5.5) $\sum_{\nu=1}^{n+1}(-1)^{\nu}\varphi(I;\approx\partial_{\nu}J^{\prime})=0$ for $|I|=n$ , $|J^{\prime}|=n+1$ ,

(5.6) $\sum_{r^{\prime}\not\in J^{\prime}}x_{r^{\prime\varphi(I;\gamma J^{\prime})+\sum_{\nu=1}^{|I|}(-1)^{\nu}\varphi(\partial_{\nu}I;}}^{\approx,\approx}J’$) $=0$ ,

for $|I|=|J’|+1\leqq n$ , and

(5.7) $\sum_{r\not\in I}\lambda_{r}\varphi(r, I;J’)+\sum_{\nu=1}^{|J^{\prime}|}(-1)^{\nu}\varphi(I;\partial_{\nu}J’)=0\approx\approx$ ,

for $|I|+1=|J’|\leqq n$ , where $\tilde{\varphi}(I;J’)$ denotes the $2n$-form defined by
$A\left(\begin{array}{l}I\\J’\end{array}\right)\tilde{\varphi}(I;J’)$ (remark that $\varphi(I;J’)\approx$ vanishes $if|I|\neq|J$’ ). Therefore $H_{L}^{2n^{\vee}}is$

spanned by the linearly independent basis $\varphi(I;\approx J’),$ $2\leqq i_{1}<\cdots<i_{p}\leqq s$ ,
$s+1\leq j_{1}<\cdots<j_{p}\leqq s+t,$ $0\leqq p\leqq n-1$ . The number is just equal to
$\sum_{p=0^{-}}^{n-1}\left(\begin{array}{ll}s & -1\\ & p\end{array}\right)\left(\begin{array}{l}t-1\\p\end{array}\right)$ .

PROOF. (5.4) and (5.5) being obvious, we have only to prove (5.6)
and (5.7). The integral (J. $V_{0}$) is a special case of (J. $II_{0}$). The sym-
metric matrix $A$ having parametrized the configuration of hyper-planes
in \S 1 can be replaced here by the matrix:

(5.8) $\mathfrak{U}=\left(\begin{array}{ll}0 & A\\{}^{t}A & 0\end{array}\right)=\left(\begin{array}{ll}0 & ((a_{i,j^{\prime}}))\\((a_{l,j})) & 0\end{array}\right)$ .
In this situation we can apply the Proposition $(2.1)_{p}$ for $\tilde{\varphi}(I. J’),$ $|I|=$

$|J|+1$ :
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(5.9) $T_{\dot{g}_{0}^{\prime}}\tilde{\varphi}(I, J’)\cdot \mathfrak{U}(I, J’)$

$=\sum_{\dot{g}lJ}\lambda_{j^{\prime}}\mathfrak{U}\left(\begin{array}{lll}JI & ’ & j_{0}^{\prime}\\I.\cdot J^{\prime} & ’ & j’\end{array}\right)\cdot\tilde{\varphi}(I;J’, j’)+\sum_{\mu=1}^{|I|}\mathfrak{U}\left(\begin{array}{ll}I & J’\\\partial_{\mu}I.\cdot J’,j_{0}^{\prime} & \end{array}\right)(-1)^{\mu+1}\cdot\tilde{\varphi}(\partial_{\mu}I;J’)$ .
On the other hand, we see that $\mathfrak{U}(I, J’)=0$ if $|I|\neq|J^{\prime}|$ , and

(5.10) $\mathfrak{U}(II;;j_{0},$ $J)=(-1)^{|I|}A\left(\begin{array}{l}I\\j^{\prime},J^{\prime}\end{array}\right)\cdot A\left(\begin{array}{ll}j_{0}^{\prime} & J’\\I & \end{array}\right)$ , for $|I|=|J’|+1$ ,

(5.11) $\mathfrak{U}\left(\begin{array}{l}I.\cdot J’\\\partial_{p}I.\cdot j_{0}^{\prime},J’\end{array}\right)=A\left(\begin{array}{l}I\\j_{0}^{\prime},J’\end{array}\right)\cdot A\left(\begin{array}{l}J’\\\partial_{p}I\end{array}\right)$ , for $|I|=|J’|+1$ .

By taking $j_{0}$ such that $A\left(\begin{array}{l}I\\j_{0},J^{\prime}\end{array}\right)\neq 0$ , we get the (5.6). (5.7) is proved
in a similar way. The last part of the Propsition 5.1 follows from the
following two lemmas.

LEMMA 5.5. The form $\tilde{\varphi}(I;J‘)$ for $|I|=|J’|=n$ is cohomologous to a
linear combination of the forms $\tilde{\varphi}(I, J’)$ for $|I|\leqq n-1,$ $|J’|\leqq n-1$ .

PROOF. The relations (5.5) and (5.7) imply

(5.12) $\sum_{k\text{{\it \’{e}}} I}\sum_{\nu=2}^{n}\lambda_{k}\varphi\approx(k, \partial_{\nu}I;J’)(-1)^{\nu}+(x_{1}+\sum_{k\epsilon I}x_{k})\varphi(I;J’)\approx$

$=\sum_{\nu=1}^{|J^{\prime}|}(-1)^{\nu}\varphi(\partial_{1}I;\partial_{\nu}J’)+\sum_{\mu,\nu}(-1)^{\mu+\nu-1}\cdot\varphi(\partial_{p}I;\partial_{\nu}J’)\approx\approx$ ,

$\varphi(I;J’)\approx$ being skew-symmetric with respect to the indices $i_{1},$
$\cdots,$

$i_{n}$ in $I$,
we can apply the Lemma 2.2 and solve (5.12) with respect to $\varphi(I, J’)\approx$ as
follows:

(5.13) $\varphi(I;J’)\cdot x_{1}x_{\infty}=\sum_{keI}$$\sum_{2\leqq\sigma\leqq n,1\leqq\nu\leqq n}\lambda_{k}(-1)^{\sigma+\nu}\varphi(k, \partial_{1}\partial_{\sigma}I;\partial_{\nu}J’)\approx\approx$

$+(\lambda_{i_{1}}+\sum_{\sigma=2}^{n}x_{\sigma})\cdot\sum_{\nu=1}^{n}(-1)^{\nu}\varphi(\partial_{1}I;\partial_{\nu}J’)\approx$ .
Taking acount of the skew-symmetry of $\varphi(I;J^{\prime})\approx$ with respect to $j_{1}^{\prime},$ $\cdots$ ,
$j_{n}^{\prime}$ and (5.7) we finally have the following formula:

(5.14) $\lambda_{\infty}\varphi(I;J^{\prime})=\sum_{\mu,\nu=1}^{n}(-1)^{\mu+\nu-1}\cdot\varphi(\partial_{\mu}I;\partial_{\nu}J^{\prime})\approx\approx$ .
Since $\lambda_{\infty}\neq 0$ , the lemma has been proved.

The difference system for (J. $V_{0}$) corresponding to Proposition $2.2_{p}$

can be expressed as follows:
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PROPOSITION 5.2. For $\lambda_{\infty}=\lambda_{\infty}+1$ and $I=(i_{1}, \cdots, i_{p}),$ $J^{\prime}=(j_{1}, \cdots, i_{p})$ ,
$|I|=|J’|\leqq n-1$ , we have

(D. $VI_{1}$)
$(\lambda_{t_{1}}-1)T_{1}^{-1}\tilde{\varphi}(I, J’)=\sum_{\nu=1}^{|J|}(-1)^{1+\nu}\cdot\frac{A(\partial_{\nu}\partial_{1}JI)}{A\left(\begin{array}{l}I\\J\end{array}\right)}\cdot\tilde{\varphi}(I;\partial_{\nu}J^{\prime})$

$-\sum_{k\not\in I}\lambda_{k}\frac{A(k,J\partial_{1}I)}{A\left(\begin{array}{l}I\\J’\end{array}\right)}\tilde{\varphi}(k, I;J)$ ,

(D. $VI_{2}$) $(\lambda_{j_{1}}-1)T_{j_{1}^{\prime}}^{-1}\tilde{\varphi}(I;J^{\prime})=\sum_{\nu=1}^{|I|}\frac{A(\partial_{1}\partial_{\nu}JI)}{A\left(\begin{array}{l}I\\J’\end{array}\right)}(-1)^{1+\nu}\tilde{\varphi}(\partial_{\nu}I, J^{\prime})$

$-\sum_{\dot{g}\not\subset J}\lambda_{j^{\prime}}\frac{A(j’ I\partial_{1}J^{\prime})}{A\left(\begin{array}{l}I\\J\end{array}\right)}\cdot\tilde{\varphi}(I;j’, J^{\prime})$ .

PROPOSITION 5.3. For $\lambda_{\infty}=\lambda_{\infty}^{\prime}$ and $|I|=|J’|\leqq n$ , we have

(D. $VI_{3}$) $(\lambda_{t_{1}}-1)T_{i_{1}}^{-1}T_{i_{2}}\tilde{\varphi}(I;J’)=\sum_{\nu=1}^{|I|-1}(-1)^{1+\nu}\cdot\frac{A(\partial_{\nu}\partial_{1}J^{\prime}I)}{A\left(\begin{array}{l}I\\J’\end{array}\right)}\tilde{\varphi}(\partial_{1}I;\partial_{\nu}J’)$

$-\sum_{i\not\in J}\lambda_{i}\frac{A(i,J^{\prime}\partial_{1}I)}{A\left(\begin{array}{l}I\\J’\end{array}\right)}\cdot\tilde{\varphi}(i, \partial_{1}I;J’)$ ,

$(D.VI_{4})$
$(\lambda_{j_{1}}^{\prime}-1)T_{\dot{f}_{1}^{\prime}}^{-1}T_{\dot{g}_{2}^{\prime}}\tilde{\varphi}(I;J’)=\sum_{\nu=1}^{|I|-1}(-1)^{1+\nu}\frac{A(\partial_{1}\partial_{\nu}J^{\prime}I)}{A\left(\begin{array}{l}I\\J\end{array}\right)}\tilde{\varphi}(\partial_{\nu}I;\partial_{1}J’)$

$-\sum_{j\not\in J}\lambda_{j^{\prime}}\frac{A(j’,\partial_{1}IJ^{\prime})}{A\left(\begin{array}{l}I\\J’\end{array}\right)}\cdot\tilde{\varphi}(I;j’, \partial_{1}J)$ .
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LEMMA 5.6. The cohomology $H^{2n}(C^{n}\times C^{n}-\bigcup_{j=1}^{f*}S_{\dot{f}}, \nabla)$ is spanned by the
basis $\tilde{\varphi}(I;J’)$ for $2\leqq i_{1}<\cdots<i_{p}\leqq s,$ $s+2\leqq j_{1}<\cdots<j_{p}\leqq s+t,$ $0\leqq p\leqq n-1$ .

PROOF. Lemma 5.5, Propositions 5.2 and 5.3 imply that $H^{2n}$ is
generated by the above forms $\tilde{\varphi}(I;J’)$ . This number is equal to
$\sum_{p=0}^{n-1}\left(\begin{array}{ll}s & -1\\ & p\end{array}\right)\left(\begin{array}{l}t-1\\p\end{array}\right)$ , which is nothing else than the dimension of $H^{2n}$

according to the Lemma 5.4.

Combining the Propositions 5.2 and 5.3 we have

PROPOSITION 5.4.

(D. VI,) $(\lambda_{i_{1}}-1)(\lambda_{\dot{J}_{1}^{\prime}}-1)T_{i_{1}}^{-1}T_{\dot{f}_{1}^{\prime}}^{-1}A\left(\begin{array}{l}I\\J’\end{array}\right)\cdot\tilde{\varphi}(I;J^{\prime})$

$=A\left(\begin{array}{l}\partial_{1}I\\\partial_{1}J’\end{array}\right)\cdot\tilde{\varphi}(I;J’)+\sum_{\nu=2}^{p}(-1)^{1+\nu}\cdot A\left(\begin{array}{l}\partial_{1}I\\\partial_{\nu}J’\end{array}\right)T_{\dot{J}_{1}^{\prime}}^{-1}\tilde{\varphi}(I’;\partial_{\nu}J^{\prime})$

$-\sum_{gI}\lambda_{i}A\left(\begin{array}{l}i,\partial_{1}I\\J’\end{array}\right)T_{\dot{f}_{1}^{\prime}}^{-1}\tilde{\varphi}(i, I;J’)$

where $T_{\dot{f}_{1}^{\prime}}^{-1}\tilde{\varphi}(I;\partial_{\nu}J’)$ and $T_{\dot{f}_{1}^{\prime}}^{-1}\tilde{\varphi}(i, I;J^{\prime})$ can be computed by the formulae
(D. $VI_{4}$), choosing $k’\not\in J$

’ such that $A\left(\begin{array}{l}I\\k’,\partial_{\nu}J^{\prime}\end{array}\right)\neq 0$ and $A(ki,$ $IJ’)\neq 0$ respec-
tively.

As a consequence we have

THEOREM 8. The difference systems (D. $VI_{1}$)$-(D. VI_{4})$ give a maximal-
ly overdetermined system for (J. $V_{0}$).

As for the differential equations for (J. V), we have

PROPOSITION 5.4. The variation formula for $\varphi(I;\approx J^{\prime})$ can be simply
expressed by means of $logaz\cdot ithmic$ connections:

(E. $V_{p}$) $ d\varphi(I;J^{\prime})=\sum_{i\not\in I,\dot{g}^{\prime}\not\in J^{\prime}}\lambda_{i}\lambda_{j^{\prime}}d\approx$ log $A\left(\begin{array}{ll}i & I\\j’ & J’\end{array}\right)\cdot\varphi(i, I;\approx j^{\prime}J’)$

$+\sum_{\mu,\nu}(-1)^{\mu+\nu-1}d$ log $ A\left(\begin{array}{l}\partial_{\mu}I\\\partial_{\nu}J’\end{array}\right)\cdot\varphi(\partial_{\mu}I;\partial_{\nu}J’)\approx$

$+\sum_{kq.I}\sum_{\nu=1}^{|I|}(-1)^{\nu-1}\cdot\lambda_{k}d$ log $ A\left(\begin{array}{l}k,\partial_{\nu}I\\J’\end{array}\right)\varphi(k, \partial_{\nu}I;J’)\approx$

$+\sum_{k\not\in J^{\prime}}\sum_{\nu=1}^{1J^{\prime}1}(-1)^{\nu-1}x_{k^{\prime}}d$ log $ A\left(\begin{array}{lll} & & I\\k’ & ’ & \partial_{\nu}J’\end{array}\right)\cdot\varphi(I;k’, \partial_{\nu}J’)\approx$
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$+\sum_{\nu=\iota}^{|I|}\lambda_{i_{\nu}}d$ log $ A\left(\begin{array}{l}I\\J’\end{array}\right)\varphi(I;J^{\prime})\approx$

$+\sum_{\nu=1}^{|J^{\prime}|}\lambda_{\dot{J}_{\nu}^{\prime}}d$ log $ A\left(\begin{array}{l}I\\J’\end{array}\right)\cdot\varphi(I;J’)\approx$ ,

for $|I|=|J’|\leqq n-1$ .

PROOF. We remark firstly the form $\omega(I,$ $i,JI,J’ j’)$ defined in Definition
2.1 is here equal to

$-\sqrt{-1}[d$ log $A\left(\begin{array}{l}I\\J’\end{array}\right)+d$ log $A\left(\begin{array}{l}I,i\\J’,j’\end{array}\right)]$ .

By applying the Proposition $2.4_{p}^{\prime}$ for $\varphi(I;J^{\prime})\approx$ , we have

(5.15) $d\varphi\approx(I;J^{\prime})=\sum_{i\not\in I,j\not\in J}\lambda_{i}\lambda_{j}’\{d$ log $A\left(\begin{array}{l}I\\J’\end{array}\right)+d$ log $ A\left(\begin{array}{ll}I & i\\J’ & j’\end{array}\right)\}\varphi(I, i;J’, j^{\prime})\approx$

$-\sum_{1\leqq\mu,\nu\leqq|I|}(-1)^{\mu+\nu}\{d$ log $A\left(\begin{array}{l}\partial_{\mu}I\\\partial_{\nu}J’\end{array}\right)+d$ log $ A\left(\begin{array}{l}I\\J^{\prime}\end{array}\right)\}\varphi(\partial_{\mu}I;\partial_{\nu}J’)\approx$

$+\sum_{\nu=1}^{|I|}(-1)^{\nu-1}\sum_{k\not\in J}\lambda_{k}\dagger d$ log $A\left(\begin{array}{l}k,\partial_{\nu}I\\J’\end{array}\right)+d$ log $ A\left(\begin{array}{l}I\\J’\end{array}\right)\}\varphi(k,\partial_{\nu}I;J’)\approx$

$+\sum_{k\not\in J^{\prime}}\sum_{\nu=1}^{|J^{\prime}|}(-1)^{\nu-1}\cdot\lambda_{k^{\prime}}\{d$ log $A\left(\begin{array}{l}I\\J’\end{array}\right)+d$ log $A\left(\begin{array}{l}I\\k,\partial_{\nu}J^{\prime}\end{array}\right)\}$

$\times\varphi\approx(I;k, \partial_{\nu}J’)+(\lambda_{I}-\lambda_{I^{c}}+\lambda_{J^{\prime}}-\lambda_{J^{\prime\epsilon}})d$ log $ A\left(\begin{array}{l}I\\J’\end{array}\right)\varphi(I;J)\approx$ ,

where $\lambda_{I}$ denotes $\sum_{keI}\lambda_{k}$ and $I^{\delta}$ the complement of $I$. Taking account
of the relations (5.6) and (5.7), we arrive at the conclusion. Consequently,

THEOREM 9. (E. $V_{p}$) together with (5.14) give a maximally over-
determined system of linear differential equations.

As an important result of the above formula, we have the following

relations among the logarithmic forms $d$ log $A\left(\begin{array}{l}I\\J^{\prime}\end{array}\right)$ :

PROPOSITION 5.5. We put, for $|I|=|J^{\prime}|\leqq n-2$ ,

(5.16) $\Xi(j’,lj_{1}k|_{J’}^{I})=d$ log $A\left(\begin{array}{ll}i & I\\j’ & J^{\prime}\end{array}\right)\wedge d$ log $A\left(\begin{array}{ll}ki, & I\\j’,l’ & J\end{array}\right)-d$ log $A\left(\begin{array}{l}Ik\\j^{\prime},J’\end{array}\right)$
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$\wedge d$ log $A\left(\begin{array}{ll}i,k & I\\j’,l^{\prime} & J^{\prime}\end{array}\right)-d$ log $A\left(\begin{array}{ll}i & I\\l^{\prime} & J^{\prime}\end{array}\right)\wedge d$ log $A\left(\begin{array}{ll}i,k & I\\j^{\prime},l & J’\end{array}\right)$

$+d$ log $A\left(\begin{array}{ll}k & I\\l^{\prime} & J’\end{array}\right)\wedge d$ log $A\left(\begin{array}{lll}i & k & I\\j’,l & & J’\end{array}\right)$ .
Then we have the cocycle conditions for 2-simplices $i_{0},$ $i_{1},$ $i_{2}$ and $j_{0},$ $j_{1},$ $j_{2}$

as follows:
(R. $II_{1}$) $0=\Xi(i_{1},$$i_{2}**|_{J^{\prime}}^{I})-\Xi(_{**}^{i_{0},i_{2}}|_{J^{\prime}}^{I})+--(i_{0}*’ i_{1}*|_{J’}^{I})$ ,

(R. $II_{2}$) $0=\Xi(j_{1}^{\prime}’,$$j_{2}**|_{J’}^{I})-\Xi(j_{0}’ j_{2}^{\prime}*,*|_{J’}^{I})+--(j_{0}^{\prime}’,$$j_{1}**|_{J^{\prime}}^{I})$ .

PROOF. These identities are nothing else than the integrability
conditions for the Gauss-Manin connection (E. $V_{0}$). In fact the exterior
differentiation of the left hand side of (E. $V_{0}$) vanishes, and so, that of
does, too. By comparison of the coefficients of each monomial of $\lambda_{1},$ $\cdots$ ,
the right hand side $\lambda$. we get (R. $II_{1}$) and (R. $II_{2}$).

Seeing that $A\left(\begin{array}{l}I\\J^{\prime}\end{array}\right)$ for $|I|=|J^{\prime}|=n$, is equal to the product of deter-
minants $[i_{1}, \cdots, i.]$ and $[j_{1}, \cdots, j]$ , there are further relations among
them, as was shown in [7], \S 2. It seems to the author an interesting
problem if these two types of relations are basic in the de Rham algebra
generated by $d$ log $A\left(\begin{array}{l}I\\J^{j}\end{array}\right)$ .

\S 6. Degenerate case II. Invariant connections for the sympleotic
group.

Let $f_{0}$ be the symplectic form $\sum_{=1}^{n}(x\cdot y_{+n}-x_{+}\cdot y)$ of $(x, y)eC^{2n}\times$

$C^{2n}$ and $f_{1},$
$\cdots,$ $f.,$ $s\geqq 2n$, be linear homogeneous functions on $C^{2n}$ . We

shall consider the following integral:

(J. $VI_{0}$) $\tilde{\varphi}(\phi)=\int\exp[f_{0}(x, y)]f_{1}(x)^{\lambda_{1}}\cdots f.(x)^{\lambda}f_{1}(y)^{\lambda.+1}\cdots f.(y)^{\lambda_{2}}\cdot\cdot\tau$ ,

where $\tau$ denotes the canonical 4$n$-fom $dx_{1}\wedge\cdots\wedge dx_{2’*}$ A $dy_{1}\wedge\cdots\wedge dy_{2n}$ . This
can be regarded as a special case of the integral (J. $V_{0}$), $m=2s$ , and admit
of the action of the symplectic group $S_{p}(n, C)$ , which leaves invariant the
alternating fom $f_{0}(x, y)$ . Therefore the Gauss-Manin connection of (J. $VI_{0}$)
can be described by means of the basic algebraic symplectic invariants.
For arbitrary two linear homogeneous functions $f=\sum_{\nu=1\nu}^{2n}u.x_{\nu}$ and $f_{\dot{f}}=$

$\sum_{\nu=1}^{2n}u_{j.\nu}x_{\nu}$ , we denote by $a_{i,j}=[f, f_{j}]$ the bi-linear invariant $\sum_{\nu=1}^{n}(u,\nu uj.n+\nu-$
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$u,nu)$ . The matrix $A=((a,j))1\leqq i,$ $j\leqq s$ becomes skew-symmetric. We
shall assume now:

ASSUMPTION 6.1. (i) Arbitrary n-functions among $f_{1},$
$\cdots,$ $f$. are

linearly independent, namely for any indices $(i_{1}, \cdots, i_{n})\subset(1, \cdots, s)$ , we
have $[i_{1}, \cdots, i_{n}]\neq 0$ .

(ii) For any two sequences of indices $I=(i_{1}, \cdots, i_{p})$ and $J=(j_{1}, \cdots, j_{p})$

for $p\leqq n$ , we have $A\left(\begin{array}{l}I\\J\end{array}\right)\neq 0$ , provided $I\neq J$ or $I=J,$ $|I|=even$ .
Then we have almost the same results as in \S 5 with a little modification.

DEFINITION 6.1. The mapping $\rho$ . By suitable change of coordinates
$(x, y)$ we may assume that $f_{1}(x)$ and $f_{2}(y)$ are equal to $x_{1}$ and $y_{n+1}$ respec-
tively. By the substitution of integral variables $x_{1}=x_{1},$ $x_{i}=x_{1}\cdot x_{i}$ for $ 2\leqq$

$i\leqq 2n,$ $y_{n+1}=y_{n+1},$ $y_{i}=y_{n+1}\cdot y_{i}^{\prime}$ for $1\leqq i\leqq 2n,$ $i\neq n+1$ , the integral (J. $VI_{0}$) can
be written in the following way:

(J. $VI_{0}$) $\tilde{\varphi}(\phi)=\int\exp[x_{1}y_{n+1}(1+\sum_{i=2}^{n}x_{i}^{\prime}y_{i+n}^{\prime}-\sum_{=1}^{n}x_{n+}y_{i}^{\prime})]x_{1}^{\lambda_{\infty}+2n-1}\cdot x_{n+1}^{\lambda_{2}}$

$\times y_{1}^{\lambda_{*+1}}\cdot y_{n+1}^{\lambda_{\infty}^{\prime}+2n-1}\times f_{8}(1, x’)^{\lambda_{3}}\cdots f_{l}(1, x’)^{\lambda_{l}}f_{\epsilon}(1, y’)^{\lambda_{\epsilon+3}}\cdots f.(1, y^{\prime})^{\lambda_{2}}$ .
$\times dx_{1}\wedge dy_{n+1}\wedge dx_{2}^{\prime}\wedge\cdots\wedge dx_{2n}^{\prime}\wedge dy_{1}^{\prime}\wedge\cdots\Lambda dy_{n}^{\prime}$ A $dy_{n+2}^{\prime}$

$\wedge\cdots$ A $dy_{2n}$

which is equal to zero if $x_{\infty}\neq x_{\infty}^{\prime}$ , and otherwise equal to the following:

(6.1) $\tilde{\varphi}(\phi)=2\pi i\cdot\Gamma(\lambda_{\infty}+2n)\int f_{0}(1, x_{2}, \cdots, x_{2n};y_{1}^{\prime}, \cdots, y_{n}^{\prime}, 1, y_{n+2}^{\prime}, \cdots, y_{2n}^{j})^{-\lambda-2n}\infty$

$\times x_{\iota+1}^{\prime\lambda_{2}}y_{1}^{\lambda_{1+}}\cdot\prod_{j=\$}^{\cdot}f_{\dot{f}}(1, x’)^{\lambda_{j}}\cdot\prod_{j=3}^{l}f_{\dot{f}}(1, y’)^{\lambda_{s+j}}$

$\times dx_{2}\wedge\cdots\wedge dx_{2n}^{\prime}\wedge dy_{1}\cdots\wedge dy_{n}$ A $dy_{n+2}^{\prime}\wedge\cdots\wedge dy_{2n}^{j}$ .
In other words

LEMMA 6.1. $\tilde{\varphi}(\phi)$ vanishes when $X_{\infty}\neq\lambda_{\infty}$ . If $\lambda_{\infty}=\lambda_{\infty}$ , then $\tilde{\varphi}(\phi)$ is
equal to (6.1).

We denote by $\hat{S}_{0}$ the hyper-quadric $\hat{f_{0}}(x’, y’)=0$ in $C^{2n-1}\times C^{2n-1}$ , by $\hat{S}_{2}$

the hyper-plane $x_{n+1}=0$ , by $\hat{S}_{j}$ for $3\leqq j\leqq s$ , the $\hat{f_{\dot{f}}}(x’)=0$ , by $\hat{s}_{+1}$ the $yi=0$ ,
and by $\hat{S}_{j}$ for $s+3\leqq j\leqq 2s$ , the $\hat{f}_{\dot{g}-}.(y^{\prime})=0$ . The covariant differentiations
$\nabla$ and $\hat{\nabla}$ are defined by using the l-forms $df_{0}(x, y)+\sum_{J=1}^{\iota}\lambda_{j}d$ log $f_{j}(y)$ ,
$+\sum_{j=1}^{\iota}\lambda_{j+}.d\log f_{j}(y)$ , and $d\log\hat{f_{0}}(x^{\prime}, y’)+\lambda_{2}d\log x_{n+1}^{\prime}+\lambda_{+1}d\log y_{1}+\sum_{\dot{j}=\theta}\lambda_{j}$

log $\hat{f_{j}}(x’)+\sum_{j=3}^{\epsilon}\lambda_{+j}d$ log $\hat{f}_{j}(y’)$ respectively. Then the relation (6.1) defines
the linear mapping $\rho$ from $H^{4n-2}(C^{2n-1}\times C^{2n-1}-\bigcup_{\dot{g}=0}^{2\epsilon} \hat{S}_{j},\hat{\nabla})$ into $ H^{4n}(C^{2n}\times$

$j\neq 1,\epsilon+2$

$C^{2n}-U_{\dot{g}=1}^{2\epsilon}S_{j},$ $\nabla$). Exactly by the same reason as in Lemma 6.1.
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LEMMA 6.2. When $x_{\infty}=x_{\infty}^{\prime}$ , then the mapping $\rho$ is an $i\epsilon omorphism$ .
LEMMA 6.3. The Euler number $\chi(C^{2}‘‘ ’ \times C^{2n-1}-\bigcup_{j=0 ,j\neq 1,.+2}^{2}\hat{S}_{j}, C)$ is equal

to $\sum_{p=0}^{2n-1\left(\begin{array}{ll}s & -1\\ & p\end{array}\right)-\sum_{p=0}^{2n-1\left(\begin{array}{ll}s & -l\\ & p\end{array}\right)}}$ .

PROOF. This can be proved by the standard argument, using the
Mayer-Vietoris sequence (see the Figure 3).

According to the theorem in [1] cited in the proof of Lemma 5.4,
we can conclude

LEMMA 6.4. The dimension of $H^{4n}(C^{2n}\times C^{2n}-\bigcup_{j=1}^{2l}S_{j}, \nabla)$ and
$H^{4n-2}(C^{2n-1}\times C^{2n-1}-\bigcup_{\dot{g}=0,\dot{g}\neq 1,.+2}^{2\iota}\hat{S}_{\dot{f}},\hat{\nabla})$ is equal to $\sum_{p=0}^{2n-1}\left(\begin{array}{ll}s & -l\\ & p\end{array}\right)-\sum_{\approx 0}^{2n-1\left(\begin{array}{ll}s & -1\\ & p\end{array}\right)}$ .

LEMMA 6.5. The Lemma 5.5 holds, by replacing $n$ by $2n$ . The
analogous formulae to (5.10) and (5.11) hold.

PROPOSITION 6.1. The difference systems (D. $VI_{1}$) $\sim(D. VI_{4})$ in Proposi-
tion 5.2 hold for $|I|=|J’|\leqq 2n-1$ .

PROPOSITION 6. 2. The cohomology $H^{4n}$ $(C^{2}‘‘ \times C^{2n}-\bigcup_{\dot{g}=1}^{2\epsilon}S_{j}, \nabla)$ has a
system of generators

(6.2)
$\varphi(I, J^{\prime})=\frac{\tau}{f_{t}(x)\cdots f_{p}(x)f_{\dot{J}_{1}^{\prime}}(y)\cdots f_{\partial_{p}^{\prime}}(y)}$

where $I\neq J,$ $0=|I|=|J’|=p\leqq 2n$ or $I=J,$ $|I|=|J’|=even$ . These have the
following fundamental relations:

(6.3) $\sum_{\nu=1}^{2n+1}(-1)^{\nu+1}\varphi(\partial_{\nu}I;J’)=0\approx$ ,

for $|I|=2n+1,$ $|J’|=2n$ .
(6.4) $\sum_{\nu=1}^{2n+1}(-1)^{\nu+1}\varphi(I;\partial_{\nu}J’)=0\approx$ ,

for $|I|=2n,$ $|J^{\prime}|=2n+1$ .
(6.5) $ 0=\sum_{t\not\in I}\lambda_{r}\varphi(r, I;J’)+\sum_{\nu=1}^{|J^{\prime}|}(-1)^{\nu}\varphi(I;\partial_{\nu}J’)\approx\approx$ ,

for $|I|+1=|J’|$ .

(6.6) $ 0=x_{r^{\prime\varphi(I;r^{\prime},J’)+\sum_{\nu=1}^{|t|}}}^{\approx}(-1)^{\nu}\varphi(\partial_{\nu}I;J’)\approx$
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$for|I|=|J’|+1$ , where $\varphi(I;J^{\prime})\approx$ denotes $A\left(\begin{array}{l}I\\J’\end{array}\right)\cdot\tilde{\varphi}(I;J^{\prime})$ for $|I|=|J|$ . Remark
that $\varphi(I;\approx I^{\prime})=0$ if $|I|=odd$ . Therefore a basis of $H^{4n}$ can be chosen as
follows:
(6.7) $\varphi(I;J^{\prime})\approx$ , for $I=(i_{1}, \cdots, i_{p})$ , $J^{\prime}=(j:, \cdots, j_{p}^{1})$ , $0\leqq p\leqq 2n$ ,

$2\leqq i_{1}<\cdots<i_{p}\leqq s,$ $2\leqq j_{1}<\cdots<j_{p}\leqq s$ and $p$ even if $I=J$.
PROOF. In view of Lemma 6.5 and Proposition 6.1, $H^{4n}$ turn8 out

to be generated by $\tilde{\varphi}(I;J’)$ for $|I|=|J’|\leqq 2n-1$ . On the other hand, the
formula (D. VI,) in \S 5 shows that if $A\left(\begin{array}{l}I\\J’\end{array}\right)=0$ , and $A(\partial_{\nu}\partial_{\mu}JI)\neq 0$ , then $\tilde{\varphi}(I;J’)$

can be described in terms of the forms $\tilde{\varphi}(\partial_{\mu}I;\partial_{\nu}J’),\tilde{\varphi}(I;j^{\prime}, \partial_{\nu}J),\tilde{\varphi}(i, \partial_{\mu}I;J’)$

and $\tilde{\varphi}(i, I;j^{\prime}, J’)$ . Since $A\left(\begin{array}{l}I\\I’\end{array}\right)=0$ for $|I|=odd,\tilde{\varphi}(I;I’)$ is cohomologous to
a linear combination of other $\tilde{\varphi}(K;J’)$ for $K\neq J$, or $K=J$ with $|K|=$

even. Consequently $H^{4n}$ is generated by the $\tilde{\varphi}(I;J’)$ of (6.7). The number
of linearly independent forms is therefore at most equal to $\sum_{p=0}^{ln-1}\left(\begin{array}{ll}s & -l\\ & p\end{array}\right)-$

$\sum_{p=0}^{2n-1}\left(\begin{array}{ll}s & -1\\ & p\end{array}\right)$ . On the other hand Lemma 6.3 implies that this $mu8t$ be
equal to the dimension of $H^{4n}$ so that the above system $\tilde{\varphi}(I;J’)$ in (6.7)
must be linearly independent. The Proposition 6.2 has now been proved.

We have finally

FIGURE 3
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THEOREM 10. The difference system (D. $VI_{1}$)$-(D. VI)$ gives a maximal-
ly overdetermined system with respect to the basis $\varphi(I;J’)\approx$ in Proposition
6.2.

THEOREM 11. The equation (E. $VII_{0}$) together with the difference
system (D. VI) gives a maximally overdetermined system of linear dif-
ferential equations with respect to the above $\varphi(I;J’)\approx$ .

As a consequence we can obtain

PROPOSITION 6.3. For $|I|=|J’|\leqq 2n-2$, (R. $II_{1}$) $-$($R$ . II,) hold, where we
must put $d$ log $A\left(\begin{array}{l}K\\L’\end{array}\right)$ to be equal to $0$ if $K=L,$ $|K|=odd$ .

ADDED IN PROOF. In a recent article by M. Kashiwara and T. Kawai,
it is proved in full generality that integrals of type $(J)$ or $(J^{\prime})$ satisfy
certain holonomic systems with irregular or regular singularities (see
M. Kashiwara and T. Kawai, on holonomic systems of micro-differential
equations III, Pub. R.I.M.S., Kyoto Univ., 17, (1981), 813-979).
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