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\S 1. The main theorem.

Let $\omega(n)$ denote the number of distinct prime factors of a positive
integer $n$ .

Let $k$ and $t$ be positive integers;
let $a_{1},$ $\cdots,$ $a_{k}$ be distinct non-zero integers;
let $a_{k+1},$ $\cdots,$ $a_{k+l}$ be distinct integers.

We put, for $\alpha_{i}<\beta_{i},$ $i=1,$ $\cdots,$ $k+t$ ,

$\Phi(\alpha_{i}, \beta_{i})=\frac{1}{\sqrt{2\pi}}\int_{\alpha}^{\rho_{i}}\exp(-\frac{x^{2}}{2})dx$ .
Let $N$ be a positive integer, which will be assumed to be sufficiently

large as occasion demands.

THEOREA. Let $A(N)=A(N;a_{1}, \cdots, a_{k+l};\alpha_{1}, \beta_{1}, \cdots, \alpha_{k+l}, \beta_{k+l})$ denote the
number of representations of $N$ as the sum of the form $N=p+n$ , where
$p$ is prime, and $n$ is a positive integer such that

$\log\log N+\alpha_{i}\sqrt{\log\log N}<\omega(p+a_{i})<\log\log N+\beta_{i}^{\sqrt{\log\log N}}$

for $i=1,$ $\cdots,$
$k$ , and

$\log\log N+\alpha_{i}\sqrt{\log\log N}<\omega(n+a_{i})<\log\log N+\beta_{i}^{\sqrt{}}\overline{\log\log N}$

for $i=k+1,$ $\cdots,$ $k+t$ simultaneously. Then, as $ N\rightarrow\infty$ , we have

$A(N)\sim\frac{N}{\log N}\cdot\prod_{l=1}^{k+l}\Phi(\alpha_{i}, \beta_{i})$ .

The paper will be read without making any references to author’s
previous papers, except for the proof of Lemma 4.

The author expresses his thanks to Prof. S. Iyanaga for his kind
advices.
Received February 3, 1989
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\S 2. Proof of the theorem.

For any non-negative integers $b$ and $c$ , we put

$E(b, c)=\sum_{=0}^{20}(-1)^{i}\begin{array}{l}b\\i\end{array}$ , $F(b, c)=\sum_{=0}^{20+1}(-1)^{i}\begin{array}{l}b\\i\end{array}$ ,

then, as sirnple properties of binomial coefficients, we have

$E(b, c)\begin{array}{l}=1b=0\\\geqq 0b>0\end{array}$ $F(b, c)\begin{array}{l}=1b=0\\\leqq 0b>0\end{array}$

LEMMA 1. Let $b_{1},$
$\cdots,$

$b_{t}$ and $c_{1},$ $\cdots,$ $c_{t}$ be non-negative integers, then

$\sum_{;=1}^{t}\{\prod_{l\neq j}^{t}E(b_{i}, c_{i})\cdot F(b_{j}, c_{j})\}-(t-1)\prod_{=1}^{t}E(b_{i}, c)$

$\begin{array}{l}=1b_{1}=\cdots=b_{t}=0\\\leqq 0b’ s\end{array}$

We omit the proof.

We put

$D(N)=D(N;a_{1} a_{k+l})$

$=\prod_{i=1}^{k}a\cdot\prod_{j=k+1}^{k+l}(N+a_{j})\cdot\prod_{=1}^{k}\prod_{j=k+\iota}^{k+l}(N+a+a_{;})$

$\prod_{15<i\leq k}(a-a_{j})\cdot\prod_{k+1\leq<i\leq k+\iota}(a_{l}-a_{j})$ ,

and define the set $S$ consisting of primes $p^{*}$ as
$S=\{p^{*} : p^{*}fD(N), e^{(\log\log N)^{2}}<p^{*}<N^{(\log\log N)}-2\}$ .

We put

$y(N)=\sum_{p\cdot es}\frac{1}{p^{*}}$ .
LEMMA 2. $y(N)=\log\log N+O(\log\log\log N)$ .
PROOF. As is well-known,

(1) $\sum_{p^{*}\leq r}\frac{1}{p^{*}}=\log\log x+O(1)$ .
Since
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$2^{\omega\{D(N)\}}\leqq D(N)$ , $\omega\{D(N)\}\leqq\log D(N)/\log 2$ ,

replacing $x$ in (1) by $\log D(N)/\log 2$ , we have

(2) $\sum_{p^{*}|DtN)}\frac{1}{p^{*}}\leqq\sum_{p\leq D(N)}\frac{1}{p^{*}}=O(\log\log\log N)$ .
Hence if we replace $x$ in (1) by the upper and lower limits of $p^{*}$ in the
definition of the set $S$, easy calculations will give the lemma.

By this lemma, $y(N)<2\log\log N$ for large $N$. This inequality will
frequently be used in the sequel.

We denote by $\omega^{*}(N;n)$ the number of distinct prime factors of a
positive integer $n$ , which belong to the set $S$:

$\omega^{*}(N;n)=\sum_{p^{s}|n,p*eS}1$ .
We shall in the sequel mainly concern with $\omega^{*}(N;n)$ , and a result

obtained for $\omega^{*}(N;n)$ will in the last step be transformed to our theorem
for $\omega(n)$ .

We define, for any positive integer $t$ , the set $M(t)$ consisting of
positive integers as

$M(t)=\{m;m$ is squarefree,
$m$ is composed only of primes $eS$,
$m$ has $t$ prime factors};

the 2nd and 3rd conditions may be rewritten as $\omega(n)=\omega^{*}(N;n)=t$ . We
put for convenience $M(O)=\{1\}$ .

For any positive integers $t_{1},$
$\cdots,$ $t_{k+l}$ , we denote by $F(N;t_{1}, \cdots, t_{k+1})$

the number of representations of $N$ as the sum of the form $N=p+n$ ,
where $p$ is prime, and $n$ is a positive integer such that

$\omega^{*}(N;p+a_{i})=t_{i}$ $for$ $i=1,$ $\cdots,$
$k$ ,

$\omega^{*}(N;n+a_{i})=t_{t}$ for $i=k+1,$ $\cdots,$ $k+t$

simultaneously.
For any positive integers $m_{1},$ $\cdots,$ $m_{k+l}$ such that $m_{1}\in M(t_{1}),$ $\cdots$ ,

$m_{k+l}\in M(t_{k+l})$ with some positive integers $t_{1},$
$\cdots,$ $t_{k+l}$ , we denote by

$G(N;m_{1}, \cdots, m_{k+l})$ the number of representations of $N$ as the sum of
the form $N=p+n$ , where $p$ is prime, and $n$ is a positive integer such
that
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(3) $\prod_{p\cdot|tp+a_{1)}}p^{*}=m_{i}$ for $i=1,$ $\cdots,$
$k$ ,

$p\cdot eS$

(4) $\prod_{p^{s}|(n+a_{i})}p^{*}=m_{i}$ for $i=k+1,$ $\cdots,$ $k+t$

$p*eS$

simultaneously.
We have

$p(N;t_{\iota}, \cdots, t_{k+t})=\sum_{m_{1}er(t_{1})}\cdots\sum_{m_{k+i}ert_{k+t})}G(N;m_{1}, \cdots, m_{k+\iota})$ .

We shall give some more functions. For any positive integers
$t_{1},$ $\cdots,$

$t_{\iota+\iota},$ $T_{1},$
$\cdots,$ $T_{k+l}$ , we put

$\ovalbox{\tt\small REJECT}^{(0)}(N;t_{1}, \cdots, t_{k+l};T_{1}, \cdots, T_{k+\ddagger})$

$=\sum_{m_{1}eF(t_{1})\prime*}\cdots\sum_{k+\iota^{eH(t_{k+t})}}\ovalbox{\tt\small REJECT}^{\nearrow(0}(N;m_{1}, \cdots, m_{k+1};T_{1}, \cdots T_{k+l})$
,

$\ovalbox{\tt\small REJECT}^{(0)}(N_{1}\cdot m_{1}, \cdots, m_{k+l};T_{1}, \cdots, T_{k+l})$

$=\sum_{=,10}^{2T_{1}}\cdots\sum_{{}^{t}k+\iota=0}^{zr_{k+l}}(-1)^{e_{1}+\cdots+r_{k+\iota \mathscr{L}(N;m_{1},\cdots,m_{k+\iota};\tau_{1},\cdots,\tau_{k+l})}}$ ,

$\mathscr{L}(N;m_{1}, \cdots, m_{k+t};\tau_{1}, \cdots, \tau_{k+t})$

$=\sum_{\mu\mu_{\iota^{6H(\tau_{1})}}k+\iota^{e}}\ldots\sum_{\iota^{\mu}\iota^{|(n}}\sum_{\prime t^{r}k+\iota_{n}\iota_{\mu}\iota^{1(p},+a_{1)(i=k}\dotplus i^{k}!_{k+l)}}..,..,1H(e_{k+l),)=1\prime n+a_{l})(=1}+n--\nu’$

where the summation-variables $p$ and $n$ in the innermost sum run
through primes and positive integers respectively such that $p+n=N$
and the conditions

$\mu m|(p+a_{i})$ for $i=1,$ $\cdots,$
$k$ ,

$\mu_{l}m_{i}|(n+a_{i})$ for $i=k+1,$ $\cdots,$ $k+l$

hold simultaneously.
Similarly we put, for $i=1,$ $\cdots,$ $k+l$ ,

$\mathscr{F}^{(i)}(N;t_{1}, \cdots, t_{\iota+\iota};T_{1}, \cdots, T_{k+l})$

$=\sum_{n_{1}eH(t_{1})n_{k+l}}\cdots\sum_{eH(\iota_{k+\iota})}\ovalbox{\tt\small REJECT}^{(t)}(N;m_{1} m_{k+1};T_{1}, \cdots, T_{k+l})$
,

$\ovalbox{\tt\small REJECT}^{(i)}(N;m_{1}, \cdots, m_{k+t};T_{1}, \cdots, T_{k+l})$

$=\sum_{e_{1}=0}^{ar_{1}}\cdots\sum_{\tau_{i}\Rightarrow 0}^{ar_{i}+\iota}\cdots\sum_{\tau_{k+l}=0}^{2\tau_{k+l}}(-1)^{\tau_{1}+\cdots+\iota}e_{k+\mathscr{L}(N;m_{1},\cdots,m_{k+l};\tau_{1},\cdots,\tau_{k+\iota})}$ ,

where the summation-variable $\tau$ runs through the integers $0,$ $\cdots,$ $2T_{i}+1$ ,

and other $\tau_{j}’ s$ run through the integers $0,$ $\cdots$ , $2T_{j}$ respectively.
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LEMMA 3.

$\sum_{i=1}^{k+l}\mathscr{G}^{\{i)}(N;t_{1}, \cdots, t_{k+t};T_{1}, \cdots, T_{k+1})$

$-(k+l-1)\ovalbox{\tt\small REJECT}^{(0)}(N;t_{1}, \cdots, t_{k+l};T_{1}, \cdots, T_{k+l})$

$\leqq F(N;t_{1};\cdots, t_{k+l})\leqq \mathscr{G}^{(0)}(N;t_{1}, \cdots, t_{k+l};T_{1}, \cdots, T_{k+l})$ .
PROOF. Changing the order of summations, we have

$\mathscr{G}(N;m_{1}, \cdots, m_{k+l};\tau_{1}, \cdots, \tau_{k+1})$

$=\sum_{km_{i}^{i1_{tn}^{(p}\ddagger}a_{i}^{i})(=k+i\ldots.,+t)}.\cdot$

$\prod_{i,ma)(=1\cdot,k)p+n=Ni--1\mu_{t\mu}}^{k}\sum_{ieM(\tau,m_{i})\frac{)}{-}1}1\cdot\prod_{t^{e}=k+1\mu_{t\mu i}}^{k+l}$

$\sum_{)m--1,\mu_{i}|(\dot{p}+a_{i})\mu_{i}|(na_{i}}1H()$

$=\sum_{\ddagger_{a)(i=k}^{a’)(i=\iota}mm_{i}^{i1_{(n}^{tp}}\dotplus i,!^{k}!_{k+l)}}..\prod_{ip+n=N=1}^{k}\left(\begin{array}{l}\omega^{*}(N\cdot.p+a_{i})-t_{i}\\\tau_{l}\end{array}\right)\prod_{i=k+1}^{k+l}\left(\begin{array}{l}\omega^{*}(N\cdot.n+a_{i})-t_{i}\\\tau_{l}\end{array}\right)$
.

Hence if we put

$\ovalbox{\tt\small REJECT}^{\prime(0)}(N;m_{1}, \cdots, m_{k+l};T_{\iota}, \cdots, T_{k+l})=$
$\sum_{p+n=N}$

$\delta(p, n)$ ,
$m_{i1_{(n}^{(p}\ddagger i}m_{i}a_{i})(i=k+a_{i})(=1...,k)k+l)$

$\sum_{i=1}^{k+1}.\ovalbox{\tt\small REJECT}^{\rightarrow(i)}(N;m_{1} m_{k+l};T_{1}, \cdots, T_{k+t})$

$-(k+l-1)\ovalbox{\tt\small REJECT}^{(0)}(N;m_{1}, \cdots, m_{k+t};T_{1}, \cdots, T_{k+l})$

$=$
$\sum_{p+n=N}$

$\delta^{\prime}(p, n)$ ,
$ m_{i1_{tn}^{tp}\ddagger_{a_{i})(i=k}^{a)(i=1}\dotplus i_{k+\iota)}^{k)}}m_{i}\iota\cdot\cdot’\ldots$,

then, using the notations in Lemma 1, we have

$\delta(p, n)=\prod_{i=1}^{k}E\{\omega^{*}(N;p+a_{i})-t_{i};T_{i}\}\cdot\prod_{i=k+1}^{k+l\downarrow}E\{\omega^{*}(N;n+a)-t_{i}, T_{i}\}$ ,

$\delta^{\prime}(p, n)=\sum_{j=1}^{k}[\prod_{t=1,i\neq j}^{k}E\{\omega^{*}(N;p+a_{i})-t_{i}, T_{i}\}\cdot F\{\omega^{*}(N;p+a_{j})-t_{j}, \tau_{;}\}$

$\prod_{i=k+1}^{k+l}E\{\omega^{*}(N;n+a_{i})-t_{i\prime}T_{i}\}]$

$+\sum_{j=k+1}^{k+l}[\prod_{i=1}^{k}E\{w^{*}(N;p+a_{i})-t_{i}, T_{i}\}$

. $i\neq j\prod_{--k+1}^{k+l}E\{\omega^{*}(N;n+a_{i})-t_{i}, T_{i}\}\cdot F\{\omega^{*}(N;n+a_{j})-t_{j}, T_{j}\}]$

$-(k+l-1)\prod_{i=\iota}^{k}E\{\omega^{*}(N;p+a_{i})-t_{i}, T_{i}\}\cdot\prod_{i=k+1}^{k+l}E\{\omega^{*}(N;n+a)-t_{i}, T\}$ .
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Now in the definition of $G(N;m_{\iota}, \cdots, m_{k+l})$ , (3) and (4) $hQld$ simul-
taneously when and only when

\langle 5) $\omega^{*}(N;p+a_{i})=t_{i}$ for $i=1,$ $\cdots,$
$k$ ,

\langle 6) $\omega^{*}(N;n+a)=t_{i}$ for $i=k+1,$ $\cdots,$ $k+l$

hold simultaneously, and by Lemma 1, for such $p$ and $n$ , we have
$\delta(p, n)=\delta^{\prime}(p, n)=1$ ; when at least one of the equations (3) and (4) does
not hold, or at least one of the equations (5) and (6) does not hold, we
have $\delta(p, n)\geqq 0$ and $\delta^{\prime}(p, n)\leqq 0$ . It follows that

$\sum_{i=1}^{k+l}\ovalbox{\tt\small REJECT}^{(i)}(N;m_{1}, \cdots, m_{k+\iota;}T_{1}, \cdots, T_{k+1})$

$-(k+l-1)\ovalbox{\tt\small REJECT}^{(0)}(N;m_{1}, \cdots, m_{k+l};T_{1}, \cdots, T_{k+l})$

$\leqq G(N;m_{1}, \cdots, m_{k+l})\leqq\ovalbox{\tt\small REJECT}^{(0)}(N;m_{1}, \cdots, m_{k+l};T_{1}, \cdots, T_{k+1})$ .
Summing up thus obtained inequalities, we get the lemma.

We shall further introduce some functions. We put

$H^{(0)}(N;,\iota=\sum_{m_{1}eM(t_{1})n_{k+l}}^{t_{1}}\cdot\sum_{eM(t_{k+l)}}^{T_{1}}K^{(0)}(N; m_{1}, \cdots, m_{k+l};T_{k+l})T_{1}, \cdots, T_{k+\dagger})$ ,

$K^{(0)}(N;m_{1}, \cdots, m_{k+l};T_{1}, \cdots, T_{k+l})$

$=\sum_{\tau_{1}=0}^{2T_{1}}\cdots\sum_{\tau_{k+\iota=0}}^{2T_{k+l}}(-1)^{\tau_{1}+\cdots+\tau_{k+l}}L(N;m_{1}, \cdots, m_{k+\iota};\tau_{1}, \cdots, \tau_{k+\iota})$
,

$L(N;m_{1}, \cdots, m_{k+l};\tau_{1}, \cdots, \tau_{k+l})$

$=\sum_{k(\mu_{1},m_{1})=1(\mu^{k+l}+\iota^{m_{k+l)=}}}\cdots\sum_{k\mu_{1}eJtt\tau_{1})\mu+\iota_{1}}*\frac{1}{\varphi(m_{1}\mu_{1}\cdots m_{k+l}\mu_{k+l})}$

where the asterisk attached to the summation symbols means that
$m_{1}\mu_{1},$ $\cdots,$ $m_{k+l}\mu_{k+l}$ are relatively prime in pairs, and $\varphi(m_{1}\mu_{1}\cdots m_{k+l}\mu_{k+l})$

is Euler’s function of $m_{1}\mu_{1}\cdots m_{k+t}\mu_{k+l}$ .

$H_{1}^{|(1)}(;\iota=\sum_{m_{1}eM(t_{1})’ n_{k+l}}^{t_{1}}\sum_{eM(t_{k+l})}^{T_{1}}K_{1}^{(0)}(N; m_{1}, \cdots, m_{k+l};T_{k+l})T_{1}, \cdots, T_{k+1})$ ,

$K_{1}^{(0)}(N;m_{1}, \cdots, m_{k+l};T_{1}, \cdots, T_{k+l})$

$=\sum_{\tau_{1}=0f}^{2T_{1}}\cdots\sum_{k+\iota=0}^{2T_{k+l}}(-1)^{\tau_{1}+\cdots+\tau_{k+l}}L_{1}(N;m_{1}, \cdots, m_{k+1};\tau_{1}, \cdots, \tau_{k+l})$
,
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$L_{1}(N;m_{1}, \cdots, m_{k+l};\tau_{1}, \cdots, \tau_{k+l})$

$=\sum_{\mu_{1^{m}1}t,)=1t\mu k+\iota^{m_{k+l})=}}\cdots\sum_{k\mu_{1}eM\{\tau_{1})\mu_{k+l}+\iota_{1}}*\frac{1}{m_{1}\mu_{1}\cdots m_{k+l}\mu_{k+l}}$

where the asterisk has the same meaning as before, and, in each summand,
$\varphi(m_{1}\mu_{1}\cdots m_{k+1}\mu_{k+l})$ is replaced by $m_{1}\mu_{1}\cdots m_{k+l}\mu_{k+l}$ ;

$H_{2}^{(0)}(N;t_{1}, \cdots, t_{k+l};T_{1}, \cdots, T_{k+t})$

$=\sum_{m_{1}eM(1_{1})m_{k+1}}\cdots\sum_{)eM(t_{k+l}}K_{2}^{(0)}(N;m_{1}, \cdots, m_{k+1};T_{1}, \cdots, T_{k+l})$
,

$K_{2}^{(0)}(N;m_{1}, \cdot . . m_{k+l};T_{1}, \cdot . ,, T_{k+l})$

$=\sum_{t_{1}=0}^{2T_{1}}$ . . . $\sum_{\tau_{k+l}=0}^{2\tau_{k+l}}(-1)^{\tau_{1}+\cdots+\tau_{k+\}}}L_{2}(N;m_{1}, \cdot . . m_{k+\dagger};\tau_{1}, \cdot ..\tau_{k+\ddagger})$ ,

$L_{2}(N;m_{1}, \cdots, m_{k+t};\tau_{1}, \cdots, \tau_{k+1})$

$=\sum_{kt\mu_{1},m_{1})=1(\mu}\cdots\sum_{\iota^{eK(r_{k+l})}\mu_{1}eM(r_{1})\mu_{k++l^{m}k+l)=1}}**\frac{1}{m_{1}\mu_{1}\cdots m_{k+l}\mu_{k+l}}$

where the double asterisks indicate that $m_{1}\mu_{1},$ $\cdots,$ $m_{k+l}\mu_{k+l}$ are not co-
prime, or not relatively prime in pairs.

LEMMA 4. Let $t_{i}<2y(N)$ and $T_{i}=[5y(N)]$ for $i=1,$ $\cdots,$ $k+l$ . Then,
as $ N\rightarrow\infty$ ,

$H_{1}^{(0)}(N;t_{1}, \cdots, t_{k+l};T_{1}, \cdots, T_{k+l})+H_{2}^{(0)}(N;t_{1}, \cdots, t_{k+l};T_{1}, \cdots, T_{k+l})$

$=\frac{\{y(N)\}^{t_{1}+\cdots+\iota_{k+l}}e^{-(k+\})y(N)}}{t_{1}!\cdots t_{k+l}!}\{1+0(1)\}$

uniformly in $t_{1},$
$\ldots,$ $t_{k+l}$ .

PROOF. We have

$H_{1}^{(0)}(N;t_{1}, \cdots, t_{k+l};T_{1}, \cdots, T_{k+l})+H_{2}^{(0)}(N;t_{1}, \cdots, t_{k+l};T_{1}, \cdots, T_{k+l})$

$=\prod_{i=1n_{i}}^{k+l}\sum_{6Htt_{i})}\frac{1}{m_{i}}\sum_{\tau_{i}=0}^{2T_{i}}(-1)^{\tau}\sum_{e\mu M(r)}\frac{1}{\mu_{i}}$ .
Hence it will suffice to show that

$\sum_{m_{l}e*(t)}\frac{1}{m_{i}}\sum_{\tau_{i}=0}^{2T}(-1)^{r}\sum_{\mu_{i}eM(r_{i})}\frac{1}{\mu_{i}}=\frac{\{y(N)\}^{\iota_{i}}e^{-ytN)}}{t!}\{1+o(1)\}$

uniformly in $t_{i}<2y(N)$ for each index $i$ . The proof can be carried out
similarly as [8], the proof of Lemma 6.
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LEMMA 5. Let $t<2y(N)$ and $T_{i}=[5y(N)]$ for $i=1,$ $\cdots,$ $k+l$. Then,
as $ N\rightarrow\infty$ ,

$H_{a}^{(0)}(N;t_{1}, \cdots, t_{k+t};T_{1}, \cdots, T_{k+l})=\frac{\{y(N)\}^{\iota_{1}+\cdots+k+l}e^{-(k+l)y\{N)}}{t_{1}!\cdots t_{k+l}!}\cdot o(1)$

uniformly in $t_{1},$
$\cdots,$ $t_{k+l}$ .

PROOF. Recalling the definition of $H_{2}^{(0)}(N;t_{1}, \cdots, t_{k+l};T_{1}, \cdots, T_{k+1})$ ,
we have

(7) $H_{l}^{(0)}(N;t_{1}, \cdots, t_{k+l};T_{1}, \cdots, T_{k+l})$

$\leqq,\sum_{1*\cdot Ht_{1})n_{k+l}}\cdots\sum_{H(t_{k+l})}\sum_{t_{1}=0}^{2T_{1}}$ . . . $\sum_{\tau_{k+l}=0}^{2p_{k+l}}$

$\mu_{1}eH(e_{1})\sum_{t\mu_{1},n_{1)=1}}$

.
$(\mu k+l,k+l)\frac{l}{-}\iota\sum_{\mu k+\iota^{e\prod_{\#}(\tau_{k+)}}}**\frac{1}{m_{1}\mu_{1}\cdots m_{k+l}\mu_{k+l}}$

where the double asterisks indicate that, for each summand, $m_{1}\mu_{1},$ $\cdots$ ,
$m_{k+l}\mu_{k+l}$ are not relatively prime in pairs, or there exists a couple of
indices $i_{1}$ and $i_{2}$ with $1\leqq i_{1}<i_{2}\leqq k+l$ such that $(m_{i_{1}}\mu_{i_{1}}, m_{i_{2}}\mu_{c_{2}})>1$ . If we
put $d=(m_{1}\mu_{1}, m_{i_{2}}\mu_{i_{2}}),$ $m_{1}\mu_{1}=dm_{1}^{\prime}\mu_{1}^{\prime},$ $m_{1}^{\prime}|m_{\iota_{1}},$ $\mu_{t_{1}}^{\prime}|\mu_{1},$ $m_{i_{2}}\mu_{\iota_{2}}=dm_{i_{2}}^{\prime}\mu_{\iota_{2}}^{\prime},$ $m_{t_{2}}^{\prime}|m_{2}$ ,
$\mu_{2}|\mu_{2}$ , and $m_{\acute{i}}=m_{i},$ $\mu:=\mu_{i}$ for $i\neq i_{1},$ $’\dot{b}_{2}$ , then

$\frac{1}{m_{1}\mu_{1}\cdots m_{k+l}\mu_{k+l}}=\frac{1}{d^{2}}\cdot\frac{1}{m_{1}^{\prime}\mu_{1}^{\prime}\cdots m_{k+l}^{\prime}\mu_{k+l}^{\prime}}$ .

Hence rewriting the right-hand side of (7), we have

$H_{2}^{(0)}(N;t_{1}, \cdots, t_{k+t};T_{1}, \cdots, T_{k+l})$

$\leqq\sum_{a}\frac{1}{d^{2}}\cdot\sum_{t_{1}=0}^{t_{1}}\cdots\sum_{\ell_{k+\iota=0}n_{1\downarrow)}^{\prime}}^{\iota_{k+l}}\sum_{\prime ,eH(}\cdots\sum_{n_{k+l^{6}}^{\prime}\alpha tt_{k+1}^{\prime})}$

$\sum_{\tau_{1}^{\prime}=0\tau}^{ar_{1}}\cdots\sum_{k+\iota=0}^{2T_{k+l}}\sum_{t\mu^{\prime}e_{1}^{\prime}+l}\cdots\sum_{eJt(e_{k+t}^{\prime})}\frac{1}{m_{1}^{\prime}\mu_{1}^{\prime}\cdots m_{k+l}^{\prime}\mu_{k+l}^{\prime}}$ ,

which gives

(8) $H_{2}^{(0)}(N;t_{\iota}, \cdots, t_{k+l};T_{1}, \cdots, T_{k+l})\leqq\sum_{d}\frac{1}{d^{2}}\cdot(\sum_{=0}^{\infty}\sum_{neXt)}\frac{1}{m})^{2(k+1)}$ ,

where the summation-variable $d$ runs through integers greater than 1,
and each factor of $d$ belongs to $S$, so that $d>\exp\{(\log\log N)^{2}\}$ , hence

$\sum_{d}\frac{1}{d^{2}}=O(e^{-tloglo_{SN)^{2}}})$ .
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Also

$\sum_{=0}^{\infty}\sum_{meHt)}\frac{1}{m}\leqq\sum_{\iota=0}^{\infty}\frac{\{y(N)\}^{t}}{t!}=e^{y(N)}=O(e^{2\log\log N})$ .
Hence it follows from (8) that

$H_{2}^{(0)}(N;t_{1}, \cdots, t_{k+1};T_{1}, \cdots, T_{k+l})=O(e^{2tk+\iota)\log\log N-(loglo\cdot NI^{2}})$ .
Since

$\frac{\{y(N).\}^{t_{1}\cdots+k+l}}{t!\cdot\cdot t_{k+l}!}>\frac{\{y(N)\}^{\iota_{1}+\cdots+\iota_{k+l}}}{\{2y(N)\}^{t_{1}+\cdots+k+l}}2^{-(\iota_{1}+\cdots+t_{k+l)}}>e^{-2(k+\iota)y(N)}>e^{-4(k+l)\log\log N}$ ,

we can write

$H_{2}^{(0)}(N;t_{1}, \cdots, t_{k+l};T_{1}, \cdots, T_{k+l})$

$=\frac{\{y(N)\}^{\iota_{1}+\cdots+t_{k+l}}}{t_{1}!\cdots t_{k+l}!}\cdot O(e^{\epsilon tk+t)\log\log N-(\log\log N)2})$ ,

which holds uniformly in $t_{I},$
$\cdots,$ $t_{k+l}$ .

LEMMA 6. Let $t_{i}<2y(N)$ and $T_{i}=[5y(N)]$ for $i=1,$ $\cdots,$ $k+l$ . Then,
$ a\epsilon N\rightarrow\infty$ ,

$H_{1}^{(0)}(N;t_{\iota}, \cdots, t_{k+l};T_{1}, \cdots, T_{k+l})=\frac{\{y(N)\}^{t_{1}+\cdots+t_{k+l}}e^{-(k+l)y(N)}}{t_{1}!\cdots t_{k+l}!}\{1+o(1)\}$

uniformly in $t_{1},$
$\cdots,$ $t_{k+l}$ .

PROOF. From Lemmas 4 and 5, we obtain the lemma.

LEMMA 7. Let $t_{i}<2y(N)$ and $T_{i}=[5y(N)]$ for $i=1,$ $\cdots,$ $k+l$ . Then,
as $ N\rightarrow\infty$ ,

$H^{(0)}(N;t_{1}, \cdots, t_{k+l};T_{1}, \cdots, T_{k+l})=\frac{\{y(N)\}^{\iota_{1}+\cdots+k+l}e^{-(k+t)y(N)}}{t_{1}!\cdots t_{k+l}!}\{1+o(1)\}$

uniformly in $t_{1},$
$\cdots,$ $t_{k+1}$ .

PROOF. Since $\omega(m_{1}\mu_{1}\cdots m_{k+l}\mu_{k+1})<12(k+l)y(N)<24(k+l)\log\log N$, and
each factor of $m_{1}\mu_{1}\cdots m_{k+l}\mu_{k+l}$ belongs to $S$ ,

$\frac{1}{m_{1}\mu_{\iota}\cdots m_{k+l}\mu_{k+l}}\leqq\frac{1}{\varphi(m_{1}\mu_{1}\cdots m_{k+l}\mu_{k+l})}$

$=\frac{1}{m_{1}\mu_{1}\cdots m_{k+l}\mu_{k+l}}\prod_{kp|\tau n_{1}\mu_{1}\cdots m+t^{\mu}k+l}(1-\frac{1}{p})^{-\iota}$
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$\leqq\frac{1}{m_{1}\mu_{1}\cdots m_{k+l}\mu_{k+l}}\prod_{\mu p|n_{1}\mu_{1}\cdots m_{k+lk+l}}(1+\frac{2}{p})$

$\leqq\frac{1}{m_{1}\mu_{1}\cdots m_{k+l}\mu_{k+l}}(1+2e^{-(\log\log N)^{2}})^{24(\iota+\iota)\log\log N}$ ,

so that

$\frac{1}{\varphi(m_{1}\mu_{1}\cdots m_{k+l}\mu_{k+l})}=\frac{1+.o(1)}{m_{1}\mu_{1}\cdot\cdot m_{k+l}\mu_{k+l}}$

uniformly in $m_{1}\mu_{1},$ $\cdots,$ $m_{k+l}\mu_{k+l}$ . From this and Lemma 6, we obtain the
lemma.

Next we put

$H^{(i)}(N;t_{1}, \cdots, t_{k+l};T_{1}, \cdots, T_{k+l})$

$=\sum_{km_{1}eM(t_{1})’*+l}\cdots\sum_{)eH(t_{k+l}}K^{(i)}(N;m_{1}, \cdots, m_{k+l};T_{1}, \cdots, T_{k+l})$ ,

$K^{(i)}(N;m_{1}, \cdots, m_{k+l};T_{1}, \cdots, T_{k+l})$

$=\sum_{\tau_{1}=0}^{2p_{1}}\cdots\sum_{\tau_{i}=0}^{2T+\iota}\cdots\sum_{r_{k+l}=0}^{2r_{k+l}}(-1)^{\tau_{1}+\cdots+\tau_{k+\iota}}L(N;m_{1}, \cdots, m_{k+l};\tau_{1}, \cdots, \tau_{k+1})$ ,

where the summation variable $\tau_{i}$ runs through the integers $0,$
$\cdots,$ $2T_{i}+1$ ,

and other $\tau_{;}’ s$ run through the integers $0,$
$\cdots,$ $2T_{j}$ respectively.

LEMMA 8. Let $t_{i}<2y(N)$ and $T=[5y(N)]fo\gamma i=1,$ $\cdots,$ $k+l$ . Then,
as $ N\rightarrow\infty$ ,

$H^{(i)}(N;t_{1}, \cdots, t_{k+l};T_{1}, \cdots, T_{k+t})=\frac{\{y(N)\}^{\iota_{1}+\cdots+t_{k+l}}e^{-(k+l)_{l}(N)}}{t_{1}!\cdots t_{k+l}!}\{1+o(1)\}$

uniformly in $t_{1},$
$\cdots,$ $t_{k+l}$ .

PROOF. Similarly as Lemmas 4, 5, 6 and 7, we obtain the lemma.

In the proof of next lemma, we shall use Bombieri’s theorem (cf.
[1], [2]]).

LEMMA 9. Let $t_{i}<2y(N)$ and $T_{i}=[5y(N)]$ for $i=1,$ $\cdots,$ $k+l$ . Then,
as $ N\rightarrow\infty$ ,

$\ovalbox{\tt\small REJECT}^{(0)}(N;t_{1}, \cdots, t_{k+1};T_{1}, \cdots, T_{k+l})$

$-H^{(0)}(N-1;t_{1}, \cdots, t_{k+l};T_{1}, \cdots, T_{k+l})1\ddagger(N-1)=o(\frac{N}{\log^{\alpha}N})$

uniformly in $t_{1},$
$\cdots,$ $t_{k+l}$ , where $1i(N-1)$ is the $logar^{l}ithmic$ integral of

$N-1$ , and $a$ is an arbitrary positive constant.
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PROOF. In the definition of $\mathscr{G}^{(0)}(N;t_{1}, \cdots, t_{k+1};T_{1}, \cdots, T_{k+l})$ , each
summand of $\mathscr{L}(N;m_{1}, \cdots, m_{k+l};\tau_{1}, \cdots, \tau_{k+l})$ has the form

(9)
$m_{i}^{i}\mu_{i}^{i}m\mu|_{(n}^{(p}\ddagger_{a_{i})(i=k+\cdots\cdot,k+t)}^{a_{i})(l=1.\cdot\cdot,k)}p+n=N\sum_{i}1$

;

the prime factors of $m_{1}\mu_{1},$ $\cdots,$ $m_{k+l}\mu_{k+l}$ belong to the set $S$, and do not
contain the prime factors of $D(N)$ . It follows that $m_{1}\mu_{1},$ $\cdots,$ $m_{k+l}\mu_{k+l}$

are relatively prime in pairs; in fact, if a prime $p^{*}$ exists such that
$p^{*}|(p+a_{i})$ and $p^{*}|(p+a_{j})$ with $1\leqq i<j\leqq k$ , then $p^{*}|(a_{l}-a_{j})$ , and such $p^{*}$

is excluded from the set $S$ ; if a prime $p^{*}$ exists such that $p^{*}|(n+a_{i})$

and $p^{*}|(n+a_{j})$ with $k+1\leqq i<j\leqq k+l$ , then $p^{*}|(a_{i}-a_{j})$ and such $p^{*}$ is
excluded from the set $S$ ; if a prime $p^{*}$ exists such that $p^{*}|(p+a_{\dot{l}})$ and
$p^{*}|(n+a_{j})$ with $1\leqq i\leqq k$ and $k+1\leqq j\leqq k+l$ , then $p^{*}|(N+a_{i}+a_{j})$ , and such
$p^{*}$ is excluded from the set $S$.

Now the simultaneous congruences

$p\equiv-a_{i}$ $(mod m_{i}\mu_{i})$

for $i=1,$ $\cdots,$
$k$ with relatively prime moduli in pairs are equivalent to a

congruence

(10) $p\equiv r_{1}$ $(mod m_{1}\mu_{1}\cdots m_{k}\mu_{k})$

with suitable $\gamma_{1}$ . Since the set $S$ excludes the prime factors of $a_{1},$ $\cdots,$ $a_{k}$ ,
we have $(r_{1}, m_{1}\mu_{1}\cdots m_{k}\mu_{k})=1$ .

The simultaneous congruences

$n\equiv-a_{i}$ $(mod m_{i}\mu_{i})$

for $i=k+1,$ $\cdots,$ $k+l$ with relatively prime moduli in pairs, Iince $p+n=N$,
may be rewritten as

$p\equiv N+a_{i}$ $(mod m_{i}\mu)$ .
These congruences are equivalent to a congruenee

(11) $p\equiv r_{2}$ $(mod m_{k+1}\mu_{k+1}\cdots m_{k+l}\mu_{k+l})$ .
Since the set $S$ excludes the prime factors of $N+a_{k+1},$ $\cdots,$ $N+a_{k+l}$ , we
have $(r_{2}, m_{k+1}\mu_{k+1}\cdots m_{k+l}\mu_{k+1})=1$ .

The two congruences (10) and (11) are again equivalent to a single
congruence

$p\equiv r$ $(mod m_{1}\mu_{1}\cdots m_{k+t}\mu_{k+1})$ ,
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where $(\gamma, m_{1}\mu_{1}\cdots m_{k+l}\mu_{k+l})=1$ , and (9) may be written as $\pi(N-1$ ;
$m_{1}\mu_{1}\cdots m_{k+\dagger}\mu_{k+l},$ $\gamma$).

It follows from the considerations on (9) that

(12) $|\mathscr{G}^{(0)}(N;t_{1}, \cdots, t_{k+1};T_{1}, \cdots, T_{k+1})$

$-H^{(0)}(N-1;t_{1}, \cdot . ., t_{k+l};T_{1}, \cdots, T_{k+l})1i(N-1)|$

$\leqq\sum_{n_{1}eHt_{1})}$
. . . $\sum_{m_{k+l}eH(\iota_{k+l})}\sum_{1f=0}^{2T_{1}}$ . . .

$f\sum_{k+\iota=0}^{2T_{k+l}}\sum_{1’ 1}\mu_{1}er\{r_{1}$

)
$t\mu’*$ ) $=1$

$\mu\epsilon\prod_{*}$
)

$\{\mu k+l\cdot k+l$ )

$=\iota\sum_{k+l}*$

$|\pi(N-1;m_{1}\mu_{1}. . .m_{k+l}\mu_{k+l}, r)-\frac{1i(.N.-1)}{\varphi(m_{1}\mu_{1}\cdot m_{k+l}\mu_{k+l})}|$ .
In order to avoid the complexity caused by $r$ , we replace each summand
by

$\max_{\rho}|\pi(N-1;m_{1}\mu_{1}\cdots m_{k+l}\mu_{k+\ddagger}, \rho)-\frac{1i(N-1)}{\varphi(m_{1}\mu_{1}\cdots m_{k+l}\mu_{k+l})}|$ ,

where $\rho$ runs through a reduced residue system modulo $m_{1}\mu_{1}\cdots m_{k+l}\mu_{k+l}$ .
If we put $\nu=m_{1}\mu_{1}\cdots m_{k+l}\mu_{k+l}$ , then

$\omega(\nu)<12(k+l)y(N)<24(k+l)\log\log N$ ;

each prime factor of $\nu$ belongs to $S$, so that
$\nu<(N^{t\log\log N)}-2)^{24tk+l)\log\log N}=N^{utk+l)/\log\log N}$ ,

for each $\nu$ , the number of summands for which $ m_{1}\mu_{1}\cdots m_{k+l}\mu_{k+l}=\nu$ does
not exceed $\{\omega(\nu)\}^{2tk+t)}<\{24(k+l)\log\log N\}^{2(k+l)}$ .

Thus from (12) we obtain

(13) $|\ovalbox{\tt\small REJECT}^{(0)}(N;t_{1}, \cdots, t_{k+1};T_{1}, \cdots, T_{k+l})$

$-H^{(0)}(N-1;t_{1}, \cdots, t_{k+1};T_{1}, \cdots, T_{k+l})1i(N-1)|$

$\leqq\{24(k+l)\log\log N\}^{2(k+l)}\sum_{\nu}\max_{\rho}|\pi(N-1;\nu, \rho)-\frac{1i(N-1)}{\varphi(\nu)}|$ ,

where $\nu$ runs through positive integers not exceeding $N^{utk+l)/\log\log N}$ . Now
by Bombieri’s theorem

$\sum_{\nu}\max_{\rho}|\pi(N-1;\nu, \rho)-\frac{1i(N-1)}{\varphi(\nu)}|=o(\frac{N}{\log^{\alpha}N})$

with arbitrary positive constant $\alpha$ . Hence by (13) we obtain the lemma.

LEMMA 10. Let $t<2y(N)$ and $T=[5y(N)]$ for $i=1,$ $\cdots,$ $k+l$ . Then,
as $ N\rightarrow\infty$ ,
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$\mathscr{F}^{(t)}(N;t_{1\prime}\cdots, t_{k+l};T_{1}, \ldots, T_{k+l})$

$-H^{\{i)}(N-1;t_{1}, \cdots, t_{k+l};T_{1}, \cdots, T_{k+l})1i(N-1)=o(\frac{N}{\log^{\alpha}N})$

uniformly in $t_{1},$
$\cdots,$ $t_{k+l}$ , where $a$ is an arbitrary positive constant.

PROOF. Similarly as (12) and (13), we have

$|\mathscr{F}^{(t)}(N;t_{1}, \cdots, t_{k+l};T_{1}, \cdots, T_{k+l})$

$-H^{ti)}(N-1;t_{1}, \cdots, t_{k+1};T_{1}, \cdots, T_{k+l})1i(N-1)|$

$\leqq\sum_{m_{1}ertt_{1})m_{k+l}}\cdots\sum_{\epsilon Htt_{k+l})}\sum_{r_{1}=0}^{2T_{1}}\cdots\sum_{\tau_{i}=0}^{2T+1}\cdots\sum_{\tau_{k+\iota=0}}^{2p_{k+l}}\sum_{\mu t\mu_{1},m_{1})=1(k+}\cdots\sum_{e\mu_{1}eK(\iota_{1})\mu_{k+l}r(\tau_{k+l)}}*$

$|\pi(N-1;m_{1}\mu_{1}\cdots m_{k+l}\mu_{k+l}, \gamma)-\frac{1i(.N-1)}{\varphi(m_{1}\mu_{1}\cdot\cdot m_{k+l}\mu_{k+l})}|$

$\leqq\{24(k+l)\log\log N\}^{2(k+t)}\sum_{\nu}\max_{\rho}|\pi(N-1;\nu, \rho)-\frac{1i(N-1)}{\varphi(\nu)}|$ .
Applying again Bombieri’s theorem, we obtain the lemma.

LEMMA 11. Let $t_{i}<2y(N)$ and $T_{i}=[5y(N)]$ for $i=1,$ $\cdots,$ $k+l$ . Then,
as $ N\rightarrow\infty$ ,

$\ovalbox{\tt\small REJECT}^{(0)}(N;t_{1}, \cdots, t_{k+l};T_{1}, \cdots, T_{k+l})=\frac{N\{y(N)\}^{\iota_{1}+\cdots+k+l}e^{-(k+l)y(N)}}{t_{1}!\cdots t_{k+l}!\log N}\{1+o(1)\}$ ,

and

$\ovalbox{\tt\small REJECT}^{(i)}(N;t_{1}, \cdots, t_{k+l};T_{1}, \cdots, T_{k+l})=\frac{N\{y(N)\}^{t_{1}+\cdots+\iota_{k+\iota}}e^{-(k+t)y(N)}}{t_{1}!\cdots t_{k+l}!1ogN}\{1+o(1)\}$

for $’\dot{\iota}=1,$
$\cdots,$ $k+l$ uniformly in $t_{1},$

$\cdots,$ $t_{k+1}$ .
PROOF.

$\frac{\{y(N)\}^{t}}{t_{i}!}>(\frac{t_{t}}{2})^{\iota_{i}}\cdot\frac{1}{t_{i}^{t\ell}}=2^{-t_{i}}>e^{-z\nu tN)}>(\log N)^{-}$

for $i=1,$ $\cdots,$ $k+l$ . Hence by the, preceding lemma we have
$\ovalbox{\tt\small REJECT}^{(0)}(N;t_{1}, \cdots, t_{k+\iota i}T_{1}, \cdots, T_{k+l})$

$-H^{(0)}(N-1;t_{1}, \cdots, t_{k+l};T_{1}, \cdots, T_{k+l})1i(N-1)$

$=0[\frac{N\{y(N)\}^{t_{1}+\cdots+t_{k+l}}(\log N)^{4Ih+\})}}{t_{1}!\cdots t_{k+l}!\log^{a}N}]$ ,

and similarly for
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$\mathscr{F}^{(t)}(N;t_{1}, \cdots, t_{k+l};T_{1}, \cdots, T_{k+l})$ .
Since $e^{tN)}<e^{2\log\log N}=\log^{2}N$ and $\alpha$ is arbitrary, from above formulas,

Lemmas 7 and 8, we obtain the lemma.

LEMMA 12. Let $t<2y(N)$ for $i=1,$ $\cdots,$ $k+l$ . Then, as $ N\rightarrow\infty$ ,

$F(N;t_{1}, \cdots, t_{k+t})=\frac{N\{y(N).\}^{t_{1}+\cdots+\iota_{k+l}}e^{-(k+\iota)y(N)}}{t_{1}!\cdot\cdot t_{k+l}!\log N}\{1+o(1)\}$

uniformly in $t_{1},$ $\cdots,$ $t_{k+l}$ .
PROOF. From Lemmas 3 and 11, we obtain the lemma.

LEMMA 13. Let $ a<\beta$ , and let $t$ be positive integers such that
$t=y(N)+x\sqrt{y(N)}$ with $ a<x_{i}<\beta$ for $i=1,$ $\cdots,$ $k+l$ . Then, as $ N\rightarrow\infty$ ,

$F(N;t_{1}, \cdots, t_{k+l})=\frac{N}{\log N}\{2\pi y(N)\}^{-(k+\iota)/2})/2$

uniformly in $t_{1},$ $\cdots,$ $t_{k+l}$ .
PROOF. In Stirling’s formula

$t!=\sqrt{2\pi}t^{t+1/l}e^{-}\dagger 1+o(\frac{1}{t})\}$ ,

we put $t=t_{i}=y(N)+x_{1}\sqrt{y(N)}$ , then easy calculations give

$t_{i}]=\sqrt{2\pi}\{y(N)\}^{\nu tN)+k_{i}\overline{y}(N)+1/2}e^{-y(N)+ae_{2}^{2}/2}\{1+o(\frac{1}{\sqrt y(N)})\}$ ,

or

$\frac{\{y(N)\}^{t_{i}}e^{-u^{(N)}}}{t_{i}!}=\frac{e^{-ae_{2}^{2}/z}}{\sqrt 2\pi y(N)}\{1+o(\frac{1}{\sqrt y(N)})\}$

for $i=1,$ $\cdots,$ $k+l$ . Multiplying thus obtained formulas, we have the lemma.

LEMMA 14. Let $a_{1}$ , $\cdot$ . $a_{k+l},$ $\alpha_{1},$ $\beta_{1},$ $\cdots,$ $a_{k+l},$ $\beta_{k+1}$ be as in the theorem,

Let $A^{*}(N)=A^{*}(N;a_{1}, \cdots, a_{k+l};\alpha_{1}, \beta_{1}, \cdots, a_{k+l}, \beta_{k+l})$ denote the number of
representations of $N$ as the sum of the form $N=p+n,$ $whe\gamma ep$ is prime,
and $n$ is a positive integer such that

$y(N)+a\sqrt{y(N)}<\omega^{*}(N;p+a)<y(N)+\beta^{\sqrt{y(N)}}$

for $i=1,$ $\cdots,$
$k$, and
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$y(N)+\alpha_{i}\sqrt{y(N)}<\omega^{*}(N;n+a_{i})<y(N)+\beta_{i}\sqrt{y(N)}$

for $i=k+1,$ $\ldots,$ $k+l$ simultaneously. Then, as $ N\rightarrow\infty$ , we have

$A^{*}(N)\sim\frac{N}{\log N}\cdot\prod_{i=1}^{k+l}\Phi(\alpha_{i}, \beta_{i})$ .
PROOF. By the definition of $F(N;t_{1}, \cdots, t_{k+t})$ , we can write

$A^{*}(N)=\sum_{t_{1}}\cdots\sum_{k+l}F(N;t_{1}, \cdots, t_{k+l})$ ,

the summation extending over the $k+l$ positive integers such that

$y(N)+a_{i}\sqrt{y(N)}<t_{i}<y(N)+\beta_{i}^{\sqrt{y(N)}}$

for $i=1,$ $\cdots,$ $k+l$ : let these values of $t_{i}$ be $t_{i\nu}=y(N)+x_{i\nu}\sqrt{y(N)}$ with
$\nu=1,$ $\cdots,$ $s_{i}$ ; then

$x_{\nu+1}-x_{i\nu}=\{y(N)\}^{-1/2}$

for $\nu=1,$ $\cdots,$ $\epsilon_{i}-1$ ; thus by Lemma 18, we can write

$A^{*}(N)=\{1+o(1)\}\frac{N}{\log N}\cdot(2\pi)^{-(k+t)/2}\prod_{i=1}^{k+1}\sum_{\nu=1}^{l}e^{-x_{y}^{2}/2}(x_{i,\nu+\iota}-x_{i\nu})*-1$ ,

which proves the lemma.

PROOF OF THE THEOREM. By the aid of Titchmarsh’s theorem (cf.
[1], [2]), we can transform the result for $A^{*}(N)$ to that for $A(N)$ .

Let $S^{\prime}=\{1, \cdots, 2N\}-S$, then, for $i=1,$ $\cdots,$
$k$ , we have

$\sum_{p+n=N}\{\omega(p+a_{i})-\omega^{*}(N_{1}p+a_{i})\}$

$=\sum_{*p+n=Np|}$
$\sum_{(p+a_{i}),p\cdot es}1=\sum_{:p<Np|p}\sum_{(p+a_{i}) ,es’}1\leqq\sum_{\leq p:N+a_{i}peS}\pi(N;p^{*}, -a_{i})$ .

Since any positive number has at most one prime factor greater than
the square root of itself, the last sum may be estimated by

$p\ddagger^{S^{\sqrt{}}\overline{2N}}eS^{\prime}\sum_{p}\pi(N;p^{*}, -a_{i})+o(\frac{N}{\log N})$ .

Here we quote Titchmarsh’s theorem, then we have

$p\ddagger^{s\prime}es^{2N}\sum_{p},\pi(N;p^{*}, -a_{i})=o(\frac{N}{\log N}\sum_{peS^{\prime}}\frac{1}{p^{*}})$ .
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Let $N$ be so large that the set $\{1, \cdots, 2N\}$ contains the set $S$ and
prime factors of $D(N)$ . Then $S^{\prime}$ contains the prime factors of $D(N)$ .
But (2) holds. Hence, if we replace $x$ in (1) by $2N$ and then by upper
and lower limits of $p^{*}$ in the definition of the set $S,$ $ea8y$ calculations
will give

$\sum\perp_{=O(\log\log\log N)}$ .
$p\cdot eS^{\prime p^{*}}$

Thus, for $’\dot{b}=1,$ $\cdots,$
$k$ , we have

(14) $\sum_{p+n-N}\{\omega(p+a)-\omega^{*}(N;p+a_{i})\}=o(\frac{N}{\log N}\sqrt{y(N)})$ .

For $i=k+1,$ $\ldots,$ $k+l$ , using again Titchmarsh’s theorem, we also
have

$\sum_{p+n=N}\{\omega(n+a)-\omega^{*}(N;n+a)\}=\sum_{p+n=Np*}$$\sum_{|(n+a_{i}),p\cdot eS}1=\sum_{p<Np:}\sum_{|(N-p+a) ,peS}1$

$\leqq$

$\sum_{p\cdot\leq N+a,p\cdot eS^{\prime}}\pi(N;p^{*}, N+a)=$
$\sum_{\sqrt{},p;eSp\leq\overline{2N}},\pi(N_{j}p^{*}, N+a_{i})+o(\frac{N}{\log N})$

$=o(\frac{N}{\log N}\sum_{p*eS^{\prime}}\frac{1}{p^{*}})=o(\frac{N}{\log N}\log\log\log N)$ ,

so that, for $i=k+1,$ $\cdots,$ $k+l$ , we have

(15) $\sum_{+n=N}\{\omega(n+a_{i})-\omega^{*}(N;n+a_{i})\}=o(\frac{N}{\log N}\sqrt{y(N)})$ .

It follows from (14), (15) and Lemma 2 that, for any given $\epsilon>0$ , we
can take $N_{1}=N_{1}(\epsilon)$ so large that, for $N>N_{1}$ ,

$A^{*}(N;a_{1}, \cdots, a_{k+l};a_{1}+\epsilon, \beta_{1}-\epsilon, \cdots, \alpha_{k+l}+\epsilon, \beta_{k+\}}-\epsilon)-\frac{\epsilon N}{\log N}$

$<A(N;a_{\iota}, \cdots, a_{k+\iota};a_{1}, \beta_{1}, \cdots, a_{k+\iota}, \beta_{k+\iota})$

$<A^{*}(N;a_{1}, \cdots, a_{k+\iota};a_{1}-\epsilon, \beta_{1}+\epsilon, \cdots, a_{k+\iota}-\epsilon, \beta_{k+\iota}+\epsilon)+\frac{\epsilon N}{\log N}$ .
From this and Lemma 14, we obtain

$\prod_{l=1}^{k+l}\Phi(a_{l}+\epsilon, \beta-\epsilon)-\epsilon$
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$\leqq\lim_{N\rightarrow}\sup_{\infty}\ovalbox{\tt\small REJECT}_{N}A(N;a_{1}, \cdots, a_{k+l};a_{1},\beta_{1}, \cdots, a_{k+l}, \beta_{k+l})\log N$

$\leqq\prod_{i=1}^{k+l}\Phi(\alpha_{i}-\epsilon, \beta_{i}+\epsilon)+\epsilon$ .
Since $\epsilon$ is an arbitrary positive number, this gives the theorem.
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