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Introduction.

Let $d$ be a positive integer and $d\geqq 2$ (see Remark in \S 3 for $d=0,1$).
Let us denote by $\beta(C^{d+1})$ the space of entire functions on $C^{d+1}$ . Suppose
$\lambda$ is an arbitrary complex number and $\beta_{\lambda}(C^{d+1})=\{f\in\theta(C^{d+1});\Delta_{z}f=-x^{2}f\}$ ,
where $\Delta_{z}=\sum_{j=1}^{d+1}(\partial/\partial z_{j})^{2}$ .

Let us consider the algebraic variety $M_{\rho}=\{z\in C^{d+1};z^{2}=\rho^{2}\}$ , where
$z^{2}=\sum_{j=1}^{d+1}z_{j}^{2}$ and $\rho\in C$. If $\rho=0,$ $M_{0}$ is a complex cone and has a singularity
at $z=0$ . On the other hand if $\rho\neq 0,$ $M_{\rho}$ is a complex manifold and
holomorphically diffeomorphic to the complex sphere $\tilde{S}=M_{1}=\{z\in C^{d+1};z^{2}=1\}$

by the transformation $z\rightarrow\rho z$ . The space $P(M_{\rho})$ of holomorphic functions
on the analytic set $M_{\rho}$ is equal to $p(C^{d+1})|_{M_{\rho}}$ by the Oka-Cartan Theorem B.

Our first main result is as follows:

THEOREM 1. The restriction mapping $F\rightarrow F|_{M_{\rho}}$ is a linear topological
isomorphism of $\theta_{\lambda}(C^{d+1})$ onto cf $(M_{\rho})$ if
$(*)$ $(x\rho/2)^{-n-td/2}-1)J_{n+(d-1)/2}(x\rho)\neq 0$

holds for $n=0,1,2,$ $\cdots$ , where $J_{\nu}$ is the Bessel function of order $\nu$ .
If $\rho=0$ , the condition $(*)$ holds automatically and Theorem 1 was

proved in [7] and [8]. The case $\rho\neq 0$ is proved in this paper (Theorem
2.1). Remark that Theorem 1 holds locally at the origin (see [9] for $\rho=0$

and Corollary 2.4 for $\rho\neq 0$). We may interpret Theorem 1 as saying that
the set $M_{\rho}$ is a uniqueness set for the differential operators $\Delta_{z}+\lambda^{2}$ . We
described in [10] a uniqueness set for more general linear partial differ-
ential operators of the second order with constant coefficients.

In [5] the space $Exp(\tilde{S})$ was defined to be the restriction to $\tilde{S}$ of the
space $Exp(C^{d+1})$ of entire functions of exponential type. But this defini-
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tion is unnatural. The space $Exp(\tilde{S})$ ought to be the space of holomorphic
functions defined solely on $\tilde{S}$ and satisfying the exponential type growth
condition.

The second main result of this paper is that the above two definitions
are equivalent. More precisely we will prove

THEOREM 2. The restriction mapping $F\rightarrow F|_{\tilde{s}}$ is a linear topologic $al$

isomorphism of $Exp_{\lambda}(C^{a+1})$ onto $Exp(\tilde{S})$ if
$(x/2)^{-n-(d-1)/2}J_{n+(d-1)/2}(x)\neq 0$

holds for $n=0,1,2,$ $\cdots$ , where $Exp_{\lambda}(C^{d+1})=p_{\lambda}(C^{d+1})\cap Exp(C^{d+1})$ (cf. Theo-
rem 3.1).

In the previous papers [5] and [9] we used the Lie norm to define
the exponential type of holomorphic functions. But by means of the dual
Lie norm we can obtain more detailed informations on the exponential
type as described in Theorem 3.1. Because $Exp(\tilde{S}:(A:L))=Exp(\tilde{S}:(2A:L^{*}))$

our present results can be stated with the Lie norm in special cases
(Corollary 3.5).

The author would like to thank Professor M. Morimoto for his helpful
suggestions.

\S 1. Preliminaries.

Let $d$ be a positive integer and $d\geqq 2$ . $S=S^{d}$ denotes the unit sphere
in $R^{d+1}:S=\{x\in R^{d+1};\Vert x\Vert=1\}$ , where $\Vert x\Vert^{2}=x_{1}^{2}+x_{2}^{2}+\cdots+x_{d+1}^{2}$ . $ds$ denotes the
unique $0(d+1)$ invariant measure on $S$ with $\int_{s}1ds=1$ , where $0(k)$ is the
orthogonal group of degree $k$ . I $||_{\infty}$ is the sup norm on S. $H_{n,d}$ is the
space of spherical harmonics of degree $n$ in $(d+1)$ dimensions. For spheri-
cal harmonics, see M\"uller [6]. For $S_{n}\in H_{n,d},\tilde{S}_{n}$ denotes the unique homo-
geneous harmonic polynomial of degree $n$ on $C^{d+1}$ such that $\tilde{S}_{n}|_{s}=S_{n}$ .

For $z,$ $\zeta\in C^{d+1}$ we put $z\cdot\zeta=\sum_{j=1}^{d+1}z_{j}\zeta_{j}$ . The Lie norm $L(z)$ on $C^{d+1}$ is
defined as follows:
(1.1) $L(z)=\{\Vert z\Vert^{2}+(\Vert z\Vert^{4}-|z^{2}|^{2})^{1/2}\}^{1/2}$ ,

where $z\in C^{d+1},$ $||z\Vert=(z\cdot\overline{z})^{1/2}$ and $z^{2}=z\cdot z$ (see Druzkowski [1]).
We put

$\tilde{B}(r)=\{z\in C^{d+1};L(z)<r\}$ for $ 0<r\leqq\infty$

and
$RFrl=IzcC^{d+1}-\cdot T_{A}(z.)<a\cdot 1$ $f_{11}$. $\cap<\#<^{\prime}\infty$
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Let us denote by $\theta(\tilde{B}(r))$ the space of holomorphic functions on $\tilde{B}(r)$ .
$\theta(\tilde{B}(\infty))=p(C^{d+1})$ is the space of entire functions on $C^{d+1}$ . We define

$P(\tilde{B}[\gamma])=ind\lim_{>\prime r}P(\tilde{B}(r^{\prime}))$ .
Let $N$ be a norm on $C^{d+1}$ . For $A>0$ we put

$X_{A,N}=\{f\in\theta(C^{d+1});\sup_{zec^{d+1}}|f(z)|\exp(-AN(z))<\infty\}$

and we define

$Exp(C^{d+1}:(A:N))=proj\lim_{>AA}X_{A^{\prime},N}$ for $ 0\leqq A<\infty$ ,

$Exp(C^{d+1}:[A:N])=ind\lim_{<AA}X_{A^{\prime},N}$ for $ 0<A\leqq\infty$

$Exp(C^{d+1})=Exp(C^{d+1}:[\infty:N])$ is called the space of entire functions of
exponential type.

$\tilde{S}$ is the complex sphere: $\tilde{S}=\{z\in C^{d+1};z^{2}=1\}$ . We put for $ 1<\gamma\leqq\infty$

$\tilde{S}(r)=\tilde{B}(r)\cap\tilde{S}$

and for $ 1\leqq r<\infty$

$\tilde{S}[\gamma]=\tilde{B}[r]\cap\tilde{S}$ .
Let us denote by $P(\tilde{S}(r))$ the space of holomorphic functions on $\tilde{S}(r)$

equipped with the topology of uniform convergence on every compact
subset of $\tilde{S}(r)$ . We put

ct $(\tilde{S}[\gamma])=ind\lim_{>rr}P(\tilde{S}(r’))$ .
For these spaces, see [3] [4] [5].

If $f$ is a function on $S$, we denote by $S_{n}(f$; $)$ the n-th spherical
harmonic component of $f$:

(1.2) $S_{n}(f;\alpha)=N(n, d)\int_{s}f(s)P_{n,d}(\alpha\cdot s)ds$ for $\alpha\in S$ ,

where

(1.3) $N(n, d)=\dim H_{n,d}=\frac{(2n+d-1)(n+d-2)!}{n!(d-1)!}$

and $P_{n,d}$ is the Legendre polynomial of degree $n$ and of dimension $d+1$ .
For Legendre polynomials, see for example [6]. We see that $S_{n}(f$; $)$

belongs to $H_{n,d}$ for $n=0,1,$ $\cdots$ .
$\theta(\tilde{S}(\gamma))$ and $p(\tilde{S}[r])$ can be characterized by the behavior of the

spherical harmonic development as follows:
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LEMMA 1.1 (Morimoto [5] Theorems 5.1 and 5.2). If $S_{n}$ is the n-th
spherical harmonic component of $f$, then

(1.4) $f\in p(\tilde{S}(r))\Leftrightarrow\lim_{n\rightarrow}\sup_{\infty}\Vert S_{n}||_{\infty}^{1/n}\leqq 1/r$ $(1<r\leqq\infty)$ ,

(1.5) $feP(\tilde{S}[r])\Leftrightarrow\lim_{n\rightarrow}\sup_{\infty}\Vert S_{n}\Vert_{\infty}^{1/n}<1/r$ $(1\leqq r<\infty)$ .
Put $\Lambda_{+}=$ { $(n,$ $k)\in Z_{+}^{2};n\equiv k(mod 2)$ and $n\geqq k$}, where $Z_{+}=\{0,1,2, \cdots\}$ .

For any $FeP(\tilde{B}(r))$ we can determine uniquely $S_{n.k}(F$; $)$ $\in H_{k,d}$ for every
$(n, k)e\Lambda_{+}$ in such a way that

(1.6) $F(z)=\sum_{(n,k)eA+}(\sqrt{z^{2}})^{n-k}\tilde{S}_{n,k}(F;z)$ .
The right hand side of (1.6) converges uniformly on every compact subset
of $\tilde{B}(r)$ . The $S_{n,k}(F$; $)$ is called the $(n, k)$-component of $F$ (see [3]).

For $xeC$ we put $P_{\lambda}(\tilde{B}(\gamma))=\{f\in P(\tilde{B}(r));\Delta_{*}f(z)=-\lambda^{2}f(z)\}$ and $p_{\lambda}(\tilde{B}[r])$

$=ind\lim_{r^{\prime}}{}_{>r}P_{\lambda}(\tilde{B}(r’))$ , where $\Delta_{z}=(\partial/\partial z_{1})^{2}+(\partial/\partial z_{2})^{2}+\cdots+(\partial/\partial z_{d+1})^{2}$ .
\S 2. Holomorphic functions on $\tilde{S}$.
We recall the definition of the Bessel function of order $\nu(\nu\neq-1, -2, \cdots)$ :

(2.1) $J_{\nu}(t)=(t/2)^{\nu}\sum_{k=0}^{\infty}\frac{(-1)^{k}(t/2)^{2k}}{k!\Gamma(\nu+k+1)}$ .

Our first main theorem in this paper is the following:

THEOREM 2.1. Let $xeC$ and

$(\lambda/2)^{-n-(d-1)/2}J_{n+(d-1)/2}(\lambda)\neq 0$

for any $n\in Z_{+}$ . Then the restriction mapping $F\rightarrow F|_{\tilde{s}}$ defines the follow-
ing linear topological isomorphism:

(2.2) $\alpha_{\lambda}:d_{\lambda}(C^{d+1})\rightarrow d(\tilde{S})$ .
In order to prove the theorem we need the following

LEMMA 2.2 (cf. [3] [4] [9]). Let $F\in P_{\lambda}(\tilde{B}(r))$ (resp. $FeP_{\lambda}(\tilde{B}[r])$) and
$S_{n,k}$ be the $(n, k)$-component of F. Then we have

(2.3) $S_{n,k}=\frac{(ix/2)^{n-k}\Gamma(k+(d+1)/2)}{\Gamma((n-k)/2+1)\Gamma((n+k+d+1)/2)}S_{k,k}$

$f_{\wedge u}r_{n}l_{f}\backslash cA$ $/*md$
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(2.4) $\lim_{\rightarrow}\sup_{\infty}\Vert S_{n,n}\Vert_{\infty}^{1/n}\leqq 1/r$

(resp.

(2.4’)
$\lim_{n\rightarrow}\sup_{\infty}\Vert S_{n,n}\Vert_{\infty}^{1/n}<1/\gamma$).

$Conve\gamma sely\prime if$ we are given a sequence of spherical harmonics $\{S_{n,k}\}_{(n,k)eA+}$

satisfying (2.3) and (2.4) (resp. (2.3) and (2.4’)) and if we put for $z\in\tilde{B}(r)$

(resp. $z\in\tilde{B}[r]$ )

(2.5) $F(z)=\sum_{(n,k)eA+}(\sqrt{z^{2}})^{n-k}\tilde{S}_{n,k}(z)$ ,

then the right hand side of (2.5) converge $s$ uniformly and absolutely on
every compact subset of $\tilde{B}(r)$ (resp. the right hand side of (2.5) converges
in the topology of $P_{\lambda}(\tilde{B}[r]))$ and $F$ belongs to $P_{\lambda}(\tilde{B}(r))$ (resp. $F$ belongs
to $P_{\lambda}(\tilde{B}[\gamma]))$ . Furthermore we have

$\tilde{S}_{n,k}(z)=\tilde{S}_{n.k}(F;z)$ for $(n, k)\in\Lambda_{+}$ .
PROOF OF THEOREM 2.1. It is clear that $p_{\lambda}(C^{d+1})|_{\tilde{s}}\subset g(C^{\delta+1})|_{\tilde{S}}=p(\tilde{S})$ .

Let $F\in P_{\lambda}(C^{d+1})$ . From (1.6) and (2.3) we have for $z\in C^{d+1}$

(2.6) $F(z)=\sum_{k=0}^{\infty}(\lambda\sqrt{z^{2}}/2)^{-k-(d-1)/2}J_{k+(d-1)/2}(\lambda\sqrt{z^{2}})\Gamma(k+(d+1)/2)\tilde{S}_{k,k}(z)$ ,

where $S_{k,k}$ is the $(k, k)$-component of $F$. If $\alpha_{\lambda}(F)=0$ we have

(2.7) $F(s)=\sum_{k=0}^{\infty}(x/2)^{-k(d-1)/2}J_{k+(d-1)/2}(x)\Gamma(k+(d+1)/2)S_{k,k}(s)=0$

for any $s\in S$. Since $(x/2)^{-k-(d-1)/2}J_{k+(d-1)/2}(x)\Gamma(k+(d+1)/2)\neq 0$ for any $k\in Z_{+}$ ,
$S_{k,k}=0$ on $S$ by the orthogonality of spherical harmonics. So $\tilde{S}_{k,k}=0$ on
$C^{d+1}$ and $F=0$ on $C^{d+1}$ by (2.6). Therefore $\alpha_{\lambda}$ is iniective.

Next for $f\in\theta(\tilde{S})$ we determine the function $F$ as follows:

(2.8) $F(z)=\sum_{(n,k)eA+}(\sqrt{z^{2}})^{n-k}\tilde{S}_{n,k}(z)$ ,

where

(2.9) $\tilde{S}_{n,k}(z)^{(\lambda/2)^{n+(d-1)/2}(-1)^{(n-k)/2}\tilde{S}_{k}(f;z)}=\ovalbox{\tt\small REJECT}\Gamma((n-k)/2+1)\Gamma((n+k+d+1)/2)J_{k+(d-1)/2}(\lambda)$ .
As $f\in\rho(\tilde{S})$ , we get

(2.10) $\lim_{k\rightarrow}\sup_{\infty}\Vert S_{k}(f; )\Vert_{\infty}^{1/k}=0$

by (1.4). For sufficiently large $k$ we have
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(2.11) $|\Gamma(k+(d+1)/2)(\lambda/2)^{-k-(d-1)/2}J_{k+(d-1)/2}(\lambda)|>1/2$ .
(2.9), (2.10) and (2.11) imply

(2.12) $\lim_{k\rightarrow}\sup_{\infty}\Vert S_{k,k}\Vert_{\infty}^{1/k}=\lim_{k\rightarrow}\sup_{\infty}\Vert\frac{(x/2)^{k+td-1)/2}S_{k}(f;)}{\Gamma(k+(d+1)/2)J_{k+(d-1)/2}(\lambda)}\Vert_{\infty}^{1/k}$

$\leqq\lim_{k\rightarrow}\sup_{\infty}\Vert S_{k}(f$; $)\Vert_{\infty}^{1/k}=0$ .
By Lemma 2.2, (2.9) and (2.12), we see $F\in P_{\lambda}(C^{d+1})$ . When $z\in\tilde{S}$, we
have by (2.8) and (2.9)

(2.13) $F(z)=\sum_{k=0}^{\infty}\tilde{S}_{k}(f;z)=f(z)$ .
Therefore $\alpha_{\lambda}$ is bijective.

It is clear that $\alpha_{\lambda}$ is continuous. As $p_{\lambda}(C^{d+1})$ and $p(\tilde{S})$ are FS spaces,
$\alpha_{\lambda}^{-1}$ is also continuous by the closed graph theorem. Q.E.D.

When $(\lambda/2)^{-n-(d-1)/2}J_{n+(d-1)/2}(\lambda)=0$ for some $n\in Z_{+}$ , it is known that $\lambda$

is real and that $(\lambda/2)^{-k-(\delta-1)/2}J_{k+(d-1)/2}(\lambda)\neq 0$ for any $keZ_{+}$ with $k\neq n$ . So
we have

COROLLARY 2.3. Suppose $(x/2)^{-n-(\delta-1)/2}J_{n+td-1)/2}(\lambda)=0$ for some $n\in Z_{+}$ .
$F\in P_{\lambda}(C^{d+1})$ belongs to the kernel of $\alpha_{\lambda}$ if and only if $F\dot{j}S$ expressed in
the form of

$F(z)=(\lambda\sqrt{z^{2}}/2)^{-n-(d-1)/2}J_{n+(d-1)/2}(x\sqrt{z^{2}})\tilde{S}_{n}(z)$ ,

where $S_{n}\in H_{n.d}$ .
$fep(\tilde{S})$ belongs to the images of $\alpha_{\lambda}$ if and only if the n-th spherical

component $S_{n}(f$; $)$ vanishes.

For $\rho\in C$ we put

$M_{\rho}=\{z\in C^{a+1};z^{2}=\rho^{2}\}$ .
It is clear that $\tilde{S}=M_{1}$ . We put for $ 0\leqq|\rho|<r\leqq\infty$

$M_{\rho}(r)=M_{\rho}\cap\tilde{B}(r)$

and for $ 0\leqq|\rho|\leqq r<\infty$

$M_{\rho}[r]=M_{\rho}\cap\tilde{B}[r]$ .
$P(M_{\rho}(r))$ denotes the space of the holomorphic functions on $M_{\rho}(r)$ equipped
with the topology of uniform convergence on every compact subset of
$1F/\backslash $ $1XT_{\Delta}\prime 1_{\Delta}fi_{ra}4\prime P/M\Gamma_{u}1\backslash -i_{r\prime}11i_{\backslash \backslash }$ . $\prime \mathcal{P}/Mt_{n}^{\prime}\backslash $ )
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COROLLARY 2.4. Let $\lambda,$ $\rho\in C$ and $(\lambda\rho/2)^{-n-(d-1)/2}J_{n+(d-1)/2}(x\rho)\neq 0$ for any
$n\in Z_{+}$ . Then the following restriction mappings are linear topological
isomorphisms:

(2.14) $\alpha_{\lambda,\rho}$ : $P_{\lambda}(\tilde{B}(r))\rightarrow-p(M_{\rho}(r))$ for $ 0\leqq|\rho|<r\leqq\infty$ ,

(2.15) $\alpha_{\lambda,\rho}$ : $P_{\lambda}(\tilde{B}[r])\rightarrow-p(M_{\rho}[\gamma])$ for $ 0\leqq|\rho|\leqq r<\infty$ .
We can prove Corollary 2.4 in the same way as in the proof of

Theorem 2.1 if we use Lemmas 1.1 and 2.2.

REMARK. The case $\lambda=0$ and $\rho=1$ is known (see [4] [5]). The case
$\rho=0$ is proved in [9].

\S 3. Holomorphic functions of exponential type on $\tilde{S}$.
We put for a norm $N(z)$ on $C^{d+1}$ and $A>0$

$Y_{A,N}=\{f\in\theta(\tilde{S});\sup_{\tilde{s}}|f(z)|\exp(-AN(z))<\infty\}$ .
$Y_{A,N}$ is a Banach space with respect to the norm

$||f\Vert_{A,N}=\sup_{ze\check{S}}|f(z)|\exp(-AN(z))$ .
We define

$Exp(\tilde{S}:(A:N))=proj\lim_{>AA}Y_{A^{\prime},N}$ for $ 0\leqq A<\infty$ ,

$Exp(\tilde{S}:[A:N])=in_{A}d\lim_{<A}Y_{A^{\prime},N}$ for $ 0<A\leqq\infty$ .
The dual Lie norm $L^{*}(z)$ on $C^{d+1}$ is defined as follows:

(3.1) $L^{*}(z)=\sup\{|z\cdot\zeta|;L(\zeta)\leqq 1\}$

$=(\frac{\Vert z\Vert^{2}+|z^{2}|}{2})^{1/2}$

(see [1]).
The second main theorem in this paper is the following:

THEOREM 3.1. Suppose $\lambda\in C$ and

$(x/2)^{-k-(d-1)/2}J_{k+(d-1)/2}(x)\neq 0$

for any $k\in Z_{+}$ . Then the following $rest\gamma iction$ mappings are linear
topological isomorphisms:

(3.2) $\alpha_{\lambda}$ : $Exp_{\lambda}(C^{d+1}:(A:L^{*}))\rightarrow\sim Exp(\tilde{S}:(A:L^{*}))$ $(|x|\leqq A<\infty)$ ,
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(3.3) $\alpha_{\lambda}$ : $Exp_{\lambda}(C^{d+1}:[A:L^{*}])\rightarrow\sim Exp(\tilde{S}:[A:L^{*}])$ $(|\lambda|<A\leqq\infty)$ ,

where
$Exp_{\lambda}(C^{d+1}:(A:N))=\rho_{\lambda}(C^{d+1})\cap Exp(C^{d+1}:(A:N))$

and
$Exp_{\lambda}(C^{d+1}:[A:N])=P_{\lambda}(C^{d+1})\cap Exp(C^{d+1}:[A:N])$ .

We put $S[r]=\{z\in\tilde{S};L^{*}(z)=r\}=\{x+iy;\Vert x\Vert=r$ , lyll $=(r^{2}-1)^{1/2}$ and $x\cdot y=$

$0\}$ for $1<r$ , where $x,$ $y\in R^{d+1}$ . Remark that $0(d+1)$ acts on $S[r]$ by
matrix multiplications and we have $S[r]\simeq O(d+1)/O(d-1)$ . In order to
prove the theorem we need the following lemmas.

LEMMA 3.2. For any $\alpha,$
$s\in S$ we have

(3.4) $N(n, d)\int_{s[]}r\overline{P_{n,d}(z\cdot\alpha)}P_{k,d}(z\cdot s)dz$

$=C_{n}(r)P_{n,d}(\alpha\cdot s)\delta_{n,k}$ ,

where

(3.5) $C_{n}(r)=P_{n.d}(2r^{2}-1)$

and $dz$ denotes a unique $O(d+1)$-invariant measure on $S[\gamma]$ with
$\int_{s[r]}1dz=1$ .

PROOF. We put for $s,$
$\alpha\in S$

(3.6) $F(s, \alpha)=N(n, d)\int_{s[]}rP_{k,d}(z\cdot s)\overline{P_{n,d}(z\cdot\alpha)}dz$ .
Then for any orthogonal matrix $A$

$F(As, A\alpha)=N(n, d)\int_{s[r]}P_{k.d}(z\cdot As)\overline{P_{n,d}(z\cdot A\alpha)}dz$

$=N(n, d)\int_{s[r]}P_{k,d}(A^{-1}z\cdot s)\overline{P_{n,d}(A^{-1}z\cdot\alpha)}dz$ .
Since $dz$ is $O(d+1)$-invariant we obtain

(3.7) $F(As, A\alpha)=F(s, \alpha)$

for any $A\in O(d+1)$ . As a function of $s,$ $F(s, \alpha)$ belongs to $H_{k,d}$ and as
a function of $\alpha$ , $F(s, \alpha)$ belongs to $H_{n,d}$ because $P_{k,d}(z\cdot s)\in H_{k,d}$ and
$\overline{P_{n,d}(z\cdot\alpha)}=P_{n,d}(\overline{z}\cdot\alpha)\in H_{n,d}$ if $z\in\tilde{S}$ .

Supnose $n\neq k$ . There exists an $A\in O(d+11$ such that $Art=s$ and $ As=\alpha$ .
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Then (3.7) implies

(3.8) $F(\alpha, s)=F(s, \alpha)$ .
If we fix $\alpha,$ $(3.8)$ gives that $F(s, \alpha)\in H_{k,d}\cap H_{n,d}=\{0\}$ . So we have
(3.9) $F(s, \alpha)=0$ if $k\neq n$ .

Next we assume $n=k$ . For any $A\in O(d+1)$ such that $ A\alpha=\alpha$ we
have from (3.7) $F(As, \alpha)=F(As, A\alpha)=F(s, \alpha)$ . Hence we get

(3.10) $F(s, \alpha)=C_{n}(r)P_{n,d}(s\cdot\alpha)$ ,

where

(3.11) $C_{n}(r)=F(\alpha, \alpha)=N(n, d)\int_{s[r]}|P_{n,d}(z\cdot\alpha)|^{2}dz$

(see Muller [6]). Remark that $C_{n}(\gamma)$ does not depend on $\alpha$ because $F(\alpha, \alpha)=$

$F(A\alpha, A\alpha)$ for any $AeO(d+1)$ by (3.7). So it is valid that

(3.12) $C_{n}(\gamma)=\int_{s}C_{n}(\gamma)ds$

$=N(n, d)\int_{s[r]}\int_{s}|P_{n,d}(z\cdot s)|^{2}dsdz$ .
As $P_{n,d}( z)\in H_{n,d}$ for any $ze\tilde{S}$ we have

$N(n, d)\int_{s}\tilde{P}_{n,d}(\zeta\cdot s)P_{n,d}(z\cdot s)ds=\tilde{P}_{n,d}(\zeta\cdot z)$

for any $\zeta eC^{d+1}$ . If $\zeta\in\tilde{S},\tilde{P}_{n,d}(\zeta\cdot s)=P_{n,d}(\zeta\cdot s)$ . So we obtain for any zeS

(3.13) $N(n, d)\int_{s}|P_{n,d}(z\cdot s)|^{2}ds=\tilde{P}_{n,d}(\overline{z}\cdot z)=P_{n,d}(\Vert z\Vert^{2})$ .
If $z\in S[r],$ $L^{*}(z)^{2}=(||z\Vert^{2}+1)/2=r^{2}$ from (3.1). Therefore we see that $\Vert z\Vert^{2}=$

$2r^{2}-1$ and we obtain (3.5) from (3.12) and (3.13). (3.4) follows from (3.6),
(3.9) and (3.10). Q.E.D.

LEMMA 3.3. Suppose $f\in d(\tilde{S})$ . Then the n-th spherical harmonic
component $S_{n}(f$; $)$ is represented as follows:

(3.14) $S_{n}(f;\alpha)=\frac{N(n,d)}{C_{n}(r)}\int_{s[r]}f(z)\overline{P_{n,d}(z\cdot\alpha)}dz$ for $\alpha\in S$ .

PROOF. Since the series $\sum_{k=0}^{\infty}\tilde{S}_{k}(f;z)$ converges to $f$ uniformly and
absolutely on $S[r]$ , we have
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(3.15) $\int_{s[r]}f(z)\overline{P_{n,d}(z\cdot\alpha)}dz$

$=\sum_{k=0}^{\infty}\int_{s[\prime]}\tilde{S}_{k}(f;z)\overline{P_{n,d}(z\cdot\alpha)}dz$ .
It is known that there exists a system of $N(k, d)$ points $\alpha_{1},$ $\alpha_{2},$

$\cdots$ ,
$\alpha_{N(k,d)}eS$ such that $P_{k,d}(\alpha_{j}$ . $)$ , $j=1,2,$ $\cdots,$ $N(k, d)$ , is a basis of $H_{k,d}$ .
Therefore Lemma 3.2 and (3.15) imply (3.14). Q.E.D.

LEMMA 3.4. Let $F\in P_{\lambda}(C^{d+1})$ and $S_{k,k}$ be the $(k, k)$-component of $F$.
If we have

(3.16) $\lim_{k\rightarrow}\sup_{\infty}(k]\Vert\tilde{S}_{k,k}\Vert_{L^{*}})^{1/k}\leqq A$ $(|\lambda|\leqq A<\infty)$ ,

(resp.

(3.16) $\lim_{k\rightarrow}\sup_{\infty}(k]\Vert\tilde{S}_{k,k}\Vert_{L^{*}})^{1/k}<A$ $(|\lambda|<A\leqq\infty))$ ,

then $F$ belongs to $Exp_{\lambda}(C^{d+1}:(A:L^{*}))$ (resp. $Exp_{\lambda}(C^{d+1}:[A:L^{*}])$), wher‘
$\Vert g\Vert_{L^{*}}=\sup\{|g(z)|;L^{*}(z)\leqq 1\}$ .

PROOF. If $x=0$ Lemma 3.4 can be proved easily by Lemma 4.2 in [5]
Suppose $x\neq 0,$ $Fep_{\lambda}(C^{d+1})$ and $\{S_{k,k}\}_{keZ+}$ satisfies (3.16). Then by (3.16

for any $A’>A$ there is some $C_{A^{\prime}}>0$ such that

(3.17) $|\tilde{S}_{k,k}(z)|\leqq C_{4^{\prime}}(k[)^{-1}A^{k}$ if $L^{*}(z)\leqq 1$ .
From (1.6) and (3.17) we have for $z\in M_{0}$

(3.18) $|F(z)|\leqq\sum_{k=0}^{\infty}|\tilde{S}_{k,k}(z)|\leqq C_{A^{\prime}}\sum_{k\simeq 0}^{\infty}\frac{1}{k!}(A^{\prime}L^{*}(z))^{k}$

$=C_{A^{\prime}}\exp(A’ L^{*}(z))$ .
It is known that for any $f\in\rho(C^{d+1})$ such that $\sup_{zeH_{0}}|f(z)|\exp(-A^{\prime}L^{*}(z))<\circ($

for any $A‘>A$ (resp. some $A^{\prime}<A$), there exists a unique $g\in Exp_{\lambda}(C^{d+1}:(A:L^{*})$

(resp. $geExp_{\lambda}(C^{d+\iota}:[A:L^{*}])$) such that $f=g$ on $M_{0}$ if $|\lambda|\leqq A<\infty$ (resp
$|\lambda|<A\leqq\infty)$ (cf. [8] Corollary 3.4). Therefore we can see $F$ belongs $t($

$Exp_{\lambda}(C^{d+1}:(A:L^{*}))$ by (3.18). The rest of the proof is a routine argument
Q.E. $D$

PROOF OF THEOREM 3.1. It is clear that $\alpha_{\lambda}(Exp_{\lambda}(C^{d+\iota}:(A:L^{*})))\subset$

$Exp(\tilde{S}:(A:L^{*}))$ and $\alpha_{\lambda}$ is injective by Theorem 2.1.
Suppose $f\in Exp(\tilde{S}:(A:L^{*}))$ . Then for any $A^{\prime}>A$ there is som

$C_{A^{\prime}}>0$ such that
$/QIO\backslash $ $|fC\backslash |<\cap.OY\Gamma YY(\Delta r.*r,\backslash \backslash $
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on $\tilde{S}$. By Theorem 2.1 there exists a unique $F\in\rho_{\lambda}(C^{d+1})$ such that
$\alpha_{\lambda}(F)=f$ and by (2.6)

(3.20) $\tilde{S}_{k,k}(F;z)=\frac{(x/2)^{k+(d-1)/2}}{\Gamma(k+(d+1)/2)J_{k+(d-1)/2}(x)}\tilde{S}_{k}(f;z)$ .
It is known

$P_{n,d}(t)=\frac{\Gamma(d/2)}{\Gamma((d-1)/2)\sqrt{\pi}}\int_{-1}^{1}(t+\sqrt{t^{2}-1}x)^{n}(1-x^{2})^{(d-3)/2}dx$

for $t\geqq 1$ . Therefore we have for $t\geqq 1$

$|P_{n,d}(t)|\geqq\frac{\Gamma(d/2)(t^{2}-1)^{n/2}}{\Gamma((d-1)/2)\sqrt{}\pi}\int_{-1}^{1}(1+x)^{n}(1-x^{2})^{(d-3)/2}dx$

$=\frac{2^{n+d-2}\Gamma(d/2)\Gamma(n+(d-1)/2)}{\Gamma(n+d-1)\sqrt{\pi}}(t^{2}-1)^{n/2}$

$\geqq 2^{n}C_{d}(n+d)^{-d}(t-1)^{n}$ ,

where $C_{d}$ is a constant which depends on $d$ . Hence we get for any $r>1$

(3.21) $C_{n}(r)=P_{n,d}(2r^{2}-1)\geqq 2^{n}C_{d}(n+d)^{-d}(2r^{2}-2)^{n}$

$\geqq 2^{2n}C_{d}(n+d)^{-d}(r-1)^{2n}$ .
By (3.11), (3.14) and Schwarz’ inequality, we have

(3.22) $\Vert S_{n}(f; )\Vert_{\infty}\leqq\frac{N(n,d)}{C_{n}(\gamma)}\{\int_{s[r]}|f(z)|^{2}dz\int_{s[r]}|P_{n,d}(z\cdot s)|^{2}dz\}^{1/2}$

$\leqq(N(n, d)/C_{n}(r))^{1/2}\sup_{z\in S[r]}|f(z)|$ .
From (3.19), (3.21) and (3.22) we have

(3.23) $\Vert S_{k}(f; )\Vert_{\infty}\leqq C_{d}^{\prime}e^{A^{\prime}}\frac{\sqrt{N(k,d)(k+d)^{d}}}{2^{k}(r-1)^{k}}e^{A^{\prime}(\prime-1)}$

for any $r>1$ , where $C_{d}^{\prime}$ is a constant. If we put $r=k/A’+1,$ $(3.23)$ gives that

(3.24) $\Vert S_{k}(f; )\Vert_{\infty}\leqq C_{d}e^{A^{\prime}}(\frac{A’ e}{2k})^{k}\sqrt{N(k,d)(k+d)^{d}}$ .

By Stirling’s formula we have

$\lim_{k\rightarrow}\sup_{\infty}(\frac{k!e^{k}}{k^{k}})^{1/k}=1$ .

So (3.24) implies
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(3.25) $\lim_{k\rightarrow}\sup_{\infty}(k]\Vert S_{k}(f; )\Vert_{\infty})^{1/k}\leqq A^{\prime}/2$

for any $A^{\prime}>A$ . From (3.20), (3.25) and (2.11) we get

(3.26) $\lim_{k\rightarrow}\sup_{\infty}(k[\Vert S_{k,k}(F; )\Vert_{\infty})^{1/k}\leqq A/2$ .
From Remark 2.2 and (2.21) in [9] it is valid that

(3.27) $\lim_{k\rightarrow}\sup_{\infty}(k[\Vert\tilde{S}_{k,k}(F; )\Vert_{L}.)^{1/k}$

$=2\lim_{k\rightarrow}\sup_{\infty}(k]\Vert S_{k,k}(F; )\Vert_{\infty})^{1/k}$ .
Therefore we have by (3.26) and (3.27)

(3.28) $\lim_{k\rightarrow}\sup_{\infty}(k[\Vert\tilde{S}_{k,k}(F; )\Vert_{L}.)^{1/k}\leqq A$ .
Lemma 3.4 and (3.28) imply that $F\in Exp_{\lambda}(C^{a+1}:(A:L^{*}))$ . Hence $\alpha_{\lambda}$ is
surjective.

Since $\alpha_{\lambda}$ is continuous and $Exp_{\lambda}(C^{d+J}: (A:L^{*}))$ and $Exp(\tilde{S}:(A:L^{*}))$ are
FS spaces, $\alpha_{\lambda}^{-1}$ is also continuous by the closed graph theorem. So we
get (3.2). (3.3) can be proved similarly. Q.E.D.

COROLLARY 3.5. The following restriction mappings are linear to-
pological isomorphisms:

(3.29) $\alpha_{0}$ : $Exp_{0}(C^{d+1}:(A:L))\rightarrow-Exp(\tilde{S}:(A:L))$ $(0\leqq A<\infty)$ ,

(3.30) $\alpha_{0}$ : $Exp_{0}(C^{d+1}:[A:L])\rightarrow-Exp(\tilde{S}:[A:L])$ $(0<A\leqq\infty)$ .
PROOF. It is easy to show that

(3.31) $L^{*}(z)\leqq L(z)\leqq 2L^{*}(z)$

for any $zeC^{d+1}$ and

(3.32) $L^{*}(z)=\frac{L(z)+1/L(z)}{2}\leqq\frac{L(z)+1}{2}$

for $z\in\tilde{S}$ . Hence we get $Exp(\tilde{S}:(A:L))=Exp(\tilde{S}:(2A:L^{*}))$ and $Exp_{0}(C^{d+1}$ :
$(A:L))\subset Exp_{0}(C^{d+1}:(2A:L^{*}))$ .

Suppose $F\in Exp_{0}(C^{d+1}:(2A:L^{*}))$ . By Lemma 4.2 in [5] we have
$\lim_{k\rightarrow}\sup_{\infty}(k]\Vert\tilde{S}_{k,k}(F; )\Vert_{L}.)^{1/k}\leqq 2A$ .

Hence by (3.27)

(3.33) $\lim_{k\rightarrow}\sup_{\infty}(k\downarrow\Vert S_{k,k}(F; )\Vert_{\infty})^{1/k}\leqq A$ .
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(3.33) and Lemmas 4.2 and 5.5 in [5] give that $FeExp_{0}(C^{d+1}:(A:L))$ . So
we get $Exp_{0}(C^{d+1}:(2A:L^{*}))=Exp_{0}(C^{a+1}:(A:L))$ . Therefore we obtain (3.29)

from (3.2). We can prove (3.30) similarly. Q.E.D.

REMARK. If $d=0$ and $Fed_{\lambda}(C)$ we have

$F(z)=a_{0}$ cos $xz+a_{1}\lambda^{-1}$ sin $\lambda z$ $(a_{0}, a_{1}eC)$ .
So if $\lambda^{-1}$ sin $2x\rho\neq 0$ for any $C,$ $C^{\prime}eC$ there exists a unique $Fe\rho_{\lambda}(C)$ such
that $F(\rho)=C$ and $F(-\rho)=C^{\prime}(\rho eC)$ .

When $d=1$ , for $z=(z_{1}, z_{2})$ we put $u=(iz_{1}+z_{2})/2$ and $v=(iz_{1}-z_{2})/2$ . Then
we have $M_{\rho}=\{(u, v)\in C^{2};uv=-\rho^{2}/4\}$ . If $\rho\neq 0$ we identify $M_{\rho}$ with $C^{*}=$

$C\backslash \{0\}$ and $\theta(M_{\rho})$ with $\beta(C^{*})$ by the mapping $(u, v)\rightarrow u$ . It is known
that $L(z)=\max\{|2u|, |2v|\}$ and $L^{*}(z)=|u|+|v|$ . Hence we see that $M_{\rho}(r)=$

$\{ueC;|\rho|^{2}/(2r)<|u|<r/2\}(r>|\rho|>0)$ and $M_{\rho}[r]=\{u\in C;|\rho|^{2}/(2r)\leqq|u|\leqq r/2\}$

$(r\geqq|\rho|>0)$ .
$Fe\beta_{\lambda}(C^{2})$ is expressed as follows:

$F(u, v)=a_{0,0}J_{0}(2ix\sqrt{uv})$

$+\sum_{p\Rightarrow 1}^{\infty}(a_{p,0}u^{p}+a_{0,p}v^{p})p!(ix\sqrt{uv})^{-p}J_{p}(2ix\sqrt{uv})$ ,

where $a_{i,j}eC$ (cf. [2] Proposition 3.1). Therefore it is easy to show that
Theorem 2.1 and Corollary 2.4 are valid for the case $d=1$ (for the case
$\rho=0$ in Corollary 2.4, see [2] Theorem 3.1).

Furthermore, we have

$Y_{A,L^{*}}=\{fe\beta(C^{*});\sup_{zec*}|f(u)|\exp\frac{-A}{2}(|2u|+\frac{1}{|2u|})<\infty\}$

and we also see that Theorem 3.1 is valid for the case $d=1$ .
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