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Classification of Periodic Maps on Compact Surfaces: II

Kazuo YOKOYAMA

Sophia Univerrsity

Introduction

In [7], we have classification of orientation preserving periodic maps
on compact orientable surfaces. In this paper, we will obtain classifi-
cation of orientation reversing periodic maps on compact orientable sur-
faces and classification of periodic maps on compact non-orientable surfaces.
We use the definitions and notations in [7]. We will assume that all
surfaces are connected.

Let $P_{n}^{-}$ be the set of elements $(f, M)\in P_{n}$ where $M$ is an orientable
surface and $f$ is an orientation reversing periodic map. Let $P_{n}^{0}$ be the
set of elements $(f, M)\in P_{n}$ where $M$ is a non-orientable surface. Then
we will obtain classifications of $P_{n}^{-}$ and $P_{n}^{0}$ . So, we will complete the
classification of the set $P_{n}$ of elements $(f, M)$ such that $\mathscr{L}(f)$ consists of
finite points in $\mathring{M}$ (may be empty). Complete classification of periodic
maps on compact surfaces will be given in the forthcoming paper [8].

For an element $(f, M)$ of $P_{n}$ , we will consider its orbit space $X=$

$M/f$ and the canonical map $p:M\rightarrow X$. Then, by [4], $X$ is a compact
surface and $p$ is an n-fold cyclic branched cover of $X$ with branched set
$S=p(\mathscr{L}(f))$ . We denote by $P_{n}(X, S)$ the set of elements $(f, M)$ of $P_{n}$ such
that $X=M/f$ and $p:M\rightarrow X$ is an n-fold cyclic branched cover of $X$ with
branched set $S$ . For the classification of $P_{n}$ , we will determine a complete
set of the equivalence classes of $P_{n}(X, S)$ in \S \S 2, 3 and 4 (see Theorems
2.1, 2.2, 3.1, 3.2. 4.1 and 4.2), which is of importance in the sequel.

Let $P_{n}^{\epsilon}(\tilde{g}, \sim l,\tilde{m},\tilde{l},\tilde{m})$ be the set of elements $(f, M)$ of $P_{n}^{\epsilon}$ , (where $\epsilon=$

-or $0$), satisfying the following conditions;
(1) $M$ is a compact surface of genus $\tilde{g}$ with the boundary com-

ponents $D_{1},$ $D_{2},$
$\cdots,$

$ D_{l}\sim$ ,
(2) $f$ is a periodic map on $M$ such that $\mathscr{L}(f)$ consists $\tilde{m}$ points

$S_{1},$ $S_{2},$
$\cdots,$

$S_{\tilde{n}}$ in $M$,
(3) $\tilde{l}=(l_{a})_{a1n}\sim$ is a vector of non-negative integers $\sim l_{a}$ , where $\sim l_{a}$ is
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the number of elements of the set {$D_{j};f^{a}(D_{j})=D_{j}$ and $f^{b}(D_{j})\neq D_{j}$ for
$1\leqq b<a\}$ for each divisor $a$ of $n$ ,

(4) $\tilde{m}=(\tilde{m}_{a})_{a1n}$ is a vector of non-negative integers $\tilde{m}_{a}$ , where $\tilde{m}_{a}$

$a\neq n$

is the number of elements of the set $\mathscr{G}_{a}(f)=\{S_{k};f^{a}(S_{k})=S_{k}$ and $f^{b}(S_{k})\neq S_{k}$

for $1\leqq b<a$} for eace divisor $a$ of $n$ except $n$ . Denote by $\ovalbox{\tt\small REJECT}_{n}^{\epsilon}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})$

the set of equivalence classes of $P_{n}^{l}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})$ .
Using the orbit space $M/f$ and the branched cover $p:M\rightarrow M/f$, we

will obtain the following;

PROPOSITION 5.1. If $ P_{n}^{0}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})\neq\emptyset$ , then we have
(1) $\sim l=\sum_{a1n}\sim l_{a}$ and $\tilde{m}=\sum_{a1n}\tilde{m}_{a}$ ,
(2) $\sim l_{a}\equiv 0(mod a)$ for $eachdiviso\gamma a\neq n$

$a$ of $n$ and $\tilde{m}_{a}\equiv 0(mod a)$ for
each divisor $a$ of $n$ except $n$ ,

(3) $ g\sim-2+\sum_{a1n}(1-n/a)(l_{a}+\tilde{m}_{a})+2n\sim$ is a positive integer and a
multiple of $n$ .

Then, let $l_{a}=l_{a}/a,$$ m_{a}=\tilde{m}_{a}/a\sim$ , and $ g=(1/n)\{g\sim-2+\sum_{a1n}(1-n/a)(l_{a}+\tilde{m}_{a})+\sim$

$2n\}$ . We will prove the following;

THEOREM A.l. Under the conditions (1), (2) and (3) in Proposition
5.1, in order that $P_{n}^{0}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})$ be non-empty, it is necessary and
sufficient that $n,$ $l$ and $m$ satisfy the following conditions;

(a) In case that $g\geqq 3$ ,
(I) $n$ is odd, $or$

(II) $\sum_{a1n}$ $(l_{a}+m_{a})$ is even, if $n$ is even,
$a:odd$

(b) In case that $g=1$ ,
(I) g.c. $d$ . {$a;l_{a}\neq 0$ or $m_{a}\neq 0$ } $=1$ , if $n$ is odd, $0\gamma$

(II) $\sum_{a1n}(l_{a}+m_{a})$ is even and g.c. $d$ . {$a;l_{a}\neq 0$ or $m_{a}\neq 0$} $=1$ , if
$a\cdot odd$:

$ms$ even,
(c) In case that $g=2$ ,

(I) $n$ is odd,
(II) $\sum_{a1n}(l_{a}+m_{a})$ is even, if $n$ is even and $d$ is odd,

$a$ ; odd
(III) $n/2$ is odd, if $n$ is even and $d$ is even, $or$

(IV) $d/2$ is odd and
$\sum_{a}aa|_{2:odd}^{n}even(l_{a}+m_{a})$

is odd, if $n$ is even, $d$ is

even and $n/2$ is even,
where $d=g.c.d$ . {$a;l_{a}\neq 0$ or $m_{a}\neq 0$}.

THEOREM A.2. Suppose that $n,\tilde{g},$ $\sim l,\tilde{m},\tilde{l}$ and $\tilde{m}$ satisfy the condi-
tions in Theorem A.l. Then the number of elements of $\ovalbox{\tt\small REJECT}_{n}^{0}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})$

is given as follows;
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(a) In case that $g\neq 2$ ,
$\left\{\begin{array}{ll}C(n;l, m), if (I) & n is odd or (II) n is even and l_{n/2}+m_{n/2}\neq 0;\\2\times C(n;l, m), if & n is even and l_{n/2}=m_{n/2}=0.\end{array}\right.$

(b) In case that $g=2$ ,

$\left\{\begin{array}{ll}\{\varphi(d)/2\}\times C(n;1, m), if & is odd;\\2\times\{\varphi(d)/2\}\times C(n;l, m), & if n is even, d is odd and l_{n/2}=m_{n/2}=0;\\\{\varphi(d)/2\}xC(n;1, m), if & n is even, d is odd and l_{n/2}+m_{n/2}\neq 0;\\\{\varphi(d/2)/2\}\times C(n; \$, m), i & n is even, d is even and n/2 is odd;\\2\times\{\varphi(d/2)/2\}\times C(n; \$, m & , if n is even, d is even, n/2 is even\\and l_{n/2}=m_{n/2}=0; & \\\{\varphi(d/2)/2\}\times C(n;1, m), i & n is even, d is even, n/2 is even and\\l_{n/2}+m_{n/2}\neq 0; & \end{array}\right.$

where $\{x\}$ is the smallest integer $\geqq x,$ $\varphi(x)$ is the Euler func-
tion and

$C(n$ ; $, $m)=\prod_{a|n}a\neq n^{f}2a\neq n(^{\frac{\varphi(n/a)}{2l}+l_{a}-1}a)(\frac{\varphi(n/a)}{2}+m_{a}-1m_{a})$ .

In the case of $P_{n}^{-}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})$ , we will obtain the following;

PROPOSITION 6.1. If $ P_{n}^{-}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})\neq\emptyset$ , then we have
(0) $n$ is even,
(1) $\sim\sim l=\sum_{a1n}l_{a}$ and $\tilde{m}=\sum_{a1n}\tilde{m}_{a}$ ,
(2) $\sim l_{a}\equiv 0(mod a)$ for $eachdiviso\gamma a\neq n$

$a$ of $n$ and $\tilde{m}_{a}\equiv 0(mod a)$ for
each divisor $a$ of $n$ except $n$ ,

(3) $ 2g\sim-2+\sum_{a1n}(1-n/a)(l_{a}+\tilde{m}_{a})+2n\sim$ is a positive integer and a
multiple of $2n$ ,

(4) $\sim l_{a}=\tilde{m}_{a}=0$ for each odd divisor $a$ of $n$ .
Then, let $l_{a}=l_{a}/a\sim,$ $m_{a}=\tilde{m}_{a}/a$ and $ g=(1/2n)\{2g\sim-2+\sum_{a1n}(1-n/a)(l_{a}+\sim$

$\tilde{m}_{a})+2n\}$ . We will prove the following;

THEOREM B.l. Under the conditions (0), (1), (2), (3) and (4) in
Proposition 6.1, in order that $P_{n}^{-}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})$ be non-empty, it is $neceS^{\tau}$

sary and sufficient that $n,$ $l$ and $m$ satisfy the following conditions;
(a) In case that $g$ is odd and $g\geqq 3$ ,

(I) $n/2$ is odd, $or$

(II)
$\sum_{a,a1_{2:odd}^{n}}(l_{a}+m_{a})a\circ v\circ D$

is odd, if $n/2$ is even,

(b) In case that $g=1$ ,
(I) $(1/2)\times g.c.d$ . {$a;l_{a}\neq 0$ or $m_{a}\neq 0$} $=1$ , if $n/2$ is odd, $0\gamma$
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(II) $\sum_{a1n}$ $(l_{a}+m_{a})$ is odd and $(1/2)\times g.c.d$ . {$a;l_{a}\neq 0$ or $m_{a}\neq 0$} $=1$ ,
$a:even$
$a/2;odd$

if $n/2$ is even,
(c) In case that $g$ is even,

(I) $n/2$ is odd, $or$

(II)
$\sum_{a1n}aaeven\dot{j}_{2:odd}(l_{a}+m_{a})$

is even, if $n/2$ is even.

THEOREM B.2. Suppose that $n,$ $g\sim,$
$\sim l,\tilde{m},\tilde{l}$ and $\tilde{m}$ satisfy the con-

ditions in Theorem B.l. Then, the number of elements of $\ovalbox{\tt\small REJECT}_{n}^{-}(g\sim,$
$\sim l,\tilde{m}$ ,

$l,\tilde{m})$ is given as follows;
(a) In case that $g\neq 2$ ,

$\left\{\begin{array}{l}C(n;l, m)n/2n/2l_{n/2}+m_{n/2}\neq 0\\2\times C(n;l, m)n/2l_{n/2}=m_{n/2}=0\end{array}\right.$

(b) In case that $g=2$ ,

where $\{x\},$ $\varphi(x)$ and $C(n;l, m)$ is the same notations in Theorem A.2,
and $d=g.c.d$ . {$a;l_{a}\neq 0$ or $m_{a}\neq 0$}.

In the case of $n=2$ and $m=0$ , Theorems A and $B$ is given by Asoh
[1].

In \S 1, we will give a model of (X, $S$ ) and reduce the equivalence
relation on $P_{n}(X, S)$ in a similar way as in [7]. In \S \S 2, 3 and 4, we
will determine the equivalence classes of $P_{n}(X, S)$ using the homeotopy
group of (X, $S$ ), and prove Theorems 2.1, 2.2, 3.1, 3.2, 4.1 and 4.2. In
\S 5 we will prove Theorems A.l and A.2 and in \S 6 we will prove Theo-
rems B.l and B.2. Not only we can determine the number of elements
of $\ovalbox{\tt\small REJECT}_{n}^{0}(g\sim, l,\tilde{m},\tilde{l},\tilde{m})$ or $P_{n}^{-}(g\sim, \sim l,\tilde{m}, , \tilde{m})$ , but also construct an element
of $\ovalbox{\tt\small REJECT}_{n}^{0}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})$ or $\mathscr{J}_{n}^{-}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})$ in practice. Moreover, we can
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determine whether two elements of $P_{n}^{0}$ (resp. $P_{n}^{-}$ ) are equivalent or
not.

The author would like to express his sincere gratitude to Prof.
Tatsuo Homma and Prof. Shin’ichi Suzuki for helpful conversations.

\S 1. A model for $X$ and reductions of equivalence relation on
$P_{n}(X, S)$ .

Let $X_{2\sigma+1}$ (resp. $X_{2g+2}$) be a compact connected non-orientable surface
of genus $2g+1$ (resp. $2g+2$) and let the boundary $\partial X_{2ff+1}$ (resp. $\partial X_{2g+2}$)
consist of $l$ components $\tilde{d}_{1},\tilde{d}_{2},$ $\cdots,\tilde{d}_{l}$ . For the sake of convenience, we
first take a model for $X_{2g+1}$ (resp. $X_{2g+2}$) as shown in Fig. 1 (resp. Fig. 2),
and simple oriented loops $a_{1},$ $a_{2},$ $\cdots,$ $a_{g},$

$b_{1},$ $b_{2},$
$\cdots,$

$b_{g},$ $c$ , (resp. $c_{1},$ $c_{2}$), $d_{1}$ ,
$d_{2},$

$\cdots,$
$d_{l}$ on $X_{2g+1}$ (resp. $X_{2g+2}$). Let $S$ be finite points $s_{1},$$s_{2}\sim\sim,$

$\cdots,$
$ s_{m}\sim$ in

$\mathring{X}_{2g+1}$ (resp. $\mathring{X}_{2g+2}$) and take simple oriented loops $s_{1},$ $s_{2},$ $\cdots,$ $\epsilon_{m}$ on $X_{2g+1}$

(resp. $X_{2g+2}$) as shown in Fig. 1 (resp. Fig. 2).

FIGURE 1

FIGURE 2

To avoid the multiplicity of brackets, we refer to loops rather than
to homology classes. Then the first integral homology group of $X_{2g+1}-S$

is given by;
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$a_{1},$
$b_{1},$

$a_{2},$
$b_{2},$

$\cdots,$ $a_{g},$ $b_{g}$ ,
$c$ , $2c+d_{1}+d_{2}+\cdots+d_{l}$

(1.1) $H_{1}(X_{2g+1}-S)=$ ; .
$d_{1},$ $d_{2},$

$\cdots,$
$d_{l}$ , $+s_{1}+s_{2}+\cdots+s_{*}=0$

$s_{1},$ $s_{2},$ $\cdots,$ $s_{*}$

The first integral homology group of $X_{2g+2}-S$ is given by;

(1.2) $H_{1}(X_{2\sigma+2}-S)=\{c_{1},c_{2}d_{1},d_{2},\cdot.\cdot,d_{l}a_{1},b_{1},a_{2}.’.b_{2},\cdots,$

$a_{g},$ $b_{g}$ ,

;
$2_{C_{1}}2c_{2}+d_{1}+d_{2}\cdots+d_{l}$ .

By the same way as in [7], we define $[H_{1}(X-S);Z_{n}]^{*}$ and sY-equiva-
lence relation on $[H_{1}(X-S);Z_{n}]^{*}$ (see Definition 1 in [7]), where $X=X_{2g+1}$

or $X_{2g+2}$ . To avoid a multiplicity of $*we$ also use $h$ as a homomorphism
$h_{*}$ induced by a homeomorphism $h|_{X-S}$ , if there is no confusion. We
have the same result as Proposition 2 in [7].

PROPOSITION 1.1. There is $a$ one-to-one correspondence between the
set of equivalence classes of $P_{n}(X, S)$ and the set of $\ovalbox{\tt\small REJECT}$-equivalence classes
of $[H_{1}(X-S);Z_{n}]^{*}$ .

Let $Z_{n}^{-}(2g+1;l, m)$ be a set of systems of integers $(\alpha, \beta, \gamma\delta, \theta)=$

$(\alpha_{1}, \beta_{1}, \alpha_{2}, \beta_{2}, \cdots, \alpha_{g}, \beta_{g}, \gamma\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{n}.)$ satifying the follow-
ing conditions;

(0) $\alpha_{i},$ $\beta_{i},$ $\gamma\delta_{j},$ $\theta_{k}\in Z_{n}$ and $\theta_{k}\neq 0$ $(i=1,2,$ $\cdots,$ $g;j=1,2,$ $\cdots,$ $l;k=$

$1,2,$ $\cdots,$ $m$),
(1) $2\gamma+\delta_{1}+\delta_{2}+\cdots+\delta_{l}+\theta_{1}+\theta_{2}+\cdots+\theta_{k}\equiv 0(mod n)$ ,
(2) $g.c.d$ . $\{\alpha_{1}, \beta_{1}, \alpha_{2}, \beta_{2}, \cdots, \alpha_{g}, \beta_{\sigma}, \gamma\delta_{1}, \delta_{2}, \cdots\delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{n}., n\}=1$ ,

where g.c. $d$ . means the greatest common divisor.
Let $Z_{n}^{-}(2g+2;l, m)$ be a set of systems of integers $(\alpha, \beta, \gamma_{1}\gamma_{2}\delta, \theta)=$

$(\alpha_{1}, \beta_{1}, \alpha_{2}, \beta_{2}, \cdots, \alpha_{g}, \beta_{g}, \gamma_{1}\gamma_{2}\delta_{1}, \delta_{2}, \cdots, \delta_{\iota}, \theta_{1}, \theta_{2}, \cdots, \theta_{n})$ satisfying the
following conditions;

(0) $\alpha_{i},$ $\beta_{\ell},$ $\gamma_{1}\gamma_{2}\delta_{j},$ $\theta_{k}\in Z_{n}$ and $\theta_{k}\neq 0(i=1^{1}$ 2
$|$

$g;j=1,2,$ $\cdots,$ $l;k=$

$1,2,$ $\cdots,$ $m$),
(1) $2\gamma_{1}+2\gamma_{2}+\delta_{1}+\delta_{2}+\cdots+\delta_{l}+\theta_{1}+\theta_{2}+\cdots+\theta_{k}\equiv 0(mod n)$ ,
(2) $g.c.d$ . $\{\alpha_{1},$ $\beta_{1},$ $\alpha_{2},$ $\beta_{2},$

$\cdots,$ $\alpha_{g},$ $\beta_{\sigma},$ $\gamma_{1}\gamma_{2}\delta_{1},$ $\delta_{2},$

$\cdots,$
$\delta_{\iota},$ $\theta_{1},$ $\theta_{2},$

$\cdots,$
$\theta_{n}$ ,

$n\}=1$ .
By the same way as in [7] (see pp. 78 and 79 in [7]), the map $\Sigma$

gives a one-to-one correspondence between $[H_{1}(X_{2g+1}-S);Z_{n}]^{*}$ and $Z_{n}^{-}(2g+$

$1;l,$ $m$) (resp. $[H_{1}(X_{2g+2}-S);Z_{n}]^{*}$ and $Z_{n}^{-}(2g+2;l,$ $m)$).
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The equivalence relation on $Z_{n}^{-}(2g+1;l, m)$ (resp. $Z_{n}^{-}(2g+2;l,$ $m)$ ) is
defined by the same way as Definition 2 in [7]. Hence $\Sigma$ is a one-to-one
correspondence between the set of $\mathscr{A}$-equivalence classes of [$H_{1}(X_{2g+1}-S)$ ;
$Z_{n}]^{*}$ (resp. $[H_{1}(X_{2}\sigma+2-S);Z_{n}]^{*}$ ) and the set of equivalence classes of
$Z_{n}^{-}(2g+1;l, m)$ (resp. $Z_{n}^{-}(2g+2;l,$ $m)$).

\S 2. Determination of the equivalence classes of $P_{n}(X_{2g+1}, S)$ .
In this section, we merely denote $X_{2\sigma+1}$ by $X$. To determine the

equivalence classes of $P_{n}(X, S)$ , we use the following result of Lickorish
[3] and Chillingworth [2].

PROPOSITION 2.1. There exists a Y-homeomorphism $\mathcal{Y}_{1}$ of $(X, S)$ onto
itself such that the automorphism of $H_{1}(X-S)$ induced by it is given
$by$ ;

$\mathcal{Y}_{1}(a_{1})=a_{1}$ , $\mathcal{Y}_{1}(b_{1})=-b_{1}+2c$ , $\mathcal{Y}_{1}(c)=c$ ,

where the remaining generators of (1.1) are unchanged, see Fig. 3.

We use some typical homeomorphisms of surfaces in addition to [7].

DEFINITION 2.1. Let $A,$ $A_{1},$ $B_{+},$ $\psi$ be the same sets and map as
Definition 3 in [7].

FIGURE 3
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(1) $\partial_{\gamma}$ : We take a 2-cell $\Delta$ and identify $\partial\Delta$ with a component $\tilde{d}_{1}$

of $\partial X$. We obtain the surface $ X\cup\Delta$ of genus $2g+1$ with $l-1$ boundary
components. Let $e$ be a simple loop on $ X\cup\Delta$ passing through the center
of $\Delta$ such that $e\cap\{a_{1}, b_{1}, \cdots, a_{g}, b_{\sigma}, c, d_{1}, d_{2}, \cdots d_{\iota}, s_{1}, s_{2}, \cdots, s_{f*}\}=e\cap\{c, d_{1}\}$

and that $e$ intersects transversally one point with $c$ ; see Fig. 4. Let $h$

be an embedding of $A-A_{1}$ in $X\cup\Delta-S$ satisfying the following condi-
tions; (1) $h(e\sim)=e,$ (2) $h(A-A_{1})$ is a regular neighborhood of $e,$ (3) $h(A-$
$A_{1})\cap\{a_{1}, b_{1}, \cdots, a_{g}, b_{g}, c, d_{1}, d_{2}, \cdots, d_{l}\}=h(A-A_{1})\cap\{c, d_{1}\}$ and (4) $ h(B_{+})=\Delta$ ,
where $e\sim=\{(r, \theta);r=3\}$ . Then we have a homeomorphism $\partial_{\gamma}$ of (X, $S$ )
onto itself defined as follows; $\partial_{\gamma}=h\psi h^{-\iota}$ on $h(A-A_{1})$ and $\partial_{\gamma}$ is the identity
on $X-h(A-A_{1})$ ; see Fig. 4.

(2) $\sigma_{\gamma}$ : We take a 2-cell $\Delta$ in $X$ such that $\Delta^{\circ}\supset s_{1},$

$\Delta\cap\{a_{1},$ $b_{1},$ $\cdots$ ,

$=\partial_{\gamma}$

FIGURE 4

FIGURE 5



PERIODIC MAPS 257

$a_{g},$
$b_{\sigma},$ $c,$ $s_{1},$ $s_{2},$ $\cdots,$ $s_{m}$ } $=\{s_{1}\}$ and $\Delta\cap S=\{s_{1}\sim\}$ . Let $e$ be a simple loop on $X$

passing through $ s_{1}\sim$ such that $e\cap\{a_{1},$ $b_{1},$
$\cdots,$ $a_{g},$

$b_{\sigma},$ $c,$ $d_{1},$ $d_{2},$
$\cdots,$

$d_{l},$
$s_{1},$ $s_{2},$ $\cdots$ ,

$s_{m}\}=e\cap\{c, s_{1}\}$ and that $e$ intersects transversally one point with $c$ , see
Fig. 5. Let $h$ be an embedding of $A-A_{1}$ in $X$ satisfying the following
conditions; (1) $h(e\sim)=e$ , (2) $h(A-A_{1})$ is a regular neighborhood of $e,$ $(3)$

$h(A-A_{1})\cap\{a_{1}, b_{1}, \cdots, a_{\sigma}, b_{g}, c, s_{1}, s_{2}, \cdots, s_{m}\}=h(A-A_{1})\cap\{c, s_{1}\}$ and (4)
$ h(B_{+})=\Delta$ . Then we have a homeomorphism $\sigma_{\gamma}$ of (X, $S$ ) onto itself
defined as follows; $\sigma_{\gamma}=h\psi h^{-1}$ on $h(A-A_{1})$ and $\sigma_{\gamma}$ is the identity on
$X-h(A-A_{1})$ ; see Fig. 5.

Then, by Suzuki [5] and Chillingworth [2] and in an elementary way,
we have the following;

PROPOSITION 2.2. The homeotopy group of (X, $S$ ) is generated by
$\rho,$ $\rho_{1i}(2\leqq i\leqq g),$ $\tau_{1},$ $\mu_{1},$ $\theta_{12},$ $\mathcal{Y}_{1},$ $\partial_{j}(2\leqq j\leqq l),$ $\sigma_{k}(2\leqq k\leqq m),$ $\partial_{a},$

$\sigma_{a},$
$\partial_{\gamma}$ and $\sigma_{\gamma}$ .

LEMMA 2.1. (1) The automorphisms of $H_{1}(X-S)$ induced by them
are given by;

$\partial_{\gamma}(c)=c+d_{1}$ , $\partial_{\gamma}(d_{1})=-d_{1}$ ,
$\sigma_{\gamma}(c)=c+s_{1}$ , $\sigma_{\gamma}(s_{1})=-s_{1}$ ,

where the remaining generators of (1.1) are unchanged.
(2) For an element $\Sigma(\omega)=(\alpha, \beta, \gamma\delta, \theta)$ of $Z_{n}^{-}(2g+1;l, m)$ , we have;

$\Sigma(\omega\partial_{\gamma})=(\alpha, \beta, \gamma+\delta_{1}, -\delta_{1}, \delta_{2}, \cdots, \delta_{\iota}, \theta)$ ,
$\Sigma(\omega\sigma_{\gamma})=(\alpha, \beta, \gamma+\theta_{1}, \delta, -\theta_{1}, \theta_{2}, \cdots, \theta_{m})$ ,

$\Sigma(\omega \mathcal{Y}_{1})=(\alpha_{1}, -\beta_{1}+2\gamma\alpha_{2}, \beta_{2}, \cdots, \alpha_{g}, \beta_{g}, \gamma\delta, \theta)$ .
Among these automorphisms, we have easily the following equations;

PROPOSITION 2.3. (1) $\partial_{i}g=g\partial_{i},$ $\sigma_{i}g=g\sigma_{i}$ , where $g$ is an automor-
phism induced by a homeomorphism in $\{\rho^{\pm}, \rho_{1i}, \mu_{1}^{\pm}, \tau_{1}^{\pm}, \theta_{12}^{\pm}, \mathcal{Y}_{1}\}$ ,

(2) $\partial_{j}\sigma_{a,k}^{\pm}=\sigma_{a,k}^{\pm}\partial_{j},$ $\partial_{j}\sigma_{\gamma,k}=\sigma_{\gamma k}\partial_{j},$ $\sigma_{k}\partial_{a,j}^{\pm}=\partial_{a,j}^{\pm}\sigma_{k},$ $\sigma_{k}\partial_{\gamma_{j}},=\partial_{\gamma_{j}},\sigma_{k}$ ,
(3) $\partial_{i}\partial_{a,j}^{\pm}=\partial_{a,j}^{\pm}\partial_{i}(i\neq j),$ $\partial_{i}\partial_{\gamma_{j}},=\partial_{\gamma_{j}},\partial_{i}(i\neq j)$ ,
(4) $\partial_{l}\partial_{j}\partial_{a,j}^{\pm}=\partial_{a,i}^{\pm}\partial_{i}\partial_{j}(i\neq j),$ $\partial_{i}\partial_{j}\partial_{\gamma_{j}},=\partial_{\gamma,i}\partial_{i}\partial_{j}(i\neq j)$ ,
(5) $\sigma_{i}\sigma_{a,k}^{\pm}=\sigma_{a,k}^{\pm}\sigma_{i}(i\neq k),$ $\sigma_{i}\sigma_{\gamma k}=\sigma_{\gamma k}\sigma_{i}(i\neq k)$ ,
(6) $\sigma_{i}\sigma_{k}\sigma_{a,k}^{\pm}=\sigma_{a,i}^{\pm}\sigma_{i}\sigma_{k}(i\neq k),$ $\sigma_{i}\sigma_{k}\sigma_{\gamma k}=\sigma_{r,i}\sigma_{i}\sigma_{k}(i\neq k)$ ,

where $\partial_{a,j}=\partial_{j}\partial_{a}\partial_{j},$ $\partial_{\gamma_{j}}.=\partial_{j}\partial_{\gamma}\partial_{j},$ $\sigma_{a,k}=\sigma_{k}\sigma_{a}\sigma_{k}$ and $\sigma_{\gamma k}=\sigma_{k}\sigma_{\gamma}\sigma_{k}$ .
Then, we have the following;

LEMMA 2.2. (I) If $n$ is even and $d$ is even, any element $(\alpha_{1},8_{1}$ ,
$\alpha_{2},$ $\beta_{2},$ $\cdots,$ $\alpha_{g},$ $\beta_{g},$ $\gamma\delta_{1},$ $\delta_{2},$

$\cdots,$
$\delta_{\iota},$ $\theta_{1},$ $\theta_{2},$

$\cdots,$
$\theta_{m}$) of $Z_{n}^{-}(g;l, m)$ is equivalent

to $(2, 0,0,0, \cdots 0,0, \gamma\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{m})$ , where $d=g.c.d$ . $\{\alpha_{1},$ $\beta_{1}$ ,
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$\alpha_{2},$ $\beta_{2},$
$\cdots,$ $\alpha_{\sigma},$ $\beta_{g},$ $\delta_{1},$ $\delta_{2},$

$\cdots,$
$\delta_{l},$ $\theta_{1},$ $\theta_{2},$

$\cdots,$
$\theta_{n},$ $n$}.

(II) Ifd is odd, any element $(\alpha_{1},$ $\beta_{1},$ $\alpha_{2},$ $\beta_{2},$
$\cdots,$ $\alpha_{g},$ $\beta_{g},$ $\gamma\delta_{1},$ $\delta_{2},$

$\cdots,$
$\delta_{l}$ ,

$\delta_{l},\theta_{1},\theta_{2},\cdot\cdot,\theta_{n})\theta_{1},\theta_{2},\cdots.’\theta_{n})of.Z_{n}^{-}(g;l, m)$

is equivalent to (1, $0,0,0,$ $\cdots,$ $0,0,$ $\gamma\delta_{1},$ $\delta_{2},$ $\cdots$ ,

PROOF. By the same way as Lemmas 2 and 4 in [7], we have
$(\alpha_{1}, \beta_{1}, \alpha_{2}, \beta_{2}, \cdots, \alpha_{g}, \beta_{\sigma}, \gamma\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{\alpha}.)\sim(d,$ $0,0,0,$ $\cdots,$ $0,0$ ,
$\gamma\delta_{1},$ $\delta_{2},$

$\cdots,$
$\delta_{l},$ $\theta_{1},$ $\theta_{2},$

$\cdots,$
$\theta_{n}$). Since g.c. $d$ . $\{d, \gamma\}\equiv 1$ $(mod n)$ , there are

natural numbers $z$ and $z^{\prime}$ such that $zd+z^{\prime}\gamma\equiv 1$ $(mod n)$ . Let $h_{1}=$

$\mathcal{Y}_{1}\mu_{1}\tau_{1}\mu_{1}^{-1}\tau_{1}^{-e^{\prime}}\mathcal{Y}_{1}\tau_{1}^{-(z^{\prime}+1-2z)}$ then $\omega_{X}\sim\omega h_{1}$ . $\Sigma(\omega h_{1})=(2,$ $-d,$ $0,0,$ $\cdots,$ $0,0,$ $\gamma\delta_{1}$ ,
$\delta_{2},$

$\cdots,$
$\delta_{l},$ $\theta_{1},$ $\theta_{2},$

$\cdots,$
$\theta_{m}$) is equivalent to $\Sigma(\omega)=(d,$ $0,0,0,$ $\cdot\cdot,,$ $0,0,$ $\gamma\delta_{1}$ ,

$\delta_{2},$

$\cdots,$
$\delta_{l},$ $\theta_{1},$ $\theta_{2},$

$\cdots,$
$\theta_{n}.$). If $d$ is odd, we take a homeomorphism $h_{2}=$

$\mu_{1}\tau_{1}^{(d+1)/2}\mu_{1}^{-1}\tau_{1}^{2}\mu_{1}$ . Then $\Sigma(\omega h_{1}h_{2})=(1,0,0,0, \cdots, 0,0, \gamma\delta, \theta)$ is equivalent
to $\Sigma(\omega)$ . If $d$ is even, we take a homeomorphism $h_{2}^{\prime}=\mu_{1}\tau_{1}^{d/2}\mu_{1}^{-1}$ . Then
$\Sigma(\omega h_{1}h_{2}^{\prime})=(2,0,0,0, \cdots, 0,0, \gamma\delta, \theta)$ , is equivalent to $\Sigma(\omega)$ .

LEMMA 2.3. Any element $(\alpha, 0, \cdots, 0, \gamma\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{n})$

with $\alpha=1$ or 2, is equivalent to $(\alpha, 0, \cdots, 0, \gamma\delta;, \delta_{2}^{\prime}, \cdots, \delta_{l}^{\prime}, \theta_{1}^{\prime}, \theta_{2}^{\prime}, \cdots, \theta_{m}^{\prime})$ ,
where $0\leqq\delta_{1}^{\prime}\leqq\delta_{2}^{\prime}\leqq\cdots\leqq\delta_{l}^{\prime}\leqq n/2$ and $1\leqq\theta_{1}^{\prime}\leqq\theta_{2}^{\prime}\leqq\cdots\leqq\theta_{n}^{\prime}.\leqq n/2$ .

PROOF. If $\delta_{j}>n/2$ , we apply $\partial_{\gamma_{j}},\cdot$ Then $\Sigma(\omega\partial_{r,i})=(\alpha,$ $0,$
$\cdots,$ $0,$ $\gamma+\delta_{j}$ ,

$\delta_{1},$

$\cdots,$ $n-\delta_{j},$
$\cdots,$

$\delta_{l},$
$\theta$) is equivalent to $\Sigma(\omega)=(\alpha,$ $0,$

$\cdots,$ $0,$ $\gamma\delta_{1},$ $\delta_{2},$

$\cdots,$
$\delta_{l}$ ,

$\theta_{1},$ $\theta_{2},$

$\cdots,$
$\theta_{n}$), where $n-\delta_{j}<n/2$ . Hence we have $\delta_{j}\leqq n/2(1\leqq j\leqq l)$ . By

the same way, we have $\theta_{k}\leqq n/2(1\leqq k\leqq m)$ . Applying $\partial_{j}$ and $\sigma_{k}$ in a
suitable way, we have $0\leqq\delta_{1}\leqq\delta_{2}\leqq\cdots\leqq\delta_{l}$ and $1\leqq\theta_{1}\leqq\theta_{2}\leqq\cdots\leqq\theta_{n}$ .

LEMMA 2.4. If $\Sigma(\omega)=(\alpha_{1}, \beta_{1}, \cdots, \alpha_{\sigma}, \beta_{g}, \gamma\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{n})$

and $\Sigma(\omega^{\prime})=(\alpha_{1}^{\prime}, \beta_{1}^{\prime}, \cdots, \alpha_{\sigma}^{\prime}, \beta_{g}, \gamma^{\prime}\delta_{1}^{\prime}, \delta_{2}, \cdots, \delta_{l}^{\prime}, \theta_{1}^{\prime}, \theta_{2}^{\prime}, \cdots, \theta_{n}^{\prime})$ are equivalent
elements of $Z_{n}^{-}(2g+1;l, m)$ satisfying the following conditions; (1) $ 0\leqq$

$\delta_{1}\leqq\delta_{2}\leqq\cdots\leqq\delta_{l}\leqq n/2,$ (2) $1\leqq\theta_{1}\leqq\theta_{2}\leqq\cdots\leqq\theta_{n}\leqq n/2,$ (3) $0\leqq\delta_{1}^{\prime}\leqq\delta_{2}^{\prime}\leqq\cdots\leqq\delta_{l}^{\prime}\leqq n/2$

and (4) $1\leqq\theta_{1}^{\prime}\leqq\theta_{2}^{\prime}\leqq\cdots\leqq\theta_{m}^{\prime}\leqq n/2$ , then we have $\delta_{j}=\delta_{\dot{f}}^{\prime}(1\leqq j\leqq l)$ and $\theta_{k}=\theta_{k}^{\prime}$

$(1\leqq k\leqq m)$ .
PROOF. Since $\Sigma(\omega)\sim\Sigma(\omega^{\prime})$ , by Proposition 2.2, there exists a homeo-

morphism $h$ of (X, $S$ ) onto itself which is a composition of elements in
$\{\rho^{\pm}, \rho_{1i}, \tau_{1}^{\pm}, \mu_{1}^{\pm}, \theta_{12}^{\pm}, \partial_{j}, \sigma_{k}, \partial_{a}^{\pm}, \sigma_{a}^{\pm}, \partial_{\gamma}, \sigma_{\gamma}, \mathcal{Y}_{1}\}$ such that $\omega^{\prime}=\omega h_{*}$ , where $h_{*}$ is
the automorphism of $H_{1}(X-S)$ induced by $h|_{X-S}$ . By Lemma 2.1 and
Lemmas 1 and 3 in [7], we note that for any $j(1\leqq j\leqq l)$ there exists
an integer $i(1\leqq i\leqq l)$ such that $\delta_{j}=\delta_{i}^{\prime}$ or $\delta_{j}=n-\delta^{\prime}$ . Since $0\leqq\delta_{j},$ $\delta^{\prime}\leqq n/2$ ,
$0\leqq\delta_{1}\leqq\delta_{2}\leqq\cdots\leqq\delta_{l}\leqq n/2$ and $0\leqq\delta:\leqq\delta_{2}\leqq\cdots\leqq\delta_{\iota}^{\prime}\leqq n/2$ , we have $\delta_{j}=\delta_{j}^{\prime}(0\leqq$

$j\leqq l)$ . By the same way, we have $\theta_{k}=\theta_{k}^{\prime}(1\leqq h\leqq m)$ .
THEOREM 2.1. ($n$ ; odd) A complete set of the equivalence classes of
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$Z_{n}^{-}(2g+1;l, m)$ is given by;
(1)

$\ovalbox{\tt\small REJECT}_{n}^{-}(2g+1;l, m)=\left\{\begin{array}{ll}0\leqq\delta_{1}\leqq\delta_{2}\leqq\cdots\leqq\delta_{l}<\frac{n}{2}, & \\(1, 0, \cdots, 0,0, \gamma\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{n*}) ; & \}\end{array}\right.$

$1\leqq\theta_{1}\leqq\theta_{2}\leqq\cdots\leqq\theta_{m}<\frac{n}{2}$ ,

$2\gamma+\delta_{1}+\delta_{2}+\cdots+\delta_{l}+\theta_{1}+\theta_{2}+\cdots+\theta_{m}\equiv 0$ $(mod n)/$

if $g\geqq 1$ ,

(2)

$\ovalbox{\tt\small REJECT}_{n}^{-}(1;l, m)=\{^{(\gamma\delta_{1},.\delta_{2}.’\cdots,\delta_{\iota}.’...\theta_{1}.’.\theta_{2},\cdots,\theta_{m});}0g\leqq c\delta_{1}d\leqq\{\gamma\delta_{2}\delta_{1},\delta_{2},,\delta_{l},\theta_{1},\theta_{2},,\theta_{m},n\}=1\}$

if $g=0$ .
PROOF. By Lemmas 2.2 and 2.3, any element $\Sigma(\omega)=(\alpha, \beta, \gamma\delta, \theta)$ of

$Z_{n}^{-}(2g+1;l, m)$ is equivalent to an element of $\mathcal{Z}_{n}^{\prime-}(2g+1;l, m)$ . Hence
it is sufficient to prove that two distinct elements of $\ovalbox{\tt\small REJECT}_{n}^{-}(2g+1;l, m)$

are not equivalent.
Let $\Sigma(\omega)=(1,0,0, \cdots, 0,0, \gamma\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{m})$ and $\Sigma(\omega’)=$

$(1,0,0, \cdots, 0,0, \gamma^{\prime}\delta_{1}^{\prime}, \delta_{2}^{\prime}, \cdots, \delta_{l}^{\prime}, \theta_{1}^{\prime}, \theta_{2}^{\prime}, \cdots, \theta_{m}^{\prime})$ be equivalent elements of
$g_{n}-(2g+1;l, m)$ where $g\geqq 1$ . Then, by Lemma 2.4, we have $\delta_{j}=\delta_{j}^{\prime}(1\leqq$

$i\leqq l)$ and $\theta_{k}=\theta_{k}^{\prime}(1\leqq k\leqq m)$ . Hence we have $2\gamma\equiv-(\delta_{1}^{\prime}+\delta_{2}^{\prime}+\cdots+\delta_{l}+\theta_{1}^{\prime}+$

$\theta_{2}^{\prime}+\cdots+\theta_{m}^{\prime})=-(\delta_{1}+\delta_{2}+\cdots+\delta_{\iota}+\theta_{1}+\theta_{2}+\cdots+\theta_{m})\equiv 2\gamma(mod n)$ . Since $n$ is
odd, we have $\gamma\equiv\gamma(mod n)$ .

Let $\Sigma(\omega)=(\gamma\delta, \theta)$ and $\Sigma(\omega^{\prime})=(\gamma^{\prime}\delta^{\prime}, \theta‘)$ be equivalent elements of
$\ovalbox{\tt\small REJECT}_{n}^{-}(1;l, m)$ . By the same way, we have $(\gamma\delta, \theta)=(\gamma\delta’, \theta‘)$ .

Now, we assume that $n$ is even. Suppose that an element $(\alpha,$ $0$ ,
$0,$

$\cdots,$ $0,0,$ $\gamma\delta_{1},$ $\delta_{2},$

$\cdots,$
$\delta_{l},$ $\theta_{1},$ $\theta_{2},$

$\cdots,$
$\theta_{m}$) satisfies the conditions of Lemma

2.3. If $n/2\leqq\gamma<n$ and $\delta_{l}=n/2$ (or $\theta_{m}=n/2$), then we apply $\partial_{\gamma\iota}$ (or $\sigma_{\gamma_{m}},$).
Then, we have the following;

LEMMA 2.5. ($n$ ; even) If $n/2\leqq\gamma<n$ and $\delta_{l}=n/2$ (or $\theta_{m}=n/2$), then
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$\gamma-n/2,\delta_{1},\delta_{2},\cdot\delta_{l},$ $\theta_{1},$ $\theta_{2},\cdot,$ $\theta,$ )
$wehave(\alpha,0,.0,.0,\cdots,0,.0,.\gamma\delta_{1},.\delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{*})\sim(\alpha,$

$0,0,$ $\cdots,$ $0,0$ ,

LEMMA 2.6. Suppose that $\Sigma(\omega)=(\alpha_{1},$ $\beta_{1},$
$\cdots,$ $\alpha_{g},$ $\beta_{g},$ $\gamma\delta_{1},$ $\delta_{2},$

$\cdots,$
$\delta_{l},$ $\theta_{1}$ ,

$\theta_{2},$

$\cdots,$
$\theta_{n}$) and $\Sigma(\omega’)=(\alpha_{1}^{\prime}, \beta_{1}^{\prime}, \cdots, \alpha_{g}^{\prime}, \beta_{g}^{\prime}, \gamma\delta_{1}^{\prime}, \delta_{2}^{\prime}, \cdots, \delta_{\iota}^{\prime}, \theta_{1}^{\prime}, \theta_{2}^{\prime}, \cdots, \theta_{*}^{\prime})$ are

equivalent elements of $Z_{n}^{-}(2g+1;l, m)$ . If all numbers $\alpha_{i},$ $\beta_{:},$ $\delta_{j},$ $\theta_{k}$ are
even, then all numbers $\alpha_{i}^{\prime},$ $\beta_{i}^{\prime},$ $\delta_{j}^{\prime},$ $\theta_{k}^{\prime}$ also are even.

PROOF. Since $\Sigma(\omega)\sim\Sigma(\omega^{\prime})$ , by Proposition 2.2, there exists a homeo-
morphism $h$ of (X, $S$ ) onto itself which is a composition of elements in
$\{\rho^{\pm}, \rho_{1i}, \tau_{1}^{\pm}, \mu_{1}^{\pm}, \theta_{12}^{\pm}, \partial_{j}, \sigma_{k}, \partial_{a}^{\pm}, \sigma_{a}^{\pm}, \partial_{\gamma}, \sigma_{\gamma}, \mathcal{Y}_{1}\}$ such that $\omega’=\omega h_{*}$ . If all numbers
$\alpha_{i},$ $\beta_{i},$ $\delta_{j},$ $\theta_{k}$ are even, then all numbers $\alpha_{i}^{\prime},$ $\beta_{i}^{\prime},$ $\delta_{\dot{f}}^{\prime},$ $\theta_{k}^{\prime}$ are even by Lemmas
1 and 3 in [7] and Lemma 2.1.

THEOREM 2.2. ($n$ ; even) A complete set of the equivalence classes of
$Z_{n}^{-}(2g+1;l, m)$ is given by the disjoint union $\ovalbox{\tt\small REJECT}_{n}^{-}(2g+1;l, m)$ of the
following sets;

(1)

$\ovalbox{\tt\small REJECT}_{n}^{-}(2g+1;l, m)_{1}^{0}=\left\{\begin{array}{ll}(1, 0, \cdots, 0,0, \gamma\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{m}) & ;\\2\gamma+\delta_{1}+\delta_{2}+\cdot+\delta_{l}++\theta_{2}+\cdots+\theta_{n}\equiv 00\leqq\delta_{1}\leqq\delta_{2}\leqq\cdot.\cdot..\cdot..\leqq\delta_{l}<\frac{n}{2}1\leqq\theta_{1}\leqq\theta_{2}\leqq\leqq\theta_{r*}<\frac{n’}{\theta_{1}2}, & (mod n)\}\end{array}\right.$

$\ovalbox{\tt\small REJECT}_{n}^{-}(2g+1;l, m)_{1}^{*}=\{\delta_{l}=\frac{n}{2}or\theta_{n}=\frac{n}{2},0\leqq\gamma<\frac{n}{2}.\}(\gamma 0\leqq\delta_{1}\leqq\delta_{2}\leqq\leqq\delta_{l}\leqq\frac{n}{2}2\gamma+\delta_{1}+\delta_{2}++\delta_{l}++\theta_{2}+\cdot+\theta_{n}\equiv 0(mod n)1\leqq\theta_{1}\leqq\theta_{2}\leqq\leqq\theta_{*}\leqq\frac{n’}{\theta_{1}2}$

,

$\mathcal{Z}_{n}^{\prime-}(2g+1;l, m)_{2}^{0}=\left\{\begin{array}{lllllllllll}(2,0 & \cdots & 0,0,\gamma\delta_{1} & \delta_{2} & \cdots’ & \cdots & \delta_{l},\theta_{1} & \theta_{2} & \cdots & \theta_{n*}) & \\\gamma is & & odd & even & \delta_{\dot{f}}is & ’ & \theta_{k}is & even & & ’ & \\ & & 0\leqq\delta_{1}\leqq\delta_{2}\leqq & \cdots & \leqq\delta_{l}<\frac{n}{2} & ’ & & & & & \\1\leqq\theta_{1}\leqq\theta_{2}\leqq & \cdots & \cdots & \cdots & \leqq\theta_{\alpha}.<\frac{n}{2} & ’ & & & & & \\2\gamma+\delta_{1}+\delta_{2}+ & \cdots & \cdots & \cdots & +\delta_{l}+\theta_{1}+\theta_{2}+ & \cdots & \cdots & \cdots & \cdots & +\theta_{n}\equiv 0 & (modn)\end{array}\right\}$
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$\mathcal{Z}_{n}^{\prime-}(2g+1;l, m)_{2}^{*}=((221\delta_{l}o\gamma 0\gamma+\delta_{1}+\delta_{2}++\delta_{l}+\theta_{1}+\theta_{2}++\theta_{m}\equiv 0(mod n)$

if $g\geqq 1$ ,

(2)

$\mathcal{Z}_{n}^{\prime-}(1;l, m)^{0}=|_{2\gamma+\delta_{1}+\delta_{2}+\cdot+\delta_{\iota}+\theta_{1}+\theta_{2}+.\cdot.\cdot.\cdot+\theta_{m}\equiv 0(mod n)}^{0\leqq\delta_{1}\leqq\delta_{2}\leqq\cdot.\cdot..\leqq\delta_{\iota}.<\frac{n}{2}}(\gamma\delta_{1},\delta_{2},\cdots,\delta_{l},...\theta_{1}.’.\theta_{2},\cdots,\theta_{m});g.c.d.\{\gamma\delta_{1},\delta_{2},,\delta_{l},\theta_{1},\theta_{2},,\theta_{m},n\}=11\leqq\theta_{1}\leqq\theta_{2}\leqq\leqq\theta_{m}<\frac{n}{2},\}$

$\ovalbox{\tt\small REJECT}_{n}^{-}(1;l, m)^{*}=(1\leqq\theta_{1}\leqq\theta_{2}\leqq\leqq\theta_{m}\leqq\frac{n}{2}g.\{,\delta_{1},\delta_{2},,\delta_{l},\theta_{1},\theta_{2},,\theta_{m},n\}=1\delta_{l}=.\frac{n}{2}or\theta_{m}.=.\frac{n}{2},0\leqq\gamma<.\frac{n}{2}0\leqq\delta_{1}\leqq\delta_{2}\leqq\cdot.\cdot.\cdot\leqq\delta_{l}.\leqq\frac{n}{2}\gamma)$

if $g=0$ .
PROOF OF THEOREM 2.2 (1). By Lemmas 2.2, 2.3 and 2.5, any element

$\Sigma(\omega)=(\alpha, \beta, \gamma\delta, \theta)$ of $Z_{n}^{-}(2g+1;l, m)$ is equivalent to an element of
$\mathcal{Z}_{n}^{\prime-}(2g+1;l, m)$ . Hence it is sufficient to prove that two distinct elements
of $\ovalbox{\tt\small REJECT}_{n}^{-}(2g+1;l, m)$ are not equivalent. We will prove it in respective cases.

(i) Let $\Sigma(\omega)=(\alpha, 0, \cdots, 0,0, \gamma\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{m})$ be an ele-
ment of $\ovalbox{\tt\small REJECT}_{n}^{-}(2g+1;l, m)_{\alpha}^{*}$ and $\Sigma(\omega^{\prime})=(\alpha^{\prime},$ $0,$ $\cdots,$ $0,0,$ $\gamma\delta_{1}^{\prime},$ $\delta_{2}^{\prime},$

$\cdots,$
$\delta_{l}^{\prime},$ $\theta_{1}^{\prime},$ $\theta_{2}^{\prime}$ ,

$\theta_{m}^{\prime})$ be an element of $\ovalbox{\tt\small REJECT}_{n}^{-}(2g+1;l, m)_{\alpha^{\prime}}^{0}$ , where $\alpha=1$ or 2 and $\alpha^{\prime}=1$
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or 2. By Lemma 2.4, it is impossible that $\Sigma(\omega)$ and $\Sigma(\omega^{\prime})$ are equivalent.
(ii) Let $\Sigma(\omega)=(2,0, \cdots, 0,0, \gamma\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{n})$ and $\Sigma(\omega^{j})=$

$(1,0, \cdots, 0,0, \gamma^{\prime}\delta:, \delta_{2}^{\prime}, \cdots, \delta_{l}^{\prime}, \theta_{1}^{\prime}, \theta_{2}^{\prime}, \cdots, \theta_{n}^{\prime})$ be equivalent. Since all num-
bers $\delta_{j},$ $0_{k}$ are even, it is impossible by Lemma 2.6.

(iii) Let $\Sigma(\omega)=(\alpha, 0, \cdots, 0,0, \gamma\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{r},)$ and $\Sigma(\omega^{\prime})=$

$(\alpha, 0, \cdots, 0,0, \gamma\delta_{1}^{\prime}, \delta_{2}^{\prime}, \cdots, \delta_{\ell}^{\prime}, \theta_{1}, \theta_{2}^{\prime}, \cdots, \theta_{*}^{\prime})$ be equivalent elements of
$\mathcal{Z}_{n}^{\prime-}(2g+1;l, m)_{\alpha}^{*}$ , where $\alpha=1$ or 2. By Lemma 2.4, we have $\delta_{j}=\delta_{\dot{f}}^{\prime}$

$(1\leqq j\leqq l)$ and $\theta_{k}=\theta_{k}^{\prime}(1\leqq k\leqq m)$ . Hence we have $2\gamma\equiv-(\delta_{1}^{\prime}+\delta_{2}^{\prime}+\cdots+\delta_{\iota}^{\prime}+$

$\theta_{1}^{\prime}+\theta_{2}^{\prime}+\cdots+\theta_{n}^{\prime}.)=-(\delta_{1}+\delta_{2}+\cdots+\delta_{l}+\theta_{1}+\theta_{2}+\cdots+\theta_{r*})\equiv 2\gamma(mod n)$ . There-
fore we have $\gamma-\gamma^{\prime}\equiv 0(mod n/2)$ . Since $0\leqq\gamma,$ $\gamma^{\prime}<n/2$ , we have $\gamma=\gamma$ .

(iv) Let $\Sigma(\omega)=(\alpha, 0, \cdots, 0,0, \gamma\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{n})$ and $\Sigma(\omega’)=$

$(\alpha, 0, \cdots, 0,0, \gamma^{\prime}\delta_{1}^{\prime}, \delta_{2}^{\prime}, \cdots, \delta_{l}^{\prime}, \theta_{1}^{\prime}, \theta_{2}^{\prime}, \cdots, \theta_{n}^{\prime}.)$ be equivalent elements of
$\mathcal{Z}_{n}^{\prime-}(2g+1;l, m)_{\alpha}^{0}$ , where $\alpha=1$ or 2. Then, there exists a homeomorphism
$h$ of (X, $S$ ) onto itself which is a composition of elements in $\{\rho^{\pm},$ $\rho_{1},$

$\tau_{1}^{\pm}$ ,
$u_{1}^{\pm},$ $\theta_{12}^{\pm},$ $\partial_{j},$ $\sigma_{k},$

$\partial_{a}^{\pm},$ $\sigma_{a}^{\pm},$ $\partial_{\gamma},$
$\sigma_{\gamma},$ $\mathcal{Y}_{1}$ } such that $\omega^{\prime}=\omega h_{*}$ . By Lemma 2.4, we

have $\delta_{j}=\delta_{j}(1\leqq j\leqq l)$ and $\theta_{k}=\theta_{k}^{\prime}(1\leqq k\leqq m)$ . Now, it is sufficient to prove
the following lemma;

LEMMA 2.7. $\gamma=\gamma^{\prime}$ .
PROOF. By Proposition 2.3, we may assume $h=g\cdot g^{\prime}$ where $g$

’ is an
automorphism induced by a composition of homeomorphisms in $\{\partial_{j}, \sigma_{k}\}$

and $g$ is an automorphism induced by a composition of homeomorphisms
in $\{\rho^{\pm}, \rho_{1i}, \tau_{1}^{\pm}, \mu_{1}^{\pm}, \theta_{12}^{\pm}, \partial_{a,j}^{\pm}, \partial_{\gamma_{j}}., \sigma_{a.k}^{\pm}, \sigma_{\gamma k}, \mathcal{Y}_{1}\}$ . We note that only an auto-
morphism $\partial_{\gamma j}$ (resp. $\sigma_{\gamma k}$) can change $\gamma$ . Let $ g=g_{i_{0}}g_{j_{1}}g_{t_{1}}g_{k_{1}}g_{i_{2}}g_{\dot{f}}2g_{c_{s}}g_{k_{2}}g_{i}\cdots$

$g_{i_{2t-2}}g_{j_{t}}g_{i_{2t-1}}g_{k_{t}}g_{i_{2t}}\cdots g_{t_{2*-2}}g_{j_{*}}g_{i_{2\cdot-1}}g_{k}g_{i_{2}}$ , where $g_{j_{t}}$ is an automorphism $\partial_{r_{j_{t}}}$,

or the identity $(1\leqq t\leqq s),$
$g_{k_{t}}$ is an automorphism $\sigma_{\gamma k_{t}}$ or the identity

$(1\leqq t\leqq s)$ and $g_{i_{t}}$ is an automorphism induced by a composition of homeo-
morphisms in $\{\rho^{\pm}, \rho_{1i}, \tau_{1}^{\pm}, \mu_{1}^{\pm}, \theta_{12}^{\pm}, \partial_{a,j}^{\pm}, \sigma_{a.k}^{\pm}, \mathcal{Y}_{1}\}$ or the identity $(0\leqq t\leqq 2s)$ .

We denote by $G(t)$ the number of elements of the set $\{u;g_{j_{u}}=\partial_{\gamma_{j_{t}}}$.
$(1\leqq u\leqq t)\}$ and by $G_{*}(t)$ the number of elements of the set $\{u;g_{k_{u}}=\sigma_{r,k_{t}}$

$(1\leqq u\leqq t)\}$ . Then for any $t(1\leqq t\leqq s)$ , we have the following;

$\omega g_{i_{0}}g_{j_{1}}g_{i_{1}}g_{k_{1}}\cdots g_{\iota_{2t-2}}g_{j_{t}}(c)=\gamma+\epsilon_{1}^{\prime}\delta_{j_{1}}+\epsilon_{2}^{\prime}\delta_{k_{1}}+\cdots+\epsilon_{2t-8}^{\prime}\delta_{j_{t-1}}+\epsilon_{2t-2}^{\prime}\theta_{j_{t-1}}+\epsilon_{2t-1}^{\prime}\theta_{j_{t}}$

and
$\omega g_{i_{0}}g_{j_{1}}g_{i_{1}}g_{k_{1}}\cdots g_{i_{2t-2}}g_{j_{l}}(d_{j})=\epsilon_{2t-1}\delta_{i_{t}}$ ,

where
$\epsilon_{2t-1}^{\prime}=+1$ and $\epsilon_{2t-1}=-1$ if $g_{j_{t}}=\partial_{\gamma,j}$ and $G(t)$ is odd ,
$\epsilon_{2t-1}^{\prime}=-1$ and $\epsilon_{2t-1}=+1$ if $g_{j_{t}}=\partial_{\gamma_{j_{t}}}$, and $G(t)$ is even ,
$\epsilon_{2t-1}^{\prime}=0$ and $\epsilon_{2t-1}=-1$ if $g_{\dot{f}}t$ is the identity and $G(t)$ is odd,
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$\epsilon_{2t-1}^{\prime}=0$ and $\epsilon_{2t-1}=+1$ if $g_{i_{t}}$ is the identity and $G(t)$ is even.

Moreover, for any $t(1\leqq t\leqq s)$ , we have the following;

$\omega g_{i_{0}}g_{j_{1}}g_{i_{1}}g_{k_{1}}\cdots g_{i_{2t-2}}g_{i_{t}}g_{i_{2t-1}}g_{k_{t}}(c)=\gamma+\epsilon_{1}^{\prime}\delta_{j_{1}}+\epsilon_{2}^{\prime}\theta_{k_{1}}+\cdots+\epsilon_{2t-1}^{\prime}\delta_{j_{t}}+\epsilon_{2t}\theta_{k_{t}}$ and
$\omega g_{i_{0}}g_{j_{1}}g_{i_{1}}g_{k_{1}}\cdots g_{i_{2t-- 2}}g_{i_{t}}g_{i_{2t-1}}g_{k_{t}}(s_{k_{t}})=\epsilon_{2t}\theta_{k_{t}}$ ,

where
$\epsilon_{2t}^{\prime}=+1$ and $\epsilon_{2t}=-1$ if $g_{k_{t}}=\sigma_{\gamma k_{t}}$ and $G_{*}(t)$ is odd ,
$\epsilon_{2t}^{\prime}=-1$ and $\epsilon_{2t}=+1$ if $g_{k_{t}}=\sigma_{\gamma,k_{t}}$ and $G_{*}(t)$ is even,
$\epsilon_{2t}^{\prime}=0$ and $\epsilon_{2t}=-1$ if $g_{k_{t}}$ is the identity and $G_{*}(t)$ is odd,
$\epsilon_{2t}=0$ and $\epsilon_{2t}=+1$ if $g_{k_{t}}$ is the identity and $G_{*}(t)$ is even.
If $0=\delta_{1}=\delta_{2}=\cdots=\delta_{\iota_{0}}<\delta_{l_{0}+1}\leqq\delta_{l_{0}+2}\leqq\cdots\leqq\delta_{l}<n/2$ then the number $G_{j}$ of

elements of the set $\{t;g_{j_{t}}=\partial_{\gamma_{j}},(0\leqq t\leqq s)\}$ is even for any $j(l_{0}+1\leqq j\leqq l)$ .
Because if there is an integer $j_{0}(l_{0}+1\leqq j_{0}\leqq l)$ such that $G_{j_{0}}$ is odd,
$\omega g_{i_{0}}g_{j_{1}}g_{i_{1}}g_{k_{1}}\cdots g_{i_{2s-2}}g_{j_{\epsilon}}g_{i_{2\iota-1}}g_{k_{\theta}}g_{i_{2\epsilon}}(d_{j})=-\delta_{j}$ . Hence we have $\omega h_{*}(d_{j})=n-\delta_{j}$

which is impossible. By the same way, the number $G_{k}^{*}$ of elements of
the set $\{t;g_{k_{t}}=\sigma_{\gamma k}(0\leqq t\leqq s)\}$ is even for any $k(1\leqq k\leqq m)$ . Hence we
have $\epsilon_{1}^{\prime}\delta_{j_{1}}+\epsilon_{2}^{\prime}\theta_{k_{1}}+\cdots+\epsilon_{2*-1}^{\prime}\delta_{j_{S}}+\epsilon_{2*}^{\prime}\theta_{k_{\theta}}\equiv 0(mod n)$ . Therefore we have $\gamma^{\prime}=$

$\omega h_{*}(c)=\gamma+\epsilon_{1}^{\prime}\delta_{j_{1}}+\epsilon_{2}^{\prime}\theta_{k_{1}}+\cdots+\epsilon_{2\epsilon-1}\delta_{j_{s}}+\epsilon_{2\iota}\theta_{k_{\epsilon}}\equiv\gamma(mod n)$ . This completes the
proof of Lemma 2.7.

PROOF OF THEOREM 2.2 (2). It is sufficient to prove that two distinct
elements of $\ovalbox{\tt\small REJECT}_{n}^{-}(1;l, m)$ are not equivalent. Let $\Sigma(\omega)=(\gamma\delta, \theta)$ and
$\Sigma(\omega’)=(\gamma^{\prime}\delta‘, \theta)$ be equivalent elements of $\ovalbox{\tt\small REJECT}_{n}^{-}(1;l, m)$ . By the same way,
we have $(\gamma\delta, \theta)=(\gamma\delta^{\prime}, \theta)$ .

Using the homology group of a covering space of $X$ or by a geo-
metric consideration, we have the following;

PROPOSITION 2.4. (1) An element $(f, M)$ of $P_{n}$ corresponding to
an element of $\ovalbox{\tt\small REJECT}_{n}^{-}(2g+1;l, m)$ belongs to $P_{n}^{0}$ , if $n$ is odd.

(2) An element $(f, M)$ of $P_{n}$ corresponding to an element of
$\ovalbox{\tt\small REJECT}_{n}^{-}(2g+1;l, m)_{1}^{0}$ or $\ovalbox{\tt\small REJECT}_{n}^{-}(2g+1;l, m)_{1}^{*}$ belongs to $P_{n}^{0},$ $ifn$ is even and $g\geqq 1$ .

(3) An element $(f, M)$ of $P_{n}$ corresponding to an element of
$\mathcal{Z}_{n}^{\prime-}(2g+1;l, m)_{2}^{0}$ or $\mathcal{Z}_{n}^{\prime-}(2g+1;l, m)_{2}^{*}$ belongs to $P_{n}^{-}$ , if $n$ is even and $g\geqq 1$ .

(4) An element $(f, M)$ of $P_{n}$ corresponding to an element of
$\ovalbox{\tt\small REJECT}_{n}^{-}(1;l, m)^{0}$ or $\ovalbox{\tt\small REJECT}_{n}^{-}(1;l, m)^{*}$ belongs to $P_{n}^{0}$ , if $n$ is even and $d$ is odd.

(5) An element $(f, M)$ of $P_{n}$ corresponding to an element of
$\mathcal{Z}_{n}^{\prime-}(1;l, m)^{0}$ or $\ovalbox{\tt\small REJECT}_{n}^{-}(1;l, m)^{*}$ belongs to $P_{n}^{-}$ , if $n$ is even and $d$ is even.
Here $d=g.c.d$ . $\{\delta_{1}, \delta_{2}, \cdots, \delta_{l}, 0_{1}, \theta_{2}, \cdots, \theta_{m}, n\}$ .
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\S 3. Determination of the equivalence classes of $P_{n}(X_{2g+2}, S),$ $g\neq 0$ .
In this section, we merely denote $X_{2\sigma+2}$ by $X$. To dentermine the

equivalence classes of $P_{n}(X, S)$ , we use the following result of Lickorish
[3] and Chillingworth [2].

$=\ovalbox{\tt\small REJECT}$,

FIGURE 6
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PROPOSITION 3.1. There exist a Y-homeomorphism $\mathcal{Y}_{2}$ , Dehn twists
$\mathcal{D}_{1}$ and $\mathcal{D}_{2}$ of (X, $S$ ) onto itself such that the automorphisms of $H_{1}(X-S)$

induced by them are given by;

$\mathcal{Y}_{2}(a_{1})=a_{1}-2c_{2}$ , $\mathcal{Y}_{2}(b_{1})=b_{1}$ , $\mathcal{Y}_{2}(c_{1})=c_{1}+2c_{2}$ , $\mathcal{Y}_{2}(c_{2})=-c_{2}$ ,
$\mathcal{D}_{1}(a_{1})=a_{1}-b_{1}+c_{1}+c_{2}$ , $\mathcal{D}_{1}(b_{1})=b_{1}$ , $\mathcal{D}_{1}(c_{1})=b_{1}-c_{2}$ ,
$\mathcal{D}_{1}(c_{2})=-b_{1}+c_{1}+2c_{2}$ ,
$\mathcal{D}_{2}(c_{1})=-c_{2}$ , $\mathcal{D}_{2}(c_{2})=c_{1}+2c_{2}$ ,

where the remaining generators of (1.2) are unchanged, see Fig. 6.

REMARK. These homeomorphisms $\mathcal{D}_{1}$ and $\mathcal{D}_{2}$ are the same maps as
twists about the curves $\gamma_{N}$ and $\beta_{N+1}$ in Chillingworth [2].

By the same way as in \S 2, we define some typical homeomorphisms
of surfaces.

DEFINITION 3.1. (1) $\partial_{\gamma_{1}},$ $\partial_{\gamma_{2}}$ : In parallel to definition of $\partial_{\gamma}$ in Def-
inition 2.1, we define homeomorphisms $\partial_{\gamma_{1}}$ and $\partial_{\gamma_{2}}$ corresponding to the
two M\"obius bands in Fig. 2.

(2) $\sigma_{\gamma_{1}},$ $\sigma_{\gamma_{2}}$ : In parallel to definition of $\sigma_{\gamma}$ in Definition 2.1, we
define homeomorphism $\sigma_{\gamma_{1}}$ and $\sigma_{\gamma_{2}}$ corresponding to the two Mobius bands
in Fig. 2.

Then, by Suzuki [5] and Chillingworth [2] and in an elementary way,
we have the following;

PROPOSITION 3.2. The homeotopy group of (X, $S$ ) is generated by
$\rho,$ $\rho_{1i}(2\leqq i\leqq g),$ $\tau_{1},$ $\mu_{1},$ $\theta_{12},$ $\mathcal{Y}_{2},$ $\mathcal{D}_{1},$ $\mathcal{D}_{2},$ $\partial_{j}(2\leqq j\leqq l),$ $\sigma_{k}(2\leqq k\leqq m),$ $\partial_{a},$ $\sigma_{a},$ $\partial_{\gamma_{1}}$ ,
$\partial_{\gamma_{2}},$

$\sigma_{\gamma_{1}}$ and $\sigma_{\gamma_{2}}$ .
LEMMA 3.1. (1) The automorphisms of $H_{1}(X-S)$ induced by them

are given by;
$\partial_{\gamma_{1}}(c_{1})=c_{1}+d_{1}$ , $\partial_{\gamma_{1}}(d_{1})=-d_{1}$ ;
$\partial_{\gamma_{2}}(c_{2})=c_{2}+d_{1}$ , $\partial_{\gamma_{2}}(d_{1})=-d_{1}$ ;
$\sigma_{\gamma_{1}}(c_{1})=c_{1}+\epsilon_{1}$ , $\sigma_{\gamma_{1}}(s_{1})=-s_{1}$ ;
$\sigma_{\gamma_{2}}(c_{2})=c_{2}+s_{1}$ , $\sigma_{r_{2}}(s_{1})=-s_{1}$ ;

where the remaining generators of (1.2) are unchanged.
(2) For an element $\Sigma(\omega)=(\alpha, \beta, \gamma_{1}\gamma_{2}\delta, \theta)$ of $Z_{n}^{-}(2g+2;l, m)$ , we have

$\Sigma(\omega\partial_{\gamma_{1}})=(a, \beta, \gamma_{1}+\delta_{1}, \gamma_{2}-\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta)$ ,
$\Sigma(\omega\partial_{\gamma_{2}})=(\alpha, \beta, \gamma_{1}\gamma_{2}+\delta_{1}, -\delta_{1}, \delta_{2}, \cdots, \delta_{\iota}, \theta)$ ,
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$\Sigma(\omega\sigma_{\gamma_{1}})=(a, \beta, \gamma_{1}+\theta_{1}, \gamma_{2}\delta, -\theta_{1}, \theta_{2}, \cdots, \theta_{m})$ ,
$\Sigma(\omega\sigma_{\gamma_{2}})=(a, \beta, \gamma_{1}\gamma_{2}+\theta_{1}, \delta, -\theta_{1}, \theta_{2}, \cdots, \theta_{n})$ ,
$\Sigma(\omega\vee \mathscr{F}_{2})=(\alpha_{1}-2\gamma_{2}\beta_{1}, \alpha_{2}, \beta_{2}, \cdots, \alpha_{g}, \beta_{g}, \gamma_{1}+2\gamma_{2}-\gamma_{2}\delta, \theta)$ ,
$\Sigma(\omega \mathcal{D}_{1})=(\alpha_{1}-\beta_{1}+\gamma_{1}+\gamma_{2}\beta_{1}, \alpha_{2}, \beta_{2}, \cdots, \alpha_{g}, \beta_{g}, \beta_{1}-\gamma_{2}-8_{1}+\gamma_{1}+2\gamma_{2}\delta, \theta)$ ,
$\Sigma(\omega \mathcal{D}_{2})=(a, \beta, -\gamma_{2}\gamma_{1}+2\gamma_{2}\delta, \theta)$ .

Among these automorphisms, we have easily the following equations;

PROPOSITION 3.3. (1) $\partial_{i}g=g\partial,$ $\sigma_{i}g=g\sigma_{i}$ , where $g$ is an automor-
phism induced by a $homeomo\gamma phism$ in $\{\rho^{\pm}, \rho_{1i}, \mu_{1}^{\pm}, \tau_{1}^{\pm}, \theta_{12}^{\pm}, \mathcal{Y}_{2}, \mathcal{D}_{1}^{\pm}, \mathcal{D}_{2}^{\pm}\}$ ,

(2) $\partial_{i}\sigma_{a,k}^{\pm}=\sigma_{a,k}^{\pm}\partial_{i},$ $\partial_{i}\sigma_{1,k}=\sigma_{1,k}\partial_{\ell},$ $\partial\sigma_{2,k}=\sigma_{2,k}\partial_{i},$ $\sigma_{i}\partial_{a,j}^{\pm}=\partial_{a,j}^{\pm}\sigma_{i},$ $\sigma_{i}\partial_{1,j}=\partial_{1,j}\sigma_{i}$ ,
$\sigma_{i}\partial_{2,j}=\partial_{2,j}\sigma_{i}$ ,

(3) $\partial_{i}\partial_{a,\dot{g}}^{\pm}=\partial_{a.j}^{\pm}\partial(i\neq j),$ $\partial_{i}\partial_{1.j}=\partial_{1,j}\partial_{i}(i\neq j),$ $\partial_{i}\partial_{2,j}=\partial_{2,j}\partial_{i}(i\neq j)$ ,
(4) $\partial_{i}\partial_{j}\partial_{a,j}^{\pm}=\partial_{a,i}^{\pm}\partial_{i}\partial_{j}(i\neq j),$ $\partial_{i}\partial_{j}\partial_{1,j}=\partial_{1,i}\partial_{i}\partial_{j}(i\neq j),$ $\partial_{2}\partial_{j}\partial_{2,j}=\partial_{2,i}\partial_{i}\partial_{j}(i\neq j)$ ,
(5) $\sigma_{i}\sigma_{a,k}^{\pm}=\sigma_{a,k}^{\pm}\sigma_{i}(i\neq k),$ $\sigma_{i}\sigma_{1,k}=\sigma_{1,k}\sigma(i\neq k),$ $\sigma_{i}\sigma_{2.k}=\sigma_{2,k}\sigma_{i}(i\neq k)$ ,
(6) $\sigma_{i}\sigma_{k}\sigma_{a.k}^{\pm}=\sigma_{a,i}^{\pm}\sigma_{i}\sigma_{k}(i\neq k),$ $\sigma_{i}\sigma_{k}\sigma_{1,k}=\sigma_{1,i}\sigma_{i}\sigma_{k}(i\neq k),$

$\sigma_{i}\sigma_{k}\sigma_{2,k}=\sigma_{2,:}\sigma_{i}\sigma_{k}$

$(i\neq k)$ ,
where $\partial_{a.j}=\partial_{j}\partial_{a}\partial_{j},$ $\partial_{1,j}=\partial_{j}\partial_{\gamma_{1}}\partial_{j}$ , $\partial_{2,j}=\partial_{j}\partial_{\gamma_{2}}\partial_{j},$ $\sigma_{a,k}=\sigma_{k}\sigma_{a}\sigma_{k},$ $\sigma_{1.k}=\sigma_{k}\sigma_{\gamma_{1}}\sigma_{k}$ and
$\sigma_{2,k}=\sigma_{k}\sigma_{\gamma_{2}}\sigma_{k}$ .

By the these results, we have the following;

LEMMA 3.2. (I) If $n$ is even, $d$ is even and $\gamma$ is even, then any
element $(\alpha_{1}, \beta_{1}, \alpha_{2}, \beta_{2}, \cdots, \alpha_{g}, \beta_{g}, \gamma_{1}\gamma_{2}\delta, \theta)$ of $Z_{n}^{-}(2g+2;l, m)$ is equivalent
to $(2, 0,0,0, \cdots, 0,0,1, \gamma-1, \delta, \theta)$ , where $d=g.c.d$ . $\{\alpha_{1},$ $\beta_{1},$ $\alpha_{2},$ $\beta_{2},$

$\cdots,$ $\alpha_{g},$ $\beta_{g}$ ,
$\delta_{1},$ $\delta_{2},$

$\cdots,$
$\delta_{\iota},$ $\theta_{1},$ $\theta_{2},$

$\cdots,$
$\theta_{n},$ $n$ } and $\gamma\equiv\gamma_{1}+\gamma_{2}(mod n)$ .

(II) Otherwise, any element $(\alpha_{1}, \beta_{1}, \alpha_{2}, \beta_{2}, \cdots, \alpha_{g}, \beta_{g}, \gamma_{1}\gamma_{2}\delta, \theta)$ of
$Z_{n}^{-}(2g+2;l, m)$ is equivalent to $(1, 0,0,0, \cdots, 0,0,0, \gamma\delta, \theta)$ .

PROOF. By the same way as Lemmas 2 and 4 in [7], we have
$(\alpha_{1}, \beta_{1}, \alpha_{2}, \beta_{2}, \cdots, \alpha_{\sigma}, \beta_{g}, \gamma_{1}\gamma_{2}\delta, \theta)\sim(d, 0,0,0, \cdots, 0,0, \gamma_{1}\gamma_{2}\delta, \theta)$ . Since
g.c. $d$ . $\{d, \gamma_{1}\gamma_{2}\}\equiv 1(mod n)$ , there are natural numbers $z_{0},$ $z_{1}$ and $z_{2}$ such
that $z_{0}d+z_{1}\gamma_{1}+z_{2}\gamma_{2}\equiv 1(mod n)$ . Let

$h_{1}=\mu_{1}\mathcal{D}_{2}^{-1}\mathcal{Y}_{2}\tau_{1}\mu_{1}\tau_{1}^{z_{1}-*z}\mu_{1}^{-1}\mathcal{Y}_{2}\mathcal{D}_{2}\mu_{1}(\mathcal{D}_{2}^{-1}\mathcal{D}_{1})^{2*}2\tau_{\iota^{0+1-*-e_{g}}}^{l}1$

Then $\Sigma(\omega h_{1})=(2, -d, 0,0, \cdots, 0,0, -2z_{2}d+\gamma_{1}2z_{2}d+\gamma_{2}\delta, \theta)$ is equivalent
to $\Sigma(\omega)=(d, 0,0,0, \cdots, 0,0, \gamma_{1}\gamma_{2}\delta, \theta)$ . If $d$ is odd, we take a homeo-
morphism $h_{2}=\mu_{1}\tau_{1}^{(d+1)/2}\mu_{1}^{-1}(\mathcal{D}_{2}^{-1}\mathcal{D}_{1})^{2ei-}\tau_{1}^{2+(2zd-\gamma_{1)(}\gamma_{1}+r\epsilon^{-t)}}\mu_{1}$ . Then $\Sigma(\omega h_{1}h_{2})=$

$(1,0,0,0, \cdots, 0,0,0, \gamma\delta, \theta)$ is equivalent to $\Sigma(\omega)$ .
If $n$ is even and $d$ is even, we take a homeomorphism $h_{2}=\mu_{1}\tau_{1}^{d/2}\mu_{I}^{-2}$ .

Then $\Sigma(\omega h_{1}h_{2}^{\prime})=(0,2,0,0, \cdots, 0,0, -2z_{2}d+\gamma_{1}2z_{2}d+\gamma_{2}\delta, \theta)$ is equivalent
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to $\Sigma(\omega)$ . Furthermore if $\gamma$ is odd, we take a homeomorphism $h_{3}=$

$\mathcal{D}_{2}\mathcal{D}_{1}^{-1}\tau_{1}\mu_{1}^{-1}(\mathcal{D}_{2}^{-1}\mathcal{D}_{1})^{2+2z_{2}-\gamma_{1}}\tau_{1}^{-2+(2+-\gamma_{1}\gamma-1)}2z_{2}d)(\mu_{1}$ . Then $\Sigma(\omega h_{1}h_{2}h_{8})=(1,0,0,0,$ $\cdots$ ,
$0,0,0,$ $\gamma\delta,$ $\theta$) is equivalent to $\Sigma(\omega)$ .

Lastly we may consider the case where $n$ is even, $d$ is even and $\gamma$

is even. If $\gamma_{1}$ and $\gamma_{2}$ are even, g.c. $d\{d, \gamma_{1}\gamma_{2}\}$ is even which is contra-
diction. Therefore $\gamma_{1}$ and $\gamma_{2}$ are odd. Let

$h_{3}^{\prime}=\mu_{1}^{-1}(\mathcal{D}_{2}^{-1}\mathcal{D}_{1})^{(2z_{2}d-\gamma_{1}+1)/2}\tau_{1}^{d/2+(2z_{2}d-\gamma_{1}+1)/2\cdot(\gamma-1)/2}\mu_{1}$ .
Then $\Sigma(\omega h_{1}h_{2}^{\prime}h_{3}^{\prime})=(2,0,0,0, \cdots, 0,0,1, \gamma-1, \delta, \theta)$ is equivalent to $\Sigma(\omega)$ .
This completes the proof.

By the same way as Lemmas 2.3 and 2.4 in \S 2, we have;

LEMMA 3.3. Any element $(\alpha,$ $0,$
$\cdots,$ $0,0,$ $\epsilon,$ $\gamma-\epsilon,$ $\delta_{1},$ $\delta_{2},$

$\cdots,$
$\delta_{l},$ $\theta_{1},$ $\theta_{2},$ $\cdots$ ,

$\theta_{m})$ with $\alpha=1$ and $\epsilon=0$ or $\alpha=2\epsilon=1$ , is equivalent to $(\alpha,$ $0,$ $\cdots,$ $0,0,$ $\epsilon$ ,
$\gamma-\epsilon,$

$\delta_{1}^{\prime},$ $\delta_{2}^{\prime},$

$\cdots,$
$\delta_{l}^{\prime},$ $0_{1}^{\prime},$ $\theta_{2}^{\prime},$

$\cdots,$
$\theta_{m}$), where $0\leqq\delta_{1}^{\prime}\leqq\delta_{2}^{\prime}\leqq\cdots\leqq\delta_{l}^{\prime}\leqq n/2$ and $ 1\leqq\theta_{1}^{\prime}\leqq$

$\theta_{2}^{\prime}\leqq\cdots\leqq\theta_{n}^{\prime}\leqq n/2$ .
LEMMA 3.4. If $\Sigma(\omega)=(\alpha_{1},$ $\beta_{1},$ $\cdots,$ $\alpha_{\sigma},$ $\beta_{g},$ $\gamma_{1}\gamma_{2}\delta_{1},$ $\delta_{2},$

$\cdots,$
$\delta_{l},$ $\theta_{1},$ $\theta_{2},$ $\cdots$ ,

$\theta_{m})$ and $\Sigma(\omega’)=(\alpha_{1}^{\prime}, \beta_{1}^{\prime}, \cdots, \alpha_{g}^{\prime}, \beta_{\sigma}^{\prime}, \gamma_{1}^{\prime}\gamma_{2}^{\prime}\delta_{1}, \delta_{2}^{\prime}, \cdots, \delta_{l}^{\prime}, \theta_{1}^{j}, \theta_{2}^{\prime}, \cdots, \theta_{n*}^{\prime})$ are
equivalent elements of $Z_{n}^{-}(2g+2;l, m)$ satisfying the following conditions;

(1) $0\leqq\delta_{1}\leqq\delta_{2}\leqq\cdots\leqq\delta_{l}\leqq n/2$ ,
(2) $1\leqq\theta_{1}\leqq\theta_{2}\leqq\cdots\leqq\theta_{m}\leqq n/2$ ,
(3) $0\leqq\delta_{1}^{\prime}\leqq\delta_{2}^{\prime}\leqq\cdots\leqq\delta_{l}\leqq n/2$ and
(4) $1\leqq\theta_{1}^{\prime}\leqq\theta_{2}^{\prime}\leqq\cdots\leqq\theta_{m}^{\prime}\leqq n/2$ ,

then we have $\delta_{j}=\delta_{j}^{\prime}(1\leqq j\leqq l)$ and $\theta_{k}=\theta_{k}^{\prime}(1\leqq k\leqq m)$ .
By the same way as Theorem 2.1 in \S 2, we have the following;

THEOREM 3.1. ($n$ ; odd) A complete set of the equivalence classes of
$Z_{n}^{-}(2g+2;l, m),$ $g\geqq 1$ , is given by

$\mathcal{Z}_{n}^{\wedge-}(2g+1;l, m)=\left\{\begin{array}{l}(1, 0,0,0, \cdots, 0,0,0, \gamma\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{m})\\0\leqq\delta_{1}\leqq\delta_{2}\leqq\cdots\leqq\delta_{l}<\frac{n}{2}\}\end{array}\right.$

$1\leqq\theta_{1}\leqq\theta_{2}\leqq\cdots\leqq\theta_{m}<\frac{n}{2}$ ,

$2\gamma+\delta_{1}+\delta_{2}+\cdots+\delta_{l}+\theta_{1}+\theta_{2}+\cdots+\theta_{m}\equiv 0$ $(mod n)$

Now, we assume that $n$ is even. Suppose that an element $(\alpha,$ $0,0,$ $\cdots$ ,
$0,0,$ $\epsilon,$ $\gamma-\epsilon,$ $\delta_{1},$ $\delta_{2},$

$\cdots,$
$\delta_{l},$ $0_{1},$ $\theta_{2},$

$\cdots,$
$0_{m}$) satisfies the conditions of Lemma

3.3. Then, by the same way as Lemmas 2.5 and 2.6, we have the
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following;

LEMMA 3.5. ($n$ ; even) (1) If $n/2\leqq\gamma<n$ and $\delta_{l}=n/2$ (or $\theta_{n}=n/2$),
then we have

$(1, 0, \cdots, 0,0,0, \gamma\delta_{1}, \delta_{2}, \cdots\delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{n})$

$\sim(1,0,$ $\cdots,$ $0,0,0,$ $\gamma-\frac{n}{2},$
$\delta_{1},$ $\delta_{2},$

$\cdots,$
$\delta_{l},$ $\theta_{1},$ $\theta_{2},$

$\cdots,$
$\theta_{*)}$ .

(2) If $n/2\leqq\gamma-1<n$ and $\delta_{l}=n/2$ (or $\theta_{n}=n/2$), then we have

$(2, 0, \cdots, 0,0,1, \gamma-1, \delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{n})$

$\sim(2,0,$ $\cdots,$ $0,0,1,$ $\gamma-1-\frac{n}{2},$ $\delta_{1},$ $\delta_{2},$

$\cdots,$
$\delta_{l},$ $\theta_{1},$ $\theta_{2},$

$\cdots,$
$\theta_{\#)}$ .

LEMMA 3.6. Suppose that $\Sigma(\omega)=(\alpha_{1},$ $\beta_{1},$
$\cdots,$ $\alpha_{\sigma},$ $\beta_{g},$ $\gamma_{1}\gamma_{2}\delta_{1},$ $\delta_{2},$

$\cdots,$
$\delta_{l}$ ,

$\theta_{1},$ $\theta_{2},$

$\cdots,$
$\theta_{m}$) and $\Sigma(\omega’)=(\alpha_{1}^{\prime}, \beta_{1}^{\prime}, \cdots, \alpha_{g}^{\prime}, \beta_{g}^{\prime}, \gamma_{1}^{\prime}\gamma_{2}^{\prime}\delta_{1}^{\prime}, \delta_{2}^{\prime}, \cdots, \delta_{l}, 0:, \theta_{2}^{\prime}, \cdots, \theta_{n}^{\prime})$

are equivalent elements of $Z_{n}^{-}(2g+2;l, m)$ . If all numbers $\alpha_{i},$ $\beta_{i},$ $\delta_{\dot{f}},$ $\theta_{k}$

are even, then all numbers $\alpha_{i}^{\prime},$ $\beta_{i}^{\prime},$ $\delta_{j}^{\prime},$ $\theta_{k}$ also are even.

THEOREM 3.2. ($n$ ; even) A complete set of the equivalence classes of
$Z_{n}^{-}(2g+2;l, m),$ $g\geqq 1$ , is given by disjoint union $\ovalbox{\tt\small REJECT}_{n}^{-}(2g+2;l, m)$ of the
following sets;

$\ovalbox{\tt\small REJECT}_{n}^{-}(2g+2;l, m)_{1}^{0}=\left\{\begin{array}{lllllllll}(l,0,0,0 & \cdots & 0,0,0 & \gamma\delta_{1},\delta_{2} & \ldots & \delta_{l},\theta_{1} & \theta_{2} & \cdots & \theta_{*}).\cdot\\ 0\leqq\delta_{1}\leqq\delta_{2}\leqq & \cdots & \leqq\delta_{\iota}<\frac{n}{2} & ’ & & & & & \\l\leqq\theta_{1}\leqq\theta_{2}\leqq & \cdots & \leqq\theta_{n}<\frac{n}{2} & & & & & & \\2\gamma+\delta_{1}+\delta_{2}+ & \cdots & +\delta_{l}+\theta_{1}+\theta_{2}+ & \cdots & \cdots & \cdots & \cdots & +\theta_{n}\equiv 0 & (modn)\end{array}\right\}$

$\ovalbox{\tt\small REJECT}_{n}^{-}(2g+2;l, m)_{1}^{*}=\left\{\begin{array}{ll}\delta_{l}=\frac{n}{2} & or \theta_{n}=\frac{n}{2}, 0\leqq\gamma<\frac{n}{2} ,\\0\leqq\delta_{1}\leqq & \leqq\cdots\leqq\delta_{l}\leqq\frac{n}{2} ,\end{array}\right.$
$(1,0,0,0,\cdots,.0,.0,0,\gamma\delta_{1},\delta_{2}, \cdot.\cdot.\cdot.’\delta_{l},\theta_{1}, \theta_{2}2\gamma+\delta_{1}+\delta_{2}+\cdot+\delta_{l}+\theta_{1}+\theta_{2}++\theta_{n}\equiv 0’(mod n)\theta_{n});\}$

$1\leqq\theta_{1}\leqq\theta_{2}\leqq\cdots\leqq\theta_{n}\leqq\frac{n}{2}$ ,



PERIODIC MAPS 269

$\mathcal{Z}_{n}^{\prime-}(2g+2;l, m)_{2}^{0}=\{^{(2,0,0,0,\cdots..’ 0..’ 0,.1.\gamma\delta_{1},\delta_{2},\cdots,\delta_{l}.’.\theta_{1},\theta_{2},\cdots,\theta_{m});}\gamma 12+2\gamma+\delta_{1}+\delta_{2}+++\theta_{1}+\theta_{2}+\cdot+0_{m}\equiv 0(mod n)$

$\mathcal{Z}_{n}^{\prime-}(2g+2;l, m)_{2}^{*}=((2\delta_{l}01\gamma 20\leqq\leqq+=0\delta_{1}00_{1}2\frac{n}{d2}\gamma d\leqq\leqq 0+\delta_{2}\theta_{2}\delta_{1}or..\cdot\theta_{m}=\frac{n}{2},0\leqq\gamma<\frac{n’}{2}$

PROOF. By Lemmas 3.2, 3.3 and 3.5, any element of $Z_{n}^{-}(2g+2;l, m)$

is equivalent to an element of $\mathcal{Z}_{n}^{\prime-}(2g+2;l, m)$ . Hence it is sufficient to
prove that two distinct elements of $\mathcal{Z}_{n}^{\prime-}(2g+2;l, m)$ are not equivalent.

We have this theorem in a similar way to Theorem 2.2 except for
the case of (iv) which will be obtained by a little modification. So we
will prove it in the case of (iv).

(iv)’ Let $\Sigma(\omega)=(\alpha, 0,0,0, \cdots, 0,0, \epsilon, \gamma\delta_{1}, \delta_{2}, \cdots, \delta_{\iota}, 0_{1}, \theta_{2}, \cdots, 0_{m})$ and
$\Sigma(\omega^{\prime})=(\alpha, 0,0,0, \cdots, 0,0, \epsilon, \gamma^{\prime}\delta_{1}^{\prime}, \delta_{2}, \cdots, \delta_{l}^{\prime}, \theta_{1}^{\prime}, \theta_{2}^{\prime}, \cdots, \theta_{m}^{\prime})$ be equivalent
elements of $\mathcal{Z}_{n}^{\prime-}(2g+2;l, m)_{\alpha}^{0}$ , where $\alpha=1$ and $\epsilon=0$ or $\alpha=2$ and $\epsilon=1$ .
Then, there exists a homeomorphism $h$ of (X, $S$ ) onto itself which is a
composition of elements in $\{\rho^{\pm},$ $\rho_{1i},$

$\tau_{1}^{\pm},$ $\mu_{1}^{\pm},$ $\theta_{12}^{\pm},$ $\partial_{j},$ $\sigma_{k},$
$\partial_{a}^{\pm},$ $\sigma_{a}^{\pm},$

$\partial_{\gamma_{1}},$ $\partial_{\gamma_{2}},$ $\mathcal{Y}_{2},$ $\mathcal{D}_{1}^{\pm}$ ,
$\mathcal{D}_{2}^{\pm}\}$ such that $\omega’=\omega h_{*}$ . By Lemma 3.4, we have $\delta_{j}=\delta_{j}^{\prime}(1\leqq j\leqq l)$ and
$\theta_{k}=\theta_{k}(1\leqq k\leqq m)$ . Now, it is sufficient to prove the following Lemma;

LEMMA 3.7. $\gamma=\gamma^{\prime}$ .
PROOF. By Proposition 3.3, we may assume $h=gg^{\prime}$ where $g^{\prime}$ is an

automorphism induced by a composition of homeomorphisms in $\{\partial_{j}, \sigma_{k}\}$

and $g$ is an automorphism induced by a composition of homeomorphisms
in $\{\rho^{\pm}, \rho_{1i}, \tau_{1}^{\pm}, \mu_{1}^{\pm}, \theta_{12}^{\pm}, \partial_{a,j}^{\pm}, \partial_{1,j}, \partial_{2,j}, \sigma_{a,k}^{\pm}, \sigma_{1,k}, \sigma_{2,k}, \mathcal{Y}_{2}, \mathcal{D}_{1}^{\pm}, \mathcal{D}_{2}^{\pm}\}$ . Since $\partial_{1,j}=$

$\mathcal{D}_{2}^{-1}\mathcal{Y}_{2}\partial_{2,j}\mathcal{Y}_{2}\mathcal{D}_{2}\partial_{a,j}^{2}$ and $\sigma_{1,k}=\mathcal{D}_{2}^{-1}\mathcal{Y}_{2}\sigma_{2,k}\mathcal{Y}_{2}\mathcal{D}_{2}\sigma_{a,k}^{2}$ , we may assume that $g$

is an automorphism induced by a compositlon of homeomorphisms in
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$\{\rho^{\pm}, \rho_{1i}, \tau_{1}^{\pm}, \mu_{1}^{\pm}, \theta_{12}^{\pm}, \partial_{a,j}^{\pm}, \partial_{2,j}, \sigma_{a.k}^{\pm}, \sigma_{2.k}, \mathcal{Y}_{2}, \mathcal{D}_{1}^{\pm}, \mathcal{D}_{2}^{\pm}\}$ . We note that only an
automorphism $\partial_{2,j}$ (resp. $a_{2,k}$) can change $\gamma$ . By the same way as Lemma
2.7, we complete the proof.

Using the homology group of a covering space of $X$ or by a geo-
metric consideration, we have the following;

PROPOSITION 3.4. (1) An element $(f, M)$ of $P_{n}$ corresponding to an
element of $\ovalbox{\tt\small REJECT}_{n}^{-}(2g+2;l, m)$ belongs to $P_{n}^{0}$ , if $n$ is odd.

(2) An element $(f, M)$ of $P_{n}$ corresponding to an element of
$\mathcal{Z}_{n}^{\prime-}(2g+2;l, m)_{1}^{0}$ or $\ovalbox{\tt\small REJECT}_{n}^{-}(2g+2;l, m)_{1}^{*}$ belongs to $P_{n}^{0}$ , if $n$ is even.

(3) An element $(f, M)$ of $P_{n}$ corresponding to an element of
$\ovalbox{\tt\small REJECT}_{n}^{-}(2g+2;l, m)_{2}^{0}$ or $\ovalbox{\tt\small REJECT}_{n}^{-}(2g+2;l, m)_{2}^{*}$ belongs to $P_{n}^{-}$ , if $n$ is even.

\S 4. Determination of the equivalence classes of $P_{n}(X_{2}, S)$ .
In this section, we will determine the equivalence classes of $P_{n}(X_{2}, S)$

which have been excluded in \S 3.
We have the following;

PROPOSITION 4.1. The homeotopy group of (X, $S$ ) is generated by
$\mathcal{Y}_{2},$ $\mathcal{D}_{2},$ $\partial_{j},$

$\sigma_{k},$ $\partial_{\gamma_{1}},$ $\partial_{\gamma_{2}},$
$a_{\gamma_{1}}$ and $\sigma_{\gamma 2}$ , where $X=X_{2}$ .

Among the automorphisms induced by them, we have easily the
following equations;

PROPOSITION 4.2. (1) $\partial_{j}\mathcal{Y}_{2}=\mathcal{Y}_{2}\partial_{j},$ $\partial_{j}\mathcal{D}_{2}^{\pm}=\mathcal{D}_{2}^{\pm}\partial_{j},$ $\sigma_{k}\mathcal{Y}_{2}=\mathcal{Y}_{2}\sigma_{k},$ $\sigma_{k}\mathcal{D}_{2}^{\pm}=$

$\mathcal{D}_{2}^{\pm}\sigma_{k}$ ,
(2) $\partial_{j}\sigma_{k}=\sigma_{k}\partial_{j},$ $\partial_{j}\sigma_{1,k}=a_{1,k}\partial_{j},$ $\partial_{j}\sigma_{2,k}=\sigma_{2,k}\partial_{j},$ $\sigma_{k}\partial_{1,j}=\partial_{1,j}\sigma_{k},$ $\sigma_{k}\partial_{1,j}=\partial_{1,j}\sigma_{k}$ ,
(3) $\partial_{i}\partial_{1,j}=\partial_{1,j}\partial_{i},$ $\partial_{i}\partial_{2,j}=\partial_{2,j}\partial_{i},$ $(i\neq j)$ ,
(4) $\partial_{i}\partial_{j}\partial_{1,j}=\partial_{1.i}\partial_{i}\partial_{j},$ $\partial_{i}\partial_{j}\partial_{2,j}=\partial_{2,i}\partial_{i}\partial_{j},$ $(i\neq j)$ ,
(5) $\sigma_{i}\sigma_{1,k}=\sigma_{1,k}\sigma_{i},$ $\sigma_{i}\sigma_{2,k}=\sigma_{2,k}\sigma_{i},$ $(i\neq k)$ ,
(6) $\sigma_{i}\sigma_{k}a_{1,k}=\sigma_{1},$ $\sigma_{i}\sigma_{k},$ $\sigma_{i}a_{k}\sigma_{2.k}=\sigma_{2,i}\sigma_{i}\sigma_{k}(i\neq k)$ ,
(7) $\mathcal{Y}_{2}\partial_{1,j}=\partial_{1,j}\mathcal{Y}_{2}$ , $\mathcal{Y}_{2}\partial_{2,j}=\partial_{1,j}\partial_{2,j}\partial_{1,j}\mathcal{Y}_{2}$ , $\mathcal{D}_{2}\partial_{1,j}=\partial_{1,j}\partial_{2,j}\partial_{1,j}\mathcal{D}_{2},$ $\mathcal{D}_{2}\partial_{2,j}=$

$\partial_{1,j}\mathcal{D}_{2},$ $\mathcal{D}_{2}^{-1}\partial_{1.j}=\partial_{2.j}\mathcal{D}_{2}^{-1},$ $\mathcal{D}_{2}^{-1}\partial_{2,j}=\partial_{2,j}\partial_{1,j}\partial_{2.j}\mathcal{D}_{2}^{-1}$ ,
(8) $\mathcal{Y}_{2}a_{1,k}=\sigma_{1,k}\mathcal{Y}_{2},$ $\mathcal{Y}_{2}\sigma_{l.k}=\sigma_{1,k}\sigma_{2,k}\sigma_{1,k}\mathcal{Y}_{2},$ $\mathcal{D}_{2}\sigma_{1,k}=\sigma_{1,k}\sigma_{2,k}\sigma_{1,k}\mathcal{D}_{2},$ $\mathcal{D},\sigma_{2.k}=$

$\sigma_{1.k}\mathcal{D}_{2},$ $\mathcal{D}_{2}^{-1}\sigma_{1,k}=\sigma_{2,k}\mathcal{D}_{2}^{-1},$
$\mathcal{D}_{2}^{-1}\sigma_{2,k}=\sigma_{2,k}\sigma_{1k,:}\sigma_{2,k}\mathcal{D}_{2}^{-1}$ ,

(9) $\partial_{1,i}\partial_{1,j}=\partial_{1,j}\partial_{1,i},$ $\partial_{1.i}\partial_{2,j}=\partial_{2,j}\partial_{1,j},$ $(v\neq j),$ $(\partial_{2,j}\partial_{1,j})=(\partial_{1,j}\partial_{2,j})^{-1},$ $\sigma_{1,i}a_{1,k}=$

$\sigma_{1,k}\sigma_{1.i},$ $\sigma_{1,i}\sigma_{2,k}=\sigma_{2,k}\sigma_{1,i},$ $(i\neq k),$ $\sigma_{2,k}\sigma_{1,k}=(a_{1.k}\sigma_{2,k})^{-1}$ ,
(10) $\mathcal{D}_{2}^{-1}\mathcal{Y}_{2}=\mathcal{Y}_{2}\mathcal{D}_{2},$ $(\mathcal{Y}_{2}^{-1}=\mathcal{Y}_{2})$ ,

where $\partial_{1,\dot{g}}=\partial_{j}\partial_{\gamma_{1}}\partial_{j},$ $\partial_{2,j}=\partial_{j}\partial_{r_{2}}\partial_{\dot{f}},$
$\sigma_{1,k}=\sigma_{k}\sigma_{\gamma_{1}}\sigma_{k}$ and $a_{2.k}=\sigma_{k}\sigma_{\gamma_{2}}\sigma_{k}$ .

PROPOSITION 4.3. If $(\gamma_{1}\gamma_{2}\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{n})$ and $(\gamma_{1}\gamma_{2}\delta_{1}^{\prime}$ ,



PERIODIC MAPS 271
$\delta_{2}^{\prime},$

$\cdots,$
$\delta_{l},$ $\theta_{1}^{\prime},$ $\theta_{2}^{\prime},$

$\cdots,$
$\theta_{m}^{\prime}$ ) are equivalent elements of $Z_{n}^{-}(2;l, m)$ , then we

have $d=d$ and $\alpha=\alpha’$ , where $d=g.c.d$ . $\{\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{m}, n\}$ ,
$\alpha=g.c.d$ . $\{\gamma_{1}+\gamma_{2}d\}$ , $d’=g.c.d$ . $\{\delta_{1}^{\prime}, \delta_{2}^{\prime}, \cdots, \delta_{l}, \theta_{1}^{\prime}, \theta_{2}^{\prime}, \cdots, \theta_{m}^{\prime}, n\}$ , and $\alpha^{\prime}=$

g.c. $d$ . $\{\gamma_{1}^{\prime}+\gamma_{2}^{\prime}d^{\prime}\}$ .
LEMMA 4.1. Any element $(\gamma_{1}\gamma_{2}\delta_{1}, \delta_{2}, \cdots, \delta_{\iota}, \theta_{1}, \theta_{2}, \cdots, \theta_{m})$ is equiva-

lent to an element $(\gamma_{1}^{\prime}\gamma_{2}^{\prime}\delta_{1}^{\prime}, \delta_{2}^{\prime}, \cdots, \delta_{l}^{\prime}, 0_{1}^{\prime},0_{2}^{\prime}, \cdots, \theta_{m}^{\prime})$ , where $ 0\leqq\delta_{1}\leqq\delta_{2}^{\prime}\leqq\cdots$

$\leqq\delta_{l}\leqq n/2$ and $1\leqq\theta_{1}^{\prime}\leqq\theta_{2}^{\prime}\leqq\cdots\leqq\theta_{m}^{\prime}\leqq n/2$ .
For any element $\Sigma(\omega)=(\gamma_{1}\gamma_{2}\delta, \theta)$ of $Z_{n}^{-}(2;l, m)$ , applying $h=\mathcal{D}_{2}^{-1}\mathcal{Y}_{2}$ ,

we have $\Sigma(\omega h)=(\gamma_{2}\gamma_{1}\delta, \theta)$ . Hence we have;

LEMMA 4.2. $(\gamma_{1}\gamma,, \delta, \theta)\sim(\gamma_{2}\gamma_{1}\delta, \theta)$ .
LEMMA 4.3. If $\gamma_{1}+\gamma_{2}>n$ , then we have $(\gamma_{1}\gamma_{2}\delta, \theta)\sim(\gamma_{1}\gamma_{2}^{\prime}\delta, \theta)$ where

$n>\gamma_{1}^{\prime}+\gamma_{2}>0$ .
PROOF. There exists a positive integer $x$ such that $x(\gamma_{1}+\gamma_{2}-n)\geqq\gamma_{2}$ .

We take a positive integer $x_{0}=\min\{x\in N;x(\gamma-n)\geqq\gamma_{2}\}$ , where $\gamma=\gamma_{1}+\gamma_{2}$ .
Let $\gamma_{1}^{\prime}=x_{0}\gamma_{1}+(x_{0}-1)\gamma_{2}-x_{0}n$ and $\gamma_{2}^{\prime}=(x_{0}-1)n-(x_{0}-1)\gamma_{1}-(x_{0}-2)\gamma_{2}$ . Because
of the choice of $x_{0}$ , we have the following;

(i) $n>\gamma_{1}\geqq 0$ and $\gamma_{1}^{\prime}\equiv x_{0}\gamma_{1}+(x_{0}-1)\gamma_{2}(mod n)$ ,
(ii) $n>\gamma_{2}^{\prime}\geqq 0$ and $\gamma_{2}^{\prime}\equiv-(x_{0}-1)\gamma_{1}-(x_{0}-2)\gamma_{2}(mod n)$ .

Hence we take a homeomorphism $h=\mathcal{D}_{2}^{1-x_{0}}$ . Then $\Sigma(\omega h)=(\gamma_{1}^{\prime}\gamma_{2}\delta, \theta)$ is
equivalent to $\Sigma(\omega)$ , which completes the proof.

LEMMA 4.4. If an element $(\gamma_{1}\gamma_{2}\delta, \theta)$ of $Z_{n}^{-}(2;l, m)$ satisfies the
conditions $0\leqq\gamma_{1}\leqq\gamma_{2}<n$ and $0\leqq\gamma_{1}+\gamma_{2}\leqq n$ , then there exists an element
$(\gamma_{1}^{\prime}\gamma_{2}^{\prime}\delta^{\prime}, \theta‘)$ which is equivalent to $(\gamma_{1}\gamma_{2}\delta, \theta)$ such that $\gamma_{1}^{\prime}$ and $\gamma_{2}^{\prime}$ satisfy
the conditions; $0\leqq\gamma_{1}\leqq\gamma_{2}^{\prime}<n,$ $0\leqq\gamma_{1}^{\prime}+\gamma_{2}^{\prime}\leqq n$ and $0\leqq\gamma_{1}^{\prime}\leqq[\alpha/2]$ , where $[x]$ is
the largest integer $\leqq x$ and $\alpha$ is an integer in Proposition 4.3.

PROOF. Since $\alpha=g.c.d$ . $\{\gamma_{1}+\gamma_{2}\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{m}, n\}$ , there
exist integers $z,$ $x_{1},$ $x_{2},$ $\cdots,$ $x_{\iota},$ $y_{1},$ $y_{2},$ $\cdots,$ $y_{m}$ such that $z(\gamma_{1}+\gamma_{2})+x_{1}\delta_{1}+$

$x_{2}\delta_{2}+\cdots+x_{l}\delta_{\iota}+y_{1}\theta_{1}+y_{2}\theta_{2}+\cdots+y_{m}\theta_{m}\equiv\alpha(mod n)$ . We take a non-negative
integer $i_{0}$ such that $ 0\leqq\gamma_{1}-i_{0}\alpha<\alpha$ . If $0\leqq\gamma_{1}-i_{0}\alpha\leqq[\alpha/2]$ , we take a
homeomorphism $ h=\mathcal{D}_{2}^{-z}(\partial_{1,1}\partial_{2,1})^{x_{1}}(\partial_{1.2}\partial_{2,2})^{x_{2}}\cdots(\partial_{1.l}\partial_{2,l})^{x_{l}}(\sigma_{1,1}\sigma_{2,1})^{\nu_{1}}(\sigma_{1,2}\sigma_{2,2})^{\nu_{2}}\cdot\cdot$ ,

$(\sigma_{1,m}\sigma_{2,m})^{y_{m}}$ . Then $\Sigma(\omega h^{-i_{0}})=(\gamma_{1}-i_{0}\alpha, \gamma_{2}+i_{0}\alpha, \delta, \theta)$ is equivalent to $\Sigma(\omega)$ ,
and we have $0\leqq\gamma_{1}-i_{0}\alpha\leqq\gamma_{2}+i_{0}\alpha<n$ , which is satisfied the conditions of
Lemma.

If $[\alpha/2]<\gamma_{1}-i_{0}\alpha<\alpha$ , then $\Sigma(\omega h^{i_{0}}\mathcal{D}_{2}^{-2}\mathcal{Y}_{2}h^{1-n/\alpha})=(\gamma_{1}^{\prime}\gamma_{2}^{\prime}\delta, \theta)$ is equivalent
to $\Sigma(\omega)$ , where $\gamma_{1}^{\prime}=\alpha-\gamma_{1}+i_{0}\alpha$ and $\gamma_{2}^{\prime}=2\gamma_{1}+\gamma_{2}-i_{0}\alpha-\alpha$ . $\gamma_{1}$ and $\gamma_{2}$ satisfy
the conditions $0\leqq\gamma_{1}^{\prime}\leqq[\alpha/2],$ $0\leqq\gamma_{1}^{\prime}\leqq\gamma_{2}^{\prime}<n$ and $0\leqq\gamma_{1}^{\prime}+\gamma_{2}^{\prime}<n$ .



272 KAZUO YOKOYAMA

By the same way as Lemma 2.4, we have;

LEMMA 4.5. If $\Sigma(\omega)=(\gamma_{1}\gamma_{2}\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{n})$ and $\Sigma(\omega^{\prime})=$

$(\gamma_{1}^{\prime}\gamma_{2}^{\prime}\delta_{1}^{\prime}, \delta_{2}^{\prime}, \cdots, \delta_{l}^{\prime}, \theta_{1}^{\prime}, \theta_{2}, \cdots, \theta_{n})$ are equivalent elements of $Z_{n}^{-}(2;l, m)$

satisfying the following conditions; (1) $0\leqq\delta_{1}\leqq\delta_{2}\leqq\cdots\leqq\delta_{l}\leqq n/2,$ (2) $ 1\leqq$

$\theta_{1}\leqq\theta_{2}\leqq\cdots\leqq\theta_{n}\leqq n/2,$ (3) $0\leqq\delta_{1}\leqq\delta_{2}^{\prime}\leqq\cdots\leqq\delta_{l}^{\prime}\leqq n/2$ and (4) $ 1\leqq\theta_{1}\leqq 0_{2}^{\prime}\leqq\cdots\leqq$

$\theta_{n}^{\prime}\leqq n/2$ , then we have $\delta_{j}=\delta_{\dot{f}}^{\prime}(1\leqq j\leqq l)$ and $\theta_{k}=\theta_{k}^{\prime}(1\leqq k\leqq m)$ .
THEOREM 4.1. ($n$ ; odd) A complete set of the equivalence classes of

$Z_{n}^{-}(2;l, m)$ is given by;

$\ovalbox{\tt\small REJECT}_{n}^{-}(2;l, m)=(1\leqq\theta_{1}\leqq\theta_{2}\leqq\leqq\theta_{n}<.\cdot\frac{n}{2}2\gamma_{1}+2\gamma_{2}+\delta_{I}+\delta_{2}+\cdot+\delta_{l}+\theta_{1}+\theta_{2}.+.\cdots+\theta_{n}\equiv 0g.cd.\{\gamma_{1}\gamma_{2}\delta_{1},\delta_{2},,\delta_{l},\theta_{1},\theta_{2},,\theta_{n},n\}=10\leqq\delta_{1}\leqq\delta_{2}\leqq\leqq\delta_{l}<\frac{n}{2},$ $(mod n))$

where $\alpha=g.c.d$ . $\{\gamma_{1}+\gamma_{2}\delta_{1}, \delta_{2}, \cdots, \delta_{l}, 0_{1}, \theta_{2}, \cdots, \theta_{m}, n\}$ .
PROOF. By Lemmas 4.1, 4.2, 4.3 and 4.4, any element $(\gamma_{1}\gamma_{2}\delta, \theta)$

of $Z_{n}^{-}(2;l, m)$ is equivalent to an element of $\ovalbox{\tt\small REJECT}_{n}^{-}(2;l, m)$ . Hence it is
sufficient to prove that two distinct elements of $\mathcal{Z}_{n}^{\prime-}(2;l, m)$ are not
equivalent.

$\delta_{2}^{j},$

$\cdot Let\sum_{\delta_{l},0_{1}}(\omega)=.(\gamma_{1}\gamma_{2}\delta_{1}, \delta_{2},\cdots,\delta_{l},\theta_{1},\theta_{2},\cdots,0_{m})and\Sigma(\omega.)=(\gamma_{l}\gamma_{2}\delta_{1}\theta_{2}^{\prime},\cdot\cdot, \theta_{m})beequiva1ente1ementsof\ovalbox{\tt\small REJECT}_{n}^{-}(2;l,m)Thenthere$

exists a homeomorphism $h$ of (X, $S$ ) onto itself which is a composition
of elements in $\{\mathcal{Y}_{2}, \mathcal{D}_{2}^{\pm}, \partial_{j}, \sigma_{k}, \partial_{\gamma_{1}}, \partial_{\gamma_{2}}, \sigma_{\gamma_{1}}, \sigma_{\gamma_{2}}\}$ . By Lemma 4.5, we have
$\delta_{j}=\delta_{\dot{f}}(1\leqq j\leqq l)$ and $\theta_{k}=\theta_{k}(1\leqq k\leqq m)$ . Now, it is sufficient to prove the
following lemma;

LEMMA 4.6. $\gamma_{1}=\gamma$ : and $\gamma_{2}=\gamma_{2}^{\prime}$ .
PROOF. By Proposition 4.2, we may assume that $h_{*}=h_{1}h_{2}h_{S}h_{4}$ where

$h_{1}$ is an automorphism induced by a composition of homeomorphisms in
$\{\partial_{1,j}, \partial_{2,j}, \sigma_{1,k}, a_{2,k}\},$ $h_{2}=\mathcal{D}_{2}^{f}$ ( $z$ is an integer), $h_{\epsilon}=\mathcal{Y}_{2}^{e}$ ($\epsilon=1$ or $0$), and $h_{4}$ is
an automorphism induced by a composition of homeomorphisms in $\{\partial_{j}, \sigma_{k}\}$ .
Moreover we may assume that $h_{1}=g_{1}g_{2}\cdots g_{l}g_{1}g_{2}^{\prime}\cdots g_{m}$ where $g_{j}=(\partial_{1,\dot{g}}\partial_{2,j})^{ae_{j}}$

or $\partial_{2,j}(\partial_{1,j}\partial_{2,j})^{x_{\dot{f}}}$ ( $x_{j}$ is an integer) and $g_{k}^{\prime}=(a_{1,k}\sigma_{2,k})k$ or $\sigma_{2,k}(\sigma_{1,k}\sigma_{2,k})^{Vk}(y_{k}$ is



PERIODIC MAPS 273

an integer). (If $\delta_{j}=0$ , then $g_{\dot{f}}$ is the identity.)
Since $h_{1}$ can not change $\delta_{\dot{f}}$ and $\theta_{k}$ , we may assume that $g_{j}=(\partial_{1,j}\partial_{2,j})^{l}j$

and $g_{k}^{\prime}=(\sigma_{1,k}a_{2,k})^{\nu_{k}}$ . We note that only $h_{4}$ can change $\gamma_{1}$ or $\gamma_{2}$ . So we
have;

(i) $\left\{\begin{array}{l}\gamma_{1}^{\prime}=\gamma_{1}+(x_{1}\delta_{1}+x_{2}\delta_{2}+\cdots+x_{l}\delta_{l}+y_{1}\theta_{1}+y_{2}\theta_{2}+\cdots+y_{*}\theta_{n*})-z(\gamma_{1}+\gamma_{2})\\\gamma_{2}^{\prime}=\gamma_{2}-(x_{1}\delta_{1}+x_{2}\delta_{2}+\cdots+x_{\iota}\delta_{l}+y_{1}\theta_{1}+y_{2}0_{2}+\cdots+y_{n}.\theta_{n})+z(\gamma_{1}+\gamma_{2})\end{array}\right.$

if $\epsilon=0$ , or

(ii) $\left\{\begin{array}{l}\gamma_{1}^{\prime}=\gamma_{2}-(x_{1}\delta_{1}+x_{2}\delta_{2}+\cdots+x_{l}\delta_{l}+y_{1}\theta_{1}+y_{2}\theta_{2}+\cdots+y_{m}\theta_{m})+(z+1)(\gamma_{1}+\gamma_{2})\\\gamma_{2}^{\prime}=\gamma_{1}+(x_{1}\delta_{1}+x_{2}\delta_{2}+\cdots+x_{l}\delta_{l}+y_{1}\theta_{1}+y_{2}\theta_{2}+\cdots+y_{m}\theta_{n})-(z+1)(\gamma_{1}+\gamma_{2})\end{array}\right.$

if $\epsilon=1$ .
We will prove Lemma 4.6 in the case of (i) or (ii) respectively.

In the case of (i), we have $\gamma:\equiv\gamma_{1}(mod \alpha)$ and $\gamma_{2}^{\prime}\equiv\gamma_{2}(mod \alpha)$ . Hence
we have $\gamma_{1}^{\prime}=\gamma_{1}$ and $\gamma_{2}^{\prime}=\gamma_{2}$ since $0\leqq\gamma_{1}\leqq[\alpha/2]=(\alpha-1)/2$ , $0\leqq\gamma_{1}^{\prime}\leqq[\alpha/2]=$

$(\alpha-1)/2$ and $\gamma_{1}^{\prime}+\gamma_{2}^{\prime}=\gamma_{1}+\gamma_{2}$ .
In the case of (ii), we have $\gamma_{1}^{\prime}\equiv\gamma_{2}(mod \alpha)$ and $\gamma_{2}^{\prime}\equiv\gamma_{1}(mod \alpha)$ . Hence

we have $\gamma_{1}+\gamma_{1}^{\prime}\equiv\gamma_{1}+\gamma_{2}\equiv 0(mod \alpha)$ . Then, by elementary algebra, we
have $\gamma_{1}=\gamma_{1}^{\prime}=0$ and $\gamma_{2}=\gamma_{2}$ .

Now, we assume that $n$ is even. Suppose that an element $(\gamma_{1}\gamma_{2}$ ,
$\delta_{1},$ $\delta_{2},$

$\cdots,$
$\delta_{\iota},$ $\theta_{1},$ $\theta_{2},$

$\cdots,$ $0_{m}$) satisfying the following conditions; (1) $ 0\leqq\delta_{1}\leqq$

$\delta_{2}\leqq\cdots\leqq\delta_{l}\leqq n/2,$ (2) $1\leqq\theta_{1}\leqq\theta_{2}\leqq\cdots\leqq 0_{n}\leqq n/2,$ (3) $0\leqq\gamma_{1}\leqq\gamma_{2}<n,$ (4) $0\leqq\gamma_{1}+$

$\gamma_{2}\leqq n$ and (5) $0\leqq\gamma_{1}\leqq[\alpha/2]$ . Then, we have the following;

LEMMA 4.7. ($n$ ; even) If $n/2\leqq\gamma_{2}$ or $n/2<\gamma_{1}+\gamma_{2}\leqq n$ , and $\delta_{l}=n/2$ (or
$\theta_{m}=n/2)$ , then $(\gamma_{1}\gamma_{2}\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, 0_{m})$ is equivalent to $(\gamma_{1}^{\prime}\gamma_{2}\delta_{1}$ ,
$\delta_{2},$

$\cdots,$
$\delta_{l},$ $0_{1},$ $\theta_{2},$

$\cdots,$
$\theta_{m}$) satisfying the following conditions; $ 0\leqq\gamma_{1}^{\prime}+\gamma_{2}^{\prime}\leqq$

$n/2,0\leqq\gamma_{1}^{\prime}\leqq\gamma_{2}<n/2$ and $0\leqq\gamma_{1}^{\prime}\leqq[\alpha/2]$ .
PROOF. If $n/2\leqq\gamma_{2}$ , we apply $\partial_{2,l}$ (or $\sigma_{2,m}$). Then we have $(\gamma_{1}\gamma_{2}^{\prime}\delta_{1}$ ,

$\delta_{2},$

$\cdots,$
$\delta_{l},$ $\theta_{1},$ $\theta_{2},$

$\cdots,$ $0_{m}$) $\sim(\gamma_{1}\gamma_{2}\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1},0_{2}, \cdots, \theta_{m})$ where $\gamma_{1}^{\prime}=\gamma_{1}$ and
$\gamma_{2}=\gamma_{2}-n/2$ . Applying Lemma 4.2 if necessary, we may assume that
$0\leqq\gamma_{1}^{\prime}\leqq\gamma_{2}$ . Hence we have $0\leqq\gamma_{1}^{\prime}+\gamma_{2}\leqq n/2,0\leqq\gamma_{1}^{\prime}\leqq\gamma_{2}^{\prime}<n/2$ and $0\leqq\gamma:\leqq[\alpha/2]$ .

If $0\leqq\gamma_{2}<n/2$ and $n/2<\gamma_{1}+\gamma_{2}$ we apply $\partial_{2,l}$ (or $\sigma_{2,m}$). Then we have
$(\gamma:, \gamma_{2}^{\prime}\delta, \theta)\sim(\gamma_{1}\gamma_{2}\delta, \theta)$ , where $\gamma_{1}^{\prime}=\gamma_{1}$ and $\gamma_{2}^{\prime}=\gamma_{2}+n/2$ . Since $\gamma_{1}^{\prime}+\gamma_{2}^{\prime}>n$ ,
by the same way as Lemma 4.3, $(\gamma_{1}^{\prime\prime}\gamma_{2}^{\prime}\delta, \theta)\sim(\gamma_{1}^{j}\gamma_{2}^{\prime}\delta, \theta)$ , where $\gamma_{1}^{\prime}$ and
$\gamma_{2}^{\prime}$ satisfy the condition $\gamma_{1}+\gamma_{2}^{\prime}=\gamma_{1}^{\prime}+\gamma_{2}^{\prime}-n$ . Hence we have $0<\gamma_{1}^{\prime\prime}+\gamma_{2}^{\prime}<$

$n/2$ . Applying Lemmas 4.2 and 4.4 if necessary, we may assume that
$0\leqq\gamma_{1}^{\prime}\leqq\gamma_{2}^{\prime}$ and $\gamma_{1}^{\prime}\leqq[\alpha/2]$ . Hence we have $0<\gamma_{1}^{\prime\prime}+\gamma_{2}^{\prime\prime}<n/2,0\leqq\gamma_{1}\leqq\gamma_{2}<n/2$

and $0\leqq\gamma_{1}^{\prime\prime}\leqq[\alpha/2]$ .
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THEOREM 4.2. ($n$ ; even) A complete set of the equivalence classes of
$Z_{n}^{-}(2;l, m)$ is given by the disjoint union $\ovalbox{\tt\small REJECT}_{n}^{-}(2;l, m)$ of the following sets;

$\ovalbox{\tt\small REJECT}_{n}^{-}(2;l, m)^{0}=\left(\begin{array}{lllllllllllll}(\gamma_{1} & \gamma_{2} & \delta_{1} & \delta_{2} & \cdots & \delta_{\iota} & \theta_{1} & \theta_{2},’ & \cdots & \theta_{m}) & & & \\0\leqq\gamma_{1}\leqq\gamma_{2}<n & & & & & \gamma_{1}+\gamma_{2}\leqq n & & ’ & & 0\leqq\gamma_{1}\leqq[\frac{\alpha}{2}] & & & \\0\leqq\delta_{1}\leqq\delta_{2}\leqq & \cdots & \cdots & \cdots & \cdots & \leqq\delta_{\iota}<\frac{n}{2} & & & & & & & \\1\leqq\theta_{1}\leqq\theta_{2}\leqq & \cdots & \cdots & \cdots & \cdots & \leqq\theta_{n}<\frac{n}{2} & ’ & & & & & & \\2\gamma_{1}+2\gamma_{2}+\delta_{1}+\delta_{2}+ & \cdots & \cdots & \cdots & \cdots & +\delta_{l}+\theta_{1}+\theta_{2}+ & \cdots & \cdots & \cdots & \cdots & \cdots & +\theta_{n}\equiv 0 & (modn)\\g.c.d.\{\gamma_{1}\gamma_{2}d\}=1 & & & & & & & & & & & & \end{array}\right)$

$\ovalbox{\tt\small REJECT}_{n}^{-}(2;l, m)^{*}=(0\leqq\delta_{1}\leqq\delta_{2}\leqq\leqq\delta_{l}\leqq\frac{n}{2}2\gamma_{1}+2\gamma_{2}+\delta_{\iota}+\delta_{2}+\cdot+\delta_{l}+\theta_{1}+\theta_{2}+\cdot\cdot+\theta_{m}\equiv 0(mod n)0\leqq\gamma_{1}\leqq[\frac{\alpha}{2}]l\leqq\theta_{1}\leqq\theta_{2}\leqq\leqq\theta_{m}\leqq.\frac{n}{2}gcd.\{\gamma_{1}\gamma_{2}d\}=1\}$

where $d=g.c.d$ . $\{\delta_{1}, \delta_{2}, \cdots, \delta_{\iota}, \theta_{1}, \theta_{2}, \cdots, \theta_{n}, n\}$ and $\alpha=g.c.d.\{d, \gamma_{1}+\gamma_{2}\}$ .
PROOF. By Lemmas 4.1, 4.2, 4.3, 4.4 and 4.7, any element of

$Z_{n}^{-}(2;l, m)$ is equivalent to an element of $\mathcal{Z}_{n}^{\prime-}(2;l, m)$ . Hence it is suffi-
cient to prove that two distinct elements of $\mathcal{Z}_{n}^{\wedge-}(2;l, m)$ is not equivalent.
We will prove it in respective cases.

(i) Let $\Sigma(\omega)$ be an element of $\ovalbox{\tt\small REJECT}_{n}^{-}(2;l, m)^{0}$ and $\Sigma(\omega^{\prime})$ be an ele-
ment of $\ovalbox{\tt\small REJECT}_{n}^{-}(2;l, m)^{*}$ . By Lemma 4.5, it is impossible that $\Sigma(\omega)$ and
$\Sigma(\omega’)$ is equivalent.

(ii) Let $\Sigma(\omega)=(\gamma_{1}\gamma_{2}\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{n})$ and $\Sigma(\omega’)=(\gamma_{1}^{\prime}\gamma_{2}^{\prime}$ ,
$\delta_{1},$ $\delta_{2}^{\prime},$

$\cdots,$
$\delta_{l}^{\prime},$ $\theta_{1}^{\prime},$

$\theta_{2},$

$\cdots,$
$\theta_{m}^{\prime}$) be equivalent elements of $\ovalbox{\tt\small REJECT}_{n}^{-}(2;l, m)^{0}$ . By a

similar way as Theorem 4.1 and Lemma 4.6, we have $\Sigma(\omega)=\Sigma(\omega’)$ .
(iii) Let $\Sigma(\omega)=(\gamma_{1}\gamma_{2}\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{m})$ and $\Sigma(\omega^{\prime})=(\gamma_{1}^{\prime}\gamma_{2}^{\prime}$ ,

$\delta_{1},$ $\delta_{2}^{\prime},$

$\cdots,$
$\delta_{l},$ $\theta:,$ $\theta_{2}^{\prime},$

$\cdots,$
$\theta_{m}^{\prime}$ ) be equivalent elements of $\ovalbox{\tt\small REJECT}_{n}^{-}(2;l, m)^{*}$ . Then

there exists a homeomorphism $h$ of (X, $S$ ) onto itself which is a com-



PERIODIC MAPS 275

position of elements on $\{\mathcal{Y}_{2}, \mathcal{D}_{2}^{\pm}, \partial_{j}, \sigma_{k}, \partial_{\gamma_{1}}, \partial_{\gamma_{2}}, \sigma_{\gamma_{1}}, \sigma_{\gamma_{2}}\}$ . By Lemma 4.5, we
have $\delta_{j}=\delta_{j}^{\prime}(1\leqq j\leqq l)$ and $0_{k}=\theta_{k}(1\leqq k\leqq m)$ . Now, it is sufficient to prove
the following lemma;

LEMMA 4.8. $\gamma_{1}=\gamma_{1}^{\prime}$ and $\gamma_{2}=\gamma_{2}^{\prime}$ .
By Proposition 4.2, we may assume that $h_{*}=h_{1}h_{2}h_{3}h_{4}$ where $h_{1},$ $h_{2},$ $h_{8},$ $h_{4}$

is the same automorphism as $h_{1},$ $h_{2},$ $h_{3},$ $h_{4}$ in Lemma 4.7 respectively. More-
over we may assume that $h_{1}=g_{1}g_{2}\cdots g_{l}g_{1}^{\prime}g_{2}^{\prime}\cdots g_{m}^{\prime}$ where $g_{j}=(\partial_{1,j}\partial_{2,j})^{l_{\dot{f}}}$

or $\partial_{2,j}(\partial_{1,j}\partial_{2,j})^{x_{j}}$ ( $x_{j}$ is an integer) and $g_{k}^{\prime}=(\sigma_{1,k}\sigma_{2,k})^{\nu_{k}}$ or $\sigma_{2,k}(\sigma_{1,k}\sigma_{2,k})^{Yk}(y_{k}$ is
an integer) (If $\delta_{j}=0$ then $g_{j}$ is the identity.). Since $h_{1}$ can not change
$\delta_{j}$ and $\theta_{k}$ , we may assume that $g_{j}=(\partial_{1,j}\partial_{2,j})^{x_{j}}$ if $\partial_{j}<n/2$ and $g_{k}^{\prime}=(\sigma_{1,k}a_{2,k})^{Vk}$

if $\theta_{k}<n/2$ .
Let $\Sigma(\omega h_{1})=(\gamma_{1}^{\prime\prime}\gamma_{2}^{\prime\prime}\delta, \theta)$ . Then we have;

(a) $\left\{\begin{array}{ll}\gamma_{1}^{\prime}\equiv\gamma_{1}+(x_{1}\delta_{1}+x_{2}\delta_{2}+\cdots+x_{\iota}\delta_{l}+y_{1}\theta_{1}+y_{2}\theta_{2}+\cdots+y_{m}\theta_{m}) & \\\gamma_{2}\equiv\gamma_{2}-(x_{1}\delta_{1}+x_{2}\delta_{2}+\cdots+x_{l}\delta_{l}+y_{1}\theta_{1}+y_{2}0_{2}+\cdots+y_{m}\theta_{m}) & or\end{array}\right.$

(b) $\left\{\begin{array}{l}\gamma_{1}^{\prime}\equiv\gamma_{1}+(x_{1}\delta_{1}+x_{2}\delta_{2}+\cdots+x_{l}\delta_{\iota}+y_{1}\theta_{1}+y_{2}\theta_{2}+\cdots+y_{m}0_{m})\\\gamma_{2}^{\prime}\equiv\gamma_{2}-(x_{1}\delta_{1}+x_{2}\delta_{2}+\cdots+x_{l}\delta_{l}+y_{1}\theta_{1}+y_{2}\theta_{2}+\cdots+y_{m}\theta_{m})+n/2\end{array}\right.$

Soreover, we have;

(i) $\left\{\begin{array}{ll}\gamma_{1}\equiv\gamma_{1}^{\prime}+z(\gamma_{1}^{\prime}+\gamma_{2}^{\prime}) & \\\gamma_{2}^{\prime}\equiv\gamma_{2}-z(\gamma_{1}^{\prime}+\gamma_{2}^{\prime}) & if \epsilon=0, or\end{array}\right.$

$\left\{\begin{array}{ll}\gamma_{1}^{\prime}\equiv\gamma_{2}^{\prime}+z(\gamma_{1}^{\prime}+\gamma_{2}^{\prime}) & \\\gamma_{2}^{\prime}\equiv\gamma_{1}^{\prime}-z(\gamma_{1}^{\prime}+\gamma_{2}^{\prime}) & if \epsilon=1.\end{array}\right.$

First, we will prove $\gamma_{1}=\gamma_{1}$ in the case of (i) or (ii), respectively. Next,
we will prove $\gamma_{2}=\gamma_{2}^{\prime}$ .

In the case of (i), we have $\gamma_{1}^{\prime}\equiv\gamma_{1}^{\prime\prime}+z(\gamma_{1}+\gamma_{2})\equiv\gamma_{1}^{\prime\prime}(mod \alpha)$ . Moreover
in the case of (a) or (b), we have $\gamma_{1}^{\prime}\equiv\gamma_{1}(mod \alpha)$ . Hence we have $\gamma_{1}^{\prime}=\gamma_{1}$ ,
since $0\leqq\gamma_{1}\leqq[\alpha/2]$ and $0\leqq\gamma_{1}^{\prime}\leqq[\alpha/2]$ .

In the case of (ii), we have $\gamma_{1}\equiv\gamma_{1}^{\prime}\equiv\gamma_{2}^{\prime}(mod \alpha),$ $\gamma_{2}\equiv\gamma_{2}^{\prime}\equiv\gamma_{1}^{\prime}(mod \alpha)$

and $\gamma_{1}+\gamma_{1}^{\prime}\equiv\gamma_{1}+\gamma_{2}\equiv 0(mod \alpha)$ . Hence we have $\gamma_{1}=\gamma_{1}^{\prime}=0$ or $\gamma_{1}=\gamma_{1}^{\prime}=\alpha/2$

since $0\leqq\gamma_{1}\leqq[\alpha/2]$ and $0\leqq\gamma i\leqq[\alpha/2]$ .
In the case of (a), we have $\gamma_{1}+\gamma_{2}\equiv\gamma_{1}^{\prime}+\gamma_{2}^{\prime}\equiv\gamma_{1}^{\prime}+\gamma_{2}^{\prime}(mod n)$ . Since

$0\leqq\gamma_{1}+\gamma_{2}\leqq n/2$ and $0\leqq\gamma_{1}^{\prime}+\gamma_{2}^{\prime}\leqq n/2$ , we have $\gamma_{1}+\gamma_{2}=\gamma_{1}^{\prime}+\gamma_{2}^{\prime}$ . Hence we
have $\gamma_{2}=\gamma_{2}^{\prime}$ .

In the case of (b), we have $\gamma_{1}^{\prime}+\gamma_{2}^{\prime}\equiv\gamma_{1}+\gamma_{2}^{\prime\prime}\equiv\gamma_{1}+\gamma_{2}+n/2(mod n)$ . By
an elementary algebra, we have that $\gamma_{2}=n/2$ or $\gamma_{2}^{\prime}=n/2$ which is a con-
tradiction.
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Using the homology group of a covering space of $X$ or by a geo-
metric consideration, we have the following;

PROPOSITION 4.4. (1) An element $(f, M)$ of $P_{n}$ corresponding to
an element of $\ovalbox{\tt\small REJECT}_{n}^{-}(2;l, m)$ belongs to $P_{n}^{0}$ , if $n$ is odd.

(2) An element $(f, M)$ of $P_{n}$ corresponding to an element of $\ovalbox{\tt\small REJECT}_{n}^{-}(2$ ;
$l,$ $m)^{0}$ or $\ovalbox{\tt\small REJECT}_{n}^{-}(2;l, m)^{*}$ belongs to $P_{n}^{0}$ , if either $n$ is even and $d$ is odd, $or$

$n$ is even, $d$ is even and $\gamma=\gamma_{1}+\gamma_{2}$ is odd, where $d=g.c.d$ . $\{\delta_{1},$ $\delta_{a},$

$\cdots,$
$\delta_{l}$ ,

$\theta_{1},$ $\theta_{2},$

$\cdots,$
$\theta_{n},$ $n$}.

(3) An element of $(f, M)$ of $P_{n}$ corresponding to an element of
$\mathfrak{X}^{-}(2;l, m)^{0}$ or $\ovalbox{\tt\small REJECT}_{n}^{-}(2;l, m)^{*}$ belongs to $P_{n}^{-}$ , if $n$ is even, $d$ is even and
$\gamma=\gamma_{1}+\gamma_{2}$ is even.

\S 5. Proof of Theorem A.

In this section, we will give classification of periodic maps on com-
pact non-orientable surfaces. That is, we will obtain the necessary and
sufficient conditions that $ P_{n}^{0}(\tilde{g}, \sim l,\tilde{m},\tilde{l},\tilde{m})\neq\emptyset$ and determine the number
of elements of $\mathscr{J}_{n}^{0}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})$ .

For a compact non-orientable surface $M$ and a periodic map $f$ on $M$,
using the orbit space $M/f$ and the branched cover $p:M\rightarrow M/f$, we have
the following;

PROPOSITION 5.1. If $ P_{n}^{0}(\tilde{g}, \sim l,\tilde{m},\tilde{l},\tilde{m})\neq\emptyset$ , then we have
(1) $\sim\sim l=\sum_{a1n}l_{a}$ and $\tilde{m}=\sum_{a1n}\tilde{m}_{a}$ ,
(2) $\sim l_{a}\equiv 0(mod a)$ for $eachdivisora\neq n$

$a$ of $n$ and $\tilde{m}_{a}\equiv 0(mod a)$ for
each divisor $a$ of $n$ except $n$ .

(3) $ g\sim-2+\sum_{a1n}(1-n/a)(l_{a}+\tilde{m}_{a})+2n\sim$ is a positive integer and a
multiple of $n$ .

Under the conditions (1), (2) and (3) in Proposition 5.1, we will
prove Theorem A. We take vectors $l=(l_{a})_{a1n}$ of non-negative integers
and $m=(m_{a})_{a1n}$ of non-negative integers, where $ l_{a}=l_{a}/a\sim$ and $m_{a}=\tilde{m}_{a}/a$ .

$a\neq n$

For $n,$ $l$ and $m$ satisfying $l_{n/2}=m_{n’ 2}=0$ , we take a set

$D(n;1, m)^{0}=$ $\left\{\begin{array}{ll}(\delta_{1}, \delta_{2}, & , \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{m}) ;\\(i) & 0\leqq\delta_{1}\leqq\delta_{2}\leqq\cdots\leqq\delta_{l}<\frac{n}{2}, 1\leqq\theta_{1}\leqq\theta_{2}\leqq\cdots\leqq\theta_{n}<\frac{n}{2}, \}\end{array}\right.$

(ii) $l_{a}$ is the number of elements of the set
{$\delta$ ; g.c.d. $\{\delta_{\dot{g}},$ $n\}=a$} and $m_{a}$ is the number
of elements of the set {$0_{k}$ ; g.c.d. $\{\theta_{k},$ $n\}=a$}
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where $l=\sum_{a1n}l_{a}$ and $m=\sum_{a1n ,a\neq n}m_{a}$ .
For $n,$

$l$ and $m$ satisfying that $l_{n/2}+m_{n,2}\neq 0$ , we take a set

where $l=\sum_{a1n}l_{a}$ and $m=\sum_{a|n,a\neq n}m_{a}$ .
Then we have clearly;

LEMMA 5.1. For an element of the set $D(n;l, m)^{0}$ or the set $D(n;l, m)^{*}$ ,
we have; $\delta_{1}+\delta_{2}+\cdots+\delta_{\iota}+\theta_{1}+\theta_{2}+\cdots+\theta_{m}$ is even (resp. odd) if $n,$ $l$ and
$m$ satisfy the condition $(5_{e})$ (resp. (5) ), where the condition (5), is that
$\sum_{a|n,a:odd}(l_{a}+m_{a})$ is even, and the condition (5) is that $\sum_{a,a.odd}!^{n}(l_{a}+m_{a})$ is odd.
Moreover the number of elements of $D(n;l, m)^{0}$ or $D(n$ ; $, $m)^{*}$ is equal to

$C(n;l, m)=\prod_{a|n}a^{\wedge},n/2a\neq n(^{\frac{\varphi(n/a)}{2l}+l_{a}-1}a)(\frac{\varphi(n/a)}{2}+m_{a}-1m_{a})$

We denote by $D$. $(n; , m)^{0}$ (resp. $D,(n;l,$ $m)^{*}$ ) the set $D(n; , m)^{0}$

(resp. $D(n;l,$ $m)^{*}$ ) when $n,$ $l$ and $m$ satisfy the condition (5),, and by
$D_{o}(n;l, m)^{0}$ (resp. $D_{o}$ ($n$ ; , $m$ ) ) the set $D(n;1, m)^{0}$ (resp. $D(n;l,$ $m)^{*}$ ) when
$n$ , $ and $m$ satisfy the condition (5) .

Let $ g=(1/n)\{g\sim-2+\sum_{a1n}(1-n/a)(l_{a}+\tilde{m}_{a})+2n\}\sim$ . We will prove Theo-
rem A in respective cases.

PROOF IN CASE THAT $g$ IS ODD AND $g\geqq 3$ . (I) Suppose that $n$ iS
odd. Then there is a bijection of $\ovalbox{\tt\small REJECT}_{n}^{0}(\tilde{g}, \sim l,\tilde{m},\tilde{l},\tilde{m})$ onto the subset
$\ovalbox{\tt\small REJECT}_{n}^{-}(g;l, m, l, m)$ of $\ovalbox{\tt\small REJECT}_{n}^{-}(g;l, m)$ satisfying the condition (ii), where the
condition (ii) is that $l_{a}$ is the number of elements of the set { $\delta_{j}$ ; g.c.d.
$\{\delta_{j}, n\}=a\}$ and $m_{a}$ is the number of elements of the set { $\theta_{k}$ ; g.c.d. $\{\theta_{k},$ $n\}=a$}.
For amy element $(\delta_{1}, \delta_{2}, \cdots, \delta_{\iota}, \theta_{1}, \theta_{2}, \cdots, \theta_{m})$ of $D(n;1, m)^{0}$ , there is exactly
one non-negative integer $\gamma$ such that (1, $0,$ $\cdots,$ $0,0,$ $\gamma\delta_{1},$ $\delta_{2},$

$\cdots,$
$\delta_{l},$ $\theta_{1},$ $\theta_{2}$ ,. . ., $\theta_{m}$) $\in\ovalbox{\tt\small REJECT}_{n}^{-}(g;l, m, l, m)$ . Hence there is a bijection of $\ovalbox{\tt\small REJECT}_{n}^{-}(g;l, m, l, m)$

onto $D(n; , m)^{0}$ . By Lemma 5.1, we have the proof.
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(II) Suppose that $n$ is even. If $l_{n/2}=m_{n/2}=0$ , there is a bijection of
$\mathscr{J}_{n}^{0}(\tilde{g}, \sim l,\tilde{m},\tilde{l},\tilde{m})$ onto the subset $\ovalbox{\tt\small REJECT}_{n}^{-}(g;l, m, l, m)_{1}^{0}$ of $\ovalbox{\tt\small REJECT}_{n}^{-}(g;l, m)_{1}^{0}$ satis-
fying the condition (ii). If $l_{n/2}+m_{n/2}\neq 0$ , there is a bijection of $\ovalbox{\tt\small REJECT}_{n}^{0}(g\sim,$

$\sim l$,
$\tilde{m},\tilde{l},\tilde{m})$ onto the subset $\ovalbox{\tt\small REJECT}_{n}^{-}(g;l, m, l, m)_{1}^{*}$ of $\ovalbox{\tt\small REJECT}_{n}^{-}(g;l, m)_{1}^{*}$ satisfying the
condition (ii). For any element $(\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{n})$ of $D,(n;1, m)^{0}$ ,
there are exactly two non-negative integers $\gamma$ satisfying that (1, $0,$ $\cdots$ ,
$0,0,$ $\gamma\delta_{1},$ $\delta_{2},$

$\cdots,$
$\delta_{l},$ $\theta_{1},$ $\theta_{2},$

$\cdots,$
$\theta_{m}$) $\in\ovalbox{\tt\small REJECT}_{n}^{-}(g;l, m, l, m)_{1}^{0}$ . For any element $(\delta_{1}$ ,

$\delta_{2},$

$\cdots,$
$\delta_{l},$ $\theta_{1},$ $\theta_{2},$

$\cdots,$
$\theta_{m}$) of $D.(n;l, m)^{*}$ , there is exactly one non-negative

integer $\gamma$ satisfying that $(1, 0, \cdots, 0,0,\gamma\delta_{1}, \delta_{2}, \cdots, \delta_{\iota}, \theta_{1}, \theta_{2}, \cdots, \theta_{n})\in\ovalbox{\tt\small REJECT}_{n}^{-}(g$ ;
$l,$ $m,$ $l,$ $m)_{1}^{*}$ . For any element $(\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{n})$ of $D_{o}(n;l, m)^{0}$

(resp. $D_{o}(n;l,$ $m)^{*}$ ), there are no non-negative integers $\gamma$ satisfying that
$(1, 0, \cdots, 0,0, \gamma\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{m})\in\ovalbox{\tt\small REJECT}_{n}^{-}(g;l, m, l, m)_{1}^{0}$ (resp. $\ovalbox{\tt\small REJECT}_{n}^{-}(g$ ;
$l,$ $m,$ $l,$ $m)_{1}^{*}$ ). Hence, by Lemma 5.1, we have the proof.

PROOF IN CASE THAT $g=1$ . By Proposition 2.4, we may consider only
when $n,$ $l$ and $m$ satisfy the condition that $d=g.c.d$ . {$a;l_{a}\neq 0$ or $m_{a}\neq 0$}
is odd. If $n$ is odd, then there is a bijection of $\ovalbox{\tt\small REJECT}_{n}^{0}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})$ onto
the subset $Z_{n}^{-}(1;l, m, l, m)$ of $\ovalbox{\tt\small REJECT}_{n}^{-}(1;l, m)$ satisfying the condition (ii).
Since $2\gamma+\delta_{1}+\delta_{2}+\cdots+\delta_{l}+\theta_{1}+\theta_{2}+\cdots+\theta_{m}\equiv 0(mod n)$ , we have $2\gamma\equiv 0$ (mod
$d)$ . Hence we have $\gamma\equiv 0(mod d)$ , that is, $\gamma$ is a multiple of $d$ . Therefore
g.c. $d.\{\gamma\delta_{1}, \delta_{2}, \cdots, \delta_{\iota}, \theta_{1}, \theta_{2}, \cdots, \theta_{fn}, n\}=1$ iff $d=g.c.d$ . {$a;l_{a}\neq 0$ or $m_{a}\neq 0$} $=$

g.c.d. $\{\delta_{1}, \delta_{2}, \cdots, \delta_{\iota}, \theta_{1}, \theta_{2}, \cdots, \theta_{m}, n\}=1$ . Adding the condition that g.c. $d$ .
{$a;l_{a}\neq 0$ or $m_{a}\neq 0$} $=1$ , we complete the proof by the same way as in
case that $g$ is odd and $g\geqq 3$ .

PROOF IN CASE THAT $g$ IS EVEN AND $g\geqq 4$ .
By the same way as the proof in case that $g$ is odd and $g\geqq 3$ , we

complete the proof.

PROOF IN CASE THAT $g=2$ . Let $(\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{m})$ be an
element of $D(n;l, m)^{0}$ or $D(n;l, m)^{*}$ . Let $d=g.c.d$ . $\{\delta_{1},$ $\delta_{2},$

$\cdots,$
$\delta_{l},$ $\theta_{1},$ $\theta_{2}$ ,. . ., $\theta_{m},$ $n$ } $=g.c.d$ . {$a;l_{a}\neq 0$ or $m_{a}\neq 0$}. Let $\gamma$ be a non-negative integer

such that $2\gamma+\delta_{1}+\delta_{2}+\cdots+\delta_{l}+\theta_{1}+\theta_{2}+\cdots+\theta_{m}\equiv 0(mod n)$ .
Let $\ovalbox{\tt\small REJECT}_{n}^{-}(2;l, m, l, m)^{0}$ (resp. $\ovalbox{\tt\small REJECT}_{n}^{-}(2;l,$ $m,$ $l,$ $m)^{*}$ ) be the subset of

$\ovalbox{\tt\small REJECT}_{n}^{-}(2;l, m)^{0}$ (resp. $\ovalbox{\tt\small REJECT}_{n}^{-}(2;l,$ $m)^{*}$ ) satisfying the condition (ii). If $d$ is
odd, we have $\gamma\equiv 0(mod d)$ . That is, there exists a non-negative integer
$i$ such that $\gamma=id$ . For a non-negative integer $\gamma=id$ , there are exactly
$\{\varphi(d)/2\}$ non-negative integers $\gamma_{1}$ satisfying that $\gamma=\gamma_{1}+\gamma_{2}$ and $(\gamma_{1}\gamma_{2}\delta_{1}$ ,
$\delta_{2},$

$\cdots,$
$\delta_{l},$ $\theta_{1},$ $\theta_{2},$

$\cdots,$
$\theta_{m}$) $\in \mathcal{Z}_{n}^{\prime-}(2;l, m, l, m)^{0}$ (resp. $\ovalbox{\tt\small REJECT}_{n}^{-}(2;l,$ $m,$ $l,$ $m)^{*}$ ), since

g.c. $d$ . $\{\gamma_{1}\gamma_{2}d\}=g.c.d$ . $\{\gamma_{1}d\}=1$ and $0\leqq\gamma_{1}\leqq[\alpha/2]=[d/2]=(d-1)/2$ .
Let $\ovalbox{\tt\small REJECT}_{n}^{-}(2;l, m, l, m)_{12}^{0}$ (resp. $\ovalbox{\tt\small REJECT}_{n}^{-}(2;$ $l,$ $m$ , , $m$) ) be the subset of
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$\mathcal{Z}_{n}^{\prime-}(2;l, m)^{0}$ (resp. $\mathcal{Z}_{n}^{\prime-}(2;l,$ $m)^{*}$ ) satisfying the condition (ii) and that $\gamma$

is odd. If $d$ is even and $\gamma$ is odd, we have $\gamma\equiv 0(mod d/2)$ . We note
that if $n/2$ is’even, then $\gamma$ is not odd. If $n/2$ is odd, then there exists
a non-negative integer $i$ such that $\gamma=id+d/2$ . For an odd positive
integer $\gamma=id+d/2$ , there are exactly $\{\varphi(d/2)/2\}$ non-negative integers $\gamma_{1}$

satisfying that $\gamma=\gamma_{1}+\gamma_{2}$ and $(\gamma_{1}\gamma_{2}\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{m})\in\ovalbox{\tt\small REJECT}_{n}^{-}(2;l$ ,
$m,$ $l,$ $m)_{12}^{0}$ (resp. $\mathcal{Z}_{n}^{\prime-}(2;l,$ $m,$ $t,$ $m)_{12}^{*}$), since g.c. $d$ . $\{\gamma_{1}\gamma_{2}d\}=g.c.d$ . $\{\gamma_{1}d/2\}=1$

and $0\leqq\gamma_{1}\leqq[\alpha/2]=[d/4]$ .
(I) Suppose that $n$ is odd. Then, there is a bijection of $\ovalbox{\tt\small REJECT}_{n}^{0}(g\sim,$

$\sim l$,
$\tilde{m}$ , , $\tilde{m}$) onto $\mathcal{Z}_{n}^{\prime-}(2;l, m, l, m)^{0}$ . For any element $(\delta_{1},$ $\delta_{2},$

$\cdots,$
$\delta_{\iota},$ $0_{1},$ $\theta_{2},$ $\cdots$ ,

$\theta_{m})$ of $D(n; , m)^{0}$ , there is exactly one non-negative integer in the set
$\{\gamma=id;0\leqq i\leqq n/d\}$ which satisfies $2\gamma+\delta_{1}+\delta_{2}+\cdots+\delta_{\iota}+\theta_{1}+0_{2}+\cdots+0_{m}\equiv 0$

$(mod n)$ , since $d$ is odd. Hence we have $ P_{n}^{0}(g\sim, \sim l,\tilde{m}, \$, \tilde{m})\neq\emptyset$ and the
number of elements of $\ovalbox{\tt\small REJECT}_{n}^{0}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})$ is equal to $\{\varphi(d)/2\}\times C(n;1, m)$ .

(II) Suppose that $n$ is even and $d$ is odd. If $l_{n/2}=m_{n/2}=0$ , there is
a bijection of $\ovalbox{\tt\small REJECT}_{n}^{0}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})$ onto $\ovalbox{\tt\small REJECT}_{n}^{-}(2;l, m, \$, m)^{0}$ . For any element
$(\delta_{1}, \delta_{2}, \cdots, \delta_{l}, 0_{1}, \theta_{2}, \cdots, \theta_{m})$ of $D_{\epsilon}(n; , m)^{0}$ , there are exactly two non-negative
integers in the set $\{\gamma=id;0\leqq i\leqq n/d\}$ which satisfy $2\gamma+\delta_{1}+\delta_{2}+\cdots+\delta_{\iota}+$

$0_{1}+0_{2}+\cdots+\theta_{m}\equiv 0(mod n)$ . For any element $(\delta_{1}, \delta_{2}, \cdots, \delta_{l}, 0_{1}, \theta_{2}, \cdots, \theta_{m})$

of $D_{o}(n;t, m)^{0}$ , there are no non-negative integers $\gamma$ satisfying that
$2\gamma+\delta_{1}+\delta_{2}+\cdots+\delta_{l}+0_{1}+0_{2}+\cdots+\theta_{m}\equiv 0(mod n)$ . If $l_{n/2}+m_{n/2}\neq 0$ , there is
a bijection of $\ovalbox{\tt\small REJECT}_{n}^{0}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})$ onto $\ovalbox{\tt\small REJECT}_{n}^{-}(2;l, m, l, m)^{*}$ . For any element
$(\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1},0_{2}, \cdots, 0_{m})$ of $D_{e}(n;l, m)^{*}$ , there is exactly one non-nega-
tive integer in the set $\{\gamma=id;0\leqq i\leqq n/2d\}$ which satisfies $2\gamma+\delta_{1}+\delta_{2}+\cdots+$

$\delta_{l}+0_{1}+\theta_{2}+\cdots+0_{m}\equiv 0(mod n)$ . For any element $(\delta_{1}, \delta_{2}, \cdots, \delta_{l}, 0_{1}, \theta_{2}, \cdots, \theta_{m})$

of $D_{o}(n;l, m)^{*}$ , there are no non-negative integers $\gamma$ satisfying that
$2\gamma+\delta_{1}+\delta_{2}+\cdots+\delta_{\iota}+0_{1}+0_{2}+\cdots+0_{m}\equiv 0(mod n)$ . Hence we have $P_{n}^{0}(g\sim,$

$\sim l$,
$\tilde{m}$ , , $\tilde{m}$) $\neq\emptyset$ iff $n,$ $l$ and $m$ satisfy the condition (5), in Lemma 5.1. Then
the number of elements of $\mathscr{J}_{n}^{0}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})$ is equal to

$\left\{\begin{array}{ll}2\times\{\frac{\varphi(d)}{2}\}\times C(n;l, m) & if l_{n/2}=m_{n/2}=0,\\\{\frac{\varphi(d)}{2}\}\times C(n;l, m) & if l_{n/2}+m_{n/2}\neq 0.\end{array}\right.$

(III) Suppose that $n$ is even and $d$ is even. If $n/2$ is odd, there is
a bijection of $\ovalbox{\tt\small REJECT}_{n}^{0}(\tilde{g}, \sim l,\tilde{m},\tilde{l},\tilde{m})$ onto $\mathcal{Z}_{n}^{\prime-}(2;l, m, l, m)_{12}^{0}$ . For any element
$(\delta_{1}, \delta_{2}, \cdots, \delta_{\iota}, \theta_{1}, \theta_{2}, \cdots, \theta_{m})$ of $D(n;l, m)^{0}$ , there is exactly one odd positive
integer in the set $\{\gamma=id+d/2;0\leqq i<n/d\}$ which satisfies $2\gamma+\delta_{1}+\delta_{2}+\cdots+$

$\delta_{l}+0_{1}+\theta_{2}+\cdots+\theta_{m}\equiv 0(mod n)$ . Hence we have $ P_{n}^{0}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})\neq\emptyset$ , and
the number of elements of $\mathscr{J}_{n}^{0}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})$ is equal to $\{\varphi(d/2)/2\}\times$
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$C(n; \$, m)$ .
(IV) Suppose that $n$ is even, $d$ is even and $n/2$ is even. If $l_{n/l}=$

$m_{/2}=0$ , there is a bijection of $\mathscr{J}_{n}^{0}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})$ onto $\ovalbox{\tt\small REJECT}_{n}^{-}(2;l, m, l, m)_{12}^{0}$ .
If $l_{n/2}+m_{n/2}\neq 0$ , there is a biiection of $p_{n}(g, \sim l,\tilde{m},\tilde{l},\tilde{m})$ onto $\ovalbox{\tt\small REJECT}_{n}^{-}(2;l,$ $m$ ,
$l,$ $m)_{12}^{*}$ . If $d/2$ is even, there are no odd positive integers $\gamma$ satisfying
that $2\gamma+\delta_{\iota}+\delta_{2}+\cdots+\delta_{l}+\theta_{1}+\theta_{2}+\cdots+\theta_{\alpha}\equiv 0(mod n)$ . Hence we have
$ P_{n}^{0}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})=\emptyset$ . We assume that $n,$ $l$ and $m$ satisfy the condition
(d), where the condition (d) is that there is an even divisor $a$ of $n$ such
that $d/2$ is odd and $l_{*}\neq 0$ or $m\neq 0$ (i.e. $d/2$ is odd). For any element
$(\delta_{1}, \delta_{2}, \cdots\delta_{\iota}, \theta_{1}, \theta_{2}, \cdots, \theta_{n})$ of $D(n;f, m)^{0}$ (resp. $D$($n$ ; , $m$) ) such that
$(1/d)(\delta_{1}+\delta_{2}+\cdots+\delta_{l}+\theta_{\iota}+\theta_{2}+\cdots+\theta_{n})$ is odd, there are exactly two (resp.
one) odd positive integers in the set $\{\gamma=id+d/2;0\leqq i<n/d\}$ which satisfy
$2\gamma+\delta_{1}+\delta_{2}+\cdots+\delta_{l}+\theta_{1}+\theta_{2}+\cdots+\theta_{n}\equiv 0(mod n)$ . For any element $(\delta_{\iota}$ ,
$\delta_{2},$

$\cdots,$
$\delta_{l},$ $\theta_{1},$ $\theta_{2},$

$\cdots,$
$\theta_{n}$) of $D(n;l, m)^{0}\cup D(n;l, m)^{*}$ such that $(1/d)(\delta_{1}+$

$\delta_{2}+\cdots+\delta_{l}+\theta_{1}+\theta_{2}+\cdots+\theta_{*})$ is even, there are no odd positive integers
$\gamma$ satisfying that $2\gamma+\delta_{1}+\delta_{2}+\cdots+\delta_{l}+\theta_{1}+\theta_{2}+\cdots+\theta_{n}\equiv 0.(mod n)$ . We
note $(1/d)(\delta_{1}+\delta_{2}+\cdots+\delta_{\iota}+\theta_{1}+\theta_{2}+\cdots+\theta_{n})$ is odd Iff $(1/2)(\delta_{\iota}+\delta_{2}+\cdots+\delta_{l}+$

$+\theta_{1}+\theta_{2}+\cdots+\theta_{t})$ is odd. Hence we have $ P_{n}^{0}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})\neq\emptyset$ iff $n,$ $l$

$m$ satisfy the conditions (d) and (6) , where the condition (6) is that
$\sum_{\grave{a}}aa|_{2:odd}^{n}even(l_{a}+m_{a})$ is odd. Then the number of elements of $\ovalbox{\tt\small REJECT}_{n}^{0}(g\sim, \sim l,\tilde{m},\tilde{b},\tilde{m})$

is equal to

$\left\{\begin{array}{ll}2\times\{\frac{\varphi(d/2)}{2}\}xC(n;l, m) & if l_{n/2}=m_{n/2}=0,\\\{\frac{\varphi(d/2)}{2}\}\times C(n;l, m) & if l_{n/2}+m_{n/2}\neq 0.\end{array}\right.$

\S 6. Proof of Theorem B.

In this section, we will give classification of orientation reversing
periodic maps on compact orientable surfaces. That is, we will obtain the
necessary and sufficient conditions that $ P_{n}^{-}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})\neq\emptyset$ , and determine
the number of elements of $\ovalbox{\tt\small REJECT}_{n}^{-}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})$ .

Using the orbit space $M/f$ and the branched cover $p:M\rightarrow M/f$ and
by Propositions 2.4, 3.4 and 4.4, we have the following;

PROPOSITION 6.1. If $ P_{n}^{-}(\tilde{g}, \sim l,\tilde{m},\tilde{l},\tilde{m})\neq\emptyset$ , then we have
(0) $n$ is even,
(1) $\sim\sim l=\sum_{a1n}l_{a}$ and $\tilde{m}=\sum_{a1n}\tilde{m}_{a}$ ,
(2) $\sim l_{a}\equiv 0(mod a)$ for $eachdivisora\neq n$

$a$ of $n$ and $\tilde{m}_{a}\equiv 0(mod a)$ for each
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divisor $a$ of $n$ except $n$ ,
(3) $ 2g\sim-2+\sum_{a1n}(1-n/a)(l_{a}+\tilde{m}_{a})+2n\sim$ is a positive integer and a

multiple of $2n$ .
(4) $\sim l_{a}=\tilde{m}_{a}=0$ for each odd divisor $a$ of $n$ .
Under the conditions (0), (1), (2), (3) and (4) in Proposition 6.1, we

will prove Theorem $B$ by the similar way as in \S 5. We take vectors
$l=(l_{a})_{a1n}$ of non-negative integers and $m=(m_{a})_{a1n}$ of non-negative integers,

$a\neq n$

where $ l_{a}=l_{a}/a\sim$ and $m_{a}=\tilde{m}_{a}/a$ . Let $D(n;l, m)^{0}$ and $D(n;l, m)^{*}$ be the
same sets as in \S 5. We denote by $D^{-}(n;l, m)^{0}$ (resp. $D^{-}(n$ ; , $m$) ) the
set $D(n;l, m)^{0}$ (resp. $D(n;l,$ $m)^{*}$ ) when $n,$ $l$ and $m$ satisfy the condition
(4).

Then we have clearly;

LEMMA 6.1. ($n$ ; even) For an element of the set $D^{-}(n; , m)^{0}$ or the
set $D^{-}(n;l, m)^{*}$ , we have; $(1/2)(\delta_{1}+\delta_{2}+\cdots+\delta_{l}+0_{1}+\theta_{2}+\cdots+\theta_{m})$ is even
(resp. odd) iff $n,$ $l$ and $m$ satisfy the conditon (6), (resp. (6) ), where the
condition (6), is that

$\sum_{a,a1_{2:odd}^{n}}(l_{a}+m_{a})a\circ ven$
is even, and the condition (6). $i.s$

that
$\sum_{!^{n} ,aiz:oddaeven}a(l_{a}+m_{a})$

is odd.

Moreover the number of elements of $D(n; , m)^{0}$ or $D(n; , m)^{*}$ is
equal to $C(n;, m)$ .

We denote by $D_{e}^{-}(n; , m)^{0}$ (resp. $D_{e}^{-}(n;l,$ $m)^{*}$ ) the set $D^{-}(n;l, m)^{0}$

(resp. $D^{-}(n;l,$ $m)^{*}$ ) when $n,$ $l$ and $m$ satisfy the condition (6),; and by
$D_{o}^{-}(n;l, m)^{0}$ (resp. $D_{0}^{-}(n$ ; , $m$) ) the set $D^{-}(n; , m)^{0}$ (resp. $D^{-}(n;l,$ $m)^{*}$ )

when $n$ , $ and $m$ satisfy the condition (6) .
Let $g=(1/2n)\{2g\sim+\sum_{a1n}(1-2n/a)(b_{a}+m_{a})+2n-2\}$ . We will prove Theo-

rem $B$ in respective cases.

PROOF IN CASE THAT $g$ IS ODD AND $g\geqq 3$ . (I) Suppose that $n/2$ is
odd. Then there is a bijection of $\ovalbox{\tt\small REJECT}_{n}^{-}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})$ onto the subset
$\ovalbox{\tt\small REJECT}_{n}^{-}(g;l, m,\tilde{l},\tilde{m})_{2}^{0}$ of $\ovalbox{\tt\small REJECT}_{n}^{-}(g;l, m)_{2}^{0}$ satisfying the condition (ii), where the
condition (ii) is that $l_{a}$ is the number of elements of the set { $\delta_{j}$ ; g.c.d.
$\{\delta_{j}, n\}=a\}$ and $m_{a}$ is the number of elements of the set { $\theta_{k}$ ; g.c.d. $\{\theta_{k}, n\}=$

$a\}$ . By the same argument as the proof in \S 5, there is a bijection
of $\ovalbox{\tt\small REJECT}_{n}^{-}(g;l, m, \$, m)_{2}^{0}$ onto $D^{-}(n;l, m)^{0}$ . By Lemma 6.1, we have the
proof.

(II) Suppose that $n/2$ is even. If $l_{n/2}=m_{n/2}=0$ , then there is a bi-
jection of $\ovalbox{\tt\small REJECT}_{n}^{-}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})$ onto $\ovalbox{\tt\small REJECT}_{n}^{-}(g;l, m, \$, m)_{2}^{0}$ . If $l_{n/2}+m_{n/2}\neq 0$ , then
there is a bijection of $\ovalbox{\tt\small REJECT}_{n}^{-}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})$ onto the subset $\ovalbox{\tt\small REJECT}_{n}^{-}(g;l, m, \$, m)_{2}^{*}$
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of $\ovalbox{\tt\small REJECT}_{n}^{-}(g;l, m)_{2}^{*}$ satisfying the condition (ii).
For any element $(\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{m})$ of $D_{0}^{-}(n;l, m)^{0}$ (resp.

$D_{o}^{-}(n;l, m)^{*})$ there are exactly two (resp. one) non-negative integers $\gamma$

such that $(2, 0, \cdots, 0,0, \gamma\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{m})\in\ovalbox{\tt\small REJECT}_{n}^{-}(g;l, m, l, m)_{2}^{0}$

(resp. $\ovalbox{\tt\small REJECT}_{n}^{-}(g;l,$ $m,$ $l,$ $m)_{2}^{*}$ ). For any element $(\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{n})$

of $D_{e}^{-}(n; , m)^{0}$ (resp. $(D_{e}^{-}(n;l, m)^{*})$ , there are no non-negative integers
$\gamma$ such that $(2, 0, \cdots, 0,0, \gamma\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{m})\in\ovalbox{\tt\small REJECT}_{n}^{-}(g;l, m, l, m)_{2}^{0}$

(resp. $(\ovalbox{\tt\small REJECT}_{n}^{-}(g;l, m, l, m)_{2}^{*})$ . By Lemma 6.1, we have the proof.

PROOF IN CASE THAT $g=1$ . By Proposition 2.4, we may consider only
when $n,$ $l$ and $m$ satisfy that $d=g.c.d$ . {$a;l_{a}\neq 0$ or $m_{a}\neq 0$} is even. Let
$d’=(1/2)$ g.c.d. $\{\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{m}, n\}=(1/2)$ g.c.d. {$a;l_{a}\neq 0$ or $m_{a}\neq 0$}.
Since $2\gamma+\delta_{1}+\delta_{2}+\cdots+\delta_{\iota}+\theta_{1}+\theta_{2}+\cdots+0_{m}\equiv 0(mod n)$ , we have $\gamma+\delta_{1}/2+$

$\delta_{2}/2+\cdots+\delta_{l}/2+\theta_{1}/2+\theta_{2}/2+\cdots+0_{m}/2\equiv 0(mod n/2)$ . Hence d’ isadivisor of
$\gamma$ . Therefore g.c. $d$ . $\{\gamma\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{m}, n\}=1$ iff $d’=1$ . Adding
the condition that (1/2) g.c.d. {$a;l_{a}\neq 0$ or $m_{a}\neq 0$} $=1$ , we complete the proof
by the same way as in case that $g$ is odd and $g\geqq 3$ .

PROOF IN CASE THAT $g$ IS EVEN AND $g\geqq 4$ . By the same way as the
proof in case that $g$ is odd and $g\geqq 3$ , we complete the proof.

PROOF IN CASE THAT $g=2$ . Let $(\delta_{1}, \delta_{2}, \cdots, \delta_{\iota}, \theta_{1}, \theta_{2}, \cdots, \theta_{m})$ be an
element of $D^{-}(n;1, m)^{0}$ or $D^{-}(n;l, m)^{*}$ . Let $d=g.c.d$ . $\{\delta_{1},$ $\delta_{2},$

$\cdots,$
$\delta_{l},$ $\theta_{1},$ $\theta_{2}$ ,

$\theta_{f*},$ $n$ } $=g.c.d$ . $\{a;l_{a}\neq 0orm_{a}\neq 0\}$ . Let $\gamma$ beanon-negative integer such
that $2\gamma+\delta_{1}+\delta_{2}+\cdots+\delta_{l}+\theta_{1}+\theta_{2}+\cdots+\theta_{m}\equiv 0(mod n)$ . Let $\ovalbox{\tt\small REJECT}_{n}^{-}(2;l, m, l, m)_{2}^{0}$

(resp. $\ovalbox{\tt\small REJECT}_{n}^{-}(2;$ $l,$ $m$ , $, $m$) ) be the subset of $\ovalbox{\tt\small REJECT}_{n}^{-}(2;l, m)^{0}$ (resp. $\ovalbox{\tt\small REJECT}_{n}^{-}(2;l,$ $m)^{*}$ )
satisfying the condition (ii) and satisfying that $\gamma$ is even. If $d$ is even,
we have $\gamma\equiv 0(mod d/2)$ . Hence there exists a non-negative integer $i$ such
that $\gamma=id$ or $\gamma=id+d/2$ . For an even non-negative integer $\gamma=id$ , there
are exactly $\{\varphi(d)/2\}$ non-negative integers $\gamma_{1}$ such that $\gamma=\gamma_{1}+\gamma_{2}$ and
$(\gamma_{1}\gamma_{2}\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{m})\in\ovalbox{\tt\small REJECT}_{n}^{-}(2;l, m, l, m)_{2}^{0}$ (resp. $\ovalbox{\tt\small REJECT}_{n}^{-}(2;l,$ $m,$ $l,$ $m)_{2}^{*}$ ),
since g.c. $d$ . $\{\gamma_{1}\gamma_{2}d\}=g.c.d$ . $\{\gamma_{1}d\}=1$ , and $0\leqq\gamma_{1}\leqq[\alpha/2]=d/2$ . For an even
positive integer $\gamma=id+d/2$ , there are exactly $\{\varphi(d/2)/2\}$ non-negative in-
tegers $\gamma_{1}$ such that $\gamma=\gamma_{1}+\gamma_{2}$ and $(\gamma_{1}\gamma_{2}\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots\theta_{n})\in\ovalbox{\tt\small REJECT}_{n}^{-}(2$ ;
$l,$ $m,$ $l,$ $m)_{2}^{0}$ (resp. $\ovalbox{\tt\small REJECT}_{n}^{-}(2;l,$ $m,$ $l,$ $m)_{2}^{*}$ ), since g.c. $d$ . $\{\gamma_{1}\gamma_{2}d\}=g.c.d$ . $\{\gamma_{1}d/2\}=$

$1$ , and $0\leqq\gamma_{1}\leqq[\alpha/2]=[d/4]$ .
(I) Suppose that $n/2$ is odd. Then there is a bijection of $\ovalbox{\tt\small REJECT}_{n}^{-}(g\sim,$

$\sim l$,
$\tilde{m},\tilde{l},\tilde{m})$ onto $\ovalbox{\tt\small REJECT}_{n}^{-}(2;l, m, l, m)_{2}^{0}$ . For any element $(\delta_{1},$ $\delta_{2},$

$\cdots,$
$\delta_{l},$ $\theta_{1},$ $\theta_{2},$ $\cdots$ ,

$\theta_{m})$ of $D^{-}(n; , m)^{0}$ , there is exactly one even non-negative integer in the
set $\{\gamma=id;0\leqq i\leqq n/d\}$ which satisfies $2\gamma+\delta_{1}+\delta_{2}+\cdots+\delta_{\iota}+0_{1}+\theta_{2}+\cdots+$

$\theta_{m}\equiv 0(mod n)$ . Hence we have $ P_{n}^{-}(\tilde{g}, \sim l,\tilde{m},\tilde{l},\tilde{m})\neq\emptyset$ . Then the number
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of elements of $\ovalbox{\tt\small REJECT}_{n}^{-}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})$ is equal to $\{\varphi(d)/2\}\times C(n;l, m)$ .
(II-a) Suppose that $n/2$ is even and $n/d$ is odd. Then, there is a

bijection of $\ovalbox{\tt\small REJECT}_{n}^{-}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})$ onto $2_{n}^{-}(2;l, m, l, m)_{2}^{0}$ . For any element
$(\delta_{1}, \delta_{2}, \cdots, \delta_{\iota}, 0_{1}, \theta_{2}, \cdots, 0_{m})$ of $D^{-}(n;t, m)$ , there are exactly one even non-
negative integer in the set $\{\gamma=id;0\leqq i\leqq n/d\}$ which satifies $2\gamma+\delta_{1}+$

$\delta_{2}+\cdots+\delta_{l}+\theta_{1}+\theta_{2}+\cdots+\theta_{m}\equiv 0(mod n)$ , and exactly one even positive
integer in the set $\{\gamma=id+d/2;0\leqq i<n/d\}$ which satisfies $2\gamma+\delta_{1}+\delta_{2}+\cdots+$

$\delta_{l}+0_{1}+\theta_{2}+\cdots+\theta_{m}\equiv 0(mod n)$ . Then the number of elements of $\ovalbox{\tt\small REJECT}_{n}^{-}(g\sim$ ,
$\sim l,\tilde{m},\tilde{l},\tilde{m})$ is equal to $\{(\varphi(d)+\varphi(d/2))/2\}\times C(n; , m)$ .

(II-b) Suppose that $n/2$ is even and $d/2$ is odd. If $l_{n/2}=m_{n/2}=0$ ,
there is a bijection of $\ovalbox{\tt\small REJECT}_{n}^{-}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})$ onto $\mathcal{Z}_{n}^{\prime-}(2;l, m, l, m)_{2}^{0}$ . If $l_{n/2}+$

$m_{n/2}\neq 0$ , there is a bijection of $\ovalbox{\tt\small REJECT}_{n}^{-}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})$ onto $\ovalbox{\tt\small REJECT}_{n}^{-}(2;l, m, l, m)_{2}^{*}$ .
For any element $(\delta_{1}, \delta_{2}, \cdots, \delta_{\iota}, 0_{1}, \theta_{2}, \cdots, \theta_{m})$ of $D^{-}(n;l, m)^{0}$ (resp. $D^{-}(n$ ;
$l,$ $m)^{*}$ ) such that $(1/d)(\delta_{1}+\delta_{2}+\cdots+\delta_{l}+\theta_{1}+0_{2}+\cdots+\theta_{m})$ is even, there are
exactly two (resp. one) even non-negative integers in the set $\{\gamma=id;0\leqq$

$i\leqq n/d\}$ which satisfy $2\gamma+\delta_{1}+\delta_{2}+\cdots+\delta_{l}+\theta_{1}+\theta_{2}+\cdots+0_{m}\equiv 0$ $(mod n)$ .
For any element $(\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1},0_{2}, \cdots, 0_{m})$ of $D^{-}(n; , m)^{0}\cup D^{-}(n;l, m)^{*}$

such that $(1/d)(\delta_{1}+\delta_{2}+\cdots+\delta_{i}+\theta_{1}+\theta_{2}+\cdots+\theta_{m})$ is odd, there are no even
non-negative integers $\gamma$ satisfying that $2\gamma+\delta_{1}+\delta_{2}+\cdots+\delta_{l}+\theta_{1}+\theta_{2}+$

. . . $+0_{2\hslash}\equiv 0(mod n)$ . We note $(1/d)(\delta_{1}+\delta_{2}+\cdots+\delta_{l}+\theta_{1}+\theta_{2}+\cdots+\theta_{m})$ is
even iff $(1/2)(\delta_{1}+\delta_{2}+\cdots+\delta_{l}+\theta_{1}+\theta_{2}+\cdots+\theta_{m})$ is even. We have $P_{n}^{-}(g\sim,$

$\sim l$,
$\tilde{m},\tilde{l},\tilde{m})\neq\emptyset$ iff $n,$ $l$ and $m$ satisfy the condition (6) in Lemma 6.1. Then
the number of elements of $\ovalbox{\tt\small REJECT}_{n}^{-}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})$ is equal to

$\left\{\begin{array}{ll}2\times\{\varphi(d)/2\}\times C(n;l, m) & if l_{n/2}=m_{n/2}=0 ,\\\{\varphi(d)/2\}\times C(n;l, m) & if l_{n/2}+m_{n/2}\neq 0.\end{array}\right.$

(II-c) Suppose that $n/2$ is even, $n/d$ is even and $d/2$ is even. If
$l_{n/2}=m_{n/2}=0$ , there is a bijection of $\ovalbox{\tt\small REJECT}_{n}^{-}(g\sim, \sim l,\tilde{m},\tilde{l},\tilde{m})$ onto $\mathcal{Z}_{n}^{\prime-}(2;l,$ $m$, $,
$m)_{2}^{0}$ . If $l_{n/2}+m_{n/2}\neq 0$ , there is a bijection of $\ovalbox{\tt\small REJECT}_{n}^{-}(\tilde{g}, \sim l,\tilde{m},\tilde{l},\tilde{m})$ onto
$\mathcal{Z}_{n}^{\prime-}(2;l, m, l, m)_{2}^{*}$ . For any element $(\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{m})$ of $D^{-}(n$ ;
$, $m)^{0}$ (resp. $D^{-}(n$ ; , $m$) ) such that $(1/d)(\delta_{1}+\delta_{2}+\cdots+\delta_{l}+\theta_{1}+0_{2}+\cdots+\theta_{m})$

is even, there are exactly two (resp. one) even positive integers in the
set $\{\gamma=id;1\leqq i\leqq n/d\}$ which satisfy $2\gamma+\delta_{1}+\delta_{2}+\cdots+\delta_{l}+\theta_{1}+\theta_{2}+\cdots+\theta_{m}\equiv 0$

$(mod n)$ . For any element $(\delta_{1}, \delta_{2}, \cdots, \delta_{l}, 0_{1},0_{2}, \cdots, \theta_{m})$ of $D^{-}(n;l, m)^{0}$

(resp. $D^{-}(n;l,$ $m)^{*}$ ) such that $(1/d)(\delta_{1}+\delta_{2}+\cdots+\delta_{l}+\theta_{1}+\theta_{2}+\cdots+\theta_{m})$ is odd,
there are exactly two (resp. one) even positive integers in the set $\{\gamma=$

$id+d/2;0\leqq i<n/d\}$ which satisfy $2\gamma+\delta_{1}+\delta_{2}+\cdots+\delta_{\iota}+\theta_{1}+0_{2}+\cdots+\theta_{m}\equiv 0$

$(mod n)$ . Hence we have $ P_{n}^{-}(g\sim, \sim l,\tilde{m}, , \tilde{m})\neq\emptyset$ . Then the number of
elements of $\ovalbox{\tt\small REJECT}_{n}^{-}(g\sim, \sim l,\tilde{m}, , \tilde{m})$ is equal to;
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$\left\{\begin{array}{ll}2\times\{\frac{\varphi(d)}{2}\}\times C(n;f, m) & if *’ d:odd\sum_{a|n}(l_{a}+m_{a}) is even and^{t} l_{n/2}=m_{n/2}=0,\\\{\frac{\varphi(d)}{2}\}\times C(n;l, m) & if C\int d!_{04d}^{n}\sum_{a}(l_{*}+m.) is even and l_{n/2}+m_{n/2}\neq 0,\\2\times\{\frac{\varphi(d/2)}{2}\}\times C(n;l, m) & if a!_{04d}^{n}\sum_{a’ d}(l+m_{*}) is odd and l_{n/2}=m_{n/l}=0 ,\\\{\frac{\varphi(d/2)}{2}\}\times C(n;l, m) & if a(d:odd\sum_{a|n}(l_{*}+m_{\iota}) is odd and l_{n/2}+m_{n/2}\neq 0.\end{array}\right.$

Correction to “Classification of Periodic Maps on Compact Surfaces
I“ (Tokyo J. Math., 6 (1983), 75-94).

We will correct the formula of $Q_{0}(n;l, m)$ in page 87 as follows;

$(_{0^{\frac{n}{2}+-1}}([\frac{n}{2}]-1)(\frac{n}{2}+\frac{][\frac{l}{2}]l-1)}{-1,22]}]\frac{\frac{\frac{+m}{m-2}\frac{m}{2}1}{m-12}}{2}[\frac{\frac+2ll[}{}[$

$otherwise;ifniseven,mifmiseven$

;

is odd and $l\geqq 1$ ;

Other miscellaneous errata are as follows:
p. 78, $1\downarrow 7$ : (2) g.c. $d.\{\alpha_{1},$ $\beta_{1},$ $\alpha_{2},$ $\beta_{2},$

$\cdots,$ $\alpha_{g},$ $\beta_{\sigma},$
$\delta_{1},$ $\delta_{2},$

$\cdots,$
$\delta_{l},$ $\theta_{1},$ $\theta_{2},$ $\cdots$ ,

$\theta_{n}\}\equiv 1(mod n)$ should be read (2) g.c. $d$ . $\{\alpha_{1},$ $\beta_{1},$ $\alpha_{2},$ $\beta_{2},$
$\cdots,$ $\alpha_{g},$ $\beta_{\sigma},$ $\delta_{1},$ $\delta_{2},$ $\cdots$ ,

$\delta_{l},$ $\theta_{1},$ $\theta_{2},$

$\cdots,$
$\theta_{n},$ $n$} $=1$ .

p. 82, $1\uparrow 4$ : $a_{\dot{f}}=h\psi h^{-I}$ should be read $\sigma_{j}=h\varphi h^{-1}$ .
p. 86, $1\downarrow 7$ : g.c. $d.\{\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{m}\}\equiv 1$ $(mod n)$ should be

read g.c. $d.\{\delta_{1}, \delta_{2}, \cdots, \delta_{l}, \theta_{1}, \theta_{2}, \cdots, \theta_{n}, n\}=1$ .
p. 89, $1\uparrow 2$ : $g(X)=\{2g-2-(n-1)+2n\}/2n$ should be read $g(X)=$

$\{2g-2-(n-1)(l_{1}+m)+2n\}/2n$ .
[3] in References should be read;

[3] S. Suzuki, On homeomorphisms of a 3-dimensional handlebody, Canad.
J. Math., 29, (1977), 111-124.
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