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§1. The main theorem.

Let w(n) denote the number of distinct prime factors of a positive
integer n.

Let k& and ! be positive integers;
let a,, +--,a, be distinet non-zero integers;
let a;,,, * -+, a,,, be distinet integers.

We put, for a,<g,, 1=1,---, k+1,

3=\ e(—5)
(e, B)=—=\ exp( —=—)dz .
(@, B)=175=), exp(—3
Let N be a positive integer, which will be assumed to be sufficiently
large as occasion demands. '

THEOREM. Let A(N)=A(N; a,, -+, 04415 0y By ** 5 Asts Bisr) denote the
number of representations of N as the sum of the form N=p+mn, where
P 18 prime, and n 18 a positive integer such that

log log N+, Tog log N< w(p+a,) <log log N+ g Tog log N
Jor i=1,---  k, and
log log N+ a;1 log log N<w(n+a,) <log log N+ 3,1 log log N

Jor i=k+41,---, k+1 simultaneously. Then, as N— o, we have

AN ~ T T 0, ) -

lo
The paper will be read without making any references to author’s
previous papers, except for the proof of Lemma 4.
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§2. Proof of the theorem.
For any non-negative integers b and ¢, we put
26 b 2041 b
B6,9=5,(-1(;), Fe0=3 (—1)*(.) ,
1=0 1 =0 ?
then, as simple properties of binomial coefficients, we have

=1 when =0,
<0 when 5>0.

=1 when =0,

F
>0 when >0, ®, c){

E(, c){

LemMA 1. Let b,---, b, and ¢, ---, ¢, be non-negative integers, then

SUIT E@, e)-F®, ¢} —¢—DIL E@, ¢

i=1

[£27)
{=1, when b,=-+-=b,=0,
<0, when at least one of the b’s is positive .
We omit the proof.
We put
D(N)=D(N; @y, **+, Q1)
k k+1 k k+1
=[la:- II (N+ay)-IIl Il (N+a,+a,)
=1 i=k+1 i=1 j=k+1
I (e—ap- TII (a;—ay),

13i<isk k+18t<isk+l

and define the set S consisting of primes p* as
S_.:{p* . p* *D(N)’ e(loglogNﬂ <p*<N(loglogN)_2} .
We put

y =3, L.

pres p*
LEMMA 2. y(N)=log log N+ O(log log log N).

PRrROOF. As is well-known,

(1) > L —loglogz+0() .

p*ss P

Since
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220 < D(N), o{D(N)}<log D(N)/log?2 ,
replacing « in (1) by log D(N)/log 2, we have

(2) > <> L _0togloglogN) .

»Dn p* T D p*

Hence if we replace z in (1) by the upper and lower limits of p* in the
definition of the set S, easy calculations will give the lemma.

By this lemma, y(N)<2loglog N for large N. This inequality will
frequently be used in the sequel.

We denote by w*(N;n) the number of distinet prime factors of a
positive integer n, which belong to the set S:

o*N;n)= 3, 1.
p*|n,p*e 8

We shall in the sequel mainly concern with w*(NV; n), and a result
obtained for w*(N; n) will in the last step be transformed to our theorem
for w(n).

We define, for any positive integer #, the set M(t) consisting of
positive integers as

M@t)={m; m is squarefree,
m is composed only of primese S,
m has t prime factors);

the 2nd and 3rd conditions may be rewritten as on)=w*(N; n)=t. We
put for convenience M(0)={1}.

For any positive integers ¢,,---, ¢,,;,, we denote by F(N; &, ++-, ti)
the number of representations of N as the sum of the form N= p+n,
where p is prime, and #» is a positive integer such that

@*(N; p+a,)=t, for ¢=1,.-.--,k,
@*(N; n+a,)=t, for i=k+1,---, k+1

simultaneously.

For any positive integers m,, ---, m,,, such that m, € M), ---,
My € M(t,,,) with some positive integers ¢, ---,¢,.,, we denote by
G(N; my, « -, m,,,) the number of representations of N as the sum of

the form N=p-+mn, where p is prime, and » is a positive integer such
that
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(3) II »*=m, for i=1,---,k,
p*|(P+ay)
p*e S

(4) II »*=m, for i=k+1,.--, k+1
p*[(nt+ay)
p*esS

simultaneously.

We have
F(N;tu"'y tk+l)= Z e Z G(Nr My sy mk+l)-
myeM(ty) Mmpi€ Mty

We shall give some more functions. For any positive integers
ty ooy by Toyovee, Ty, we put

%(0)(1\7; tu Tt tk+l; Tv M) Tk+l) .
= 2 e 2 %(o)(N; Myy * sy My Tv"'Tk+l)’

myeM(ty) my 1€ ML)

0 . .
74 )(N, Myy ***y My Tu Y Tk+l)
2Ty eTE+1

=30 3 (—1)ETE (NG My, vy Mt Ty 0 Tatt)

=0 Tl +1=0

g(N; Myy oty Mpp1; Ty *° 7-'k+l)

=3 3 > 1,

#1686 M(zry) BE+18 M (te+ ) p+n=N
(gt1,my) =1 [§7] ,m y=1 myp;l(D4ag) (E=1,---,k)
LT kb M+ U=0 bt (ntrad) G=k1, e kD)

where the summation-variables p and %» in the innermost sum run
through primes and positive integers respectively such that p+n=N
and the conditions

pml(@+a) for i=1,---,k,
gmln+a)  for i=k+1,---, k+l

hold simultaneously.
Similarly we put, for i=1,---, k+1,
%(”(N; tu *t % tlc+l; Tv * Tk+l)
= Z et Z %“)(N;mn"'; Mo 115 Tn'"’ Tk+l)a

my €M (ty) mp €Mty y)
%“)(N; Myy ***y Miyis Tu R TIH—I)
2Ty 2T¢+1 2T+l
= Z... Z Z (_1)r1+-1'+rk+tg(N; Myy ***y Myt Tn"',THz) ,
=0 T;=0 Tk+1=0 -

where the summation-variable z, runs through the integers 0, ---, 2T +1,
and other z,’s run through the integers 0,---, 2T, respectively.
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LEmMMA 3.

k+1
Z %(“(N; tiyoeey tk+t; Tu Tty Tk+t)

i=1
—(k+I-=1)2ZO(N; by, ooy tiris Toy o ooy Thvd)
SFWN; ;e ooy i) SESFEOWN; by ooy bows Thy oo ey Thovd)

Proor. Changing the order of summations, we have

L (N; my, - *y Mipst; Tyy ** %y Thotl)

= s 1 s 1-11 3 1

+n—-N i=1 py6 M(zy) t=k+1ipge M(cy)
mil(p+ag ) (¢=1,- k‘) (pg,m¢) =1 (g, mg) =1
mzl(n+a,) (i= k+1 J+1) zil(P+ay) 2l (n+aj)
_ > I (a)*(N; p+a,)— ti) "ll“I‘ (co*(N; n+ai)—-t‘>
n—N i=1 i=k+1
mil(ptag) Gt e k) (2 T
mil(n+a;) (i= lc+1, Y+
Hence if we put
(0) . . —_—
=z (N, Myy ey My Tu M) Tk+l)— -{—ZN a(p; n) ’
n=
mtl(p+a,;) (E=1,9-, k

)
mgl(ntag) (t=k+1,-+,k+1)
k+1 @
2. Nsmyy ooy My; Ty o0 vy, Tw)

=1
_(k+l"“1)%(0)(N; My * oty Mpygs Tv * % Tk+l)
= Z 5’(]7, n) ’ .

+11=N
'mzl(p+a¢) (t=1, k)
m;| (n+aj) (I= k+1 s k+1)

then, using the notations in Lemma 1, we have

k k+1)
8, m =11 E{w*(N; p+a)—t; T}- Il Elo*(N;n+a)—t, T,

k k
o'(p, m) =,-Z=‘; EE{w*(N; p+a)—t, T} - Flo*(N; p+a;)—t; T}

St

1T Blo*(V; n+a)—t, T} |

i=k

-;.-Zk“ [H E{w*(N; p+a,)—t, T}

‘I;IHE{co*(N n+a)—t, T}-Flo*(N; n+a)—t,, T,}]
i+g

k+1
—-()!c+-l-—1)%_1‘k[1 E{o*(N; p+a,)—t;, T} 1 E{w*(N; n+a,)—t, T} .

t=k+1
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Now in the definition of G(N; my, +++, Myrr), (3) and (4) hold simul-
taneously when and only when

(5) o*(N; p+a,)=t, for 2=1,.---,k,
(6) o*(N; n+a)=t, for i=k+1,:--, k+1

hold simultaneously, and by Lemma 1, for such » and =, we have
8(p, n)=0"(p, n)=1; when at least one of the equations (8) and (4) does
not hold, or at least one of the equations (5) and (6) does not hold, we
have §(p, n)=0 and &'(p, n)<0. It follows that

k+1

Z u%(i)(N; Myy ***y Mit1s Tu M) Tk+l)

—(k+1—1) 2 O(N; my, + + *, Mpits Toy o+ Thsd)
SGWN; my, =+, mk+l)§~—%—(0)(N; Myy * ooy Myrs Tyy o0 ey Tyv) »

Summing up thus obtained inequalities, we get the lemma.
We shall further introduce some functions. We put

H(O)(N; [P tk+l; Tv * Tk+l)
= 3 o0 > KOWN;my, e, M Tyyooey Tisd)

my€M(ty) mp €M (Ep4 1)

K(o)(N; Myy ***y M1y Tv %y Tk+l)
2Ty 2Tg+41

=, " > (—'1)r1+..'+rk+lL(N; Myy ***y Mp1s 7—"1’ ce oy Thtt)

71=0 TE+1=0

L(N; myy c =2y Mpi1s Ty "%y Th+1)

* 1
= L) ,
#y € M(ry) LE+1 €M (TpgD) m cee M
(g£1,my) =1 (U1 ME+1) =1 ¢( 1#1 k+l#k+l)

where the asterisk attached to the summation symbols means that
My, *+ +y Myl are relatively prime in pairs, and @(m, 4« Myyiflesr)
is Euler’s function of m, 4 <« Mppiflerie

HP(N; tyy » =) tesss Ty,---, Ty+1)

o . .
= E et Z 1()(N9 Myy ***y Mpys Tl’"') Tk+l) ’
my € M () my41€ ML)

O(N; my, o0y Myyrs Ty, ooy Thir)
2Ty 2T 41

= e > (—1)71+'"+”‘+1L1(N; Myy ***y Mp13 Ty *° %y Tr+l) »

71=0 Tp+1=0
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LI(N; Myy o2y Mpi1s T1s *° %y 7--J«=+l)
* 1

LN ,
#1€M(rq) Pr+1€Mtp+) M coe M
Bompls (B D Tl bl

where the asterisk has the same meaning as before, and, in each summand,
@Mty + + * Mypaflr) is replaced by myfy -« - Myritlyss;

Hz’(O)(N; b ooy Leass Tv ) Tk+l)
= Z cee Z KZ(O)(N; My, * >, mk+l; Tl’ M) Tk+l) ’

my € M (ty) my+1€ M (Ep4p)
) ( NT- .
K:"(N; My, =+ +y Myqa; Thy oo vy Thp)

27Ty 2Tyl

= Z e Z (_1)r1+'-°+rk+1L2(N; Myy***y Mgy Tiy***y Tk+l) ’

71=0 Tk+1=0

L,(N; My, »+ oy Mps1s Tay " *5 Titt)

#1€M(ry) Be+1€Mitp) M /(4
(py,m) =1 (BE+1mE+ =1 14 bt

= 3 ... ok 1

where the double asterisks indicate that m,p4, -, m,. 4+ are not co-
prime, or not relatively prime in pairs.

LEMMA 4. Let t,<2y(N) and T,=[by(N)] for i=1,:-+, k+1l. Then,
as N—co,
HI(O)(N; ty, e % tk+l; Tv *t Tk+l)+Hz’(°)(N; tyy ooy Chuts T.U R Tk+l)

titeeett — (k+1)y(N)
_ {fy(nin ktle {1+0(1)}
tyleee tk+z!

uniformly im t, «+., tyiie
PrOOF. We have
1(0)(N; tl’ AR tk+l; T1’ %y Tk+l)+H2(0)(N; tn * tk+l; Tn MY Tk+l)

k+1 2T3

- LSy 5 L
= : = M
i=1 mge M(t;) MMy, 7¢=0 ’(ﬁf,mf)’& ;,8‘

Hence it will suffice to show that

LSy 3 Lo W@ o)

my € M (84) £7=0 g € M (rg) t,)
g (ﬁts'”‘i) ‘=1 ﬂ‘ i

uniformly in #,<2y(N) for each index i. The proof can be carried out
similarly as [3], the proof of Lemma 6.
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LEMMA 5. Let t,<2y(N) and T,=[5y(N)] for i=1,-++, k+l. Then,
as N—oo,

HOWN; ty v e, tyss Toy o ooy Tosd) = {y(N)}rt e+ tittg= bty vo(1)

Ulee ’tk+t!

uniformly in t,, -, typ.

PROOF. Recalling the definition of H(N;t, -, tpss; Tiyeev, Tird),
we have

(7) HO(N; ty, ooy tyss Tyy ooy Tovd)

2T 2T+
S 3 e B S S
T myeM(ty) M 18 M(¢E4 ) ©1=0 Tp4+1=0 .
. o0 ** 1 ’
Hnye M(rq) I e M(r Y M e :
Grompt G 1 Mttt

where the double asterisks indicate that, for each summand, m,n,---,
Myl are not relatively prime in pairs, or there exists a couple of
indices ¢, and ¢, with 1=4,<%,<k+! such that (m,,, m, p)>1. If we
put d=(mi1ﬂt1’ My fhiy)s mq#ﬁ:dm;lﬂ:p mzllmq’ F‘;ll)atl; mtgﬂt2=dm;2ﬂ;2’ m:glmfg’
l“:zl)“w and m;=m,, =, for i#i, i,, then

1 1. 1
My fby 2 ° s My flira dF mils e Ml

Hence rewriting the right-hand side of (7), we have

Hz(O)(N; tu Y tk+l; Tu $ % Tk-H)

1 2 te+l
ss1.3..% s o s
d d t1=0 tr4+1=0 My €M (L) mir16M (t]’H.l)
2Ty 2Tk 41 1
,Z °tc ’Z , Z , R , ?, 0 ’ ’ ’
=0 Th+1=0 pie M (r)) prvre Mieie) Myl * o Myl

which gives

" 1 0o 1 2(k+1)
(8)  HOWity: tui Tooor TdsS2(5 3 2)7

t=omeM®t) I

where the summation-variable d runs through integers greater than 1,
and each factor of d belongs to S, so that d>exp{(log log N)?}, hence

2 _1_= O(e-(loglogN)i) .
d dt
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Also

i“ 1 Si {y(\N)} =ey(N)=O(e2loglogN> .
T t=0 !

t=0meM(t) M t!

Hence it follows from (8) that
Hz(O)(N; tu cee, tk+l; Tn ceo, Tk+l)=0(62(k+l)log 1ogN—(1oglocN)2) .

Since

we can write

Hz(o’(N; tv *t tk+l; T11 %y Tk+l)

_ '{y(N)}t1+...+tk+t .O(ee(k+l)loglogN—(loglogNﬂ) ,
tl! o e tk+l!

which holds uniformly in ¢, ---, ¢,
LEMMA 6. Let t,<2y(N) and T,=[5y(N)] for i=1,:--, k+1l. Then,
as N—oco,

t+eeettp gy kDY ()
HO(WN; by, s T+, Ty =LEBEREE T 0401
10 °° * lpygre

uniformly im t, -, tpn.
PrROOF. From Lemmas 4 and 5, we obtain the lemma.

LEMMA 7. Let t,<2y(N) and T,=[by(N)] for i=1,---, k+l. Then,
as N—,

g Feeett —(k+Dy ()
HOWN; )+, bss Ty + - oy Tyn) = YDDPTTHE PTVT 4 4 o1))
t1! e tk+l! .

uniformly im t, -, t, ..

PROOF. Since w(m, tt+ « ~myiillerr) <12k +1)y(N) <24(k +log log N, and
each factor of m,l, +--m, 2. belongs to S, ,
1 < 1
My oo Mppitlerr P < o Mg flirr)

_ 1 (1_‘._}_)—1
Moy *** My iflqr PIMIPLCs Mttt p
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B (42)
Myl *° My flery Pimisres-mpgpeg4g D

1 - 2
(] I 26 (log logN) )u(k+l)logxogN ,
’"’1#1 s ’nk+l#k+l

A

IA

so that
1 _ 1+0(1)
Pty + » My ilyrr) Myl * s My fMyq

uniformly in m,gt, + ¢, My ttis;. From this and Lemma 6, we obtain the
lemma.

Next we put

HY(N; tyy o0y thps Toy oo vy Tiya)
= D, e > K9(N; my, +--, Myirs Tyy ooy Tovd) »

my€M(ty) myppe Mty )
() . .
K" (N9 My ***y Myy1s Tu ety Tk+l)
2T, 2T¢+1 2Tkt1
= Z M Z s Z (_1)t1+."+tk+lL(N; My * oy Mpypy Ty * 0 Tk+l) ’
T1=0 ;=0 TE+1=0

where the summation variable z; runs through the integers 0, - -+, 27,41,
and other 7;’s run through the integers 0, - - -, 27, respectively.

LEMMA 8. Let t,<2y(N) and T,=[5y(N)] for i=1,---, k+1l. Then,
as N—co,

Feeett —(k+Dy(N)
H‘“(N; tu %y tk+l; Tu ©t % Tk+l)= {y(N)}tl tle ! {1+0(1)}
tlee eyl

uniformly im t, -, t,.;.
ProOOF. Similarly as Lemmas 4, 5, 6 and 7, we obtain the lemma.

In the proof of next lemma, we shall use Bombieri’s theorem (cf.

[1], [2ID.

LEMMA 9. Let t,<2y(N) and T,=[5y(N)] for i=1,.-+, k+1. Then,
as N—oo,

%(0)(N; tu A tk+l; Tu R Tk+l)

—HOWN=Lity -+, b Ty -+, TudiN—D=0(N_)
log* N

uniformly in t,,---, t,,,, where lilN—1) is the logarithmic integral of
N—-1, and a 13 an arbitrary positive constant.
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PROOF. In the definition of S#FZO(N;t, -, tyws; T+, Tis), e€ach
summand of L (N;m,, +-+, My} Toy ** *, Tier) has the form

(9) by 1;

|(pacy fraieee i)
mypzl (P+a =100
M tal Gkl ees kD)

the prime factors of m,t, -+ +, My tts: belong to the set S, and do not
contain the prime factors of D(N). It follows that m,z4, «+, M ifler:
are relatively prime in pairs; in fact, if a prime p* exists such that
p*|(p+a,) and p*|(p+a;) with 1<i<j<k, then p*/(a;—a,), and such p*
is excluded from the set S; if a prime p* exists such that »*|(n+a,)
and p*|(n+a; with k+1<i<j<k+!l, then p*/(a;—a;) and such p* is
excluded from the set S; if a prime p* exists such that p*|(p+a;) and
p*|(n+a;) with 1<i¢<k and k+1<j<k+!, then p*|(N+a;+a,), and such
p* is excluded from the set S.
Now the simultaneous congruences

p=—a, (mod m.,)

for v=1, ..., k with relatively prime moduli in pairs are equivalent to a
congruence

(10) p=r,  (mod mypty -+ - Myt

with suitable »,. Since the set S excludes the prime factors of a,,:--, a,,
we have (7, m e, -+ - myt,)=1.
The simultaneous congruences

n=-—a, (mod mtﬂi)

for i=k+1, .-, k+1 with relatively prime moduli in pairs, since p+n=N,
may be rewritten as

p=N+a;, (mod m,p,) .
These congruences are equivalent to a congruence

(11) DP=ET, (mod My s ® * * Myrillyrr)

Since the set S excludes the prime factors of N+a,.,***, N+a,,, we
have (7, My sy Myl =1.

The two congruences (10) and (11) are again equivalent to a single
congruence

P=r (mod Mt + s My riflard) »
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where (7, m,pt,++ My tte) =1, and (9) may be written as n(IN-—1;

Mlly  * * Mg iflysry T)- '
It follows from the considerations on (9) that

(12) (%(0)(N; tv °t % tk+l; Tn MY Tk+l)
'—H(O)(N'_l; tn *t % tk+l; Tv Tty Tk+l)li(N_1)l

2Ty 2Tk
e o0 o o o e o 0 *
= 3 > 2 23 2
m;yeM(ty) My €Mty ) T1=0 TR+1=0 p3 € M(rq) Be+1€M(tp4)
(py,my) =1 (BE+1ME+ ) =1

lilN—-1)
Plm ey« ) M1 r1)

In order to avoid the complexity caused by », we replace each summand
by

IW(N—li Myl * o Mty T)—

lilN—1)
P(Myly + + « My yiflrr)

where 0 runs through a reduced residue system modulo m,f, « < - m, ., 20 ;.
If we put y=m,p, - - - my.1 4., then

o) <12(k+1)y(N) <24(k+1)log log N ;

’

mgx ]ﬂ(N —1; myly c e My My, P)—

each prime factor of v belongs to S, so that

v< (N(log logN)_2)24(k+l)log logN — N24(k+l)/log logN ,

for each y, the number of summands for which m,t, - -+ m, . 4, =v does
not exceed {w(»)}**+? <{24(k+1)log log N}2*+¥,
Thus from (12) we obtain
(13) |G O (N; tyy v+ 2y Cpaas Tiy o o0y Tiya)
—HO(N=1;t;, -, teris Ty ++, T )li(N—1)
<{24(k+1)log log N}**» 3" max ln(N —-1;, p)——ll(-l—v—(—_—)—ll-
: v op P\

where vy runs through positive integers not exceeding N#*¥+¥/loglogN — Now
by Bombieri's theorem

’

iy HN-D | o N
3 max|z(V-1;, /)~ | =0( o =)

with arbitrary positive constant «. Hence by (13) we obtain the lemma.

LEMMA 10. Let t,<2y(N) and T,=[by(N)] for 1=1,.-+, k+1. Then,
a8 N—co, ,
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2#(N; ty ooy tegs Thy o ey Thtt)
—HY(N=1;t,+, tyss Tyy e oo, T )liN~1)=0

( N

log* N
uniformly 'in ti, oo o, tiry where a 18 an arbitrary posztwe constant.
ProoF. Slmllarly as (12) and (18), we have

|%(i)(N; tu A tk+l; Tn ttcy Tk+l)
—HP(N—=1;t,, tyu; Ty + -+, Tk+l)li(N_l)]

2Ty 2T¢+1 2T41

mi€ M(ty) mp. € M(tg ) v1=0 - Ty=0 Th+1=0 ¢y €M(ry) Ek+1 Gll(‘r),.H)
(my) E1 (Be+1MEp+) =
lilN—1)
T(N—1; myphy + + » Mysrflyrr, ) —
< T ’ P(Mfly = = My iflyyr)

={24(k+Dlog log N}** 3 max|n(N—1; v, 0)— JliN-1) |
' v o .

P(v)
Applying again Bombieri’s theorem, we obtain the lemma.

LEMMA 11. Let t,<2y(N) and T,=[by(N)] for i=1,+-+, k+1. Then,
as N—co, '

: - , Foredt —T+D Y ()
SNty ooy tyssy Ty o v vy Ty =-NYANITTHrieZ OV (L o1y,
Gl tpllog N

and

—(k+1)y(N)
%(i)(N; tu %y tk+l; Tu °* Tk )— N{y(N)}tﬁ- Thetie ’ N +0(1)}
' t,)es -t llog N

Jor i=1,++«, k+1 uniformly in t, .-, t,,..

PRrROOF.

{y(N)}* >(%>‘i L gt g (log N)™

t,! o

for i=1,.--, k+1. Hence by the preceding lemma we have
%(0)(1\7; tu ct Y tk—H; Tu .- *y Tk+l)
—HON—=1;t, -, tyrs Ty« + ¢, T )li(N-1)

'—0[ N{y(N)}t1+ +ikti(log N+ ]
<+ tya! log* N ’

and similarly for
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%(i)(N; tl! *t Yy tk+l; le AR Tk+l) .

Since e*"™ <eg?'8l8¥ =]og* N and « is arbitrary, from above formulas,
Lemmas 7 and 8, we obtain the lemma.

LEMMA 12. Let t,<2y(N) for i=1,..-,k+1l. Then, as N—oo,

N{y(N)}t1+---+tk+;e—(k+l)y(N)
FN;t, -, t, )= 1 1
( )= (1 o(1)

uniformly in ¢, ---, 4.
PrROOF. From Lemmas 3 and 11, we obtain the lemma.

LEMMA 13. Let a,<B: and let t, be positive integers such that
t.=y(N)+ 21 y(N) with a,<x,<pB, for i=1,--+,k+l. Then, as N—co,

N
log N

F(N; tyy+ -+, b= (2ry(N)}~ 07w+ bt {1+ o(1)}

uniformly in t, -, tiu.

PrROOF. In Stirling’s formula

5= - 1
1 = t+1/2,—¢
t1 =1"2xt*+ % {1+O<t )} ,
we put t=t,=y(N)+2z1 y(N), then easy calculations give
| =1"9~ VAN +h VTN +1/2 =¥ (N) +a3/2 1
£,1 =1/ Sx(y(N)p ) +ee e : {1+0(_==-]/y S )} :

or

=~y Ay )

for i=1,--+, k+Il. Multiplying thus obtained formulas, we have the lemma.

LEMMA 14. Let a,, -+ Quiy Q1 By ***y Oisty Bur: be as in the theorem.
Let A*(N)=A*(N; @y, ***y Gpii; Oy By * * *y Qieyty Prs1) denote the number of
representations of N as the sum of the form N=p-+n, where p is prime,
and n 18 a positive integer such that

Y(N)+a VYN < o*(N; p+a) <y(N)+ 8 y(N)

for i=1,-, k, and
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YN)+aV y(IN) <o*(V; n+a) <y(N)+ 8V y(V)

Jor i=k+1,.--, k+1 simultaneously. Then, as N— o, we have
DJ k+1
AN ~— T 0(a,, B))
(N) Tog NV iI=Il (e B2)

PrOOF. By the definition of F(N;¢, -+, t,.;), We can write
A*(N)=Z e Z F(N; tu c Y tk+l) ’

7] e+l

the summation extending over the k+! positive integers such that
YN+ y(N) <t, <y(N)+ BV yIN)

for ¢=1,---, k+!l; let these values of t, be t,=y(N)+zx, Yy(N) with
y=1,...,8,; then

Lipirr— Xy = {y(l\r)}-l/2

for y=1,..., si-fl; thus by Lemma 13, we can write

N k+1 8;—1 2
AXN )={1+0(1)}1 *@r)m L 3 6T (W@ — %)
ogN i=1 p=1

which proves the lemma.

PROOF OF THE THEOREM. By the aid of Titchmarsh’s theorem (ef.
[1], [2]), we ean transform the result for A*(V) to that for A(N).
Let S’={1,.-., 2N}—S, then, for i=1,-..-, k, we have

p+§=‘N{w(p+a¢)—w*(N; P+a,)}
=23 > 1=3 3 1= 3 n{N;p* —a).

+a=N p*(p+a;) <N p*{ptay) . p*aN+ta
? p‘es’ i » p#es’ i ptesl i

Since any positive number has at most one prime factor greater than
the square root of itself, the last sum may be estimated by

N
; p*, —a)+0 :
3, aN:p*, —a)+ (log N)

p*e S’

Here we quote Titchmarsh’s theorem, then we have

s % ) N . _1__
2, Wi 2%, —a)=0( e 3 L)

p*e S’
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Let N be so large that the set {1,---, 2N} contains the set S and
prime factors of D(N). Then S’ contains the prime factors of D(N).
But (2) holds. Hence, if we replace « in (1) by 2N and then by upper
and lower limits of p* in the deﬁmtlon of the set S, easy calculations
will give

p*e S’

?}—- O(log log log N) .

Thus, for i=1,.--, k, we have

9 3 (0@+a)—o* M prad)=o( 5V T) -

For i=k+1,.-+, k+1l, using again Titchmarsh’s theorem, we also
have

S (om+a)-o*Nnta)= 5 % 1=% 1

ptn=N n=N p*[(n+a,;) p<N p*|(N—p+ay)
pre S’

= >, #a(N;p*, Nta)= >, @(N; p*, N+a:¢)+‘0(102'7N)

PraN+aq p*s V2N
pre S’ . p*e S’
N 1 N
=0 =0 logloglog N),
(logN pgﬁe' p*) (logN 08 fog fog )
so that, for i=k+1,---, k+1, we have
(15) S {o(n+a)—o*(N;nt+a)}= 0( 14 y(N))
ptn=N _ lo gN

It follows from (14), (15) and Lemma 2 that, for any given ¢>0, we
can take N,=N,(e) so large that, for N>N,,

A*(N:; @y, =+, Qppy; O+ Bi—E ***, Ot 6 —e)——N
( 1 +1r &y B k+1 B+t €) logN
<A(N; a{n so oy Qg Oy, Bl’ ey gy Bk+l)
<A*N'a‘,---,'a, s —E, BitE e, Qpri—6, +e)+ eN .
( y Y k+1 1 Bl k+1 Bk+l ) logN

From this and Lemma 14, we obtain

k41 .
g Do, +¢, Bi—e)—¢

<lim inf A(N» Qs s Qiyry al’j\efl’ tt s iyl Brsvlog N
N—oco .
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._<___1im sup A(N; Qs * 20y Qpiis Gy l%’ 0y gty Bk.H)lOgN
N —+00

k+1

éH @(a¢~8, ﬂ¢+6)+6 .

Since ¢ is an arbitrary positive number, this gives the theorem.

References

[1] H. HaLBErSTAM and H.-E. RICHERT, Sieve Methods, Academic Press, 1974.

[2] T. Mitsui, The theory of numbers, Shibundo, Tokyo, 1970 (in Japanese).

[8] M. TaNaka, Some results on additive number theory III, Tokyo J. Math., 2 (1979),
159-182.

[4] M. TaNARA, Some results on additive number theory IV, Tokyo J. Math., 2 1979),
183-191.

Present Address:
DEPARTMENT OF MATHEMATICS, GAKUSHUIN UNIVERSITY
MgeJiro, TOSHIMA-KU, TOKYO 171, JAPAN



