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Introduction

Various number theoretical transformations, such as transformations
for simple continued fraction [1], nearest integers continued fractions [10],
complex continued fractions [2] [7], Jacobi-Perron’s Algorithm [14], etc.,
have the following structure: Let $X\subset R^{n}$ and $T$ be a map of $X$ onto
itself. Then there exist a partition $\{X_{a}:a\in I\}$ of $X$, and a finite number
of range sets $U_{0},$

$\cdots,$ $U_{N}$ such that $ T^{n}(X_{a_{1}}\cap T^{-1}X_{a_{2}}\cap\cdots\cap T^{-(n-1)}X_{a_{n}})\in$

$\{U_{i}:0\leqq i\leqq N\}$ . The system (X, $T,$ $\{U_{0},$
$\cdots,$ $U_{N}\},$ $\{X_{a};a\in I\}$) with such a

structure will be called a number theoretical $t\tau ansformation$ with finite
range $st\gamma uctu\gamma e$ (see the definition in \S 1).

In this paper, we first summarize ergodic properties of number
theoretical transformations with finite range structure which have already
been obtained in [10] and [8]. Namely, Theorem 1 in \S 1 states that the
number theoretical transformation satisfying a transitivity condition and
Renyi’s condition is ergodic, exact, and admits a finite invariant measure
whose density is bounded. Moreover, according to a result of Schweiger
[15], Theorem 2 gives a sufficient condition in order that such a trans-
formation possesses a $\sigma- finite$ invariant measure. The maps defined by

$T_{1}(\theta, \varphi)=(-[-\frac{1}{\theta}]-\frac{1}{\theta},$ $-[-\frac{\varphi}{\theta}]-\frac{\varphi}{\theta})$

and

$T_{2}(\theta, \varphi)=(-[-\frac{1}{\theta}]-\frac{1}{\theta},$ $\frac{\varphi}{\theta}-[\frac{\varphi}{\theta}])$

are interesting examples in view of number theoretical applications [18]
(cf. (3)).
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In \S 3 and \S 5, we verify that these maps are number theoretical
transformations with finite range structure and satisfy conditions of
Theorem 2, and therefore, they possess a-finite invariant measures.

In \S 4 and \S 6, we give the density functions of the invariant
measures $\mu_{1}$ and $\mu_{2}$ for $T_{1}$ and $T_{2}$ explicitly as follows:

$\frac{d\mu_{1}}{dx}=\left\{\begin{array}{ll}\frac{2-\theta}{2(1-\theta)^{2}} & if \theta<\varphi\\\frac{1}{2(1-\theta)} & if \theta>\varphi\end{array}\right.$

$\frac{d\mu_{2}}{dx}=\left\{\begin{array}{ll}\frac{2-\theta}{2(1-\theta)^{2}} & if \theta+\varphi<1\\\frac{1}{2(1-\theta)} & if \theta+\varphi>1.\end{array}\right.$

Our method of determining the density is to construct the dual algorithm
or natural extension [10], [5], [9]. This method is very useful for
determining explicitly the density of an invariant measure in the case of
maps defined on higher dimensional spaces. In the papers [3], [19] the
densities of invariant measures for some number theoretical transforma-
tions on a 2-dimensional space were computed by using this method.

\S 1. A class of number theoretical transformations.

In this section, we propose a class of transformations, whose element
will be called a number theoretical transformation with finite range
$structu\gamma e$ .

Let $Y$ be a bounded measurable subset with piecewise smooth
boundary of $R^{n}$ and $x(\cdot)$ be the normalized Lebesgue measure on Y. Let
$I$ be a countable set. In this section, let us consider a map $S:Y\rightarrow Y$

satisfying the following conditions:

(0) There exists a countable partition $\xi=\{Y_{a}:a\in I\}$ with an index set
$I$ elements $Y_{a}$ of which are measurable and connected subsets of $Y$

with piecewise smooth boundary such that $S|_{Y_{a}}$ is injective, of class
$C^{1}$ and $\det(DS|_{Y_{a}})\neq 0$ .

We introduce some notations and definitions: A cylinder of rank $n$ with
respect to $S$ is defined by

$Y_{a_{1}\cdots a}=Y_{a_{1}}\cap S^{-1}Y_{a_{2}}\cap\cdots\cap S^{-(n-1)}Y_{a_{r}}$ if
$(Y_{a_{1}})^{o}\cap(S^{-1}Y_{a_{l}})^{o}\cap\cdots\cap(S^{-tn-1)}Y_{a})^{o}\neq\emptyset$ .

$\mathscr{L}^{(n)}$ denotes the family of all cylinders $Y_{a_{1}\cdots a_{\hslash}}$ of rank $n$ , and $\mathscr{L}$ denotes
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$\bigcup_{n=1}^{\infty}\mathscr{L}^{(n)}$ . If $Y_{a_{1}\cdots a_{n}}\in \mathscr{L}^{(n)}$ , we call the sequence $(a_{1}, \cdots, a_{n})$ S-admis-
sible. Denote the set of all S-admissible sequences of length $n$ by $A(n)$ .

Using the notation as above, we give the definition of number
theoretical transformation with finite range structure as follows.

For a map $S$ satisfying (0), if there exists a finite number of subsets
$V_{0},$

$\cdots,$ $V_{N}$ of $Y$ with positive measure such that for each $n$ and for all
$(a_{1}\cdots a_{n})\in A(n)$

$S^{n}Y_{a_{1}\cdots a_{n}}\in\{V_{0}, \cdots, V_{N}\}$ ,

then we call $S$ a number theoretical transformation with finite range
structure. Hereafter, we denote such a system by $(Y,$ $S,$ $\{V_{0}, \ldots, V_{N}\}$ ,
$\{Y_{a}:a\in I\})$ throughout this paper. In case there exists $k\geqq 0$ such that
all range sets are $\mathscr{L}^{(k)}$ -measurable, that is,

$V_{i}=..\bigcup_{Y_{a_{1}a_{k^{\subset V_{i}}}}}Y_{a_{1}\cdots a_{k}}$ for all $i$ with $0\leqq i\leqq N$ ,

we call $S$ a number theoretical $transfo\gamma mation$ with Markov $structu\gamma e$

and call such a system $(Y, S, \{V_{0}, \cdots, V_{N}\}, \{Y_{a};a\in I\})$ a number theoretical
Markov system (abbrev. N. M. S.). In particular, in case $k=0$ , that is,
$S^{n}Y_{a_{1}\cdots a_{r\iota}}=Y$ for all $n$ and $(a_{1}\cdots a_{n})\in A(n)$ , we call such an $S$ a number
theoretical transformation with Bernoulli structure.

We write $\Psi_{a}$ for $(S|_{Y_{a}})^{-1}$ and define inductively

$\Psi_{a_{1}\cdots a_{n}}=\Psi_{a_{1}\cdots a_{n-1}}\circ\Psi_{a}$ .
Thus $\Psi_{a_{1}\cdots a_{h}}$, is a map of $S^{n}Y_{a_{1}\cdots a}$ onto $Y_{a_{1}\cdots a}$ for all $(a_{1}\cdots a_{n})\in A(n)$ , and
the domain of $\Psi_{a_{1}\cdots a_{n}}$ is contained in $\{V_{0}, \cdots, V_{N}\}$ .

Given a constant $C\geqq 1$ , we call a cylinder $Y_{a_{1}\cdots a}$ an “R.C-cylinder”
if it satisfies “Renyi’s condition”, i.e.

$\sup_{xeS^{n}Y_{a_{1}a}}\ldots|\det D\Psi_{a_{1}\cdots a_{n}}(x)|\leqq C\inf_{xeS^{n}Y_{a1a}}\ldots$ $|\det D\Psi_{a_{1}\cdots a_{n}}(x)|$ .
$R(C.S)$ denotes the set of all $R$ .C-cylinders.

With the above notation, we give the next theorem which is an
improvement of Nakada’s theorem [8] due to Waterman [21].

THEOREM 1. Suppose that $(S, Y, \{V_{0}, \ldots, V_{N}\}, \{Y_{a};a\in I\})$ is a number
theoretical transformation with finite range structure and satis.fies the
following conditions:

(C.1) (transitivity condition):
$V_{0}=Y$ and $ fo\gamma$ each $j$ with $0\leqq j\leqq N$, there exists a $Y_{a_{1}\cdots a_{j}}\subset V_{j}$

and $S\cdot jY_{a_{1}\cdots a_{\iota_{j}}}=Y$.
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(C.2) (generator condition):

Vil:$=1S^{-n}\xi=\epsilon$ , i.e. the part,ition into points.
(C.8) (Renyi’s condition):

There exists a constant $C\geqq 1$ such that $R(C.S)=\mathscr{L}$

Then $S$ is ergodic, exact with respect to $\lambda$ and admits a finite invariant
measure $ v\sim\lambda$ such that its dens’ity is bounded above and below.

Before proving Theorem 1, we give a remark and several lemmas.

REMARK 1. The following formula will be used often throughout
this paper.

$Y_{a_{1}\cdots a_{k}a_{k+1}\cdots a_{n}}=\Psi_{a_{1}\cdots a_{k}}(S^{k}Y_{a_{1}\cdots a_{k}}\cap Y_{a_{k+1}\cdots a_{n}})$

if
$(S^{k}Y_{a_{1}\cdots a_{k}})^{o}\cap(Y_{a_{k+1}\cdots a_{n}})^{o}\neq\emptyset$

Thus we find the following symbolical property:
$(a_{1}\cdots a_{n})eA(n)$ if and only if $(a_{1}\cdots a_{k})\in A(k),$ $(a_{k+1}, \cdots, a_{n})eA(n-k)$ ,

and $(S^{k}Y_{a_{1}\cdots a_{k}})^{o}\cap(Y_{a_{k+1}\cdots a_{n}})^{o}\neq\emptyset$ .
LEMMA 1.1. Put $s=L.C.M_{1\leq j\leq N}\{s_{j}\}$ . Then $ fo\gamma$ each $j$ there exists a

$Y_{a_{1}\cdots a}$. such that

$Y_{a_{1}\cdots a}\subset V_{j}$ and $SY_{a_{1}\cdots a}=Y$ .
PROOF. By using Remark 1, we can easily verify that

$Y_{a_{1_{\vee}^{a_{j}\cdots a_{1_{\vee}^{a}\cdot j}}}}\ldots\ldots$ Is well defined, and $S^{l}Y_{a_{1_{\vee\vee}}\cdots\cdots a_{j}}=Y$ . $\square $

LEMMA 1.2. Put $A^{0}(n)=\{(a_{1}\cdots a_{n})eA(n):S^{n}Y_{a_{1}\cdots a}=Y\}$ . Then,

$ fo\gamma$ any $Y_{\iota_{1}\cdots\iota_{k}}\in \mathscr{L}^{(k)}$ there exists
$Y_{\iota_{1}\cdots\iota_{k^{a_{1}\cdots\iota}}}$. such that $Y_{\iota_{1}\cdots\iota_{k^{a_{1}\cdots a}}}\in A^{0}(k+s)$ .

PROOF. Let $S^{k}Y_{b_{1}\cdots b_{k}}=V_{j}$ . Lemma 1.1 implies that there exists
$Y_{a_{1}\cdots a}$ which is contained in $V_{j}$ and so the result follows from Remark 1
immediately. $\square $

Thus, for all $n\geqq s$ , we have $ A^{0}(n)\neq\emptyset$ . Next, for the proof of
Theorem 1, we need the following lemma, which corresponds to the
condition $(q)$ in [21].

LEMMA 1.3. There is a constant $D$ such that $ fo\gamma$ any $Y_{a_{1}\cdots a_{k}}$ and all
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$m\geqq s$ ,

$(a_{1}^{1}\cdot\cdot a_{k}b_{1}\cdots b_{m})eA^{0}(k+m)\sum_{(b\cdot.\cdot\cdot b_{m});}x(Y_{a_{1}\cdots a_{k}b_{1}\cdots b_{m}})\geqq D\lambda(Y_{a_{1}\cdots a_{k}})$

.

In $particula\gamma,$ $\sum_{(b_{1}\cdots b_{m})eA^{0}(m)}x(Y_{b_{1}\cdots b_{tn}})\geqq D$ .
PROOF OF LEMMA 1.3. For convenience, we denote $a(n)=(a_{1}\cdots a_{n})$ ,

$b(m)=(b_{1}\cdots b_{n})$ , and $a(n)b(m)=(a_{1}\cdots a_{n}b_{1}\cdots b_{m})\in A(n+m)$ . First, let us
suppose $m=s$ . Using the fact from Remark 1 that

(1) $\{b(s):Y_{b(\epsilon)}\in\approx \mathscr{G}^{(\epsilon)}, a(k)b(s)\in A^{0}(k+s)\}$

$\supset$ {$b(s):b(s)\in A^{0}(s),$ $Y_{b(\epsilon)}\subset S^{k}$ Y. $(k)$ } ,

we obtain from (C.3)

$b(l):\sum_{a(k)b(\epsilon)eA^{0}(k+\epsilon)}\lambda(Y_{a(k)b(\epsilon)})\geqq_{b(\epsilon):}\sum_{Y_{bt\epsilon)}\subset s_{0}^{k_{Y_{a(k)}}}}\lambda(\Psi_{a(k)}Y_{b(\epsilon)})$

$\geqq$

$\sum_{b(\epsilon);,Y_{b(\epsilon)}\subset s^{k_{Y_{a(k)}}}}\int_{Y_{b(\delta)}}b(\iota)eA^{0}(\epsilon)|\det D\Psi_{a(k)}(x)|dx(x)$

$\geqq_{b(\epsilon):}\sum_{Y_{b(8)}\subset S^{k}Y_{a(k)}}$

$x(Y_{b(s)})\cdot\frac{x(Y_{a(k)})}{C}$ .
$b(\epsilon)eA^{0}(\epsilon)$

Put $V_{j}=S^{k}Y_{a(k)}$ . Then by Lemma 1.1 there exists
$\tilde{b}_{j}(s)\in A^{0}(s)$ such that $Y_{b_{j}(\epsilon)}^{\sim}\subset V_{j}$ ,

and hence

$a(k)b(\epsilon)eA^{0}(k+\epsilon)\sum_{b(\epsilon):}x(Y_{a(k)b(g)})\geqq\frac{x(Y_{b_{j}(\epsilon)}^{\wedge})}{C}\cdot x(Y_{a(k)})$ .

Put $D=C^{-1}\min_{1\leqq j\leqq N}\{x(Y_{b_{j}(g)}^{\sim})\}$ . Then we have

(2)
$a(k)b(\epsilon)eA^{0}(k+\epsilon)\sum_{b(\iota);}x(Y_{a(k)b(\epsilon)})\geqq D\cdot x(Y_{a(k)})$

.

Next we prove the lemma in case $m>s$ . Let $(b_{1}\cdots b_{m-\epsilon})$ be S-admis-
sible such that $a(k)b_{1}\cdots b_{m-\epsilon}\in A(k+m-s)$ . Then by Lemma 1.1 there
exists $(b_{m-\epsilon+1}\cdots b_{m})$ such that $(b_{m-\epsilon+1}\cdots b_{m})\in A^{0}(s)$ and $ S^{k+m-\iota}Y_{a(k)b_{1}\cdots bm-\epsilon}\supset$

$Y_{b_{m-\epsilon+1}\cdots b_{m}}$ . This implIes

$a(k)b_{1}\cdots b_{m-\epsilon}b_{m-\epsilon+1}\cdots b_{m}\in A^{0}(k+m)$ ,
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so we obtain the following:

$B(k)b(n)\sum_{\dot{i}_{(n)eA^{0}(k+n)}}\lambda(Y_{a(k)b(n)})$

$\geqq\sum_{atk)b_{1}\cdots b_{n\cdot-}eAtk+’ n-\cdot)}b_{1}\cdots b_{\alpha\cdot-l}:(b_{n_{k},s\mp nl}lb\sum_{Y_{a(}}eA^{0}t.\cdot)x(Y_{a(k)b_{1}\cdots b_{m-}.b_{m-\cdot+1}\cdots b_{m}}))$ .
From this and (2), we have

$ 2_{(k)b(n)eA^{0}(kn)}^{tr*):}\sum_{+\prime}x(Y_{a(k)b(*)})\geqq$
$\sum_{(b_{1}\cdots b_{n-):},a\{k\}b_{1}\cdots b_{n-l}eAtk+m-\cdot)}(D\cdot x(Y_{a(k)b_{1}\cdots b_{\hslash-}},))$

$=D\cdot x(Y_{(k)})$ . $\square $

PROOF OF THEOREM 1. First we prove the ergodicity. Suppose that
$S^{-1}E=E$ and $\lambda(E)>0$ . For all $m\geqq 0$ and $a(m)\in A(m)$ ,

$\lambda(E\cap Y_{a(n*)})\geqq\sum_{(n)b(\cdot)eA^{0}(\alpha\cdot+\cdot)}!^{t\cdot):}\int_{r_{\epsilon(f\hslash)b()}}I_{E}(x)dx(x)$

where $I_{B}$ is the indicator function of $E$.
Since $S^{-1}E=E$ , we obtain

$x(E\cap Y_{a(r*)})\geqq_{b(l) ,a(n:}\sum_{)b(l)eA^{0}t*+\cdot)}\int_{Y_{0(m)b(\cdot)}}I_{E}(S^{m+}x)dx(x)$

$=\sum_{l,a((*)b(l)e4^{0}t\alpha+\cdot)}\int_{r}|\det D\Psi_{a\{n\cdot)b(\cdot)}(x)|I_{B}(x)dx(x)$ .
By (C.3) we have

$\int_{Y}|\det D\Psi_{a(n)b(\cdot)}(x)|I_{B}(x)dx(x)\geqq\frac{1}{C}x(Y_{a(n)b(\cdot)})\cdot x(E)$ ,

and so by Lemma 1.3
$x(E\cap Y_{a(m)})\geqq C^{-1}\cdot D\cdot x(Y_{a(’*)})\cdot x(E)$ .

It follows from this that $S$ is ergodic with respect to N.
Next we show the existence of an invariant measure. By Lemma 1.3

we obtain for all $k\geqq s$

$x(S^{-k}E)=\sum_{a(k)eA(k)}x(S^{-k}E\cap Y_{a(k)})$

$=\sum_{atk)eA(k)}\int_{E\cap s^{k_{Y_{a(k)}}}}|\det D\Psi_{a(k)}(x)|dx(x)$

$\geqq\sum_{a(k)eA^{0}(k)}\int_{E}|\det D\Psi_{a(k)}(x)|dx(x)$
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$\geqq\sum_{a(k)eA^{0}(k)}\lambda(Y_{a(k)})\frac{x(E)}{C}$

$\geqq C^{-1}\cdot D\cdot\lambda(E)$ .
On the other hand, since for any $a(k)\in A(k)$

$\inf_{xeY_{l(k)}}|\det D\Psi_{a(k)}(x)|\cdot x(S^{k}Y_{a(k)})\leqq x(Y_{a(k)})$

holds, by (C.3) we see

$x(S^{-k}E)\leqq\sum_{a(k)eA(k)}\sup|\det D\Psi_{a(k)}(x)|\cdot x(E)$

$\leqq\sum_{a(k)eA(k)}C$
. inf ldet $D\Psi_{a(k)}(x)|\cdot\lambda(E)$

$\leqq\sum_{a(k)eA(k)}\frac{x(Y_{a(k)})}{x(S^{k}Y_{a(k)})}\cdot C\cdot x(E)$

$\leqq(\min_{1\leq j\leq N}x(V_{\dot{9}}))^{-1}\cdot C\cdot x(E)$ .
Put $G=\max\{C(\min_{j}x(V_{j}))^{-1}, CD^{-1}\}$ . Then we have

$G^{-1}\cdot x(E)\leqq x(S^{-k}E)\leqq G\cdot x(E)$ for all $k\geqq s$ .
This inequality implies that there exists an invariant measure $\mu$ and

the measure $\mu$ is equivalent to N.
The proof of exactness is similar to that of Theorem 5.3 in [21] and

is, therefore, omitted. $\square $

At the end of this section, we make a remark on the assumptions
made in Theorem 1, and give examples of number theoretical transforma-
tions with finite range structure.

For various number theoretical transformations, the assumptions of
Theorem 1 are satisfied. On the other hand, we also know some examples
not satisfying them, that is, examples for which $S^{n}Y_{a_{1}\cdots a_{n}}\neq Y$ for any
$Y_{a_{1}\cdots a_{n}}\in \mathscr{L}$ They sometimes appear in the dual algorithm. In view of
these examples, we weaken the assumption (C.1) of Theorem 1, and
obtain an analogue of Theorem 1 as follows.

THEOREM 1*. Suppose that $(Y, S, \{V_{0}, \cdots, V_{N}\}, \{Y_{a};a\in I\})$ is a
number theoretical $transfo\gamma mation$ with .finite range structure and the
following condit,ions are satisfied:

(C.l)* $The\gamma e$ exist $V_{n_{1}},$ $\cdots,$ $V_{n_{k}}$ and $Y=\bigcup_{i=1}^{k}V_{n},$ . And for each $ pai\gamma$

$V_{j}$ and $V_{n_{i}}$ , there exists a $Y_{a^{(j,i)}(*j)}\in \mathscr{L}$ such that $Y_{a^{(j,i)}t\cdot j)}\subset V_{j}$

and $SjY_{a^{(j,i)}t\iota_{j)}}=V_{n_{i}}$ .
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(C.2)* $_{n=1}^{\infty}S^{-n}\xi=\epsilon$ .
(C.3)* There exists a constant $C\geqq 1$ such that $R(C.S)=\mathscr{L}$

Then $S$ is ergodie, exact with respect to $\lambda$ and admits a finite invaria $nt$

measure $\nu\sim\lambda$ such that its density is bounded.

The proof of this theorem is quite similar to that of Theorem 1, and
hence it is omitted.

A typical and important example of number theoretical transforma-
tion with Bernoulli structure satisfying the conditions (C.1) and (C.2) is
a simple continued fraction transformation [12]. The transformation
which induces n-adic expansion or decimal expansions [6] are included in
this class.

As examples of N.M.S. satisfying the conditions (C.1), (C.2) and (C.3),
we mention the nearest integer continued fraction transformation [10],
Jacobi-Perron algorithm [14] and a skew product transformation $T_{1}$ of
$(0,1)^{2}$ defined by

$T_{1}(x, y)=(\frac{1}{x}-[\frac{1}{x}],$ $\frac{y}{x}-[\frac{y}{x}])$ ([3]).

We remark that a nonsingular continued fraction expansion [10], which
gives a dual algorithm to the nearest integer continued fraction trans-
formation, is a simple example of N.M.S. satisfying $(C.1)^{*}$ , (C.2), and
(C.3).

As examples of number theoretical transformations with finite range
structure satisfying the conditions (C.1), (C.2) and (C.3), we know complex
continued fraction expansions on $Z(i)$ or $Z((1+\sqrt{3i})/2)$ ([2], [8], [17]) and
a skew product transformation $T_{2}$ of $(0,1)^{2}$ defined by

$T_{2}(x, y)=(\frac{1}{x}-[\frac{1}{x}],$ $-[-\frac{y}{x}]-\frac{y}{x})$ ([3]).

\S 2. Number theoretical transformations with $a\cdot finite$ invariant
measure.

In \S 1, we have treated the class of maps which satisfy “Renyi’s
condition”, (C.3). On the other hand, we can find many interesting
examples not satisfying (C.3). For this reason, we direct our attention
now to the class of maps which do not satisfy (C.3).

Now let (X, $T,$ $\{U_{0},$ $\cdots,$ $U_{N}\},$ $\{X_{a}:a\in I\}$) be a number theoretical
transformation with finite range structure and assume that the conditions
(C.1), (C.2) are satisfied.



NUMBER THEOBETICAL TRANSFORMATIONS 9

Given a constant $C\geqq 1$ . We define

$\mathscr{G}_{n}=$ { $X_{a_{1}\cdots a_{n}}\in \mathscr{L}^{(n)}$ : $X_{a_{1}\cdots a_{j}}\in \mathscr{L}\backslash R(C.T)$ for $1\leqq j\leqq n$} ,
$D_{n}=$ $\cup$ $X_{a_{1}\cdots a}$ ,

$X_{a_{1}\cdots a_{n}}e\ovalbox{\tt\small REJECT}_{n}$

$\beta_{n}=$ { $X_{a_{1}\cdots a_{n}}\in Z^{(n)}$ : $X_{a_{1}\cdots a_{n-1}}\in \mathscr{G}_{n-1},$ $X_{a_{1}\cdots a_{n}}\in R$(C. $T$)},

$B_{n}=\bigcup_{ex_{a_{1}\cdots a_{n}}\beta_{n}}X_{a_{1}\cdots a_{n}}$
.

It is easy to see that for each $n\bigcup_{j=1}^{n}B_{j}\cup D_{n}$ is a disjoint covering of $X$.
Using the above notations, we prove the following theorem.

THEOREA 2. Suppose that (X, $T,$ $\{U_{0},$
$\cdots,$ $U_{N}\},$ $\{X_{a}:a\in I\}$) is a number

theoretical transformation with finite range structure and the conditions
(C.1), (C.2) are satisfied. Assume that there is a constant $C\geqq 1$ such that

$(C.3)_{a}$ $\lim_{n\rightarrow\infty}x(D_{n})=0$ ,
$(C.3)_{b}$ if $X_{a_{1}\cdots a_{n}}\in R(C.T)$ , then $X_{b_{1}\cdots b_{k}a_{1}\cdots a_{n}}\in R(C.T)$ for any

$(b_{1}\cdots b_{k}a_{1}\cdots a_{n})\in A(k+n)$ ,
(C.3), there is an element of the $pa\gamma tition,$ $X_{a}$ such that

$TX_{a}=X$ and $X_{a}\in R(C.T)$ .
Then $T$ is ergodic with $\gamma espect$ to $\lambda$ and admits $a$ a-finite invariant
measure $\mu\sim x$ .

REMARK 2. If we replace $(C.3)_{a}$ by

(C.3)’ $\sum_{n=1}^{\infty}\lambda(D_{n})<\infty$ ,

then $\mu$ is finite.

In case $T$ has a Bernoulli structure, that is,

$T^{k}X_{a_{1}\cdots a_{k}}=X(=U_{0})$ for all $k$ and $X_{a_{1}\cdots a_{k}}$ ,

F. Shweiger obtained the same result as this theorem in ([15]). Therefore
this theorem is a generalization of Schweiger’s. But the process of the
proof is essentially that of Schweiger’s ([15], [16]).

LEMMA 2.1. Any cylinder is within a set of $\lambda$-measure zero a disjoint
union of R.C-cylinders.

PROOF. Since $X=\bigcup_{j=1}^{m}B_{j}UD_{m}$ , if $X_{a(n)}\in Z\backslash R(C.T)$ and $T^{n}X_{a(n)}=U_{i}$

then we see
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$X_{a(n)}=\Psi_{\epsilon(n)}(X\cap U_{i})$

$=\bigcup_{\dot{g}=1}^{n}\Psi_{a(n)}(B_{j}\cap U)\cup\Psi_{a(n)}(D_{n}\cap U_{i})$

$=\cup n$
$\cup$ $\Psi_{a(n)}(X_{b(j)}\cap U_{i})\cup\Psi_{a(n)}(D_{n}\cap U_{i})$

$j=1X_{b(j)}e\beta_{j}$

$=\cup n$
$\cup$ $X_{a(n)b(j)}\cup\Psi_{a(n)}(D_{n}\cap U)$ .

$j=1X_{l(j)}e\beta_{j}$

$(C.3)_{a}$ and $(C.3)_{b}$ imply $X_{a(n)b(j)}\in R(C.T)$ and $\lim_{n\rightarrow\infty}x(\Psi_{\iota(n)}(D_{n}\cap U))=0$ .
Thus Lemma 2.1 is proved. $\square $

REMARK 3. $X=\bigcup_{j=1}^{\infty}B_{j}$ $(mod 0)$ .
Now let us consider a new map $T_{R}$ defined by

(3) $T_{R}x=T^{j}x$ for $xeB_{j}$ .
Then, $T_{R}$ can be considered as a map of $\bigcup_{j=1}^{\infty}B_{j}$ with a partition indexed
by

$J=\bigcup_{n=1}^{\infty}\{(a_{1}\cdots a_{n})\in A(n):X_{a_{1}\cdots a_{\hslash}}\in\beta_{n}\}$ .

Hereafter for $\alpha=(a_{1}\cdots a_{n})\in J$ we denote

$X_{a}=X_{a_{1}\cdots a_{\hslash}}$ .
It is easy to see that a cylinder $X_{\alpha_{1}\cdots\alpha_{*}}$ of rank $n$ with respect to $T_{R}$ is
given by

(4) $X_{\alpha_{1}\cdots\alpha_{n}}=X_{a_{1}^{1}\cdots a_{k(1)}^{1}\cdots a_{1}^{n}\cdots a_{k(n)}^{n}}$ ,

where $\alpha_{1}=(a_{1}^{1}\cdots a_{k(1)}^{1}),$ $\cdots,$
$\alpha_{n}=(a_{1}^{n}\cdots a_{ktn)}^{n})$ , and

$T_{R}^{n}(X_{\alpha_{1}\cdots\alpha_{*}})=T^{k(1)+\cdots+k(n)}(X_{a_{1}^{1}\cdots a_{k\{n)}^{n}})$ .
Therefore

$T_{R}^{n}(X_{\alpha_{1}\cdots\alpha})\in\{U_{0}, U_{1}, \cdots, U_{N}\}$ for all $n\geqq 1$ and $X_{\alpha_{1}\cdots\alpha_{n}}$ .
Put $\{U_{0}^{\prime}, \cdots, U_{K}^{\prime}\}=$ { $T_{R}^{n}(X_{\alpha_{1}\cdots\alpha_{\hslash}})$ : all $n\geqq 1$ and all $X_{\alpha_{1}\cdots\alpha_{\hslash}}$}. Then the system
$(\bigcup_{g=1}^{\infty}B_{j}, T_{R}, \{U_{0}^{\prime}, \cdots, U_{K}^{\prime}\}, \{X_{a};\alpha eJ\})$ is a number theoretical transforma-
tion with finite range structure.

LEMMA 2.2 (Main lemma). $(\bigcup_{j=1}^{\infty}B_{j}, T_{R}, \{U_{0}^{\prime}, \cdots, U_{r}^{\prime}\}, \{X:\alpha\in J\})$ satis-
fies the assumptions of Theorem 1.
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To prove (C.2) we prepare the next sublemma. (See [15]).

SUBLEMMA. Let $\mathscr{F}^{(n)}$ denote the $\sigma$-algebra $gene\gamma ated$ by all the
cylinders of rank $n$ with respect to $T$ and let $\ovalbox{\tt\small REJECT}=_{n=1}^{\infty}\mathscr{G}^{-(n)}$ denote $ thei\gamma$

join. And define $\mathscr{G}_{R}^{-}=_{n=1}^{\infty}\mathscr{G}_{R}^{-(n)}simila\gamma ly$ with respect to $T_{R}$ . Then
$-\mathscr{F}=\mathscr{F}_{R}$ .

PROOF. It is clear that $\mathscr{G}_{R}^{-}\subset\ovalbox{\tt\small REJECT}$ Hence to prove Sublemma it
suffices to show that every cylinder with respect to $T$ is a disjoint union
of cylinders with respect to $T_{R}$ . The equality $D_{n}=B_{n+1}\cup D_{n+1}$ shows $D_{n}=$

$\bigcup_{k=1}^{\infty}B_{n+k}mod 0$ . If $X_{a_{1}\cdots a_{n}}\in \mathscr{G}_{n}$ , then

$X_{a_{1}\cdots a_{n}}=\bigcup_{k=1}^{\infty}(\bigcup_{X_{b(n+k)}e\beta_{n+k}}X_{b(n+k)}\cap X_{a_{1}\cdots a_{n}})$

$k=1b^{\cup}P_{a_{1}\cdots a_{*}n+1}^{+\cdots b:}1n_{b}+kbn+k^{e\beta_{n+k}}$

$=\cup$$(\infty X_{a_{1}\cdots a_{n}b_{n+1}\cdots b,+k})$ $(mod 0)$ .

Let $X_{a_{1}\cdots a}\not\in \mathscr{G}_{n}$ . Then there is a maximal $k_{0}\in[1, n]$ such that $ X_{a_{1}\cdots a_{k}}\in$

$R(C.T)$ . The condition $(C.3)_{b}$ implies that $X_{a_{k_{0+1}}\ldots a_{n}}\in \mathscr{G}_{n-k_{0}}$ . In fact if
$X_{a_{k_{0+1^{\cdot}}}\cdot\cdot a_{\iota}}\not\in \mathscr{G}_{n-k_{0}}$ , then there is a number $l<n$ such that $X_{a_{1}\cdots a_{k_{0}}a_{k_{0+1^{\cdot}}}\cdot\cdot a_{l}}e$

$R(C.T)$ by $(C.3)_{b}$ . This contradicts the choice of $k_{0}$ . Thus

$X_{a_{k_{0+1^{\cdot}}}\cdot\cdot a}=\bigcup_{k=1}^{\infty}B_{n-k_{0}+k}\cap X_{a_{k_{0+1^{\cdot}}}\cdot\cdot a_{n}}$ $(mod 0)$ ,

and hence

$X_{a_{1}\cdots a_{\hslash}}=X_{a_{1}\cdots a_{k_{0}}}\cap\tau^{-k_{0}}(\bigcup_{k=1}^{\infty}B_{n-k_{0}+k}\cap x_{a_{k_{0+1^{\cdot}}}\cdot\cdot a_{n}})$

$mod 0$ . This gives a disjoint union representation by cylinders with
respect to $T_{R}$ .

PROOF OF LEMMA 2.2. Using Sublemma, we can verify that the
system $(\bigcup_{j=1}^{\infty}B_{j}, T_{R}, \{U_{0}^{\prime}, \cdots, U_{M}^{\prime}\}, \{X_{\alpha};\alpha\in J\})$ satisfies (C.2) immediately.
From the definition of $T_{R}$ , (4) and $(C.3)_{b}$ , we can also verify that the
system satisfies (C.3). For each $1\leqq j\leqq M$, from the condition (C.1) of
(X, $T,$ $\{U_{0},$

$\cdots,$ $U_{N}\},$ $\{X_{a};a\in I\}$ ) we find a cylinder $X_{a_{1}\cdots a_{\iota j}}$ such that

$X_{a_{1}\cdots a_{j}}\subset U_{j}^{\prime}$ and $X_{a_{1}\cdots a_{j}}\in A^{0}(s_{j})$ .
Let $X_{a}$ satisfy (C.3),. Then by Remark 1 we see $ X_{a_{1}\cdots a_{*j}a}\neq\emptyset$ and
$Tj+1X_{a_{1}\cdots a_{sj}a}=X$. Further we can see that there are $\alpha_{1},$ $\cdots,$

$\alpha_{\iota}\in J$ such
that $X_{a_{I}\cdots a_{j}a}=X_{\alpha_{1}\cdots\alpha l}$ . Indeed if $X_{a_{1}\cdots a_{\iota j}}=X_{b(k)a_{(\iota_{j}}-k)}$ , where $b(k)=$

$(\alpha_{1}\cdots\alpha_{m})\in J^{m}$ and $X_{dt\iota_{j-k)}}\in \mathscr{G}_{l}j-k$
’ then by (C.3), $X_{d(}.\neq\emptyset j^{-k)a}$ and
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$X_{d(\iota_{j-k)a}}\in\beta_{j-k+1}$ . Thus for all $U_{j}^{\prime}$ there exists a $X_{a_{1}\cdots a_{\iota fl}}\subset U_{j}^{\prime}$ such that

$T_{R}^{\iota}X_{\alpha_{1}\cdots a_{1}}=X$ and $X_{a_{1}\cdots\alpha_{l}}\in R(C.T_{R})$ .
This completes the proof of Lemma 2.2. $\square $

PROOF OF THEOREM 2. The proof is similar to that of theorem 4
and 5 in [15], and so we give only a sketch of the proof. It follows
from Lemma 2.2 that $T_{R}$ is ergodic with respect to $\lambda$ and admits a finite
invariant measure $\nu\sim\lambda$ .

Let $T^{-1}E=E$ , then the relation

$T_{R}^{-1}E=\bigcup_{n=1}^{\infty}(B_{n}\cap T^{-n}E)$

implies $T_{R}^{-1}E=E$. Therefore $T$ is ergodic too. We put $D_{0}=\bigcup_{n=1}^{\infty}B_{n}$ and
define

$\mu(A)=\sum_{n=0}^{\infty}\nu(D_{n}\cap T^{-n}A)$ .
Then we can see $\mu(T^{-1}A)=\mu(A)$ , since $D_{0}=X$ and $\nu$ is an invariant
measure for $T_{R}$ .

For every $X_{a(’ n)}\in R(C.T)$ from $(C.3)_{b}$ , we have

$\bigcup_{X_{k(n)}ee_{n}}(T^{-n}X_{a(m)}\cap X_{k(n)})=\bigcup_{X_{k(n)}e\ovalbox{\tt\small REJECT}}X_{k(n)a(n*)}$

$\subseteqq D_{n}\backslash D_{n+n}$ .
Therefore

$\mu(X_{a(m)})\leqq\sum_{n=0}^{\infty}\nu(D_{n}\backslash D_{n+m})$

$=\sum_{n=1}^{n*-1}\nu(D_{n})<\infty$ .
Thus for $X_{a(n)}\in\beta_{m}$ the measure $\mu(X_{a(’ n)})$ is finite. Since $\bigcup_{J=0}^{\infty}B_{\dot{f}}=Xmod 0$ ,
this implies that $\mu$ is a a-finite invariant measure. This completes the
proof of Theorem 2. $\square $

If $\sum_{n=1}^{\infty}\lambda(D_{n})<\infty$ , the following inequality shows that $\mu$ is finite:

$\mu(A)\leqq\nu(A)+\sum_{n=1}^{\infty}\nu(D_{n})$

for any measurable set $A$ .
We have the next result which corresponds to Theorem 1*.
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THEOREM 2*. Suppose that (X, $T,$ $\{U_{0},$
$\cdots,$ $U_{N}\},$ $\{X_{a}:a\in I\}$) is the

number theoretical transformation with finite range $structu\gamma e$ and satisfies
(C.2), $(C.3)_{a},$ $(C.3)_{b}$ and the following conditions:

(C.l)** There exists $U_{n_{1}},$ $\cdots,$ $U_{n_{k}}$ and $X=\bigcup_{i=1}^{k}U_{n_{i}}$ .
And for each $j$ with $0\leqq j\leqq N$, there exists a $X_{a_{1}\cdots a_{\iota j}}$ such that
$X_{a_{1}\cdots a_{\epsilon j}}\subset U_{\dot{f}}$ and $T^{j}X_{a_{1}\cdots a_{\epsilon_{j}}}=X$.

(C.3)* There $a\gamma eX_{\epsilon_{1k}}\cdots X_{l}$ such that $X_{0_{l}}\in R(C.T)$ and $TX_{0_{l}}=U_{n_{l}}$

$(l=1\cdots K)$ .
Then $T$ is ergodic with respect to $\lambda$ and admits a $\sigma- finite$ invariant
measure $\mu\sim x$ .

The proof of this theorem is quite similar to that of Theorem 2.
Therefore it is omitted.

A typical and important example of number theoretical transforma-
tions with Bernoulli structure satisfying the conditions (C.1), (C.2) and
(C.3) is a transformation $T$ of $(0,1)$ defined by $Tx=-[-(1/x)]-(1/x)$ .
The density of the invariant measure is known:

$h(x)=\frac{1}{1-x}$ .

This transformation is conjugate to a transformation $T$ defined by $Tx=$

$(x/(1-x))(mod 1)$ , whose invariant measure has the density given by
$\Psi(x)=1-x$ ([11]).

As an example of number theoretical transformations with Bernoulli
structure satisfying (C.1), (C.2) and (C.3)’, we mention the transforma-
tion $T$ of $D$ defined by

$T(x, y)=(\frac{1}{x}-[\frac{1-y}{x}]-[-\frac{y}{x}],$ $-[-\frac{y}{x}]-\frac{y}{x})$ ,

where

$D=\{(x, y);0\leqq y\leqq 1, -y\leqq x<-y+1\}$ ,

which induces a inhomogeneous linear approximation. The density of the
invariant measure is known:

$h(x, y)=\frac{1}{2\log 2(1-x^{2})}$ ([4]).

As an example of N.M. $S$ which satisfies the conditions (C.1) (C.2) and
(C.3)’ we mention the complex continued fraction transformation of
$Z(1+i)$ ([19]). More detailed investigation will be found in [20].
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In the rest of this paper, we will give two examples of number
theoretical transformations with finite range structure satisfying (C.1),
(C.2), $(C.3)_{a},$ $(C.3)_{b}$ and (C.3),. We remark that one of the examples is
N.M.S.

\S 3. Definition of a map $T_{1}$ and its ergodic properties.

In this section we give the first example which satisfies conditions
of Theorem 2.

Let $X=\{(\theta, \varphi):0\leqq\theta, \varphi<1\}$ and functions $a(\theta)$ on $[0,1]$ and $b(\theta, \varphi)$ on
$X$ be defined by

(5) $a(\theta)=-[-\frac{1}{\theta}]$ and $b(\theta, \varphi)=-[-\frac{\varphi}{\theta}]$ ,

where $[x]=\max\{n;n\leqq x, n\in Z\}$ . Let us define a map $T_{1}$ of $X$ onto itself
by

(6) $T_{1}(\theta, \varphi)=(-\frac{1}{\theta}+a(\theta),$ $-\frac{\varphi}{\theta}+b(\theta, \varphi))$ . (See Figure 1).

It is well known that the first coordinate map $(\theta\mapsto-(1/\theta)+a(\theta))$ has a
a-finite invariant measure whose density is $(1/(1-\theta))$ . We define for
$(\theta, \varphi)\in X$ the sequences $a_{n}=a_{n}(\theta)$ and $b_{n}=b_{n}(\theta, \varphi)$ by $a_{n}(\theta)=a(\gamma_{n-1}(\theta))$ and
$b_{n}(\theta, \varphi)=b(\gamma_{n-1}(\theta), s_{n-1}(\theta, \varphi))$ , where $\gamma_{n}(\theta)$ and $s_{n}(\theta, \varphi)$ are components of
$T_{1}^{n}(\theta, \varphi)$ , that is,

$(r_{n}(\theta), s_{n}(\theta, \varphi))=T_{1}^{n}(\theta, \varphi)$ $(n\geqq 0)$ .
Note that $T_{1}^{n}(\theta, \varphi)\not\in X$ may occur for some $n$ . To avoid these difficulties
we must consider the Algorithm on the restricted set

(7) $X_{T_{1}}=$ { $(\theta,$ $\varphi)\in X:T_{1}^{n}(\theta,$ $\varphi)\in X$ for $n=1,2,$ $\cdots$ }.

Since the Lebesgue measure of this set $X_{T_{1}}$ is equal to 1, we denote for
convenience $X_{r_{1}}$ by $X$ throughout this paper. From the definition of
$a_{i}(\theta),$ $b_{i}(\theta, \varphi),$ $\gamma_{i}(\theta)$ and $s_{i}(\theta, \varphi)$ it is easy to see that $a_{i}(\theta)\geqq 2$ and for
each $(\theta, \varphi)\in X$

(8)
$\theta=\frac{1}{a_{1}(\theta)-\frac{1}{a_{2}(\theta)-}}$

.
$-\frac{1}{a_{n}(\theta)-\gamma_{n}(\theta)}$
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$\varphi=\sum_{k=1}^{n}(-1)^{k-1}\theta\theta_{1}\cdots\theta_{k-1}b_{k}(\theta, \varphi)$

$+(-1)^{n}\theta\theta_{1}\cdots\theta_{n-1}s_{n}(\theta, \varphi)$ ,
where

$\theta_{k-1}=\frac{1}{a_{k}(\theta)-\frac{1}{a_{k+1}(\theta)-}}$
.

$-\frac{1}{a_{n}(\theta)-r_{n}(\theta)}$

We denote

(9) $\frac{p_{n}(\theta)}{q_{n}(\theta)}=\frac{1}{a_{1}(\theta)-}$ $(n\geqq 1)$ .

$-\frac{1}{a_{n}(\theta)}$

(10) $\alpha_{n}(\theta)=q_{n}(\theta)\cdot\theta-p_{n}(\theta)$ $(n\geqq 1)$ .
Then we have

(11) $\left\{\begin{array}{l}q_{n}(\theta)=a_{n}(\theta)q_{n-1}(\theta)-q_{n-2}(\theta)\\p_{n}(\theta)=a_{n}(\theta)p_{n-1}(\theta)-p_{n-2}(\theta)\end{array}\right.$

where $(q_{0}(\theta), q_{-1}(\theta))=(1,0)$ and $(p_{0}(\theta), p_{-1}(\theta))=(0, -1)$ , and
(12)

$q$

$\theta\cdot\theta_{1}\cdot\theta_{2}\cdots\theta_{n}=\alpha_{n}(\theta)$ .
In the sequel for simplicity we sometimes write $a_{n},$ $b_{n},$ $p_{n},$ $q_{n},$ $\gamma_{n}s_{n}$ , and $\alpha_{n}$

for $a_{n}(\theta),$ $b_{n}(\theta, \varphi),$ $p_{n}(\theta),$ $q_{n}(\theta),$ $r_{n}(\theta),$ $s_{n}(\theta, \varphi)$ and $\alpha_{n}(\theta)$ , respectively. By
induction we can easily see that

(13) $q_{n+1}=a_{n+1}q_{n}-q_{n-1}>q_{n}$ .
Thus the sequence $\{q_{n}\}_{n\geq 1}$ is monotone increasing. From the identity (9)
and the relation (11) and (12), it follows that the expansion (8) of
$(\theta, \varphi)\in X$ can be written in the form

$\theta=\frac{p_{n}-\gamma_{n}p_{n-1}}{q_{n}-r_{n}q_{n-1}}$ ,
(14)

$\varphi=\sum_{k=1}^{n}(-1)^{k-1}\alpha_{k-1}b_{k}+\frac{(-1)^{n}s_{n}}{q_{n}-\gamma_{n}q_{n-1}}$ .
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We call $p_{n}/q_{n}$ and $\sum_{k=1}^{n}(-1)^{k-1}\alpha_{k-1}b_{k}$ the n-th approximants of $\theta$ and $\varphi$

respectively, with respect to the algorithm $T_{1}$ . The second expression
of (14) represents the approximation of the real number $\varphi$ corresponding
to the following geometric picture:

It is easy to see that

$A^{1}(n)=\{\left(\begin{array}{ll}a_{1}(\theta)\cdot\cdot & a_{n}(\theta)\\b_{1}(\theta,\varphi)\cdot\cdot & b_{n}(\theta,\varphi)\end{array}\right):(\theta, \varphi)\in x\}$ ,

and for an n-tuple of pairs $(_{b_{1}}^{a_{1}}$ . : : $a_{n)}b_{n}$

$x_{(_{b_{1}\cdots b_{n}}^{a_{1}\cdots a_{n}})}=\{(\theta, \varphi):\left(\begin{array}{l}a_{i}(\theta)\\b_{i}(\theta,\varphi)\end{array}\right)=\left(\begin{array}{l}a_{i}\\b_{i}\end{array}\right)$ , $1\leqq’\dot{\iota}\leqq n\}$

is a cylinder of rank $n$ with respect to $T_{1}$ in the sense of \S 2. Moreover
we can easily verify that each $T_{1}$-admissible sequence $(_{b_{1}\cdot\cdot b_{n}}^{a_{1}.\cdots a_{n}})\in A^{1}(n)$

satisfies the following:
(A) $a_{i},$

$b$ are positive integers such that

$a_{i}\geqq 2$ , $a_{i}\geqq b_{i}\geqq 1$ $(1\leqq i\leqq n)$ ,

(B) if $a_{i}=b_{i}$ , then $b_{i+1}\neq 1$ .
Let $U_{1}$ be the set { $(\theta,$ $\varphi):0<\theta<1$ and $\theta<\varphi\leqq 1$ } and $U_{0}=X$. Then

$T_{1}X_{()}a=b\left\{\begin{array}{ll}U_{0} & if a\neq b\\U_{1} & if a=b,\end{array}\right.$

and

(15)
$U_{1}=.\cdot.\cdot.\cup x_{(;;.)}(b^{1}a_{b_{\iota}i_{\iota}^{b}}a_{l})eA^{1}(n)b_{1}^{7}b_{n}^{l}a\cdot a$

.

Moreover we have

LEMMA 3.1. For $(_{b_{1}}^{a_{1}}$ . ’ ’

$a_{n)}b_{n}\in A^{1}(n)$ , we have
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(3.1) $\tau_{1}^{n}x_{(b_{1}^{1}\cdots b_{n}^{n})}a\cdots a=\left\{\begin{array}{ll}U_{0} & if a_{n}\neq b_{n}\\U_{1} & if a_{n}=b_{n}.\end{array}\right.$

that is, the $transfo\gamma mationT_{1}$ is a number theoretical transformation
with Markov $st\gamma uctu\gamma e$ .

We denote sometimes $(_{b_{1}\cdot b_{n}}^{a_{1}.\cdots.a_{n}})\in A^{1}(n)$ by $(_{b(n)}^{a(n)})$ for the sake of sim-
plicity.

Now for each $(_{b(n)}^{a(n)})\in A^{1}(n)$ we define a map
$\psi_{(_{b(n}^{a(\pi}\})}$

by

$\psi_{(_{b(n)}^{a\{n)})^{(\theta,\varphi)}}=(\frac{p_{n}-p_{n-1}\theta}{q_{n}-q_{n-1}\theta},\sum_{k=1}^{n}(-1)^{k-1}\theta_{0}(\theta)\theta_{1}(\theta)\cdots\theta_{k-1}(\theta)b_{k}$

$+(-1)^{n}\theta_{0}(\theta)\cdots\theta_{n-1}(\theta)\varphi)$ ,

where

$\theta_{k-1}(\theta)=\frac{1}{a_{k}-}$ $(1\leqq k\leqq n)$ .

$\frac{1}{a_{n}-\theta}$

From (14) and Lemma 3.1 we see that the map
$\varphi_{(_{b}^{a}\}_{n)}^{n)})}$

is the inverse map
of $T_{1}^{n}$ on $T_{1}^{n}X$ $=U_{0}$ or $U_{1}$ ,

$(_{b(n)}^{a(n)})$

$\psi_{(_{b(n)}^{a(n)})}(\tau_{\iota}^{n}x_{()}a(n))=X_{()}b(n)a(n)b(n)$ ’

and on each $U_{i}(i=0,1)$ its Jacobian $J(\psi_{()}a(n))b(n)$ is

(16) $J(\psi_{()}a(n))(\theta, \varphi)b(n)=\frac{1}{(q_{n}-q_{n-1}\theta)^{8}}$

LEMMA 3.2. Let $C=2^{3}$ . Then for $each\left(\begin{array}{l}a(n)\\b(n)\end{array}\right)\in A^{1}(n)$ such that $a_{n}\neq 2$

we have

$\sup$ $J(\psi_{()}a(n))(\theta, \varphi)<Cb(n)$
$\inf$

$J(\psi_{()}a(n))(\theta, \varphi)b(n)$ ’

$(\theta,\varphi)eT_{1}^{n}X(ab(n))$ $(\theta,\varphi)eT_{1}^{\pi}X(ab(n))$

that is,
$x_{(_{b_{1}^{1}}^{a}:::_{b_{n}}^{a}’\cdot)}$ for $a_{n}\neq 2$ belongs to $R(C, T_{1})$ .

PROOF. The result follows from the following inequalities:
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$\frac{1}{q_{n}^{a}}<\frac{1}{q_{n}^{3}(1-\frac{q_{n-1}}{q_{n}}\theta)^{8}}=\frac{1}{q_{n(}^{8}1-\frac{1}{a_{n}-\frac{q_{n-2}}{q_{n-q}}}\theta)^{8}}<\frac{1}{q_{n}^{8}}$

. $2^{8}$ . $\square $

LEMMA 3.3. For $C=2^{8},$ $\mathscr{G}_{n}$ defined in \S 1 satisfies
$\sum_{X_{\epsilon\langle\sim)}e\ovalbox{\tt\small REJECT}_{\alpha}}\lambda(X_{a(n)})\rightarrow 0$ as $ n\rightarrow\infty$ ,

where $\lambda$ is the Lebesgue measure on $X$.
PROOF. Let $\mathscr{G}_{n}^{\prime}$ be

$\mathscr{G}_{n}^{\prime}=\{X_{(:::)}222;(b_{\iota}\cdots b_{n})=(1\cdots 1,2\cdots 2), 0\leqq k\leqq n\}b_{1}b_{2}b_{\hslash\overline{k}\overline{n-k}}$

Then from Lemma 3.2, (A) and (B) we have $\mathscr{G}_{n}\subset \mathscr{G}_{n}^{\prime}$ . Therefore to prove
Lemma 3.3 it suffices to prove

$\sum$
$x(X_{()}a(n))b(n)\rightarrow 0$ as $ n\rightarrow\infty$ .

$x(_{b(n)}^{rtn)})^{e\ovalbox{\tt\small REJECT}^{\prime}}$

By Lemma 3.1 and (16) we obtain

$x\sum_{(_{1(n)}^{a(n)})^{eg_{n}^{\prime}}}x(X*\{n)l(n)$
$\int\nu_{(\iota(n\})^{tU_{1})}(:::)^{tU_{0})}}dx+\int_{\psi}dxa(n)111222$

$X(_{b(n)}^{a\{n)})^{e\ovalbox{\tt\small REJECT}_{n}^{\prime}}$

$<n\cdot\int\int_{\sigma_{1}}\frac{d\theta d\varphi}{(q_{n}-q_{n-1}\theta)^{8}}+\int\int_{\sigma_{0}}\frac{d\theta d\varphi}{(q_{n}-q_{n-1}\theta)^{8}}$ .
Note that $q_{n}=n+1$ if $a_{1}=a_{2}=\cdots=a_{n}=2$ . Therefore we have

$X(a(n))^{e\ovalbox{\tt\small REJECT}_{*}^{\prime}}\sum_{1(n)},x(X_{()}ab((nn)))\leqq n\int\int_{\sigma_{1}}\frac{d\theta d\varphi}{(n+1-n\theta)^{8}}+\int\int_{\sigma_{0}}\frac{d\theta d\varphi}{(n+1-n\theta)^{8}}$

$=\frac{1}{8n}+\frac{1}{16n^{2}}$ .
This completes the proof of Lemma 3.3.

COROLLARY 3. The partition $\{X_{()}n;n\left(\begin{array}{l}m\\n\end{array}\right)\in A^{1}(1)\}$ is a generator with
respect to the map $T_{1}$ .

PROOF. Let $Y$ be the set:

$Y=$ { $(\theta,$ $\varphi)\in X$; there exists $n=n(\theta,$ $\varphi)$ such that $a_{n}(\theta)=2$ for all $m\geqq n$}.
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Then from the proof of Lemma 8.3 we see that $x(Y)=0$ . Since for
$(\theta, \varphi)\in X\backslash Y$ there exist infinitely many $n_{k}$ such that $a_{n_{k}}(\theta)\geqq 3$ , we have

$q_{n_{k}}-q_{n_{k}-1}=(a_{n_{k}}-1)q_{n_{k^{-1}}}-q_{n_{k^{-2}}}$

$\geqq 2q_{n_{k}-1}-q_{n_{k^{-2}}}>q_{n_{k-1}}$ .
Thus

(17) $\lim_{n\rightarrow\infty}(q_{n}-q_{n-1})=\infty$ .
(14) and (17) imply that if $(\theta, \varphi)\in X\backslash Y$, then

$\lim_{n\rightarrow\infty}(\frac{p_{n}}{q_{n}},\sum_{k=1}^{n}(-1)^{k-1}\alpha_{k-1}b_{k})=(\theta, \varphi)$ .
This gives Corollary 3. $\square $

With these facts in hand, we can now verify the assumptions of
Theorem 2 immediately, and obtain the following.

THEOREM 3. The map $T_{1}$ on $X$ is ergodic with respect to $\lambda$ and
admits $a$ a-finite $inva\gamma iant$ measure $\mu_{1}\sim x$ .

\S 4. Dual algorithm and natural extension of a map $T_{1}$ .
In this section, we construct a natural extension $\overline{T}_{1}$ of the map $T_{1}$

by means of a dual algorithm and derive the invariant density function
for $T_{1}$ explicitly. We define

$D=\{(\xi, \eta):0\leqq\xi<1, \xi<\eta<\xi+1\}$ , $E=\{(\xi, \eta):0\leqq\xi<1, \xi<\eta<1\}$ ,

and the sets $D_{mn}$ , which will be called the basic neighbourhood of the
integer vector $(m, n)$ , as follows:

$D_{mn}=\left\{\begin{array}{ll}D-(m, n) & for m\geqq n and n\neq 1\\E-(m, n) & for n=1\end{array}\right.$

where

$D-(m, n)=\{(\xi, \eta)-(m, n):(\xi, \eta)\in D\}$

and

$E-(m, n)=\{(\xi, \eta)-(m, n):(\xi, \eta)\in E\}$ .
These neighbourhoods $\{D_{mn}:m\geqq n\geqq 1, m, n\in N\}$ give a disjoint covering of
the domain $R=\{(\xi, \eta):\xi<-1, \xi<\eta<0\}$ ; that is, $ D_{mn}\cap D_{m\eta},=\emptyset$ for $(m, n)\neq$



20 SHUNJI ITO AND MICHIKO YURI

$(m^{\prime}, n^{\prime})$ and $\bigcup_{(m.n)}D_{nn}=R$ .
Now we define a map $T_{1}^{*}:$ $D\rightarrow D$ which will be called a “dual algorithm

with respect to $T_{1}$
’ as follows:

$T_{1}^{*}(\xi, \eta)=(m-\frac{1}{\xi}$, $n+\frac{\xi-\eta}{\xi})$ if $(-\frac{1}{\xi},$ $\frac{\xi-\eta}{\xi})\in D_{nn}$ .
Note that this map $\tau_{1}*is$ constructed from a map $S:(\xi, \eta)->(-1/\xi, (\xi-\eta)/\xi)$

and the map $S$ satisfies $S(D)=R$ . (See Figure 2).
Let functions $c(\xi),$ $d(\xi, \eta)$ on $D$ be defined by

$\{$$d(\xi,\eta)=nc(\xi)=m$ if $(-\frac{1}{\xi},$ $\frac{\xi-\eta}{\xi})\in D_{mn}$

and define for $(\xi, \eta)\in D$ the sequences $c_{n}(\xi)$ and $d_{n}(\xi, \eta)$ by $c_{n}(\xi)=c(t_{n-1}(\xi))$

and $d_{n}(\xi, \eta)=d(t_{n-1}(\xi), u_{n-1}(\xi, \eta))$ for $n\geqq 1$ where $t_{n}(\xi)$ and $u_{n}(\xi, \eta)$ are the
components of $(T_{1}^{*})^{n}(\xi, \eta)$ , that is, $(t_{n}(\xi), u_{n}(\xi, \eta))=(T_{1}^{*})^{n}(\xi, \eta)(n\geqq 0)$ . For
each $(\xi, \eta)\in D$ we denote $(_{d_{1}^{1}(\xi,\eta),d_{n}(\xi,\eta)}^{c(\xi),\cdots.\cdot.\cdot.\cdot c_{n}(\xi)})$ by $(_{d_{1}^{1}d_{n}^{n}}^{c\cdot.\cdot.\cdot.c})$ for convenience.

We can easily see that the sequence of integer vectors $(_{d_{\iota}^{1}}^{c}$ . : : $cd_{n}^{n)}$ satisfies
the following properties:

(A) $c_{i},$ $d_{i}eN$ and $c_{i}\geqq d_{i}\geqq 1$ ,
(B) if $d_{i}=1$ , then $d_{i+1}\neq c_{i+1}$ .

This implies that $(_{d_{n}^{n},d_{n-1}^{n-1}}^{c,c}’,$ $cd_{1}^{1)eA^{1}(n)}$ , that is, the sequence of integer

vector ( . : $:_{d_{n}^{n}}^{C}$) is a word dual to the one in $A^{1}(n)$ (or the word in $A^{1}(n)$

read backwards); in other words, the map $\tau_{1}*is$ the dual algorithm with
respect to $T_{1}$ . Now we consider for each $(m, n)$ the map

$\varphi_{(_{n}^{m})}$
and its

range $Y_{(_{n}^{n})}$ , which will be the inverse map of $\tau_{1}*and$ the domain of $\tau_{1}*$ ,

respectively, i.e., we define by

$\varphi_{(_{n}^{m})}(\xi, \eta)=(\frac{1}{m-\xi},$ $\frac{(n+1)-\eta}{m-\xi})$ on $D$ for $m\geqq n\geqq 2$

and define similarly on $E$ for $n=1$ . We denote $\varphi_{(_{n}^{m})}(D)$ and $\varphi_{(_{n}^{m})}(E)$ by

$Y_{(_{n}^{m})}$ . By the definition of $\tau_{1}*$ we see that the family $\{Y_{()}m:m\geqq n\geqq 1\}n$

has the following properties:
(a) $\{Y_{()}m:m\geqq n\geqq 1\}n$ is a partition of $D$ , that is, $Y_{(_{n}^{m})}\cap Y_{(_{n}^{m^{l}},)}=\emptyset$ if

$(m, n)\neq(m^{\prime}, n^{\prime})$ and $\cup Y_{()}m=Dn$

(b) $\{Y_{()}n:m\neq n\}n$ is a partition of $E$ , that is, $U_{m\neq n}Y_{()}n=En$

(c) $T_{1}^{*}(Y_{()}n)=n\left\{\begin{array}{ll}D & if m\geqq n\geqq 2\\E & if n=1.\end{array}\right.$
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We put $V_{(_{n}^{m})}=T_{1}^{*}(Y_{()}fn)n$ and $U_{(_{n}^{m})}=T_{1}(x_{()}m)n$ and let the set $M$ be
defined by

$M=\{(\xi, \eta, \theta, \varphi)\in Y\times X;\left(\begin{array}{ll}c_{1}(\xi) & a_{1}(\theta)\\d_{I}(\xi,\eta) & b_{1}(\theta,\varphi)\end{array}\right)\in A^{1}(2)\}$ .
Then, the set $M$ is seen to have the following two partitions:

$M=\cup V_{()}m\times x_{()}(nm)eA^{1}(1)nnm$

$=\cup Y_{()}m\times U_{\langle)}(_{n}^{n})eA^{1}(1)nnm$
.

Now we define the map $T_{1}:M\rightarrow M$ as follows:

$\overline{T}_{1}(\xi, \eta, \theta, \varphi)=(\varphi_{()}m(\xi, \eta)nT_{1}(\theta, \varphi))$

$=(\frac{1}{m-\xi},$ $\frac{(n+1)-\eta}{m-\xi},$ $m-\frac{1}{\theta},$ $n-\frac{\varphi}{\theta})$

for $(\xi, \eta, \theta, \varphi)\in V_{(_{n}^{m})}\times x_{()}mn$

THEOREM 4. The map $\overline{T}_{1}$ defined above is a natural extension of
$T_{1}$ , and it has an $inva\gamma iant$ measure $\overline{\mu}$ such that

$\frac{d\overline{\mu}}{d\overline{\lambda}}=\frac{C}{(1-\xi\theta)^{3}}$ ,

where X is the Lebesgue measure on $M$, furthermore, $T_{1}$ is ergodic.

PROOF. By the definition of $\overline{T}_{1}$ and from the properties (A) and (B)
we can show that for each $V_{(_{n}^{m})}\times x_{()}mn\overline{T}_{1}$ is a one to one map of $V_{(_{n}^{n})}\times x_{()}*$

onto $Y_{(_{n}^{m})}\times U_{(_{n}^{m})}$ . Therefore the map $\overline{T}_{1}$ is a natural extension of $T_{1}$ . $Le^{n}t$

the kernel function $K(\xi, \eta, \theta, \varphi)$ on $M$ be deflned by

$K(\xi, \eta, \theta, \varphi)=\frac{1}{(1-\xi\theta)^{3}}$ .
Then, since the Jacobian $J\overline{T}_{1}(\xi, \eta, \theta, \varphi)=1/((m-\xi)^{s}\theta^{s})$ we have the following:

$K(\overline{T}_{1}(\xi, \eta, \theta, \varphi))\cdot|J\overline{T}_{1}(\xi, \eta, \theta, \varphi)|$

$=\frac{1}{(1-\frac{1}{m-\xi}(m-\frac{1}{\theta}))^{\epsilon}}$

.
$\frac{1}{(m-\xi)^{8}\theta^{8}}$

$=K(\xi, \eta, \theta, \varphi)$
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for each $(\xi, \eta, \theta, \varphi)eV_{()}nn\times x_{()}nn$

This means that $K(\xi, \eta, \theta, \varphi)$ is an invariant density function for $\overline{T}_{1}$ .
Ergodicity of $\overline{T}_{1}$ is due to Theorem in [13]. $\square $

COROLLARY 4. The map $T_{1}$ of $X$ has the foZlowing $inva\gamma iant$ density

function:

$\frac{d\mu_{1}}{d\lambda}=\left\{\begin{array}{ll}\frac{2-\theta}{2(1-\theta)^{2}} & if \theta<\varphi\\\frac{1}{2(1-\theta)} & if \theta>\varphi.\end{array}\right.$

PROOF. The result is obtained by calculating

$\int\int_{D}\frac{d\xi d\eta}{(1-\xi\theta)^{8}}$ and $\int\int_{B}\frac{d\xi d\eta}{(1-\xi\theta)^{8}}$ . $\square $

\S 5. Definition of the map $T_{2}$ and its ergodic properties.

In this section we give another number theoretical algorithm $T_{2}$ which
is similar to the algorithm $T_{1}$ . This algorithm gives us an example of
number theoretical transformation with finite range structure (not Markov
structure).

Let $X=\{(\theta, \varphi);0\leqq\theta, \varphi<1\}$ and functions $a(\theta)$ on $[0,1]$ and $b(\theta, \varphi)$ on
$X$ be defined by

$a(\theta)=-[-\frac{1}{\theta}]$ and $b(\theta, \varphi)=[\frac{\varphi}{\theta}]$ .

Let us define a second map $T_{2}$ of $X$ onto itself by

$T_{2}(\theta, \varphi)=(a(\theta)-\frac{1}{\theta},$ $\frac{\varphi}{\theta}-b(\theta, \varphi))$ . (See FIgure 3).

Let $\gamma_{n}(\theta)$ and $s_{n}(\theta, \varphi)$ be given by $(r_{n}(\theta), s_{n}(\theta, \varphi))=T_{2}^{n}(\theta, \varphi)(n\geqq 0)$ and let
$a_{n}(\theta)=a(\gamma_{n-1}(\theta)),$ $b_{n}(\theta, \varphi)=b(r_{n-1}(\theta), s_{n-1}(\theta, \varphi))(n\geqq 1)$ . Then we have the
following expansions similar to (12) in \S 3:

$\left\{\begin{array}{l}\theta=\frac{p_{n}-\gamma_{n}(\theta)q_{n-1}}{q_{n}-r_{n}(\theta)q_{n-1}}\\\varphi=\sum_{k=1}^{n}\alpha_{k-1}(\theta)b_{k}(\theta, \varphi)+\frac{s_{n}(\theta,\varphi)}{q_{n}-\gamma_{n}(\theta)q_{n-1}}\end{array}\right.$

where $p_{n},$ $q_{n}$ are as in \S 3. The second identity above, which gives the
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approximation of the real number $\varphi$ by means of the algorithm $T_{2}$ ,
corresponds to the following geometric picture:

Now we put

$A^{2}(n)=\{\left(\begin{array}{lll}a_{1}(\theta) & \cdots & a_{n}(\theta)\\b_{1}(\theta,\varphi)\cdot & & b_{n}(\theta,\varphi)\end{array}\right):(\theta, \varphi)\in x\}$ .

We can easily see that each $T_{2}$-admissible sequence, $(_{b_{1}\cdot\cdot b_{n}}^{a_{1}.\cdots a_{n}})\in A^{2}(n)$ ,
satisfies the following properties:

(A) $a_{i}\in N,$ $b_{i}\in N\cup\{0\}$ , and $a_{i}>b_{i}$ ,
(B) if there exists a $k(1\leqq k\leqq n-1)$ such that $\alpha_{k}-b_{k}=1$ , then

$a_{k+1}-b_{k+1}\geqq 2$ , and if there exists a $j(1\leqq j\leqq n-k-1)$ such that
$a_{k+i}-b_{k+i}=2$ for $1\leqq i\leqq j$ , then $a_{k+j+1}-b_{k+j+1}\geqq 2$ .

The set of $T_{2}$-admissible sequences $A^{2}(n)$ can be decomposed as follows:
$A^{2}(n)=B_{0}(n)\cup Bi(n)$ , where

$B_{0}(n)=\{\left(\begin{array}{lll}a_{1} & \cdots & a_{n}\\b_{1} & \cdots & b_{n}\end{array}\right)a_{k}\backslash \}$

and

$B_{1}(n)=\dagger_{a_{k}-b_{k}=land}\left(\begin{array}{lll}a_{1} & \cdots & a_{n}\\b_{1} & \cdots & b_{n}\end{array}\right)\in A^{2}(n);thereexistsaka_{j}(-1b_{j}\leqq k=\leqq 2nf_{0})rsukch<that\}$ .

In $particular-B_{0}(1)=\{$

the above definitions
$(_{b_{1}}^{a_{1}});a_{1}-b_{1}\geqq 2\}$ and $B_{1}(1)=\{$

and multi-Markov properties

$(_{b_{1}}^{a_{1}});a_{1}-b_{1}=1\}$ .
, we have

With

LEMMA 5.1.

(5.1.1) If $\left(\begin{array}{lll}a_{1} & \cdots & a_{n+1}\\b_{1} & \cdots & b_{n+1}\end{array}\right)\in B_{0}(n+1)$ and $a_{n+1}-b_{n+1}=2$ , then

$\left(\begin{array}{lll}a_{1} & \cdots & a_{n}\\b_{1} & \cdots & b_{n}^{-}\end{array}\right)\in B_{0}(n)$ .
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(5.1.2) If $\left(\begin{array}{lll}a_{1} & \cdots & a_{n+1}\\b_{1} & \cdots & b_{n+1}\end{array}\right)\in B_{1}(n+1)$ , then

$\left\{\begin{array}{l}[Matrix] eB_{9}(n)a_{n+1}-b_{n+1}=1\\[Matrix]\in B_{1}(n)a_{n+1}-b_{n+1}=2\end{array}\right.$

We denote sometimes $(_{b_{1}}^{a_{1}}$ . : $b_{n}^{n)}a\in A^{2}(n)$ by $(_{b(n)}^{a(n)})$ for the sake of

simplicity. Let us define for $(_{b_{1}\cdot\cdot b_{n}}^{a_{1}.\cdots a_{n}})\in A^{2}(n)$

$X_{(_{b(n)}^{l(n1})}=X_{(;;_{b_{l}^{n}})}a_{1}\cdot a=b_{1}\cdot\{(\theta, \varphi):\left(\begin{array}{l}a(\theta)\\b(\theta,\varphi)\end{array}\right)=\left(\begin{array}{l}a_{i}\\b_{l}\end{array}\right)$ , $1\leqq i\leqq n\}$ .

Then $\{$

$ U_{1}=\{(\theta$

$x_{(_{b(n)}^{a(n)})};(_{b(n)}^{a(n)})\in A^{2}(n)\}$ forms a partition of $X$. Let $U_{0}=X$ and
, $\varphi$) $\in X;\theta+\varphi\leqq 1$}, then we have

LEMMA 5.2.

(5.2) $\tau_{2}^{n}x_{()}a(n)=b(n)U_{i}$ if $\left(\begin{array}{l}a(n)\\b(n)\end{array}\right)\in B_{i}(n)$ $(i=0,1)$ .
PROOF. By induction on $n$ . If $n=1$ , then by the definition of $T_{2}$ ,

$\tau_{2}x_{()}a_{1}=b_{1}\left\{\begin{array}{ll}U_{0} & if a_{1}-b_{1}\geqq 2\\U_{1} & if a_{1}-b_{1}=1.\end{array}\right.$

Suppose that (5.2) holds for all $1\leqq k\leqq n$ . Then, if $(_{b(n}^{a(n}\ddagger^{1)}1$

)$)\in B_{0}(n+1)$

it follows from (5.1.1) that

$T_{2}^{n+1}X_{(\ddagger^{1)})}g(n=T_{2}(\tau_{2}^{n}x_{()}\iota(n)\cap x_{(b_{n+1})}a+1)\iota(n1)b(n)$

$=\left\{\begin{array}{ll}T_{2}(U_{0}\cap x_{()}a_{n+1})b_{\hslash+1} & or T_{2}(U_{1}nx_{(b_{\hslash+1})}a+1) when a_{n+1}-b_{n+1}>2\\T_{2}(U_{0}\cap X_{(\cdot\ddagger_{1}^{1})}a)b_{n} & when a_{n+1}-b_{n+1}=2\end{array}\right.$

$=U_{0}$ .
If $(_{b(n+1)}^{a(n+1)})eB_{1}(n+1)$ , it follows from (5.1.2) that

$T_{2}^{n+1}X_{(\ddagger^{1)})}l\{n=b(n1)\left\{\begin{array}{ll}T_{2}(U_{0}\cap x_{(b_{n+1}^{n+1})}a) & when a_{n+1}-b_{n+1}=1\\T_{2}(U_{1}\cap X_{(,)}a_{l+1})b+1 & when a_{n+1}-b_{n+1}=2\end{array}\right.$
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$=U_{1}$ . $\square $

For each $(_{b(n)}^{a(n)})\in A^{2}(n)$ , we have a map
$\psi_{(_{b(n)}^{a(n)})}$

by

$\psi_{(_{b(\pi)}^{a(n)})}(\theta, \varphi)=(\frac{p_{n}-p_{n-1}\theta}{q_{n}-q_{n-1}\theta},\sum_{k=1}^{n}b_{k}\theta\cdot\theta_{1}\cdots\theta_{k-1}(\theta)+\frac{\varphi}{q_{n}-q_{n-1}\theta})$ .

Then we see easily that $\psi_{(_{b(n)}^{a(n)})}$ is the inverse map of $T_{2}^{n}$ on $x_{(_{b(n)}^{atn)})}$ . Its
Jacobian $J(\psi_{()}a(n))b\langle n$

)
is given by (14) and we can see that the result of

Lemma 3.2 holds (the corresponding arguments are analogous to the proof
of Lemma 3.2).

Let $\mathscr{G}_{n}^{\prime}$ be

$\{X_{(b_{1}^{22};;;_{b_{n}})}$ ; $\left(\begin{array}{lll}2 & \cdots & 2\\b_{1} & \cdots & b_{n}\end{array}\right)\in A^{2}(n)\}$ .

Then by (B) we see that

$\mathscr{G}_{n}^{\prime}=$ { $X_{(b_{1}^{2\cdot 2};;_{b_{n}})};(b_{1}\cdots b_{n})=(0\cdots 010\cdots 0)$ or $(00\cdots 00)$}

and

$\mathscr{G}_{n}\subset \mathscr{G}_{n}^{\prime}$ .
Therefore we obtain

$x\sum_{(_{b(n)}^{a(n)})^{e\ovalbox{\tt\small REJECT}_{n}^{\prime}}}x(X_{()}ab(n))=b_{i}=1\sum_{b(n)}\int_{\psi}dx+\int_{\psi}d\lambda(a(n))e\ovalbox{\tt\small REJECT}_{n}^{\prime}(ab(n))^{(U_{1})}(0\cdots 0)^{tU_{0})}$

LEMMA 5.3.

(5.3.1) $\sum$
$x(x_{()}a(n))b(n)\rightarrow 0$ as $ n\rightarrow\infty$ .

$X(_{b(n)}(n))^{\epsilon\ovalbox{\tt\small REJECT}_{n}}$

(5.3.2) The partition $\{x_{()}a;b\left(\begin{array}{l}a\\b\end{array}\right)\in A^{2}(1)\}$ is a generator $w^{\prime}ith$ respect

to the map $T_{2}$ .
The proof of Lemma 5.3 is similar to that of Corollary 3.

THEOREA 5. The map $T_{2}$ on $X$ is ergodic $wrXh$ respect to $\lambda$ and
admits $a$ a-finite invariant $me\alpha su\gamma e\mu_{2}\sim x$ .
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\S 6. Natural extension of the map $T_{2}$ and its invariant density
function.

In this section, we construct a natural extension $\overline{T}_{2}$ of the map $T_{2}$

and derive the invariant density function for $T_{2}$ explicitly. Since the
properties of $T_{2}$-admissibility are more complicated than those of $T_{1}$ , we
need some lemmas about T-admissibility.

Let $B_{j}(i, j=1,2)$ be subsets of $\bigcup_{n=1}^{\infty}A^{2}(n)$ defined as follows:

$B_{11}=\{\left(\begin{array}{l}a_{1}\\b_{1}\end{array}\right)\in A^{2}(1):a_{1}-b_{1}>2\}$ ,

$B_{12}=\bigcup_{k=1}^{\infty}\{\left(\begin{array}{lll}a_{\iota} & \cdots & a_{k+1}\\b_{\iota} & \cdots & b_{k+1}\end{array}\right)\in A^{2}(k+1):a_{j}-b_{j}=2,1\leqq j\leqq k$ and $a_{k+1}-b_{k+1}>2\}$ ,

$B_{21}=\{\left(\begin{array}{l}a_{1}\\b_{1}\end{array}\right)\in A^{2}(1):a_{1}-b_{1}=1\}$ ,

$B_{22}=\bigcup_{k=1}^{\infty}\{\left(\begin{array}{lll}a_{1} & \cdots & a_{k+1}\\b_{1} & \cdots & b_{k+1}\end{array}\right)\in A^{2}(k+1):a_{j}-b_{j}=2,1\leqq j\leqq k$ and $a_{k+1}-b_{k+1}=1\}$

We put $B_{1}=B_{11}UB_{12}$ and $B_{2}=B_{21}\cup B_{22}$ .
LEMMA 6.1. Under the above notations, we have the following:

(6.1.1) if $\left(\begin{array}{l}a_{1}\\b_{1}\end{array}\right)eB_{11}$ , then $\left(\begin{array}{l}a_{1}\\b_{1}\end{array}\right)\cdot c$ is admissible for all $c\in B_{1}\cup B_{2}$ ,

(6.1.2) if $\left(\begin{array}{l}a_{1}\\b_{\iota}\end{array}\right)\in B_{21}$ , then $\left(\begin{array}{l}a_{1}\\b_{1}\end{array}\right)\cdot c$ is admissible for all $c\in B_{1}$ ,

(6.1.3) if $\left(\begin{array}{lll}a_{1} & \cdots & a_{k+1}\\b_{1} & \cdots & b_{k+1}\end{array}\right)eB_{12}$ , then $\left(\begin{array}{lll}a_{2} & \cdots & a_{k+1}\\b_{2} & \cdots & b_{k+1}\end{array}\right)e\left\{\begin{array}{ll}B_{11} & if k=1\\B_{12} & if k\geqq 2,\end{array}\right.$

(6.1.4) if $\left(\begin{array}{lll}a_{1} & \cdots & a_{k+1}\\b_{1} & \cdots & b_{k+1}\end{array}\right)eB_{2l}$ $:-then\left(\begin{array}{lll}a_{2} & \cdots & a_{k+1}\\b_{2} & \cdots & b_{k+1}\end{array}\right)\in\left\{\begin{array}{ll}B_{21} & if k=1\\B_{22} & if k\geqq 2.\end{array}\right.$

Let $D=\{(\xi_{s}\eta):0\leqq\xi, \eta<1\},$ $E=$ { $(\xi,$ $\eta):0\leqq\xi,$ $\eta<1$ and $\xi+\eta<1$} and define
a map $S$ on $D$ by

$S(\xi, \eta)=(-\frac{1}{\xi},$ $\frac{\eta}{\xi})$ .

Then $S(D)=${$(\xi,$ $\eta);\xi<-1,$ $\eta\geqq 0$ and $\xi+\eta<0$}, $S(E)=\{(\xi, \eta):\xi<-1,$ $\eta\geqq 0$ and
$\xi+\eta<-1\}$ . For both $S(D)$ and $S(E)$ , let us consider the partitions con-
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sisting of the basic neighbourhoods of integer vectors $(m, n)$ . Namely,
let the partition $\{D_{mn}:m-1\geqq n\geqq 0\}$ of $S(D)$ be defined by

$D_{n\prime n}=\left\{\begin{array}{ll}X+(-m, n) & if m-1>n\geqq 0\\U_{1}+(-m, n) & if m-1=n,\end{array}\right.$

and the partition $\{E_{mn}:m-2\geqq^{r}n\geqq 0\}$ of $S(E)$ be defined by

$E_{?nn}=\left\{\begin{array}{ll}X+(-m, n) & if m-2>n\geqq 0\\U_{\iota}+(-m, n) & if m-2=n.\end{array}\right.$

Next we define maps $\varphi_{()}^{(i)}mn(i=1,2)$ by $\varphi_{()}^{(i)}m(\xi, \eta)=n(1/(m-\xi), (n+\eta)/(m-\xi))$

for each $(m, n)$ where the domains and ranges of $\varphi_{()}^{(l)}nn$ are as follows:

$\left\{\begin{array}{ll}\varphi_{(n)}^{(1)}n:D\rightarrow D & if m-n>1,\\\varphi_{()}^{(1)}m:En\rightarrow D & if m-n=1,\end{array}\right.$

$\left\{\begin{array}{ll}\varphi_{()}^{(2)}m:Dn\rightarrow E & if m-n>2 ,\\\varphi_{()}^{(2)}m : En\rightarrow E & if . m-n=2. (See Figure 4).\end{array}\right.$

We denote $\varphi_{()}^{(1)}m(D)n$ and $\varphi_{()}^{(1)}m(E)n$ by $Y_{(_{n}^{m})}$ and $\varphi_{()}^{(2)}m(D)n$ and $\varphi_{()}^{(2)}m(E)n$ by $z_{(_{n}^{m})}$ .
Then $Y_{(_{n}^{m})}$ and $z_{(_{n}^{m})}$ satisfy the following:

$S(Y_{()}m)=D_{mn}n$ ’ $S(z_{()}m)=E_{mn}n$

That is, $\{Y_{(n)}n:m-1\geqq n\geqq 0\}$ and $\{z_{()}m: m-2\geqq n\geqq 0\}n$ give the partitions of
$D$ and $E$ , respectively.

Now we consider a set $M$ which will be the domain of the natural
extension $\overline{T}_{2}:M=D\times U_{1}\cup E\times U_{2}$ , where $U_{2}=X\backslash U_{1}$ .

Let

$\ovalbox{\tt\small REJECT}_{1}^{\{1)}=$ { $X_{a\cdot b}:a\in B_{11}$ and $b\in B_{1}\cup B_{2}$ } $\cup\{X_{a}:a\in B_{12}\}$ ,

$\%_{2}^{r\{1)}=\{X_{a}:a\in B_{1}\}$ ,

$\ovalbox{\tt\small REJECT}_{1}^{(2)}=$ { $X_{a\cdot b}:a\in B_{21}$ and $b\in B_{1}$} $\cup\{X_{a}:a\in B_{22}\}$ ,

and

$\ovalbox{\tt\small REJECT}_{2}^{(2)}=\{X_{a}:a\in B_{2}\}$ .
It is easy to see that $\ovalbox{\tt\small REJECT}_{i}^{(;)}(i=1,2)$ are partitions of $U_{j}$ and $\ovalbox{\tt\small REJECT}_{1}^{(j)}$ is a
refinement of $\ovalbox{\tt\small REJECT}_{2}^{tj)}$ . f

Let $\ovalbox{\tt\small REJECT}_{1}$ and $\mathscr{G}_{2}$ be the partitions of $D\times U_{1}$ and $E\times U_{2}$ ,
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respectively, given as follows:

$\ovalbox{\tt\small REJECT}_{1}=\{D\times v;v\in\%_{1}^{\prime(1)}\}$ , $\ovalbox{\tt\small REJECT}_{2}=\{E\times v;ve\ovalbox{\tt\small REJECT}_{1}^{(2)}\}$ .
Define a partition $\ovalbox{\tt\small REJECT}$ on $M$ given by

$\mathscr{G}=\ovalbox{\tt\small REJECT}_{1}\cup\ovalbox{\tt\small REJECT}_{2}$ .
And let $8_{1}$ and $e_{2}$ be another partition of $D\times U_{1}$ and $E\times U_{2}$ , respectively,
given as follows:

$e_{1}=\dagger Y_{()}nn\times v;v\in\ovalbox{\tt\small REJECT}_{z^{(1)}}^{\prime},$
$m-1\geqq n\geqq 0$},

$e_{2}=tz_{()}nn\times v;v\in \mathscr{F}_{2}^{(2}$‘, $m-2\geqq n\geqq 0$}.

Let $e=e_{1}\cup e_{2}$ . We denote elements of ta,
$D\times x_{(;;.)}a\cdot a_{l}b_{1}^{1}b_{l}$ or $E\times x_{(b_{1}^{1};;;_{b_{l}})}aa_{l}$

by
$\Delta_{(^{a_{1}}:^{a_{l}})}$ and elements of ff,

$Y_{(_{b_{1}^{1}}^{a})}\times x_{(;..)}a\cdot\cdot a_{l}b_{2}^{2}b_{l}$ or $z_{(_{b_{l}}^{\circ\iota})}\times x_{(;;.)}a_{2}\cdot a_{l}b_{2}b_{l}$
by

$\tau_{(_{b_{1}}^{a_{1}}..;_{b_{l}}^{a_{l}})}$
.

Now define the map $\overline{T}_{2}$ on $M$ by

$\overline{T}_{2}(\xi, \eta, \theta, \varphi)=(\varphi_{()}^{(i)}a_{1}(\xi, \eta)b_{1}T_{2}(\theta, \varphi))$

$=(\frac{1}{a_{1}-\xi},$ $\frac{b_{1}+\eta}{a_{1}-\xi},$ $a_{1}-\frac{1}{\theta},$ $\frac{\varphi}{\theta}-b_{1})$

$forfor(\xi,\eta,.\theta,\varphi)\in\Delta_{(b_{1}^{1})}a\cdots a_{l}su_{b_{2}\cdot b_{\iota}}ch.t..hat(a_{2l}b\cdots)\in B.\cdot.Itis_{b_{1}}easy\Delta_{(.;.)}b_{1}a_{1}\cdot b_{l}a_{l}such\dot{t}\ddot{h}^{b}a^{\iota}t(a_{2}.\cdot a_{l})\frac{ab}{T}la_{1}\cdot\cdot a_{l}a_{1}b_{1}\cdot\cdot b_{l}$

to verify that
$(_{b_{2}}.;;_{b_{l}})ee_{\iota}$ and

for $\Delta_{(_{b_{1}^{1}}^{a}.;;_{b_{l}}^{a_{l}})}$
such that $(_{b_{2}’}^{a_{2}}$ $0\cdot a_{l)}b_{l}\in B_{2},\overline{T}_{2}(\Delta_{(;;;)}a_{1}a_{l})=Z_{()}b_{1}b_{l}a_{1}b_{1}\times x_{(;;;)}aa_{l}b_{2}^{2}b_{l}\in e_{2}$ . Thus

$\overline{T}_{2}$ is a one to one and onto map from
$\Delta_{(_{b_{1}};;_{b_{t^{l}}})}a_{1}.\cdot a$

to
$\tau_{(_{b_{1}\cdots b_{l}^{l}}^{a_{1}\cdots a})}$

, that is, the
map $\overline{T}_{2}$ is a natural extension of $T_{2}$ .

THEOREM 6. ne natural extension $\overline{T}_{2}$ defined above has an invariant
measure $\overline{\mu}$ such that

$\frac{d\overline{\mu}}{d\overline{\lambda}}=\frac{1}{(1-\xi\theta)^{f}}$ ,

where $\overline{\lambda}$ is the Lebesgue $measu\gamma e$ on $M$; furthermore, $\overline{T}_{2}$ is ergodie.

COROLLARY 6. The map $T_{2}$ of $X$ has the following invariant density
funct,ion:

$\frac{d\mu_{2}}{d\lambda}=\left\{\begin{array}{ll}\frac{2-\theta}{2(1-\theta)^{2}} & if \theta+\varphi<1\\\frac{1}{2(1-\theta)} & if \theta+\varphi>1.\end{array}\right.$
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The proofs of Theorem 6 and Corollary 6 are similar to the proofs
of Theorem 4 and Corollary 4 and hence are omitted.

FIGURE 1
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FIGURE 2

FIGURE 8
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FIGURE 4
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