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Introduction

The problem to find a surface having a given function as the mean
curvature has been studied for a long time. A particular problem of this
type, called the non-parametric problem, can be reduced to solve the
Dirichlet problem for the following quasilinear elliptic equation

(*) —div {Fu/(1+|Ful)"*}=¢ in 2, wu=¢ on 42 .

Here 2 is a bounded domain in R® (n=2), ¢ is a given function on 2
and ¢ is a given boundary value. Since Eq. (*) is nonlinear and non-uni-
formly elliptic, we cannot expect in general that Eq. (*) has a classical
solution for generic 2, ¢ and ¢. In fact, some kinds of necessary con-
dition on 2 and ¢ are found by many people (see [3], [5], [7], [8], [9], [12]).

In this paper, as an approach to the problem, we introduce a parame-
ter T (>0) into Eq. (*) as follows.

(*)r —div {Fu/(1+|Fu[®}=Tc in 2, u=¢ on 32,

where ¢ is supposed nonnegative and bounded in 2. And we investigate
how the solvability of Eq. (*), depends on the parameter 7. For this
purpose we first consider the variational problem of finding a functional
belonging to BV(2) which minimizes the functional

(0.1) Jo(w) = Sa A +|Pul)ds—T Sg cudm+§m lu—g|dH,_,

in BV(2). Here BV(2) is the space consisting of functions of bounded
variation in 2 and H,_, denotes (n—1)-dimensional Hausdorff measure.
For this variational problem we first consider the condition when .J, is
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bounded from below oh BV(Q). Our result is that J, is not bounded
from below on BV(Q) in case T is larger than a critical parameter 7T*
(>0) defined by

T*=inf {H,_ (9E)/meas, (E))  where meas, (E)=SE e(a)da

The condition of this type was obtained by Mosolov [11] for the first
time. However, his result [11] contains some inessential assumption
because he formulated the problem in the Sobolev space W-!(2). And
also since W*'(2) is not reflexive, he dose not give the solution of the
variational problem. Though several people studied similar variational
problems in the space BV(2) (for example, see [3], [5], [7]), their condi-
tion for the lowerboundedness of the functional less clarify the relation
between the functional and the geometric property of the domain 2 than
that of Mosolov. In this paper we return to Mosolov’s formulation
and show the existence of the solution of the variational problem for
T<T* by using the space BV(2) instead of W"'(2). Using the result
about the weak* topology on BV(2) ([1], [2]), we give a more direct
proof than that in [3], [5], [7]. Next we consider the regularity property
of the solution of the variational problem. Applying the regularity theo-
rem due to Gerhardt [3] and Giaquinta [4], we give a partial result to
this problem.

In section 1 we enumerate some properties of BV(2), which will be
needed in the following sections. Section 2 is devoted to the proof of
the lower boundedness theorem for the variational problem. In section 3
we discuss the existence and regularity property of the solution of the
variational problem. In the final section 4 we show a dependence of
solutions of Eq. (*); on the parameter T' and we state some results on
Eq. (*) for the critical parameter T'*. These theorems for Eq. (*),. are
quite different from those of T'<<T*.

§1. Definitions and properties of BV(2).

We present here the definition of the space BV(2) and some proper-
ties of its elements (for more detail, see [1], [2], [6]). Throughout this
section 2 will denote a bounded domain in R® (»n=2) with Lipschitz
boundary.

The space of functions of bounded variation in Q is defined as follows.

BV(Q2)={u € LY(2); Vu € (C3(2))"} .
Here (C{(2))" denotes the dual space of C,(£2)" and its norm is defined by
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| @ |l cgann=sup {@(@); G C(Q)", |G|=1} .

By virtue of Riesz’s representation theorem, we observe that BV(Q) is
the function space consisting of L' functions whose gradient in distribu-
tion sense is a bounded vector-valued Radon measure. BV(£) is a Banach
space under the norm

e llavior =l %l s+ 170
where S |Vui=sup{s udidew;GeC&(Q)",lGlgl}.
Q2 2

In the above definition Sg |Fu| means the total variation of the vector-
valued Radon measure Fu in 2. And it coincides with the norm || Fu | (g0

EXAMPLE 1.1. (1) If w belongs to the Sobolev space W"'(Q2), we
may easily show that

[, 17ul={, 17u@)lde and ullav=%llwtor -
Thus we also see that the Sobolev space W»'(2) is a closed subspace of
BV(Q).

(2) Suppose E be an open subset of 2 with C? boundary. We define
the characteristic function X; of £

Xe(x)=1 if zekF, =0 if xe€Q—F.
Then, the following results are known (see [6]).

%, € BV(Q) , SQ \7Xp|=H._(2N3E) and Xz¢& W"(Q)

where H,_, denotes (n—1)-dimensional Hausdorff measure.
We define the area functional

wy | a+irupe=sup | (@+divGds =G -, 00,
9:€C(), 1=0, ---, m, ggiél}

on BV(R) according to [1], [5].
‘By this definition we may easily show that

(1.2) Sg \Pu|< SD A+ |Fup) §Sg |7+ meas (2)
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where meas (2) denotes the n-dimensional- Lebesgue measure of 2. Fur-
thermore we readily verify that

1.3) Sn A+[Pul)r= Sn A+ [Pu(z) [))*dax for we wW-i(Q) .

We next state about some weak topology on BV(2). We define the
following mapping.

¢: BV(2) — RP(Ci(2)"=(RPC, (D)),
z(u)=(§a udz, Vu) .

It is easily seen that ¢ is an injective continuous linear mapping between
Banach spaces. We identify BV(2) as a subspace of RPB(Ci(2))" endowed
with the weak* topology as the dual space of RPC,(2)". This weak*
topology induces a topology of BV(2) as follows (see [1], [2D.

DEFINITION 1.2. A sequence {u;} of BV(2) converges to u € BV(Q)
in the @w* topology if and only if

lim Sg wdz=\ ude and lim SDG-Vu,:saG-Vu for GeC,Q) .

J—oo J—co
The @* topology has the following properties ([1], [2]).

PROPOSITION 1.3. (1) BV(Q) is a @W*-closed set in RE(C,(Q))".

(2) If a sequence {u;} of BV(R2) converges to we BV(Q) in the w*
topology, then {u;} converges to w in L'RQ).

(8) The closed balls of BV(R) are W*-compact and their topology s
metrizable.

(4) W4 (2) vs w*-dense in BV(R2).

Concerning the boundary value of a function belonging to BV(Q2),
we state the following theorem (see [1], [6]).

THEOREM 1.4. There exists a bounded operator Y (called the trace
operator) from BV(2Q) to L'(2) such that

(1) If weW"'(2), then 7Y(w) coincides with the trace of u in the
sense of the Sobolev space W*'(R2).
(2) For every GeC}(R")" the following formula holds.

[, wdiv de+§q G-ru={_ “/'(u)G-vdH;_l‘ |

where v denotes the outward unit normal vector of 42.
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§2. Lower boundedness of the variational problem.

In this paper we discuss the solvability of the Dirichlet problem for
the quasilinear elliptic equation with a parameter T

(*)r —div {Fu/Q+|Fu®?}=Tc in 2, u=¢ onofR.

Our purpose is to show the existence of the solution of Eq. (*), belonging
to C*(2)NC°R) assuming some kinds of conditions on 2, ¢, ¢ and T if
necessary. Asour approach to this problem we use the variational method.
We consider the following variational problem. ‘ ’ '

Find u, € Wi (Q)={u e W"(2); 7(u)=g}
(2.1); such that I (u;)<I,(v) for all ve Wii(RQ)

where I, (u)= Sa QA+|PupP)*de—T Sa cudzx .

If a solution of Eq. (*), may exist in C*(2)N W}'(2), it becomes a solution
of (2.1);. Conversely, if there exists a solution of (2.1), and it belongs
to C*(2), then it is also a solution of Eq. (*);. However, because the
space W' is not reflexive, the general argument choosing a weakly con-
vergent subsequence from a bounded sequence fails. We overcome this
difficulty by considering the following problem instead of (2.1),.

Find wu,€ BV(2) such that J,(u;)<J:(v) for all veBV(Q)

(2.2)r  where JT(u):.S?(1+|Vu|2)1/2——TSgcudx+§w IY(w)—¢|dH,_, .

From Theorem 1.4 and (1.3) we readily see that I.(u)=J,(u) whenever
u € Wpi(Q), that is, J, is a extension of I, to the space BV(R). The
relation between (2.1); and (2.2), is stated in the following result due to
Williams [14].

PROPOSITION 2.1. Let 2 be a bounded open set of R™ with Lipschitz
boundary and let ce L*(2) and ¢ € L'(02), Then, we have

(2.3) p= inf I,= inf J,= inf J,

whica BV 4(2) BV ()
where BVi(2)={u e BV(Q); v(u)=g}.

The remainder of this section is devoted to prove the following theo-
rem about the existence of a finite infimum g (cf. [11]).

THEOREM 2.2. Let 2 be a bounded domain of R® with Lipschitz
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boundary and suppose that c€ L*(2), c=0 in 2 and ¢ L'(0Q2). Then,
the functional J, is bounded from below on BVy(R2) if and only if

(24) OSTST*=inf {H, (OF)/meas, (E)} where meas, (E)—_~§ cda .
[ E

In the right hand of (2.4) the infimum is taken among open sets of 2
with C* boundary.

Proor. By (1.2) it is sufficient to show that the conclusion holds
for the functional

2.5) (Dr(u)=sa IVul—TSQ cudx+§m ¥ () — g |dH,_,

instead of J,.

We first prove that the condition (2.4) is necessary. It is enough
to show that if 7'>T* there exists a sequence {u,;} of BV,(Q2) such that
lim, .. ®#7(u;)=— . Since T'>T?*, there exist A,>0 and an open set G of
2 with C? boundary such that

(2.6) T>(H,_,(aG)+N\)/meas, (G) .
If 0G intersects with 02, we take an open set
G.={xe Q; dist (z, R*"—G)>¢}, (6>0).

From the result of [9], Appendix we see that 4G, is of class C? for suf-
ficiently small . Furthermore, it is readily shown that (2.6) holds for
such G, by replacing A with smaller one if necessary, Hence, we may
reduce the problem to the case dGNa2 is empty.

By [14], Theorem 1 we take an extension ¢ € W"(Q2) of the boundary
value ¢. We choose a cut off function 7 e C~(R") satisfying

n(x)=1 if xe€ad?, =0 if zeU,

where U is a fixed neighborhood of G such that Uc Q.
We define

u;(x)=7-As(@)+9x)-$(x) (j=1,2, ---)

where X, is the characteristic function of G. Example 1.1 (2) implies
that ;€ BV,(2Q) for all 5. Then,

¢T(u,')=sa |7u5|— T Sa cu,dx ,
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gj(g ]VXGI—TS edz)+C,

2 [
=j(H,_,(0G)— T meas, (@))+C,
<=m+C.

Here C denotes a constant independent of j. Hence, we have

lim @, (u;)=—oo .

J—+0

Conversely, suppose that the condition (2.4) holds. We take an exten-
sion ¢ € W"(2) of ¢ as the preceding case. For ue BV, (2) we set v=
u—¢ and then Y(v)=0. We first consider the case ve C*(2). We set

A)y={re2; [v@)|{>t}, a=%n 20).

Then the following formulas are known (see [5]).

!v(x)|=5: a,(@)dt Sg 17|v|| = S‘” (Sg 7a])at .

Using Sard’s theorem we observe that thg__?_gundary 0A(t) of A(t) is of
class C* for almost all ¢>0. Furthermore A(t)NoR is empty for all ¢>0.
From Example 1.1 (2) we obtain

[, 171011={" H.0aenat,

0

o)) =\"m,_@ama-T Sg o@(| aiwat)is ,

o

B S: {Hn—l("A(t» ~T Sg 6(w>at(x)dx} dt

= S“’ (H._.(0A®)— T meas, (A()}dt =0 .
Hence,
@ (u) =0, (v)— ¢T($) 20 (v])— mr(ﬁ) = "“Qr(&') .
For general element u of BV,(2) we approximate v=u—¢ by smooth
function. Using [6], 2.12 we can choose a sequence {v,;} of C*(2) such
that {v;} converges to v in L'2), lim,.. SQIV'va=SQIV'v| and Y(v;)=
vY(v)=0. Therefore,

D (W) Z D7 (v) — Pr(B) =P (v;) + Pr(v) — Pr(v;) —P($) ,
=0,(|v; )+ D (v)— Dr(v;)— ¢T($) ,
=0 (v)—Pr(v;)— QT(J) .
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Since lim,_.,, &,(v;)=®,(v), we have the desired result
D,(v)=—0($) for all ueBV,(2). Q.E.D.

REMARK 2.3. (1) Using the isoperimetric inequality, we have the
lower estimate for the critical parameter T'*.

2.7) T™*2n(w./meas (2))"-||¢||z%a) >0

where w, denotes n-dimensional Lebesgue measure of a unit ball in R".

(2) Since the functional J, is convex, it cannot attain any critical
value except for the minimum value. Hence, Eq. (*); does not have any
weak solution of W*{(2) for T'>T*.

§ 3. Existence and regularity of solutions of variational problem.

Here we consider the existence and the regularity of solutions of
the variational problem (2.2), for T<T*. We first prove the following
existence theorem. .

THEOREM 3.1. Let 2 be a bounded domain im R with Lipschitz
boundary. Suppose that c€ L=(2) with ¢=0, ¢ L'(02) and 0ST=T"*.
Then, there exists u, € BV(Q) such that u, minimizes the functional J,
on BV(2).

We state the following lemmas which will be needed in the proof of
the above theorem. '

LEMMA 3.2. If a sequence {u;} of BV(R2) converges to we BV(Q) in
the W* topology, then ' '
Jr(u) glir}l inf Jp(u;)
holds.

PrROOF. From [1] the functional L 1+|7u |2)m+§m |7(w)—g|dH,_, is
lower semicontinuous with respect to the @* topology. Hence, using
Proposition 1.3 (2) we have

Jo(u)= SQ A+ [Pu )+ Sw |7(u)— g |dH,_,—T Sg cudz ,

<lim inf {SD (L+|Pa [ + Sw |7(u)—$|dH, .} + lim T SD cu,d

J—oo
LI . |2\1/2 _ _ X
glnjrinf {L A+ |Pu; D2+ gan |Y(u;)—o¢|dH,_,— T SD cu,dx} ,

=1im inf J(u;) . | Q.E.D.

J—oo
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LEMMA 3.8 (Miranda [10]). For any element w of BV(2), the Jollow-
wng inequality holds.

3.1) Sa ju |dz < m(meas (Q)/a),,)‘/"(sg 17w+ Sm 7 () |dH,,_1) .

PROOF OF THEOREM 3.1. By virtue of Theorem 2.2 and T< T*, we
have

p=inf Jp= inf J,>— oo ,

BV (2) BV 4(2)

We choose a minimizing sequence {u;} of BV,(2), that is, J(u;) converges
to ¢ as 5 tends to infinity. We may assume

Or(u;)=J(u;)=C, where C, is a constant independent of ;.

Then we have
(T 1)) =(T*T)=1) | 17,1+ Bn(u) ,
<(TD)-D) | 17w, 00(8) .
[, 1741 S(T*0: )+ Torn@I(T*— D)<,

Where C, is a constant independent of j. Using Lemma 3.3, we obtain
||| 210y = n(meas (2)/@,)"*(C,+ |6 Il z200)) -

Hence, {«;} is bounded in BV(.Q). By Proposition 1.3 (8). There exists a
subsequence {u,} of {u,} which converges to some element u, of BV(Q)
in the @W* topology. Using Lemma 3.2, we obtain

ﬂéJT(uT)glirE inf Jp(u,)=p . Q.E.D.

Concerning with the regularity property of the solution u, of the
variational problem (2.2), obtained in the above theorem, we state the
following theorem, which is derived from the result of Giaquinta [4].

THEOREM 3.4. Let 2 be a bounded domain in R™ with C* boundary
and ¢ € C°02). Suppose that a momnegative function cc CY(2) satisfies

8.2) Te(y)=(n—1)H(y) for any yecoR,

where H denotes the mean curvature of 02 with respect to the inward
unit normal vector of 02. And suppose 0<T<T*. Then, the solution
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ur of (2.2); belongs to C**(A)NC(2) 0=a<l), ur=¢ on 02 and ur is a
unique solution of Eq. (*)r.

REMARK 3.5. (1) In the above theorem if we consider the interior
regularity alone, we may assume that c e C'(2) (see [4).

(2) The condition (3.2) is initially introduced by Serrin [12] and he
shows that (8.2) is necessary to solve Eq. (*), for any boundary value
¢ € C°(092) (see [9], [12]). '

For the further regularity property we have the following theorem
using the result due to Gerhardt [3].

THEOREM 3.6. Let 2 be a bounded domain of R" with C** boundary
for some a>0 and ¢ can be extended to an element of C*»*(2). Suppose
ce C@3) is as in Theorem 3.4 and 0OST<T*. Then, ur,cC**(Q2).

PrROOF. By virtue of Gerhardt’s result ([38], Theorem 3) we first
observe that u,c W>?(2) for any p with n <p<eo. By Sobolev imbedding
theorem u, belongs to C»*2) for some A>0. We may regard Eq. (*)r
as a linear uniformly elliptic equation whose coefficients belong to C*Q2)
and we have the desired result using the regularity theory for linear
elliptic equations. Q.E.D.

ExAMPLE 3.7. Let Q2={reR"; |x|<R}, ¢=0 and c(x)=|z|* (k=0).
Then, the solution u, of Eq. (*), is given by

wr@) =" [P T =l
0=T=T*=(k+n)/R*" .

3.3)

In particular, when ¢=1 we have

(8.4) up(®) = ((*/T*) — | [)"*— ((n*/T*) — R*)"* ,

0T<T*=a/R.
In this case Eq. (*), is also solvable for T=T*. The graph of u, in (3.4)
is a portion of a sphere in R**'. We also see that the solution u, for

T> T* exists in geometric sense but it cannot be represented as a graph
of some function over 2.

§4. The case T'=T"*.

In this section we discuss about the case T'=T*. First we provide
a result on the global regularity property of Eq. (*);~ which is in contrast
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with the case T'<T*.

THEOREM 4.1. Let 2 be a bounded domain of R* with Lipschitz
boundary and let ¢ € L=(2) with ¢=0 and c is not identically zero. Sup-
pose that u e C'(2) 1s a weak solution of the equation

—div {Fu/Q+|Ful?=T* in 2,

where T* 1is as in Theorem 2.2. Then, we have sup, |[Fu|=c, that 18,
u ¢ CY(Q2).

PrOOF. By the definition of the weak solution we have

Fu-Fy e .
S.a (1+|Vu|2)1/2dw_T Sacﬂdw for any 7eCi(®Q) .

Hence,
4.1) T* Sg cvdngSQ |Pplde where M=sgp {(IPul/X+|Fu|®)2} .

Using [6], 2.12 we observe that the above inequality can be extended for
any element 7€ BV(2) with 7(9)=0. Therefore, we choose 7 as follows:
=%z for any Ec with 9FeC?.

Then, we have

T* Sa Xpda=T* meas, (E)< M So P, |=M-H,_GE)
T*<M-H,_,(0FE)/meas, (E) .

In this inequality we take infimum with respect to E. By the definition
of T* and M<1 we obtain

T*<M-T*<T*.
Therefore,
M=sgp {{Ful/A+|rul?)”}=1

holds. This implies that sup, |Fu|= . Q.E.D.

We next treat the solvability of the Eq. (*),.. However, we ecannot
apply the same method for Eq. (*),. as the case T<T*. We so consider
the problem whether the solution u, of Eq. (*), (I'<T*) converges to a
solution of Eq. (*),. as T tends to T*. The behavior of solutions {ur}
(T<T*) is proposed by the following proposition.
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PROPOSITION 4.2. Suppose that T.<T, and w, u,€C*(R2)NC*Q2) are
solutions of (*), for T=T, T, respectively. Then,

u, () <uy(x) for xeR
holds in case ¢ 18 not identically zero.
Proor. By hypothesis T,> T,
4.2) div {Fu/A+ |V u, |} —div (Fu, /A +|Fu, )} <0 .

Using the mean value theorem, we can regard the left hand of (4.2) as
a linear elliptic equation of divergence form for w,—w,, that is, (4.2) can
be written as follows:

(4.3) div {A(x) -V (u,—u,)} =0,
where A(x)=(a‘(x)), a* € C*(2) (1, =1, ---, n) is defined by

tiay—\ (1+IVu,(a;) %) - 045 — 0 ue(2) - 0504, ()
@@=}, { A+ @) )™ e

(%) = U,y () + - (Ua(2) —u, (%))

From the maximum principle we first obtain

ir;f (ug—u,)=0,  that is, u,=%, in 2.

We next consider a set N={x € 2; u,(x)=u,(®)}. We show that N is
open and closed in 2. By continuity of w,, u,, the closedness is evident.
To prove, the openness we use the following weak Harnack inequality
(see [9], Theorem 8.18).

For any y€ 2 and R>0 with B‘R(y)c:.() there exists a constant C>0
such that

B (u—w)desC inf n—w)
Bap(y) Bply)

where B,(y) is a open ball in R* with center y and radius ». If xe N
and we choose R>0 with B,z;(x)C 2, then we obtain ‘

R S (uy—u,)de=C inf (u,—u,)=0.
Bap(2) Bp(z)

From u,=u, we have u,=wu, in B,g(x). This implies the openness of N.

Since 2 is connected, the set N is either empty or 2. Hence, in case ¢

is not identically zero we obtain the desired result. Q.E.D.
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According to the above proposition we observe that the next two
cases may occur about the behavior of u, as T tends to T* in case c is
not identically zero. '

(1) supyu,=<K for some constant independent of T.

(2) supgur,— o as T—T*.

The Example 3.7 is the case (1). Concerning with the case (2) we propose
the following theorem.

THEOREM 4.3. Let 2 be a bounded domain of R with C® boundary
and ¢€C*(5R2) for some a>0. Suppose ceC () satisfying ¢=0, c 18
not identically zero and ' ‘

(4.4) T*e(y)<(n—1)H(y) for all yecof.
‘Then,
(4.5) lim sup up=o0 ,

TYT*

and the FEq. (*)r. does n‘ot have any solution in C*2)NCD).

PrROOF. Contrary to the theorem we assume that there exists a
constant K independent of T such that

s%puT§K for all T<T*.

Combining to Proposition 4.2 the sequence {u,(x)} is bounded and monotone
incr_easing for any x € 2. Hence, the limiting value u,.(x) exists for all
2z € 2 and uq(x)=¢(x) for all x€o2. Furthermore we obtain

uyZ)Sur(e)<K for all T<T* and ze@,
sgplurléCFmax{sgpluol, K} for 0=T=<T*,

where %, is a unique solution of (*), for T'=0. :
We first establish the interior regularity of #,.. We use the following
a priori estimate due to Trudinger ([9], [13)]).
" For any 2'c? the following estimate holds.

|Pur(x)|<C exp {C’ sup (ur(y)—up(x)/d} for xzeQ and T<T*,

where d=dist‘('.9’, 02) and C, C’ denote constant depending on =,
dT* sup, |c| and d*T* sup, [Vel. - :
From this estimate we obtain the uniform gradient estimate

sup |Vuz|=Cym, Cy, d, ¢ lloam) for all T<T*.
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Using the theorem of Ladyzhenskaya-Ural’tseva ([9], Theorem 12.1) we
obtain the uniform Holder estimate on each 2'c 2 of Fu, (I'<T*). Com-
bining with the Ascoli-Arzeld theorem we obtserve that w,. e C“*(Z") for
some B (>0) depending on d, C; and C,. And we have

Vure:VCe __ paorldz=0 for an e CH2
i AT o} y LeCi2),
that is, u,. is a weak solution of —div {Fu/(1+|Ful?)*}=T*c in 2. By
virtue of the regularity theory for linear elliptic equation we have u.. €
C*»%(2) (0=a<1). Since 2'c R is arbitrarily chosen, we have u,. € C**(2)
0=a<l) and

—div (FPurpe/(1+|PurnD*}=T*c in 2.

We next show the continuity of %#,. on the boundary 02. We may
claim the following by applying [9], Theorem 13.15 concerning with the
boundary behavior of solutions {u;} (T'<<T™*).

For any 2,€02 and any €>0, there exists a neighborhood V of 2z,
and a function we C}(2NV)NC(R2NV) satisfying w(x,)=0 and

(4.6) | (o) — d(o) | S € +w(x) + (2/8’)(sg2p [oD]x—a,[*

for all xeVNR and all T<T* where V and w depend on =, 9, C,
llellewa and 2 and 6>0 is chosen so that any pair z, y € 02 with |x—y|<é

implies |¢(x)—¢(¥)|<e.
Making T tends to T'*, we get

| () — (o) | =& +w() + (2/5”)(sagp [ Dlw—2[*

for xe VN Q2. This implies u.. € C°(2).

Thus we construct the solution #,. of Eq. (*) belonging to C*®2)N
C%(2). Furthermore, from the result of Giaquinta [5] we derive that u,.
is Lipschitz continuous on 2. However, this contradicts with Theorem
4.1. Therefore, (4.5) must hold. The rest of the theorem follows

immediately. Q.E.D.

REMARK 4.4. In the above theorem the regularity hypothesis on 2
and ¢ is needed only to apply the result of Giaquinta. His result is ob-
tained by the maximum principle and nice choices of barrier functions.
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