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Introduction

We consider the delay differential equations including state dependent
lags,

(E') () =Ff(t, B(t), 2(g.(t, &), « + +, B(gu(t, %(2)))) ,

1=1, :--, d, under the assumption that f, satisfies the Caratheodory con-
dition, where x(¢) stands for (x,(¢), - - -, 24(t)) and prime denotes differentia-
tion with respect to ¢. We assume the existence of a finite number o
such that for each j=2, --., m, a<g,(t, x) <t, whenever 9;(t, x) is defined;
the delays t—g,(t, ) may be unbounded. This type of system arises in
studying a two-body problem of classical electrodynamics [6, 7]. Driver
[4] developed the basic theory (existence, uniqueness and dependence of
solutions, ete.) for the initial value problem for delay differential
equations (E') with continuous f; [5]. Since then the theory of delay
differential equations (E’) has been studied by many authors. Among
them Bullock [1] showed the existence theorem and uniqueness theorem
for delay differential equations (E’) of Caratheodory type. On the other
hand, Strauss and Yorke [13] constructed a fundamental theory for
ordinary differential equations by using the convergence theorem which
is a generalization of Kamke’s theorem (see [8], Theorem 3.2). Their
method proves to be very important in studying the fundamental theory
of functional (or delay) differential equations. Costello [8] extended their
results to functional differential equations of Caratheodory type with
finite delay,

E") z't)=F(,x,) ,
where 2,(0)=w(t+6), —r<6<0. Rybakowski [14] also states without
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proof Kamke’s theorem for the system (E”) under the very mild
condition of Caratheodory type. The object of this paper is to give
an extension of these results [13] to delay differential equations (E’)
together with the convergence theorem, the existence of noncontinu-
able solutions and the dependence of solutions on initial conditions and
on the functions f;. We emphasize that the equations (E’) cannot be
represented by the above form, since the delays t—g;(t, ) may be
unbounded. We introduce a modification of uniform convergence for the
sequence of continuous functions ¢,:[e,, b,]— R?, where {a,} and {b,}
converge. This modification plays an essential role in proving the
convergence theorem, which is very advantageous when we consider the
dependence of solutions on initial conditions and on the right-hand side
of (E).

In section 1, we explain explicit discription of the notations and give
the initial value problem for delay differential equations (E’). In section
2, we introduce a modification of uniform convergence mentioned above,
and by using its properties, the convergence theorem is established,
which is one of our main theorem (Theorem 2.1) in the paper. In
section 3, by using a nonstandard argument as pointed out in [13], the
existence of noncontinuable solutions and the extension of solutions are

given. In section 4, from the convergence theorem, the dependence of
solutions is obtained.

§1. Definition and Notations.

Let R (or R') denote the set of real numbers and R? denote the
d-dimensional real Euclidean space. Let

(t, X):(t, Lirg * %y Ligy Logy ** ¢y Logy *°°, xmd)

be a vector in R™* and (¢, x)=(t, ®,, * -+, £,q) be the d-+1-dimensional
vector consisting of the first d+1 coordinates of (¢, X). Let D be a
domain (an open connected set) of R‘"** and D* the set of vectors (¢, x)
in R such that (¢, z, ¥) lies in D for some y in R*™ Y, In system (E),
the function f(¢, X) is a mapping from D into R* and the funection g(¢, x)=
(9.(¢, @), « -+, gu(t, ) is a mapping from D* into R™, where g,(t, x)=t for
(t, ) € D*. For a continuous function () mapping an interval I into R?,
we define a function xg: D*—R*™ by xg(t, &)= (x(g9.,(t, &), - - -, 2(g.(t, &)
for (¢, &) € D*, whenever every composition x(g,(t, &), j=1, --+, m, has a
meaning. Using this notation, we can rewrite the system (E’) as

(E) x' (&) =S¢, zg(¢, (¢))) .
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We impose the following conditions on the functions f and g;

(F-1) f(t, X) is continuous in X for each fixed t.

(F-2) f(t, X) is Lebesgue measurable in ¢ for each fixed X.

(F-3) For each compact set Q in D, f(t, X) is bounded on Q.

(G-1) g(t, x) is continuous in (¢, x) € D*.

(G-2) g, x)=t for all (¢, x) € D*.

(G-3) there exists an a € R such that a<yg,t, ®)<t, j=2, ---, m, for
all (¢, x) e D*.

Let M, be the class of functions f, deﬁned on D in R*', which
satisfy the conditions (F-1), (F-2) and (F-3) above.

A real d-dimensional vector function ¢(t)=(s,(t), « - -, ¢4(t)) defined on
[, 0,], a<0,, is said to be an initial function if it is continuous and the
point (a,, ¢9(G., ¢(0,))) lies in D. For such a function ¢, an initial value
problem for the delay differential equations (E) is to find an R’-valued
function x(t) = (&,(t), - - -, 4,(t)) defined for a<t< g, where ¢,<B=c, which
satisfies the following conditions;

(I-1) a(t)=¢() for ast=o0,.

(I-2) «(t) is locally absolutely continuous for o,=¢<gB.

(I-8) (¢, 29, () €D for og,=t<pB.

(I-4) «'(t)=f(t, xg(t, x(t))) almost everywhere on [o,, 8).
Such a funection xz(¢) (or z(t, o,, ¢)) is called a solution of the system (E)
for the initial function ¢ on [a, g,] or simply a solution of (E) through
(6, ¢). Clearly, a function x() defined on [, 8) is a solution of (E)
through (o, ¢) if and only if it satisfies

é(t) for tela, o,
®= {¢(Uo)+st f(s, xg(s, x(s)))ds for telo, B) .

Finally, for a convenience’s sake, we introduce some notations. For
a continuous function ¢ mapping [a,d] into R?! we set |glnu=
sup {|4(s)|: s € [a, b]}, where |-| is an arbitrary norm in R’. For a set Q
in R*"*, int Q@ denote the interior of @, 0Q the boundary of Q, Q the
closure of Q@ and pr @={t: (¢, x) € @ for some x e R"}.

§2. Convergence theorem.

The result in this section is the main tool to develop the fundamental
theory on the initial value problem of (E) in the following sections.

We say that a sequence of compact intervals {[a,, b,]} converges to
a compact interval [a, b] (or [a,, b,]—[a, b)) if a,—a and b,—b as n— oo
The function z, mapping [a, b] onto [a,, b,] is defined as
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Tt =To(byy @y, b, )t =22"0np  TOZEb g0 oy e1a,B],
b—a b—a
if a<b. To emphasize the domain of a function, we denote by g|[a, b]
a function ¢ defined on [a, b]. Also, this symbol means the restriction
of ¢ on [a, b], where ¢ is defined on a domain containing [a, b]. First,
we introduce a modification of uniform convergence.

DEFINITION 1. A sequence of (continuous) functions, {¢,|[a., b,]}, is
said to converge uniformly to a function ¢|[a, b] if the following condi-
tions are satisfied;

(1) [a, b]—[a,bd] as n— oo,

(2) in case a<b, [$,—4lwu—0 a8 n— oo, where §,(t)=4¢.(z,®,, a.,
b, a)t) for te[a, b]; in case a=",

sup |[g,(t)—g(a)]—0 as n—> oo .
Gy StSby

It is obvious from the definition that, if a sequence of continuous
functions {¢,|[a., b,]} converges uniformly to a function ¢|[a, b], then the
function ¢(¢) is continuous on [a, b]. In the case a,=a, b,=b for all u,
the uniform convergence of the sequence {4,|[a,, b,]} coincides with the
usual uniform convergence.

ExAMPLE 1. If the function ¢,(¢), n=1,2, --., is given by
—nt for te[—1/n, 0]
6.()=10 for tefo0, 1]
nt—mn for tell,1+1/n],
then {¢,|[0, 1]} converges uniformly to 0[[0, 1], but {g,|[—1/n, 1+1/a]}
does not converge uniformly.
ExAMPLE 2. If the function v, (t), n=1,2, ---, is given by
f—nt—i—l for tel0, 1/n]
0 for te[l/n, 1—1/n]
lnt——n+1 for te[l—1/n,1],

then {y,([1/n, 1—1/n]} converges uniformly to 0|[0, 1], but {v-,|[0, 1]} does
not converge uniformly.

YPa()=

DEFINITION 2. A sequence of continuous functions, {¢,|[a,, b,]},
n=1,2, ---, is said to be uniformly bounded if there is a constant M=0
such that |¢,|q, ., ;=M for all n. The sequence is said to be equicon-
tinuous if for any ¢>0, there exists a >0 such that |t—s|<5, t,se
[a., b.], implies |¢,(t)—¢,(8)|<e for all =.
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The following lemma is immediately obtained from Definitions 1, 2.

LeEmMMA 2.1. Suppose[a,, b,]—[a, bl as n— o, where a,<b,, a<b. Then
the sequence {¢,|[a,, b,]} is equicontinuous if and only if the sequence {3}
18 equicontinuous on [a, b], where $,(t)=¢,(t.t), T.t=7.(b,, a,, b, a)t.

Proor. If we set o0,=7;', then ¢,=¢,°0,. Since [a,, b,]—[a, b] as
n— oo, all 7, and o, are Lipschitz continuous with a common Lipschitz
constant, that is, |z,t—7,8|<M|t—s| for ¢, s€[a, b] and |0,t—0,8|< M|t —3|
for ¢, se[a,, b,], where M is a positive constant. Therefore the relations
$,=¢,07, and ¢,=¢,o0, imply the equivalence between the equicontinuous
of {¢,|[a,, b,]} and {#,|[a, b]}. This completes the proof.

Combining Definition 1, Lemma 2.1 and Ascoli-Arzela’s theorem, we
obtain immediately the following lemma.

LEMMA 2.2. Suppose that the function ¢,|[a., b,], n=1,2, ---, is
continuous, where [a,, b,]—[a, b] as n—co. Then every subsequence of
{#.1[a,, b,]} contains a subsequence which converges uniformly if and
only if {¢,|{a,, b1} is uniformly bounded and equicontinuous.

LEMMA 2.3. Suppose that the function ¢,(t), n=1,2, ---, defined on
[a,, b,] is continuous and a,—a, b,—b and ¢,—c as n— o, where a,<
¢,=b,. Then {¢,|[a,, b,]} converges uniformly to ¢|[a, b] if and only if
{¢.1la., c.]} and {g.|[c., b,]} converge uniformly to ¢|la,c] and s|[e, b,
respectively. In particular, if {¢,|[a,, b1} converges uniformly to ¢|[a, b],
then ¢,(c,) converges to ¢(c).

PrROOF. We prove only in the case a<c<b. Set z,t=r,(,, a,, b, a)t,
it =1,.(c, @, ¢, &)t and zit=7,(b,, c,, b, c)t. Then we have

Dn(Tt) — Ga(T2l) + ¢, (70t) —6(t) for tela, c]

Gn(Tat) — Bu(Tht) + ¢, (cit) —p(t) for tele, b],

where §,(t)=¢,(c,t). Suppose that {g,|[a,, b.]} converges uniformly to
#|[a, b]. Then Lemma 2.2 says that the sequence {g,|[a,, b.]} is equi-
continuous. Therefore, since |7,—7.|b. [To—Tilnn—0 a8 n— oo, we
have l¢n ° Tn__qsn ° T:L ][a,c]’ ]¢n ° Tn—"qsn ° Tg& ![c,b] —0 as n— oo, Relation (2'1)
implies |¢,°Tr—dlta,01r |Fn°T2—dls1—0 a8 m—co. This shows the “only
if” part of the lemma, and vice versa.

@1 ) —s(t)= {

The following lemma is important to prove the main theorem.

LEMMA 2.4. Let fe M,, where Q is a compact subset of D. Suppose
that a continuwous function z,(t), n=1,2, ---, defined on [a, B,] satisfies
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x,.(t)=x,.(an)+st S8, ©,9(8, x.(8))ds+G,(t) for telo,, B.],

where a=0,<B., {[0., B.]} converges to [0, Bl, 0,<B, and that
¢, .9, @) €Q for all telo,, B.). If {x.lla, 0.]} and {|G.||[0., B.}}
converge uniformly to ¢|[a, o] and 0|[c, B8], respectively, them there
exists a subsequence of {x,|[a, B.]} which converges uniformly to a solution
z|la, 8] of (BE) through (o, ¢).

Proor. We set

&)=\ fls, 2,905, v.(0N)ds for telo, 8]

Since the function f is bounded on the compact set @, the sequence
{v.llo., B} is uniformly bounded and equicontinuous. Hence, from
- Lemma 2.2, by taking a subsequence if necessary, we may assume that
(v, 1[0, B} converges uniformly. Lemma 2.3 implies x.(0,) — ¢(c,) as
n— o, while {|G,||[a,, B.]} converges uniformly to 0|[c, B]. Since
z,(t)=2x,(0,)+4.t)+G.(t) for 0,<t<p, the sequence {x,|[o,, B.]} converges
uniformly to a function z|[g,, 8. From Lemma 2.3, it follows that
{x.|[a, B,]} converges to x|[a, 8], Where z|[a, g]=4¢|[a, o.].

Let t be a fixed number in (g,, 8]. Then for any ¢, (1/3)(t—0,)>e>0,
there exists an N, such that »>N, implies |o,—0,|<¢ and [7,t—t|<e,
where 7,t=7,(8,, 0., B, 6,)t. Thus for all n>N,, the funection x.(t) is
defined on [a, t—e]. For a fixed s, 0,+e=<s<t—¢, it follows from the
hypotheses (G-1) and (G-3) that a=<g,(s, z,(8))<s and g,(s, x,(s)) —g,(s, 2(8))
as n— . Hence from Lemma 2.8 we have z,9;(s, ©,(8)) —xg;(s, 2(8)) as
n— oo, that is, x,g(s, x.(8)) —xg(s, (8)) as m— . Using the hypothesis
(F-1), we obtain f(s, x.9(8, 2.(8))) — f(s, xg(s, 2(8))) as n— . Moreover,
by using the Lebesgue dominated convergence theorem, for any &,>0,
we can find N, such that n> N, implies

[ Ao, wagts, zi@nds—| " fts, mo(s, m@ds| <e.

op+e

If we set
¥O)=\ fs, 2006, a(e))ds for te(oy 61,

then, by dividing the intervals of integrals, for all »>N, N=
max {N,, N,}, we have

= || 766, 2,906, 2ue 08— fts, 2906, 2(e))ds

on
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<6Me+e,,

where M=sup, | f|. Since t € [o,, 8] is arbitrary, we have x(t) = o(a,) + ()
for te[o,, B]. Namely «(t) is a solution of (E) through (g,, ). This proves
the lemma.

PROPOSITION. Let fe M, where @ is a compact subset of domain
Dc R*** and (0,, 2,) €int Q. Let x,(t) be defined on [a., b.] and let (o,, x.)—
(00, %), [a,, b,]—[a, b], a<b, as n— oo, where o,€la,,b,). Suppose a
Junction G,(t) is defined by

G.)=x,O)—z,—| fls,2(5)ds

Jor all tela,, b,] and that (¢, x,(t)) eQ for te(a,,b,]. If x,(t) 18 measur-
‘able on [a,, b,] and if G, lte,,5,1—0 a8 m— o, then {x,|[a,,b,]} contains
a subsequence which converges uniformly on [a, b] to a solution z,(t) of

(Eo) x'(t):f@; x(t)) , x(0,) =2, .

Proor. Since x,(t) is measurable on [a,,b,], 2,—G.,|[a,, b,] is con-
tinuous.  Therefore {x,—G,|[a,,b,]} is uniformly bounded and equi-
continuous. From Lemma 2.2, by taking a subsequence if necessary,
we may assume that {x,—G,|[a,, b,]} converges uniformly to a function
%,(t) defined on [a,b]. From the same argument used in the proof of
Lemma 2.4, it follows that z,(t) is a solution of (E,).

This proposition generalizes Lemma 1 in [13]. In fact, if [a,, b,]=
[, b] for all », proposition coincides with Lemma 1 in [13].

DEFINITION 3. Let D be a domain of R*"*' and let g be an R™-
valued function defined on D*, which satisfies (G-1, 2, 3). Let z(¢) be a
continuous function mapping some interval I into R:. Then x(t) is said
to be a noncontinuable function (with respect to D and g) if
(¢, xg(t, ©(t))) € D for all ¢e I and if there exists a sequence {¢,} in I such
that ¢, »sup I as n— o and that for each compact subset Q of D, there

exists a number N=N(Q) such that
(¢, x9(t,, x(t,) e D—Q for all n=N.

Furthermore, if x(t) is a solution of (E) and D is the domain of f,
then it is called a noncontinuable solution of (E). If a noncontinuable
solution wx(f) of (E) through (g,, ¢) is defined on [g,, B), 6,<B, then we
sometimes write D,(o,)=[0,, 8) or D,=][0o,, B).

Although Definition 8 above may look slightly different from the
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usual definition for noncontinuable solution (cf. [7, 9]), but as we shall
see later they are equivalent to each other (Theorem 3.2).

DEFINITION 4 [13]. Let x(f) be a continuous function mapping some
(possibly unbounded) interval I into R‘. A sequence of continuous
functions {x,(¢)} is said to converge compactly to x(t) if for every compact

subset J of I, z,(t) is defined on J for sufficiently large n and {x,|J}
converges uniformly to z|/J.

The following is the main result of this section.

THEOREM 2.1. Let fe M, and x,(t) be a noncontinuable function,
defined on [a, B,), which satisfies

(E,) xn<t>=xn<on>+§' F8, ©.0(, . ())ds+G.(t)  for telo., B,

where a<0,<B,, A<=0,, and ¢,—0,as n—co. Suppose that the sequence
{z.l[a, 0,]} converges uniformly to ¢|la, a,l, (o,, $9(0,, $(0,)) € D, and that
for every compact subset Q of D with (a,, $9(0,, $(d,))) € int Q, there exists a
sequence {@,(Q)} such that |G,(#)|=0,(Q) on [a,, t}] and ©,(Q) —0 as n— <,
where t* =t*(Q)=inf {t>o0,; (¢, x,9(, x,(t))) € 0Q}. Then there exists a mon-
continuable solution xz(t) of (B) through (o, ¢) and a subsequence of {x,(t)}
which converges compactly to x(t).

PrOOF. Since (0, x,9(0,, %.(0,))—(0,, $9(0,, $(c,))) € D as n— o, we can
choose a sequence of compact sets {@,} such that @, eint Q,,,, D= Uz, Q;
and (0,, x,9(0,, ¢.(0,)) €int @, for all n. Put ¢, (k)=t¥(Q,). Then there
exists a subsequence {z,}c{x,} such that {t,(k)} converges as i— oo for
all k. In fact, since

(2.2) (ta(k), 2,9(t.(K), .. (k) €0Q,  for all n,

{t.(k)}:_, is contained in the compact set pr @,. Thus first we can choose
a subsequence {t,. (0}, of {£.(0)} which converges. Next we can also
choose a subsequence {n(z, 1)};z, of {n(¢, 0)}, such that {¢,.,(1)}i, con-
verges. Continuing in this fashion, one obtains the required subsequence
by the well known diagonal method. We denote such a subsequence by
{xz,} again. Furthermore, since @Q,_,Cint @,, we have ¢,(k—1)<¢,(k) for
all n. If we set W,=lim,_. t,(k), then we obtain

(2'3) aoé Woé Wlé".éwké"' .
Put W=lim,_. W,.

Next, by taking a subsequence if necessary, we shall show that for
all %, {x,|[e, t,(k)]} converges uniformly. Since ¢,(k)—W, as n— co,
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Lemma 2.4 assures that there exists a subsequence of {x,|[a, t.(k)]} which
converges uniformly. Thus, by the familiar diagonal method, we can
extract a convergent sequence. Now, let the limit of the sequence
{x.|[a, t,(k)]} be denoted by «*|[a, W,]. Since o,<t,(k—1)<t,(k) for all
n, we have 2*7'|[a, W,_]=o"|[a, W,_,] by Lemma 2.3. From this fact,
there exists a unique function «|[e, W) such that z|[a, W,]=2*[a, W.l
for all k. Consequently, for all k¥ the sequence {x,|[a, t.(k)]} converges
uniformly to x|[a, W,].

By using this fact and Lemma 2.3, we have (t, xg(t, x(¢)) € Q, for
all te[o,, W.], and hence (¢, xg(t, 2(¢))) € D for all te[o,, W). Moreover,
since x,(t,(k)) —x2(W,) as n— o, it follows from the continuity of g that
9@.(k), 2, (k) — g(W,, x(W,)) as n— . However, from the hypothesis
(G-3), we have a=g(t,(k), z,(t,(k)<t, (k). Thus by Lemma 2.3 again, we
have x,9(t.(k), z,(t,.(k))) — xg(W,, (W,)) as m— . Therefore it follows
from (2.2) that

(2.4) (W, 29(W,, 2(W)))) € 0Q, .
From (2.3) and @,_,cint Q,, we have
(2.5) o =W <W< - < W< Wu<---—W.

Thus from (2.5) and ¢,(k+1)—>W,,, as n— o, it follows that [a, W,]c
[@, t.(k+1)] for safficiently large ». By Lemma 2.8 again, {z,|[a, W.1}
converges uniformly to x|[a, W,], and hence {x,|[a, 8,)} converges com-
pactly to z|[a, W).

Finally, we show that x(f) is a noncontinuable solution of (E). For
any compact set @ in D there exists an N=N(Q) such that Q is con-
tained in intQ, for all ¥=N. Then the relation (2.4) means that
(Wy, xg(W,,, (W) e D—@Q for all k=N. In view of Lemma 2.4 the
function x(f) is a noncontinuable solution of (E). This completes the
proof.

REMARK. Under the same assumptions as in Theorem 2.1, if a sub-
sequence {z,,(t)} of {x,(t)} converges compactly to noncontinuable solution
x(t) of (E) through (o,, ¢), then we have sup D,<lim inf,_. sup D%_.

COROLLARY 2.1. Let f*, feM,, n=1,2, ---. Let a moncontinuable
Sunction x,(t) defined on [a, B,) satisfies

EB)  wO=a0)+| £ 006260 for telo, 8

where, =<0,<B,, a=0,and 0,—0,as n— . If the sequence {x,|[e, 7,]}
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converges uniformly to ¢|[a, o), (o, $9(0,, ¢(c,)) € D, and if

26 lim| suplfie, 0—fE X)1dt=0,Q={X: ¢, X)eQ},

n—o Jpr@Q XeQ;

for every compact set Q € D such that (o, ¢9(a,, #(d,))) 18 in int Q, then
there exists a subsequence of {x.(t)} which converges compactly to a non-
continuable solution of (E) through (o, ¢).

Proor. If we set
G.()= St | £7(8, ®,9(8, x.(8))) —f(8, x.9(5, x.(8)))|ds ,

then we can rewrite (E,) as (E,). Given any such compact set Qc D,
put

0. @={ _sup|f¢t, X)—f¢, X)ldt .

Since w,(Q)—0 as n— o, from (2.6) and Gn(tjgwn(Q), we have the
conclusion.

COROLLARY 2.2. Let f*, f be continuous functions on a domain D
in R™Y,  If we replace condition (2.6) in Corollary 2.1 by the condition
that f~ converges compactly to f on D, then the conclusion of Corollary
2.1 is true.

We note that recently, Kato [12] shows Kamke’s theorem in func-
tional differential equations with infinite delay on an abstract phase
space (cf. [10]).

§3. Existence of noncontinuable solutions.

In this section, by applying Theorem 2.1 we show that a noncon-
tinuable solution of (E) through (o, ¢) always exists.

THEOREM 3.1. Suppose feM,. Then for every initial function
olla, 0], there exists a moncontinuable solution of (E) through (g, ¢).

ProOF. For each n, define x,(t) as follows;
#(t) for a=st=<o,

x,(t) = #a) for o,st<o+--

¢(00)>+ S:—W f(s, x,9(8, ,(8)))ds for o,+—=t.

0
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Note first that this formula is meaningful for » large enough since
functions ¢, g are continuous and (g,, ¢9(0,, $(0,))) € D. In this recursive
way z, is defined on [o,+k/n, o,+(k+1)/n] for k=0,1, ..., provided
(s, ©,9(8, ©,(s))) belongs to D on the previous interval. Thus this process
can be continued either for all ¢ or until the first point B, at which
(Bas %.9(Bny ©4(B.))) €0D. Hence each z,(t) is continuous on [a, B8,) and
noncontinuable with respect to D and g. Furthermore, x,(t) satisfies

5() for ast=<o,
xn(t)={¢(o_0)+§: £8, £.9(3, 2,(3)ds+G,(t)  for 0,=t<p, ,
where °
~|. s, moe e for ostso+l

G.(t)=

t-—-1/n

—-St - f(s, x,9(8, x,(8)))ds for ao+%§t<ﬁn .

For every compact set @ in D with (o, ¢9(0,, 6(0,)) €int Q, we have
|G, |=1/n)M, for telo, t*(Q)], where My=sup, | f|. Therefore we
obtain the conclusion from Theorem 2.1.

Bullock [1] stated without proof the local existence of solution for
(E) of Caratheodory type, but we obtain immediately the existence of
noncontinuable solutions of (E) without appealing to the local existence.

REMARK. Let feM,, D=(a,b)x R, and let x(¢) is a noncontinu-
able solution of (E). We note from Definition 3 that if ¢=sup D, <b,
then lim sup,.._, |#(¢)|=+ . This conclusion does not necessarily imply
lim, ., o[2()|=+4c. Papers [2, 11] pointed out that, in general, for
delay differential equations a noncontinuable solution x(f) may not have
the property

lim 2(t)=1lim sup ()= .

t—c—0 t—c—0

In particular, Herdman [11] constructed a counter example.

THEOREM 3.2. Let D be a domain of R*™* and let x(t) be a contin-
uous function mapping some interval I into R’. Then the following
statements are equivalent:

(1) =(t) is not a noncontinuable function with respect to D and g.

(2) Put S={{t, zg(t, xz@t)):teI}cD. Then the closure S of S is
compact and ScD.
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Moreover, if fe M, and x(t) is a solution of (E), then they are equivalent
to the following statement:
(8) lim,,_, 29, xt)=X, and (b, X,) € D, where b=sup I.

PROOF. If (1) is satisfied, then S is bounded, and hence S is compact.
Let now (t,, Y,) e S—(b, Y,) €8S as n— oo, where Y,=xg(t,, 2(t,)). Then
it follows from (1) that the point (b, Y;) belongs to D, that is, ScD.
One easily sees that (2) implies (1) and that (3) implies (2). Thus we
show that (2) implies (3). Since f is bounded on the compact set S from
(F-3), we have |2(t)—x(s)|<M(S)|t—s| for all ¢, s ¢ I, where M(S)=sups|f]|.
Hence, by the Cauchy convergence criterion lim, ; ,x(¢t) exists, so that
X,=lim,_,_,xg(t, 2(t)) exists and (b, X;) is in D. This completes the proof.

REMARK. It follows from Theorem 3.2 that Definition 3 is equivalent
to the standard definition for noncontinuable solutions (cf. [7, 9]).

THEOREM 3.3. (Extension). Let fe M,. Then every solution of (E)
can be extended to a moncontinuable solution.

ProoF. Let z(t), defined on [0, b), be not a noncontinuable solution
of (E) through (g, ¢). Then it follows from Theorem 3.2 that
lim,_,_, xg(t, (t))=X, and (b, X;)e D. Thus by Theorem 3.1 we obtain
that there is a noncontinuable solution of (E) through (b, &), where
Ft)=ux(t) for tela, b) and Z(b)=x,.

THEOREM 3.4. Suppose fe M,. Then of all intervals on which some
noncontinuable solution (E) through (o, ¢) 18 defined, there s a smallest
interval on which such a noncontinuable solution is defined.

PrOOF. Let NS denote the family of all the noncontinuable solutions
of (E) through (o, ¢) and set J= N,.nsD,. If we set @=supJ, then there
exists a sequence {G,} such that 8,=28,=---=g8,=---— B as n— o, where
B, is the right end point of a noncontinuable solution «,(f), that is, D, =
[o,, B,)- By applying Theorem 2.1, we find a subsequence of {x,} which
converges compactly to a noncontinuable solution x(f) of (E) through
(0., ). Then in view of Remark of Theorem 2.1, we have D,&J. From
the definition of J we have J<D,, and hence D,=J. This implies that
a noncontinuable solution of (E) through (g, ¢) defined on J exists. This
completes the proof.

§4. Dependence of solutions.

In this section, we shall discuss the dependence of solutions on the
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initial condition and on the right hand sides of the delay differential
equations (E). In particular, the result on the dependence of solutions
due to Yoshizawa [15. Theorem 5.1] for ordinary differential equations
shall be extended to our system (E).

THEOREM 4.1. Let fe M, and let I=[o,, b], 6,<b, be the subinterval
of J, where J is the smallest interval given in Theorem 3.4. Then for
any >0, there exists a 6>0 for which the following condition holds: if
|60—0,1<8, |6—Bolta, <8 in case a<o,(¢(@)—g,a)|<dé in case a=a,),
where ¢=¢(z(0, a, ., A)t), and if qit), ted,=[a, 6, ]UJ, is a bounded
and integrable function with S lq(t)|dt<d, them every mnoncontinuable
solution y(t, o, ¢) of '

(E,) y'@®)=r¢, yat, y@))+a@®) ,
18 always continued beyond t=>b and satisfies
(4.1) Y@, o, ¢)—x(t, 0,, 6,)| <€ for te[max{o, g}, b]

Jor some noncontinuable solution x(t, o, ¢,) of (E) which may depend on
Y, g, 9).

Proor. It is sufficient to prove only in the case a<o, First, we
show that there exists a 6,>0 such that, if |6—0,|<0o |6 —lre,00<5,

and S lq(t)|dt<é,, then sup D,>b for every noncontinuable solution
J

y(t, o, ¢1) of (E;). Suppose not. Then there exist sequences {0,}, {¢:|[, 0.]}
and {q,(t)} such that

4.2) o0,—0, élla, o,]—glla, 5,] and SJ l.D)]|dt—0 as k—— oo
1

and moreover sup D, =<b, where y,(¢) is a noncontinuable solution of

#(?) for a<t=<o,

@9 y(”:{mwkwg;ﬂs, vots, ve)ds+| ads  for ou<t,

t

where f denotes the restriction of f on DN (J,x R*™). Since
t

S qk(s)ds| és lg.(s)| ds

oy gy

=w,—0 as k—> o,

it follows from Theorem 2.1 that there exists a subsequence of {y.(t)},
denoted by {y.(t)} again, which converges compactly to a noncontinuable
solution y,(¢, 6,, 4,0 of (E). By Remark of Theorem 2.1, we have
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sup D, Sli? inf [sup D, ]<b,

a contradiction.

Next we show the inequality (4.1) holds. Now suppose the conclusion
is false. Then there exist {0,} {¢,} and {g;} such that the condition (4.2)
holds and that the equation (4.3) has a noncontinuable solution y,(t)
having the property that for any noncontinuable solution (¢, g,, ¢, of

(B), .
| Ye(t) — (e, 00, o) | =€ for some ¢, €[max {o,, g,}, 0],

where ¢, may depend on z(t, 6,, $). By repeating the same argument,
it follows that for a sufficiently large £,

(1) —yo(t, 0, 00) | <€ for all tele,b],

a contradiction. This completes the proof.

THEOREM 4.2. Let F, fe M, and let I=[o,, b], g,<b, be the sub-
interval of J, where J is the smallest interval in Theorem 4.1. Then
for any €>0, there exists a §>0 such that, if [6—0,|<8, |§—¢lw,, <0
in case a <0, (|¢(a)—gi(a)| <o in case a=0,), where (t)=g¢(z(0, a, 0., a)t),
and if F satisfies

| supife, X0—Fe, X)las<s
PrQ Xe@,
for every compact set QC D, then every noncontinuable solution y(t, o, )
of
Y'O=F(, yg(t, y1)))
satisfies
ly@, o, ) —2(t, 0,y )| <& for all te[max {o, oy}, d],

where x(t, 0., ¢,) 18 a moncontinuable solution of (E) which may depend
on Y, g, 9).

We can easily prove this theorem by Corollary 2.1 and by the argu-
ment used in the proof of Theorem 4.1.

COROLLARY 4.1. Suppose that f is in the class M, and that a non-
continuable solution x(t, o,, ¢, of (E) through (o,, ,) i8 defined on D, and
18 unique. Let I=[o,, b], 0,<b, be the subinterval of D,. Then for >0,
there exists a 0>0 such that, if |0—0,|<9, |q3'—¢ol[a,,,0]<3 in case a<o,
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(lg(@) — (@) | <D in case a=0,), where ¢(t)=¢(z(0, a, g, a)t), and if q(®),

tedJ,=[a, 6,)UD,, i3 a bounded and integrable function with S lq(t)|dt<é,
J1

then every moncontinuable solution y(t, g, ¢) of (E;) satisfies (4.1).

Note that the result corresponding to Corollary 4.1 for Theorem 4.2
can be obtained similary.

The following is the familiar theorem on the continuous dependence
of solutions on initial conditions.

COROLLARY 4.2. Let fe M,. Suppose that a solution x(t, g,, ¢,) of (E)
through (0,, ¢,) is defined on [o,, g,+Al, A>0, and is unique. Then for
any €>0, there exists a 6>0 such that, if |6—0,|<6 and | —d;lta,e1 <0
in case a<o, (|¢(a)—g,(a)|<d in case a=a,), where ot)=9¢(z(0, a, a,, A)L),
then every solution x(t, o, ¢) of (E) satisfies |x(t, o, ¢)—x(t, 0, ¢,)|<e for
all te[max {o, 0}, 0,+ Al.
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