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A surface in the 3-dimensional Minkowski space L*=(R®, dx*+dy*—dz?)
is called a space-like surface if the induced metric on the surface is a
positive definite Riemannian metric. A space-like surface with vanishing
mean curvature is called a maximal surface.

In this paper, we give the Weierstrass-Enneper representation for-
mulas. for maximal surfaces (§1), and exhibit various examples (§2). In
particular, we determine the maximal surfaces which are rotation surfaces
or ruled surfaces (§§8, 4). In contrast with the case of minimal surfaces
in the Euclidean 3-space, where a rotation minimal surface (resp. a ruled
minimal surface) is locally congruent to a catenoid (resp. a helicoid), there
are various types of maximal rotation or maximal ruled surfaces. For
example, maximal Enneper’s surfaces appear as rotation or ruled surfaces.
In the last section, we give some explicit examples which show that the
so-called Bernstein property does not hold, in general, without an ellip-
ticity condition (§ 5).

§1. Weierstrass-Enneper formulas for maximal surfaces in L.

For a space-like surface in L? the Gauss map is defined to be a
mapping which assigns to each point of the surface the unit normal
vector at the point. Therefore, its image can be regarded as contained
in a space-like surface H*={(x, ¥, 2) € L% 2*+y*—2*= —1}, which has con-
stant negative curvature —1 with respect to the induced metric. We
define a stereographic mapping ¢ for H® in the following way

COMIE =1y s F - rr (—2Rel —2Im¢ [Cf+1
FOWRl=y— o (T T )

(1.1) -
and o¢()=(0, 0, Iy

That is, o({) is the intersection of H® and the line joining (Re{, Im g, 0)
Received June 21, 1982 '




298 OSAMU KOBAYASHI

and the “north pole” (0,0, 1) of H?. It is easy to see that ¢ is conformal
in the natural manner. Moreover, we can show that the Gauss map of
a maximal surface is also conformal, which can be interpreted in the

following form.

THEOREM 1.1 (Weierstrass-Enneper formula of 1st kind). Any mawi-
mal space-like surface in L* i8 represented as

a2 +©=Re|(Lra+e YLra—g), —fo)dl, teD,

where D is a domain in C, and f (resp. g) i8 a holomorphic (resp. mero-
morphic) fumction on D such that fg* is holomorphic on D and that
lg@)|#1 for L€ D. Moreover,

(i) the Gauss map G is given by G({)=0(9(()), where o i3 a map
defined by (1.1);

(ii) the induced metric is given by ds=(|f||1—|g*|/2)|dCl;

(iii) the Gauss curvature of the surface is given by K={4|d.g|/| f|(1—
lg IP7F.

REMARK. Contrary to the case of minimal surfaces, a maximal sur-
face in L® has non-negative curvature. In fact, by the Gauss equation
for a maximal surface in L?, we have K=|h|}/2, where h is the second
fundamental form.

ProoF. Suppose that «: D— L® is a maximal space-like surface. From
the maximality, it is easy to see that 44=0, where 4 is the Laplacian
defined by the induced metric on D, which is a positive definite Riemannian
metric. In particular, D cannot be a closed surface. Hence, taking the
universal covering of D, if necessary, we may assume that D is a domain
in C and that « is a conformal mapping. Set

20 = (@, P, Ps) » Where ag=%‘-(6‘,— vV =18,), C{=u+Vv—1v.
Then, the conformality of 4 implies that @i+ @;—@;=0, and 44=0 implies
that 3.9.4=0, i.e., @, are holomorphic. Therefore, putting f=9,—1 —1g,
and g= —@,/f, we have the formula (1.2). (Remark that P, —V —19,=0
corresponds to the (z, y)-plane in L but it can be obtained by putting
g=0 and f=1 in (1.2).)

In L° we define the exterior product of vectors by XX Y=
—(tytr Az Ady Adz)*, where ¢y denotes the interior product with respect
to X and # stands for the operation of raising indices by the metric
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de*+dy*—dz*. Here we choose the sign “-” so that 9,%x9,=0, holds.
Then a direct calculation yields that

Oup X3 ={|fl1—Ig[)/2Fa(g) ,

which proves (i) and also (ii) because of the conformality of 4. K is
easily calculated from (ii). O

As an immediate consequence, we have

COROLLARY 1.2. A piece of surface with constant positive curvature
cannot be isometrically immersed in L* as a maximal surface.

Proor. It follows from (ii) and (iii) in the Theorem 1.1 that 1/ Kds’
is a flat metric if K>0 and hence that ds® cannot be a metric with
positive constant curvature. ) O

For later use, we need a variant of the above formula.

COROLLARY 1.3 (Weierstrass-Enneper formula of 2nd kind). Any
maximal space-like surface in L* is represented as

1.83)  WO=Re|(ZF@+D, V=1, 3£ -D)d, Reg=0),

and, the Gauss map G i3 given by G{)=0((1—9)/(1+9)).

Proor. Replace f and ¢g in (1.2) by f(1+9)*/2 and (1—g)/(1+g9g),
respectively. : O

§2. Examples.

ExAMPLE 2.1. The simplest example of maximal surfaces in L® is a
space-like plane, which is obtained by setting g=constant in (1.2) or (1.3).
It has been known that only plane is a complete maximal surface in
L? ([1], [38]). A simple proof of this fact can be given by using the
Weierstrass-Enneper formula (1.2) as follows: Let «: D—L® be a com-
plete maximal surface expressed in the form (1.2). We may then assume
that D is conformal to C or the unit disk {|{{|<1}. In view of (i) in
Theorem 1.1, we may assume also that |g|<1 on D. Suppose that D is
conformal to the unit disk. Then it is known [6; p. 67] that there is a

divergent path p(¢) in D such that S )I F©)]]dC|< oo, which shows, from
»(t

(ii) of Theorem 1.1, that + cannot be complete. Hence, D is conformal
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to C. Then, by Liouville’s theorem g must be a constant function. Hence,
4 is a plane.

ExAMPLE 2.2 (Enneper’s surface of 1st kind). Set f=2, g={ and
D=C\{|{|=1} in (1.2). Then we have a maximal surface given by

=21, — y? _]_-__s _ SR R
1F(C)——(u u'v+3u, v+uv 3% v u),

where {=u+1"—1v. At first sight, we might find that it is very similar
to the classical Enneper’s minimal surface. As shown in the below, how-

ever, it is quite complicated.
<y

{ut+2<1}

{y=0} {v*—3ut=1} U {u2—30viz=1}
FiGURE 1. Enneper’s surface of 1st kind.

ExAMPLE 2.3 (Enneper’s surface of 2nd kind). This is given by
putting f=2a, g={ in (1.3), where a is a non-zero real constant. An
explicit formula is given as follows:

"/’(C)=a(u—uv2+—;—u", —2uw, —u—uv2+—;:us) , C=u+v—1v, u#0.

This surface is a rotation surface with light-like axis (1, 0, 1), which can
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be seen from the following expression (cf. §3):

1— -;—vz v —;—vz au +%—7,(,3
)= —wv 1 v 0 , u#0.
——;-'vz v 1 —I—%v"‘ —au -l——%’-us

FIGURE 2. Enneper’s surface of 2nd kind.

EXAMPLE 2.4 (Conjugate of Enneper’s surface of 2nd kind). Analo-
gous to the definition of the conjugate surface of a minimal surface in
the Euclidean space, we define the conjugate surface of Enneper’s surface
of 2nd kind by putting f=2a1"—1 and g=¢ in (1.83). Then we have

“F(C)=a(—-v— U +—é—vs, VE—ul, v—u +—é—v"')
=a(—-’v +_;_,08’ ’02, v_}__%_va)_auz(,v’ 1, ’U) , w0 .

In consequence, this is a ruled surface.
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V4

{y=8a}n{u—4v°=1}
FIGURE 3. Conjugate of Enneper’s surface of 2nd kind.

ExXAMPLE 2.5 (Catenoid of 1st kind). This is a rotation surface defined
by #*+y*—a*sinh? (z/a)=0, (240), where a is a non-zero real. In view
of the Weierstrass-Enneper formula, it is given by putting f=al™>2,
g=C in (1.2).

FIGURE 4. Catenoid of 1st kind.

ExamMpLE 2.6 (Helicoid). The conjugate surface of a catenoid of 1st
kind, that is, the surface defined by setting f=1"—1af g={ in (1.2),
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is given by
() =(0, 0, af) +a cosh log r(—sin 4, cos 4, 0) , C=re™, (r+#l1).

Note that this is an open subset of the usual helicoid; @ cos (z/a)+
 ysin (2/a)=0. Hence, it is also a minimal surface with respect to the
metric da?+dy®+dz:. Conversely, this property characterizes the helicoid

S 9.

EXAMPLE 2.7 (Catenoid of 2nd kind). This is a rotation surface
defined by putting f=al™? g=¢ in (1.3):

coshlogr»r 0 sinhlog7r 0
¥(Q) = 0 1 0 —af |, C=re™?, (cosf+0).
sinh log» 0 coshlog 7/ \a cos 6,

Ficure 5. Catenoid of 2nd kind.

EXAMPLE 2.8 (Helicoid of 2nd kind). This is a ruled surface defined
by 2+ tanh (y/a)=0 (&< a’ cosh? (y/a)), which corresponds to f=1"—1a{"
and g={ in (1.3).

ExAMPLE 2.9 (Scherk’s surface of 1st kind). This is a maximal sﬁrface.
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defined by z=Ilog coshy—logcoshw, (cosh~2xz+cosh-2y>1), which is
obtained by putting f=4(1—¢%" and g=¢ in (1.2).

N

FIGURE 6. Helicoid of 2nd kind.
§3. Rotation surfaces.

The purpose of this section is to determine the maximal rotation
surfaces in L°’. A surface is called a rotation surface with axis I if it
is invariant under the action of the group of motions in L! which fix
each point of the line 1.

THEOREM 3.1. Ewery mawximal rotation surface in L* is congruent
to a part of one of the following:

(1) (x, y)-plane;

(ii) catenoid of 1st kind;

(iii) catemoid of 2nd kind;

(iv) Emneper’s surface of 2nd kind.

PrROOF. The (x, y)-plane is obviously a rotation surface with time-
like axis, and every space-like plane is congruent to it. So, in the
following, we assume that the given maximal rotation surface is not a
plane.

If the axis is time-like (resp. space-like), we may suppose that the
axis is the z-axis (resp. y-axis), since every time-like (resp. space-like)
unit vector is transformed to (0, 0, 1) (resp. (0, 1, 0)) by a Lorentz trans-
formation. Then the surface is expressed as follows:
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3.1) Y(8, t)=(f(t) cos s, f(t)sins, t) if the axis is time-like;
3.2) ¥ (8, t)=(g(t) sinh s, t, g(t) cosh s) if the axis is space-like.

The maximal surface equations are then given by

(3.3) ff=f*—1, f*—=1>0 for (3.1);
(3.4) gi=¢"—1, §'—1<0 for (3.2).

Hence, we have f(t)=a'sinh (at+bd) and g(t)=a™* cos (at+b), where a
and b are integral constants. Thus, the surface is locally congruent to
a catenoid of 1st kind or a catenoid of 2nd kind according to that the
axis is time-like or space-like.

If the axis is light-like, we may assume that it is R-(1, 0,1). Note
that the subgroup of the Lorentz group which fixes (1,0, 1) is

2 2
1___8_ s s
2 2
—8 1 8 ;SER
8t g
8 1+38
z ° 173
Hence, the surface can be written as
1—§22- s % h(t)+t
(3.5) P& D=] —s 1 8 0
g’ g’
—= 1+=-[\h(t)—t
5 ° + 2 (t)

The maximal surface equation for (3.5) is given by
(3.6) th—2h=0, t£0, h>O0.

Thus, we have the solution i(t)=at*+b, a >0, which shows that the surface
is Enneper’s surface of 2nd kind. !

§4. Ruled surfaces.
As for maximal ruled surfaces, we have the following:

THEOREM 4.1. Ewvery maximal ruled surface in L* is congruent to
a part of one of the following: i
(1) (=, y)-plane;
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(ii) helicoid;
(iii) helicoid of 2nd kind;
(iv) conjugate of Enmeper’s surface of 2nd kind.

PrOOF. Every space-like ruled surface can be written as

¥(8, t)=c(t)+8n(?) ,

(4.1) n(t) - n(t)=4ét)-é¢)=1,  é@t)-n(t)=0,

where ¢(t) is a space-like curve in L® with arclength parameter and n(t)
is a unit normal vector field along ¢(tf). Note that n(¢) is an asymptotic
vector field on the surface and that é(t)+s7n(t) is perpendicular to n(t).
It follows from the maximality that é(¢)+sn(t) is an asymptotic direc-
tion. In particular, putting s=0, we can see that n(f) is the principal
normal vector of ¢(t). Hence, we need only to determine the curve c¢(t)
to get the surface (4.1). Denoting by b(t) the binormal of ¢(t), we have
the Frenet-Serret formula:

s@)=k@)n(t),  wt)=—£@®)é@)+T@)D{),

(4.2) bt)=7(t)n(®t) ,

where £ and = are curvature and torsion of ¢(t), respectively. Hence,
(4.3) é(t)+8n(t)=1—sr(t))é(t)+sz(t)b(t) ;
(4.4) é(t)+8n(t) = (k(t) — sk(t)* +s7(t))n(t) +8(— £(t)é(t) +T(£)b(E)) .

Since é+sn is an asymptotic direction, ¢+ 8% is tangent to the surface.
That is, s(—£&(t)é(t)+7(t)b(t)) must be parallel to (1—sx(%))é(t)+z(t)b(t) for
any s and ¢t. Hence, £ and 7 are constant.

Then, if [k|>|7|>0 (resp. [T|>|k]|>0), &@t)=c(t)+ (x/(K2—7%))n(t) is a
time-like (resp. space-like) line by (4.3) and (4.4). Therefore, from (4.2),
we can see that ¢(t) is congruent to

(4.5) ( xz": —cos V'K*—7°t, sin Ve —7t, ———E——t)
-7

K
KB—17 VEE—17t

if |g|>[|7|>0;
or

4.6 ( K coshVT—r't, T ¢, —*& sinhl/rz—lczt)
(4.6) 2 —K? vViti—xkt ' —k?

if [z|>]x]|>0.

In each case, the surface defined by (4.1) is congruent to a part of
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helicoid or that of 2nd kind.

If |z]=|x|#0, we have =0 by (4.2), hence "¢'=0. That is, c(t) is
a polynomial of degree 8. Then, we have the conjugate of Enneper’s
surface of 2nd kind. O

Now, we give a characterization of the helicoid:

THEOREM 4.2. FEuxcept for the plane, only the helicoid is a maximal
surface in L*=(R® dx’+dy*—dz?) which 18 minimal surface with respect
to the Riemannian metric dx*+dy*+dz.

PROOF. Locally, a space-like surface is always a graph of 2= f(x, ¥).
The maximal surface equation for z=f(x, y) is

4.7 A—fDf o+ 2fofufer+ A —Ff =0 .

On the other hand, the minimal surface equation for z=f(x, ¥) is
(4.8) A+fDf =2 e fiSfar+ A+ f)f0=0.

Suppose that f satisfies (4.7) as well as (4.8). Then we get

4.9) ~Fif oyt 2f ofufoy—Fifea=0 .

Put X=(—f,, f.), which is a vector field tangent to {f=constant} in
(x, y)-plane. Then, we have

(4-10) det (X’ VXX)= "'f:fw'i"szfvfzv"f:?fzz .

This, together with (4.9), implies that the integral curves of X in R’
are lines. Since f is constant on each of these integral curves, it follows
that the surface z=f(z, y) is a ruled surface. It is well-known that a
ruled minimal surface in R® is a plane or a helicoid. Thus, the result
follows. O

§ 5. Entire solutions to the maximal hypersurface equations.

It is known that there are no non-flat complete non-parametric
maximal hypersurfaces in L' =(R"*, (dx')*+ - - - +(dx")*— (dz"*")?) ([3]). In
other words, except for linear functions, there are no entire solutions to

(5.1) (1-% (35—:)2) $ Of & of of _&f

A @xi) o o' ox' oviox’

and
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_3 (LY

(5.2) 1-3 (L) >o.

Here, (5.2) is a condition which assures of the hypersurface z"*'=
f(@', ---, 2") being space-like, and also which makes the equation (5.1)
elliptic. However, if we do not assume the condition (5.2), there are
non-trivial entire solutions to (5.1). For instance:

PROPOSITION 5.1. The following are entire solutions to (5.1) for n=2:
(i) f=«'tanh«? (ii) f=Ilog cosh x'—log cosh a?.

PROOF. Direct calculations. |

Similar phenomenon occurs in geometry of affine minimal hyper-
surfaces. Consider R"*' as an affine space with the canonical volume
element dx'Adx’A--- Adx"t* and the canonical flat affine connection. A
hypersurface in R**' is said to be non-degemerate if, at each point of
the hypersurface, the osculating quadratic hypersurface is proper. For
a non-degenerate hypersurface, there is a concept of mean curvature
which is defined by the volume element and the connection of R**!,
without using any metric of R"*'. If the hypersurface is a graph

"= f(xz', ---, "), then the non-degeneracy condition and the affine
minimal hypersurface equation are given respectively by

(5.3) det (f,;) =0

and

(5.4) (n+2) ;k ((log | HI).f "‘):,+‘_Z,c F*(log | H|),(log | H|),=0 ,

where f;;=(0"f/ox'0x?), H=det (f;) and (f*) is the inverse matrix of (f;;).
There has been posed a problem [4] whether any entire solution to (5.4)
is affinely equivalent to

(5.5) F=3 @,

provided (f;;) is positive definite. For n=2, this has been answered
affirmatively [2]. Now, we shall show that there are entire solutions
to (6.3) and (5.4) which are not of the form (5.5), if we do not assume
that (f;;) is positive definite.

PROPOSITION 5.2. f=u'tanh 2437, (x*)* 28 an entire solution to
(5.3) and (5.4) for n=2.
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Proor. A direct calculation. O

Propositions 5.1 and 5.2 should be compared with Examples 2.8 and
2.9.

References

[1] E. CarLasi, Examples of Bernstein problems for some non-linear equations, Proc. Symp.
Pure Math., 15 (1970), 223-230.

[2] E. CaLABI, Hypersurfaces with maximal affinely invariant area, Amer. J. Math., 104
(1981), 91-126.

[8] S.-Y. CrHENG and S.-T. YAu, Maximal space-like hypersurfaces in the Lorentz-Minkowski
spaces, Ann. of Math., 104 (1976), 407-419.

[4] S.-S. CHERN, Affine minimal hypersurfaces, Proc. of US-Japan Seminar on Minimal Sub-
manifolds, Tokyo 1978, 17-30.

[56] B. LAwsoN, Lectures on Minimal Submanifolds, vol. 1, Publish or Perish, Inc., 1980.

[6] R. OsserMAN, A Survey of Minimal Surfaces, Van Nostrand, New York, 1969.

Present Address:

" DEPARTMENT OF MATHEMATICS
KE10 UNIVERSITY
HivosHi, KOHOKU-KU
YororAMA 223



