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\S 1. Introduction and statement of results.

The purpose of this paper is to study the asymptotic stability in
$W^{m,r}$-sense for the Yang-Mills gradient flow around stable Yang-Mills
connections.

We first concern with a closed connected Riemannian n-manifold
$(M, h)$ and consider a G-vector bundle $E=PX_{\rho}R^{N}$ associated with a G-
principal bundle $P$ over $M$. Here, $G$ is a compact connected Lie group
and $\rho$ is a faithful orthogonal representation $\rho:G\rightarrow 0_{N}$ of $G$ .

On the space $C_{E}$ of connections on $E$ preserving the inner product
of $E$, we consider the Yang-Mills functional (Y-M functional)

$YM(\nabla)=\frac{1}{2}\int_{H}|R^{\nabla}|^{2}d_{h}x$ . (1.1)

Here $R^{\nabla}$ and $d_{h}x$ denote the curvature tensor of connection $\nabla$ and the
Riemannian measure on $(M, h)$ , respectively and $||$ is the norm determined
by the inner product on $E$.

A critical point of the above functional (1.1) is called a Yang-Mills
connection (a Y-M connection) and the corresponding curvature field is
called the Yang-Mills field (the Y-M field), respectively. A Y-M connec-
tion is said to be stable if it minimizes (1.1) locally. Moreover, a Y-M
connection $\nabla$ is said to be strictly stable if the second variation of Y-M
functional at $\nabla$ is strictly positive on a transversal orbit of the gauge
group action on $C_{E}$ (see Definition 2.1). These notions are referred to
Bourguignon-Lawson [3]. Typical examples of the stable Y-M connec-
tions are well-known self-dual connections on 4-sphere $S^{4}$ . Moreover,
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Bourguignon-Lawson [3, Theorem 9.1] have given examples of the strictly
stable connection on a certain vector bundle over $S^{n}/\Gamma(n\geqq 4)$ .

It is probable that in a suitable topology any connection near a
stable Y-M connection should converge to the Y-M one through the in-
tegral curve of the gradient flow of Y-M functional:

$\frac{d\nabla(t)}{dt}=-gradYM(\nabla(t))$ (1.2)

with the initial condition $\nabla(0)=\nabla_{0}eC_{E}$ , where $X=gradYM(\nabla)$ is the
gradient vector field of Y-M functional.

In doing so, we have difficulties, however, because the vector field
$X$ is so degenerate on orbits of the gauge group actions. Introducing a
rigid coordinate on $C_{E}$ in accordance with the action of the gauge group,
we observe the curve of gradient flow explicitly (cf. \S 2).

Leaving the precise definition in section 2, we state our first result
as follows:

THEOREM A. Let $M$ be a closed connected Riemannian manifold and
$E$ is a G-vector bundle over M. A strictly stable Y-M connection $\nabla eC_{B}$

is asymptotically stable in $W^{m,r}$-sense for $m\geqq 2,$ $\gamma>n$ .
Most of difficulties for obtaining Theorem A come from how we

can recover the parabolicity. We shall reduce (1.2) to a system of
semilinear evolution equations of parabolic type by using the admissible
coordinate given in section 2. These equations seem to be similar to
the Navier-Stokes ones fo\v{r} an incompressible fluid. We shall construct
a global solution of (1.2) by making use of the fractional powers of a
certain dissipative operator like Fujita-Kato [5].

Subsequently, we observe the flat connection $\nabla$ on a smooth vector
bundle $E$ over (i) a bounded domain $M$ in $R^{n}$ with smooth boundary $\partial M$

and (ii) the whole space $R^{n}$ . In these cases, we have $YM(\nabla)\equiv 0$ , so that
$\nabla$ attains the absolute minimum of the Y-M functional. Furthermore,
both cases are strictly stable in a slightly modified sense of [3] (cf.
Definition 2.2). In treating these, we may reformulate the situation
and the definitions stated as above for these cases. Sections 2 and 3
will be devoted to a precise formulation included for the8e cases. Using
a method similar to that in the proof of Theorem $A$ , we shall show in
8ection 4:

THEOREA B. Let $E$ be a smooth vector bundle over a bounded do-
main $M$ in $R^{n}$ with smooth boundary $\partial M$. Then the flat connection $\nabla$
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is asymptotically stable in $W^{m,r}$-sense for $m\geqq 2,$ $r>n$ .
Finally in section 5, we shall give the following result whose proof

needs some techniques different from the previous ones.
THEOREM C. The flat connection $\nabla$ on the smooth vector bundle $E$

over $R^{n}$ is asymptotically stable in $W^{m,n}$-sense for $m\geqq 2$ .
The reason why we offer Theorem $C$ is that one seems to obtain

the asymptotic stability by using the method of the proof similar to
that of Theorem $C$ when $\nabla$ is weakly stable. In fact, in the proof of
Theorem $C$ , we shall not make use of the abstract theory of the bounded
semi-group but the $(L^{r}, L^{q})$-estimates for the solution of the heat equation
on $R^{n}$ . The method of $(L^{r}, L^{q})$-estimates seems to be useful in observing
the asymptotic stability for the various self-dual connections, which will
be presented in the forthcoming paper.

REMARK. Kono-Nagasawa [11] gave another treatment for the gradi-
ent flow of Y-M functional. They showed a global existence and a decay
property of the solution for the Y-S gradient flow equation around the
flat connection of a trivial vector bundle over $R^{n}$ . In these results,
however, the gradient flows are restricted on the directions of the gauge
orbit in the space of connections $C_{E}$ . Therefore, they do not give any
description around the whole neighborhood of the Y-M connections in
$C_{E}$ .

\S 2. Admissible coordinate on $C_{E}$ .
We give our basic set-up and notations used throughout this paper,

although these are mainly due to Bourguignon-Lawson [3].
Let $M$ be a smooth, connected Riemannian n-manifold with the metric

$h$ . In what follows, we shall discuss such manifolds $M$ as the following
types (I), (II) and (III);
(I) compact Riemannian manifolds without boundary,
(II) bounded domains $M$ in $R^{n}$ with the smooth boundary $\partial M$,
(III) Euclidian n-space $R^{n}$ .

Take a coordinate neighborhood $U$ of $M$ with the coordinates $(x^{1}, \cdots, x^{n})$ ,
where we take the whole space $M$ as $U$ in the case of (II) or (III). Let
$E$ be the smooth vector bundle associated with the principal G-bundle $P$

over $M$. We denote by $k$ the inner product on $E$. On a coordinate
neighbourhood $U$, we trivialize $E|_{U}=U\times R^{N}$ and use the coordinate
$(x^{1}, \cdots, x^{n}, u^{1}, \cdots, u^{N})=(x, u)$ on it. Using this coordinate, we shall
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express some geometric quantities. For the Einstein’s summation con-
vention, we give a list of indiceI as follows:

$i,$ $j,$ $l=1,$ $\cdots,$ $n=\dim M$ ,
$a,$ $b,$ $c=1,$ $\cdots,$ $N=\dim E$ .

The Riemannian metric $h$ on $M$ and the inner product $k$ on $E$ can be
written by $h=(h_{ij}(x))$ and $k=(k_{ab}(x))$ on $U$, respectively. Let $\mathfrak{g}_{E}$ be the
smooth vector bundle whose fibre $\mathfrak{g}_{E,x}$ at $x\in M$ is the skew-symmetric
endomorphisms of $E_{x}$ with respect to $k$ . We denote by $\Omega^{p}(\mathfrak{g}_{E})$ the set of
all $\mathfrak{g}_{E}$-valued smooth p-forms and by $C_{E}$ the set of all smooth connections
on $E$. For the connection $\nabla eC_{E}$ , we denote by $\omega_{j}(x)=(\omega_{jb}^{a}(x))$ the com-
ponent of $\nabla$ on $U$. For example, for $\phi e\Omega^{1}(\mathfrak{g}_{E})$ with the component
$\phi(x)=(\phi_{jb}^{a}(x))$ in $U$, the covariant derivative of $\phi$ can be given by

$\nabla_{\dot{f}}\phi_{ib}^{a}(x)=\partial_{j}\phi_{i^{b}}^{a}(x)-\Gamma_{ji}^{l}(x)\phi_{lb}^{a}(x)+\omega_{jc}^{a}(x)\phi_{ib}^{c}(x)-\omega_{jb}^{c}(x)\phi_{ic}^{a}(x)$ (2.1)

on $U$, where $\Gamma_{ij}^{l}(x)$ is the Christoffel symbol of $h$ . The connection $\nabla$

acts on other $\mathfrak{g}_{E}$-valued tensor fields according to the derivation rules
(cf. Bourguignon-Lawson [3, (2.1)]). In the same way, the exterior
covariant differentiation $d^{\nabla}$ can be defined as usual (cf. [3, (2.8)]). We
denote by $R^{\nabla}\in\Omega^{2}(\mathfrak{g}_{E})$ the curvature tensor of $\nabla eC_{E}$ , which can be ex-
pressed as

$R_{ijb}^{\nabla a}(x)=\partial_{i}\omega_{jb}^{a}(x)-\partial_{j}\omega_{ib}^{a}(x)+\omega_{ic}^{a}(x)\omega_{jb}^{c}(x)-\omega_{j\epsilon}^{a}(x)\omega_{tb}^{c}(x)$ . (2.2)

We choose an arbitrary connection $\nabla eC_{E}$ in case (I). In case (II) or
(III), we take $\nabla$ as the flat connection, $i$ . $e$ . $\Gamma^{l}fl(x)=0$ and $\omega_{jb}^{a}(x)=0$ .

We introduce the Hilbert inner product on $\Omega^{p}(\mathfrak{g}_{E})$ as

$(A, B)=-\frac{1}{2}\int_{H}A^{i_{1}\cdots i_{p}a}b(x)B_{i_{1}\cdots i_{p^{a}}}b(x)d_{h}x$ (2.3)

for $A=(A_{i_{1}\cdots t_{p^{b}}}a(x)),$ $B=(B_{i_{1}\cdots i_{p^{b}}}a(x))\in\Omega^{p}(\mathfrak{g}_{E})$ . Here $ A^{i_{1}\cdots i_{p}a}b(x)=h^{i_{1}j_{1}}(x)\cdots\times$

$h^{i_{p}j_{p}}(x)A_{\dot{g}_{1}\cdots j_{p}b}a(x)$ ( $(h^{ij}(x))$ ; the inverse matrix of $(h_{ij}(x))$). For $m=1,2,$ $\cdots$

and $r>1$ , we define the $W,r$-norm on $\Omega^{p}(\mathfrak{g}_{E})$ by

$||A||_{m,r}=-\{\sum_{\leqq’ n}\int_{r}[\nabla^{i_{1}\cdots i}*A^{j_{1}\cdots j_{p}a}b(x)\nabla_{i_{1}\cdots i}A_{\dot{r}_{1\dot{J}p^{a}}}\ldots b(x)]^{r/2}d_{h}x\}^{1/r}$ (2.4)

for A $e\Omega^{p}(g_{E})$ . $W^{m,r}(\Omega^{p}(g_{E}))$ is the completion of the set {$A\in\Omega^{p}(\mathfrak{g}_{E})$ ;
$||A||_{m,r}<\infty\}$ with respect to the norm $||||_{m,r}$ . In particular, we set
$\Omega_{0}^{1}(\mathfrak{g}_{E})=\Omega^{1}(\mathfrak{g}_{E})$ if $M$ is of type (I) or (III), $\Omega_{0}^{1}(\mathfrak{g}_{E})=\{A\in\Omega^{1}(\mathfrak{g}_{E});$ $A$ is tangent
to the boundary $\partial M$} if $M$ is of type (II). We denote by $W^{m,r}(\Omega_{0}^{1}(\mathfrak{g}_{E}))$
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the completion of the space {A $e\Omega_{0}^{1}(\mathfrak{g}_{E});\Vert A\Vert_{m,r}<\infty$ } with respect to the
norm $\Vert||_{m,r}$ . For the definition and the properties of the differentials
on $W^{m,r}$-space, see, for example, Aubin [1].

Let $C_{E,0}$ be the set $V_{4}=\nabla+A$ of connections, where A $e\Omega_{0}^{1}(\mathfrak{g}_{E})$ . Then,
by the identification $C_{E,0}\cong\Omega_{0}^{1}(\mathfrak{g}_{E})$ , we can introduce $W^{m,r}$-norm on $C_{E,0}$ . We
denote by $W^{m,r}(C_{E,0})$ the completion of $C_{E,0}$ with respect to the $W^{m,r}$-norm.
Clearly, $W^{m,r}(C_{E,0})=$ { $\nabla+A;$ A $eW^{m,r}(\Omega_{0}^{1}(\mathfrak{g}_{E}))$ }. In this stage, we can extend
the Y-M functional YM on $C_{E,0}$ defined by (1.1) to

$YM^{m,r}$ : $W^{m,r}(C_{E,0})\rightarrow R$ (2.5)

for $m\geqq 1$ and $1/r\leqq{\rm Min}.\{1/2,1/4+m/n\}$ .
The following is easy to see (cf. [3, (2.11) Theorem]):

LEMMA 2.1. If $\nabla\in C_{E,0}$ is $a$ Y-M connection, then it holds

$(\delta^{\nabla}R^{\nabla})_{ib}^{a}(x)=-\nabla^{j}R_{jtb}^{a}(x)=0$ , (2.6)

where $\delta^{\nabla}$ is the formal adjoint of $d^{\nabla}$ .
We denote by $\mathfrak{X}^{m,r}(C_{E})$ the set of all $W^{m,r}$-vector fields on $C_{E}$ . As-

sociated with (1.1), we define the vector field $X^{m,r}$ on $C_{B}$ which can be
considered as an element of $\mathfrak{X}^{m,r}(C_{E})^{*}$ (the dual space of $\mathfrak{X}^{m,r}(C_{E})$):

$(X^{m,r}(\nabla), W(\nabla))=dYM^{m,r}(\nabla)(W(\nabla))$ for $We\mathfrak{X}^{\prime,r}(C_{E})$ , (2.7)

where $dYM^{m,r}(\nabla)$ is the differential of (1.1) at $\nabla\in W^{m,r}(C_{E})$ and $(\cdot, )$

denotes the duality between $\mathfrak{X}^{m,r}(C_{E})^{*}$ and $\mathfrak{X}^{m.r}(C_{E})$ . We call $X^{r,r}$ de-
termined by (2.7) the gradient vector field of the functional $YM^{m,r}$ and
denote it by $X^{m,r}=gradYM^{m,r}$ . Obviously, $X^{m,r}$ is stationary at $\nabla$ if $\nabla$

is a Y-M connection.
Now, let us consider the integral curve of grad $YM^{m,r}$ in $W^{m,r}(C_{E})$ :

$\frac{d\nabla(t)}{dt}=-gradYM^{m,r}(\nabla(t))$ (2.8)

with the initial condition $\nabla(0)=\nabla_{0}\in C_{E}$ .
We denote by $\mathcal{G}$ the gauge group which is the set of all automor.

phisms $g$ on $E$ preserving the inner product of $E$. Expressing $ge\mathcal{G}$ by
$g=(g_{b}^{a}(x))$ in the coordinate $U$, we introduce the $W^{m,r}$-norm on $\mathcal{G}$ as

$||g||_{m,r}=\{\sum_{\leqq m}\int_{K}(\nabla^{i_{1}}\cdots\nabla^{i_{S}}g_{b}^{a}(x)\nabla_{i_{1}}\cdots\nabla_{i}g_{a}^{b}(x))^{r/2}d_{h}x\}^{1/r}$ . (2.9)

Denote by $W^{m,r}(\mathcal{G})$ the completion of the space $\{g\in \mathcal{G};||g\Vert_{m,r}<\infty\}$
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with respect to the norm $||||_{n,r}$ . Let $\mathfrak{g}$ be the set of all infinitesimal
automorphisms 8 on $E$. Denoting $s=(s_{b}^{a}(x))$ on $U$, we get $s_{ab}(x)+s_{ba}(x)=0$ ,
where $\epsilon_{ab}(x)=k_{ae}(x)s_{b}^{c}(x)$ . It can be easily seen that $\mathfrak{g}\cong\Omega^{0}(\mathfrak{g}_{E})$ . Hence we
may introduce the $W^{n,r}$-norm on $\mathfrak{g}$ by (2.4) and denote by $W^{n,r}(\mathfrak{g})$ the
completion of the space $\{se\mathfrak{g}\cong\Omega^{0}(\mathfrak{g}_{E});||s||_{n,r}<\infty\}$ with respect to this
norm.

Let $exp:g\rightarrow G$ be the exponential mapping. Then we get the mapping

$exp:\mathfrak{g}\rightarrow \mathcal{G}$ (2.10)

by $(\exp\phi)(x)=\exp\phi(x)$ . Here for each $xeM,$ $\phi(x)$ can be considered a8

an element of $\mathfrak{g}$ by using the representation $\rho:G\rightarrow 0_{N}$ . The following
proposition is proved by the successive approximation or the method
similar to Omori [14]:

PROPOSITION 2.2. Suppose that $m\geqq 2,$ $r\geqq n$ and $j=0,1,$ $\cdots$ . For
$\phi eW^{n,r}(\Omega^{0}(\mathfrak{g}_{B}))$ and $seC^{j}([0, \infty);W^{n,r}(\mathfrak{g}))$ , there exists a unique $ge$

$C^{j+1}([0, \infty);W^{n,r}(\mathcal{G}))$ such that

$\frac{dg(t)}{dt}=g(t)\cdot s(t)$ $(t>0)$ , $ g(O)=\exp^{n}’{}^{t}\phi$ . (2.11)

Here $\exp^{n,r}$ denotes the smooth extension of (2.11) as

$\exp^{n,r}$ : $W^{n,r}(\mathfrak{g})\rightarrow W^{*,r}(\mathcal{G})$ . (2.12)

REMARK. For $m$ and $r$ as above, $W^{\alpha\iota,r}(\mathcal{G})$ is clo8ed for the pointwise
multiplication. Concerning (2.12), $W^{*,r}(\mathfrak{g})$ and $W^{*,r}(\mathcal{G})$ are considered not
as the Lie algebra and the Lie group, respectively, but simply as the
linear spaces.

Note that $\mathcal{G}$ acts naturally on $C_{E}$ as
$\nabla^{g}=g\circ\nabla\circ g^{-1}$ for $g\in \mathcal{G}$ and $\nabla eC_{E}$ . (2.13)

The Y-M functional (1.1) is left invariant under the action (2.13) above.
Now, let us take a connection $\nabla eC_{E}$ and fix it. Then we can get a
natural splitting of the tangent space $T_{\nabla}C_{E}$ by

$T_{\nabla}C_{E}\cong\Omega^{1}(\mathfrak{g}_{E})=Z^{1}(\mathfrak{g}_{E})\oplus\Omega_{*}^{1}(\mathfrak{g}_{B})$ (direct sum) , (2.14)

where
$Z^{1}(\mathfrak{g}_{E})=\{d^{\nabla}\phi e\Omega_{0}^{1}(\mathfrak{g}_{E}) ; \phi e\Omega^{0}(\mathfrak{g}_{B})\cap(kerd^{\nabla})^{\perp}\}$ ,
$\Omega_{0,*}^{1}(\mathfrak{g}_{E})=\{Ae\Omega_{0}^{1}(\mathfrak{g}_{E}) ; \delta^{\nabla}A=0\}$ .
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Note that if $\nabla$ is irreducible, then $(kerd^{\nabla})^{\perp}=\emptyset$ . Let us consider a
smooth mapping $\sigma:Z^{1}(\mathfrak{g}_{E})\oplus\Omega_{0,*}^{1}(\mathfrak{g}_{E})\rightarrow\Omega_{0}^{1}(\mathfrak{g}_{E})$ defined by

$\sigma(d^{\nabla}\phi, A)=\exp\phi(\nabla+A)$ exp $\phi^{-1}-\nabla$ . (2.15)

Clearly, $\sigma$ can be extended to the smooth map:
$\sigma^{m,r}$ : $W^{m,r}(Z^{1}(\mathfrak{g}_{E}))\oplus W^{m,r}(\Omega_{0,*}^{1}(\mathfrak{g}_{E}))\rightarrow W^{n,r}(\Omega_{0}^{1}(\mathfrak{g}_{E}))$ (2.16)

( $W^{m,r}(X)$ ; the completion of the space $\{ueX;\Vert u||_{m,r}<\infty\}$ with respect to
the norm $||||_{m,r}$).

Now, using the argument in Lawson [13, p. 34], we see that Fr\’echet
derivative $D\sigma^{m,r}(0,0)$ is an isomorphism on $W^{m,r}(\Omega_{0}^{1}(\mathfrak{g}_{E}))$ . Therefore, there
exist open neighbourhoods $U_{1},$ $U_{2}$ and $U$ of $0$ in $W^{m,r}(Z^{1}(\mathfrak{g}_{E})),$ $W^{n\cdot,r}(\Omega_{0,*}^{1}(\mathfrak{g}_{B}))$

and $W^{m,r}(\Omega_{0}^{1}(\mathfrak{g}_{E}))$ , respectively such that $\sigma^{m.r}|_{U_{1}\times U_{2}}$ is a diffeomorphism from
$U_{1}\times U_{2}$ onto $U$. In this way, we get a coordinate system (in $W^{m,r}$-sense)
$(\sigma;U, U_{1}, U_{2})$ around $\nabla$ and call it an admissible eoordinate around V.
Taking $A=0$ in (2.15), we obtain the action of gauge group in $C_{E,0}$ by

$\sigma(d^{\nabla}\phi, 0)=g\nabla g^{-1}$ , where $ g=\exp\phi$ . (2.17)

This is an orbit through $\nabla eC_{B,0}$ and the tangent space of this orbit at
$\nabla$ coincides with $Z^{1}(\mathfrak{g}_{E})$ .

DEFINITION 2.1. A Y-M connection $\nabla eC_{E,0}$ is called stable if

$\frac{d^{2}}{dt^{2}}YM(\nabla_{t})|_{t=0}\geqq 0$ (2.18)

for any smooth curve $\nabla_{t}$ in $C_{E,0}$ with $\nabla_{0}=\nabla$ . Moreover $\nabla$ is strictly
stable if in addition to (2.18)

$\frac{d^{2}}{dt^{2}}YM(\nabla_{t})|_{t=0}>0$ (2.19)

for any smooth curve $\nabla_{t}$ in $C_{E,0}$ with $\nabla_{0}=\nabla$ and $d\nabla_{t}/dt|_{t=0}e\Omega_{0,*}^{1}(\mathfrak{g}_{E})$ .
In this stage, our definition of an asymptotic stability reads as

follows:

DEFINITION 2.2. Let $m\geqq 2$ and $r>1$ with $1/r\leqq{\rm Min}.\{1/2,1/4+m/n\}$ .
A Y-M connection $\nabla\in C_{E}$ is called asymptotically stable in $W^{m,r}$-sense if
there exist open sets $0eU_{1}\subset\tilde{U}_{1},0eU_{2}\subset U_{2}$ and $0eU\subset\tilde{U}$ of an admissible
coordinate $(\sigma^{m,r};\tilde{U},\tilde{U}_{1},\tilde{U}_{2})$ satisfying the following properties:

For $\{d^{\nabla}\phi_{0}, A_{0}\}eU_{1}\times U_{2}$ , there is a unique curve $\{\phi(t), A(t)\}_{t\geq 0}e$

$W^{m,r}(Z^{1}(\mathfrak{g}_{E}))\times W^{n,r}(\Omega_{0,*}^{1}(\mathfrak{g}_{E}))$ such that
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(i) $\{\phi(t), A(t)\}eU_{1}\times U_{2}$ for $t>0$ ;
(ii) $\nabla(t)=\nabla+\sigma^{n*\cdot r}(d^{\nabla}\phi(t), A(t))$ is the solution of (2.8) with the initial

data $\nabla(0)=\nabla+\sigma^{m,r}(d^{\nabla}\phi_{0}, A_{0})$ ;
(iii) The connection $\nabla(t)$ converges to $\nabla$ up to the action of $W^{m,r_{-}}$

gauge transformation as $ t\rightarrow\infty$ in $W^{m,r}(\Omega^{1}(\mathfrak{g}_{E}))$ , that is,

$\lim_{t\rightarrow\infty}(g(t)^{-1}\nabla(t)g(t)-\nabla)=0$ in $W^{m,r}(\Omega^{1}(\mathfrak{g}_{E}))$ , (2.20)

where $g(t)=\exp\phi(t)$ .
Note that for $\nabla_{0}eW^{m,r}(C_{E})$ with $\nabla_{0}-\nabla e\tilde{U}$, we can take $\{d^{V}\phi_{0}, A_{0}\}e$

$U_{1}\times\tilde{U}_{2}$ uniquely so that $\nabla_{0}=\nabla+\sigma^{m,r}(d^{\nabla}\phi_{0}, A_{0})$ . Hence (ii) means the
solvability of the initial value problem of (2.8) for any $\nabla_{0}$ near $\nabla$ in
$W^{m,r}$-norm.

\S 3. Gradient flow for the Y-M functional.

In this section, we shall give the explicit expression of the gradient
flow of the Y-M functional (2.8) in the admissible coordinate (2.16). In
what follows, the differentiation should be understood in the generalized
sense (in the sense of $W^{m,r}$). We shall compute as if the quantities $A$ ,
$s,$ $g,$ $\cdots$ , etc. were sufficiently smooth, which can be easily extended
to our generalized situation.

3.1. Equations of the gradient flow.

LEMMA 3.1. Let $X=grad$ YM be the gradient vector field of (2.7).

Then for any $C^{\infty}$-mapping $W:C_{E,0}\rightarrow\Omega_{0}^{1}(\mathfrak{g}_{E})$ , we have

$(X(\nabla), W(\nabla))=(\delta^{\nabla}R^{\nabla}, W(\nabla))$ (3.1)

for each $\nabla\in C_{E.0}$ .
PROOF. Let $\nabla_{t}$ be a smooth curve in $C_{E,0}$ with $\nabla_{0}=\nabla$ and $d\nabla/dt|_{t=0}=$

$W(\nabla)$ . By the definition of the gradient vector and by the straight

forward calculation as Bourguignon-Lawson [3, (2.21) Theorem], we have

$\frac{d}{dt}YS(\nabla_{t})|_{t=0}=(X(\nabla), W(\nabla))=(\delta^{\nabla}R^{\nabla}, W(\nabla))$ .

Take a connection $\nabla\in C_{B,0}$ and fix it. Let us give some formulae
and properties for the curvature tensors in [3, section 2].

PROPOSITION 3.2. Let A $e\Omega_{0}^{1}(\mathfrak{g}_{E})$ . We have:
(i) The curvature tensor $R^{\nabla+A}$ of $\nabla+A$ is given by
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$R_{ijb}^{v+Aa}(x)=R_{ijb}^{\nabla a}(x)+d^{\nabla}A_{ijb}^{a}(x)+[A, A]_{ijb}^{a}(x)$ , (3.2)

where

$[A, A]_{ijb}^{a}(x)=A_{lc}^{a}(x)A_{jb}^{c}(x)-A_{jc}^{a}(x)A_{ib}^{c}(x)$ ; (3.3)

(ii) The divergent $\delta^{\nabla+A}S$ for $Se\Omega^{2}(\mathfrak{g}_{E})$ is given by

$\delta^{\nabla+A}S_{ib}^{a}(x)=\delta^{\nabla}S_{ib}^{a}(x)+[S, A]_{ib}^{a}(x)$ , (3.4)

where

$[S, A]_{ib}^{a}(x)=S_{ijb}^{c}(x)A_{c}^{ja}(x)-S_{ijc}^{a}(x)A_{b}^{jc}(x)$ . (3.5)

We also need the formulae for gauge actions.

PROPOSwION 3.3. Let $g\in \mathcal{G}$. We have
$R^{\nabla f}=gR^{\nabla}g^{-1}$ , (3.6)

$\delta^{\nabla^{ff}}R^{\nabla^{ff}}=g\delta^{\nabla}R^{\nabla}g^{-1}$ , (3.7)

where $\nabla^{g}=g\circ\nabla og^{-1}$ .
Take a Y-M connection $\nabla\in C_{E,0}$ and fix it. Making use of these

formulae, we compute (2.8). Although our calculation is done in
$Z^{1}(\mathfrak{g}_{E})\oplus\Omega_{0,*}^{1}(\mathfrak{g}_{E})$ , it still holds in $W^{m,r}(Z^{1}(\mathfrak{g}_{E}))\oplus W^{m,r}(\Omega_{0,*}^{1}(\mathfrak{g}_{E}))$ . Let $\phi(t)$ and
$A(t)$ be smooth curves in $\Omega^{0}(\mathfrak{g}_{E})\cap(kerd^{\nabla})^{\perp}$ and $\Omega_{0,*}^{1}(\mathfrak{g}_{E})$ , respectively. We
consider the map

$\sigma(t):=\sigma(d^{\nabla}\phi(t), A(t))=g(t)(\nabla+A(t))g(t)^{-1}-\nabla$ ,

where $g(t)=\exp\phi(t)$ . Differentiating the above directly, we have

$\frac{d\sigma(t)}{dt}=g(t)\{\frac{dA(t)}{dt}+[\nabla+A(t), s(t)]\}g(t)^{-1}$ , (3.8)

where $s(t)=g(t)^{-1}dg(t)/dt$ ;

$[\nabla+A, s]_{ib}^{a}(x)=d^{\nabla}s_{ib}^{a}(x)+[A, s]_{ib}^{a}(x)$ ; (3.9)

$[A, s]_{ib}^{a}(x)=A_{ic}^{a}(x)s_{b}^{c}(x)-A_{ib}^{c}(x)s_{c}^{a}(x)$ . (3.10)

On the other band, we obtain by Propositions 3.2-3.3
$\delta^{\nabla+\sigma(t)}R^{\nabla+\sigma(t)}=g(t)(\delta^{\nabla+A(t)}R^{\nabla+A(t)})g(t)^{-1}$ (3.11)

$=g(t)(\delta^{\nabla}R^{\nabla}+\delta^{\nabla}d^{\nabla}A(t)+[R^{\nabla}, A(t)]+Q(A(t)))g(t)^{-1}$ ,

where



396 HIDEO KOZONO AND YOSHIAKI MAEDA

$Q(A)_{i^{b}}^{a}(x)=\delta^{\nabla}[A, A]_{ib}^{a}(x)+[d^{\nabla}A, A]_{tb}^{a}(x)+[[A, A],$ $A]_{ib}^{a}(x)$ . (3.12)

See $(3.3)-(3.5)$ . Since $\delta^{\nabla}R^{\nabla}=0$ and since $\delta^{\nabla}A=0$ , we have

PROPOSITION 3.4. Let V $eC_{E,0}$ be a Y-M connection and let $\phi(t)$ and
$A(t)$ be smooth curves in $\Omega^{0}(\mathfrak{g}_{B})\cap(kerd^{\nabla})^{\perp}and$ $\Omega_{0,*}^{1}(\mathfrak{g}_{E})$ , respectively. Then
(2.8) can be written as

$\left\{\begin{array}{l}\frac{dA(t)}{dt}=-\{L^{\nabla}A(t)+Q(A(t))+[A(t), \epsilon(t)]+d^{\nabla}s(t)\}\\\delta^{v}A(t)=0\end{array}\right.$
$(Eq_{0})$

where $s(t)=(\exp\phi(t))^{-1}d(\exp\phi(t))/dt$ and

$L^{\nabla}A=(d^{\nabla}\delta^{\nabla}+\delta^{\nabla}d^{\nabla})A+[R^{\nabla}, A]$ . (3.13)

$(Eq_{0})$ makes sense and gives the equation of the gradient flow of
the functional $YM^{n}$ , defined by (2.5), whenever $m\geqq 2$ and $r\geqq n$ (see

Lemma 4.4).

3.2. Reduction of $(Eq_{0})$ to the abstract evolution equation. We
shall solve $(Eq_{0})$ with initial condition $A(O)=A_{0}$ by making use of the
abstract theory of evolution equations.

In case $M$ is of type (I) or (II). At first, we assume that $M$ is of
type (I). Let $G^{\nabla}$ be the Green operator of $\Delta^{\nabla}$ $:=d^{\nabla}\delta^{\nabla}+\delta^{\nabla}d^{\nabla}$ acting on
$\Omega^{0}(\mathfrak{g}_{E})$ . That is, $G^{\nabla}$ is the linear operator defined by $\Delta G^{\nabla}\eta^{\nabla}+H\eta^{\nabla}=\eta$ for
all $\eta e\Omega^{0}(\mathfrak{g}_{E})$ , where $H$ is the projection onto the space $\{\pi e\Omega^{0}(\mathfrak{g}_{E});\Delta^{\nabla}\pi=0\}$ .
We denote by $G^{\nabla}(x, y),$ $(x, y)\in M\times M$, the kernel function of $G^{\nabla}$ and define
a linear operator $P$ by

$ Pu=u-d^{\nabla}\eta$ for $ue\Omega^{1}(\mathfrak{g}_{E})$

where $\eta(x)=(d^{\nabla}G^{\nabla}(x, ),$ $u$) $((\cdot, )$ ; the inner product in $\Omega^{1}(\mathfrak{g}_{E}))$ . Since A“
is the symmetric elliptic differential operator of second order, we have

$||d^{\nabla}\eta||_{m,r}\leqq C||u||_{m,r}$ (3.14)

for all $ue\Omega^{1}(\mathfrak{g}_{B})$ with $C$ independent of $u$ . Hence $P$ is uniquely extended
to the bounded operator $P_{r}$ on $L^{r}(\Omega^{1}(\mathfrak{g}_{B}))$ . It is easy to see that $P_{r}^{2}=P_{f}$

and we obtain the decomposition

$L^{r}(\Omega^{1}(\mathfrak{g}_{E}))=R(P_{r})\oplus R(I-P_{r})$ (direct sum) (3.15)

($R(T)$ ; the range of the operator $T$).
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In case $M$ is of type (II), we can choose such projection operator $P_{r}$

onto $L^{r}(\Omega_{0,*}^{1}(\mathfrak{g}_{E}))$ as the one constructed by Fujiwara-Morimoto [7]. Now,
set

$X_{r}:=R(P_{r})$ .
Then it follows from Ebin [4] (in case (I)) and Fujiwara-Morimoto [7]
(in case (II)) that

$X_{r}=L^{r}(\Omega_{0.*}^{1}(\mathfrak{g}_{E}))$ , $X^{*}$ (the dual space of $X,$) $=X_{r^{\prime}}$ ,
$R(I-P_{r})\subset\{d^{\nabla}s;seW^{1.r}(\Omega^{0}(\mathfrak{g}_{E}))\}$

where $r’=r/(r-1)$ .
We next define the operator $L_{r}$ on $X_{r}$ by $L_{r}=P,L^{\nabla}$ with definition

domain $D(L_{r})=W^{r}(\Omega^{1}(\mathfrak{g}_{B}))\cap X_{r}$ in case $M$ is of type (I) or $D(L.)=$
$\{AeW^{r}(\Omega^{1}(\mathfrak{g}_{E}));A|_{\partial\Pi}=0\}\cap X_{r}$ in case $M$ is of type (II). Then we have
by Ebin [4] and Fujiwara-Morimoto [7] $L$ “ (the adjoint operator) $=L_{r},$ .

Now, let us reduce $(Eq_{0})$ to the abstract equations on $X_{r}$ . Applying
$P_{r}$ to both sides of the first equation $(Eq_{0})$ , we have

$\frac{dA}{dt}+L_{r}A+P_{r}(Q(A)+[A, s])=0$ in $X_{r}$ .
Note that $PA=A$ since $\delta^{\nabla}A=0$ and that $P_{r}d^{\nabla}s=0$ . Moreover, applying
$\delta^{\nabla}$ to both sides of the same equation, we get

$\Delta^{\nabla}s=\delta^{\nabla}(Q(A)+[A, s]+[R^{\nabla}, A])+\delta^{\nabla^{2}}d^{\nabla}A$ .
We choose such $s$ as

$s=G^{\nabla}\delta^{\nabla}(Q(A)+[A, s]+[R^{\nabla}, A])+G^{\nabla}\delta^{\nabla^{2}}d^{\nabla}A$ .
After all, we get the following system of equations for $\{A, s\}$ :

$\{$

$\frac{dA}{dt}+L_{r}A+P_{r}(Q(A)+[A, s])=0$ in $X_{r},$ $t>0$ ,

$s=G^{\nabla}\delta^{\nabla}(Q(A)+[A, s])+G^{\nabla}J^{\nabla}A$ , $t>0$ , $(Eq_{1})$

$A(0)=A_{0}$ ,

where $J^{\nabla}A:=\delta^{\nabla}([R^{\nabla}, A])+\delta^{\nabla^{2}}d^{\nabla}A$ . Note that $J^{\nabla}A\equiv 0$ when $M$ is of type
(II) and $\nabla iI$ the flat connection.

REMARK 3.5. Since the Green operator $G^{\nabla}$ maps $\Omega^{0}(\mathfrak{g}_{E})$ onto the or-
thogonal complement of the subspace $\{\pi e\Omega^{0}(\mathfrak{g}_{E});\Delta^{\nabla}\pi=0\}$ , we see $s$ defined
by $(Eq_{1})$ belongs to $L^{f}((kerd^{\nabla})^{\perp})$ . See also Proposition 4.3.
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In cas$eM$ is of type (III). Next we consider the case of Theorem
C. We define the projection operator $P$ by

$Pu_{b}^{a}(x):=u_{ib}^{a}(x).-\sum_{j=1}^{n}\int_{n^{n}}\frac{\partial^{2}\Gamma(x-y)}{\partial y^{i}\partial y^{\dot{f}}}u_{\dot{J}^{b}}^{a}(y)dy$

for $u=(u_{ib}^{a}(x))eL^{r}(\Omega^{1}(\mathfrak{g}_{E}))$ , where $\Gamma(x)=(1/2\pi)\log|x|(n=2),$ $=\{(n-2)vol$

$\langle S^{n-1}$) $\}^{-1}|x|^{2-n}(n\geqq 3)$ . By Calder\’on-Zygmund theorem for the singular in-
tegral operators, we see $P$ is a projection operator on $L^{r}(\Omega^{1}(\mathfrak{g}_{E}))$ and
$P(L^{r}(\Omega^{1}(\mathfrak{g}_{B})))=L^{r}(\Omega_{0,*}^{1}(\mathfrak{g}_{B}))$ . Since $R^{\nabla}\equiv 0$ , we have $L^{\nabla}=-\Delta=\sum_{j=1}^{n}(\partial/\partial x)^{2}$ and
hence $P$ commutes with $L$“. In the similar manner as in the cases of
(I) and (II), we have

$\left\{\begin{array}{ll}\frac{dA}{dt}-\Delta A+P(Q(A)+[A, s])=0 & in X_{r}:=L^{r}(\Omega_{0.*}^{1}(\mathfrak{g}_{B})), t>0,\\s=d\Gamma*(Q(A)+[A, s]), t>0, & \\A(0)=A_{0}, & \end{array}\right.$
$(Eq_{2})$

${}^{t}where*denotes$ the convolution operator (not the Hodge star operator).

Conversely, . if $A$ $e\Omega_{0,*}^{1}(\mathfrak{g}_{B})$ and $se\Omega^{0}(\mathfrak{g}_{E})$ satisfies $(Eq_{1})$ or $(Eq_{2})$ , it is
easy to see that $\{A, s\}$ is the smooth solution of $(Eq_{0})$ . Therefore, in what
$follow8$ , we shall investigate the solvability of $(Eq_{1})$ and $(Eq_{2})$ in $X_{r}$ .

\S 4. Proof of Theorems A and B. $i$

In this section, we restrict ourselves to the cases (I) and (II). Then
we may solve $(Eq_{1})$ . The operator $L_{r}$ introduced in the preceding section
plays an important role in $(Eq_{1})$ .

LEMMA 4.1. Suppose that $r\geqq 2$ . Let $\nabla eC_{E,0}$ be a strictly stable Y-M
connection if $M$ is of type (I) and be the flat $connection’\dot{\iota}fM$ is of type
(II). Then we have the fouowing:

(i) The resolvent $\rho(-L_{r})$ of $-L$, contains the right half-plane
$\{xeC;{\rm Re} x\geqq 0\}$ . In particular, $0ep(-L_{r})$ ;

(ii) There is a positive constant $M_{r}$ such that

1 $(L_{r}+x)^{-1}||_{B(x_{r})}\leqq M,(1+|x|)^{-1}$ (4.1)

for all ${\rm Re} x\geqq 0$ , where $||||_{B(X,)}$ denotes the norm of bounded linear oper-
ators on $X_{r}$ .

For the proof, see the Appendix.
An immediate consequence of (4.1) reads:
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LEMMA 4.2. Under the assumption of Lemma 4.1, we have
(i) $-L_{r}$ generates a uniformly bounded holomorphic semi-group

$\{e^{-tL_{r}}\}_{t\cong 0}$ of class $C_{0}$ in $X_{r}$ ;
(ii) Let $L_{r}^{\nabla}$ be the operator defined by (3.13) with the domain

$D(L_{r}^{\nabla})\equiv W^{2,r}(\Omega^{1}(\mathfrak{g}_{E}))$ in case $M$ is of type (I) or with the domain $ D(L_{r}^{\nabla})\equiv$

{A $eW^{r}(\Omega^{1}(\mathfrak{g}_{B}));A|_{\partial H}=0$ } in case $M$ is of type (II). Then for the definition
domains of the fractional powers of $L_{r}$ and $L_{r}^{\nabla}$ , we have the continuous
injection

$D(L_{r}^{\alpha})\subset D((L_{r}^{\nabla})^{\beta})$ for $ 0<\beta<\alpha$ . (4.2)

Indeed, since $0e\rho(-L_{r})$ , we see by (3.14) that there is a constant
$C>0$ with

$\Vert L_{r}^{\nabla}A||_{0,r}\leqq C\Vert L_{r}A||_{0,r}$ for all A $eD(L_{r})$ .
Hence we get (4.2) by Krein [12, Chapter 1, Lemma 7.3]. Moreover,
since $D((L_{r}^{\nabla})^{\beta})$ is continuously imbedded into the space of Bessel potential
$W^{2\beta,r}(\Omega^{1}(\mathfrak{g}_{E}))$ (see Fujiwara [6]), it follows from (4.2) that there is a
constant $C=C(\alpha, \beta)$ for $ 0<\beta<\alpha$ such that

$||A\Vert_{2\beta.r}\leqq C\Vert L_{r}^{\alpha}A||_{0,r}$ (4.3)

for all A $eD(L_{r}^{\alpha})$ . Therefore, in order to prove Theorems A and $B$ , it
suffices to show

PROPOSITION 4.3. Let $k=1,2,$ $\cdots,$ $r>n$ and $\gamma>0$ and let $A_{0}eD(L^{k/2+\gamma})$ .
There exists a positive constant $\lambda_{0}$ such that if $\Vert L_{r}^{k/2+\gamma}A_{0}\Vert_{r}\leqq x_{0}$ , there is a
unique solution $\{A, s\}$ of $(Eq_{1})$ with

A $eC([0, \infty);D(L_{r}^{k/2+\gamma}))\cap C((0, \infty);D(L_{r}^{k/2+\gamma}))\cap C^{1}((0, \infty);D(L_{r}^{k/2}))$ ,
$s\in C([0, \infty);W^{k,r}(\Omega^{0}(\mathfrak{g}_{E})))\cap C((0, \infty);W^{k+1,r}(\Omega^{0}(\mathfrak{g}_{E})))$

satisfying

$\Vert L_{r}^{k/2+\alpha}A(t)\Vert_{0,r}=o(t^{\gamma-\alpha})$ as $t\downarrow 0$ for $\gamma\leqq\alpha<1-\gamma/2$ , (4.4)

$\Vert s(t)||_{k+1,r}=o(t^{-(1+n/r)/2})$ as $t\downarrow 0$ . $(4.5)\wedge$

Moreover, such a solution $\{A, s\}$ satisfies the asymptotic behavior

$||L_{r}^{k/2+\alpha}A(t)||_{0.r}=O(t^{\gamma-\alpha})$ as $ t\rightarrow\infty$ for $\gamma\leqq\alpha<1-\gamma/2$ , (4.6)

$||s(t)\Vert_{k+1,r}=O(t^{-(1+n/t)/2})$ as $ t\rightarrow\infty$ . (4.7)

Here and in what follows, we shall consider $D(L_{r}^{\beta}),$ $\beta\geqq 0$ , as the Banach
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space with the norm $\Vert L^{\prime},A||_{0,r}$ (not the graph norm).

REMARK. As is stated in Remark 3.5, we see $seC([0, \infty);W^{k,r}((ker$

$d^{\nabla})^{\perp}))\cap C((O, \infty);W^{k+1,r}((kerd^{\nabla})^{\perp}))$ . Further note that $ W^{\iota+1,r}(\Omega_{0,*}^{1}(\mathfrak{g}_{E}))\subset$

$D(L^{k/2+\gamma})$ for $0\leqq\gamma\leqq 1/2$ and $D(L^{k/2+\alpha})\subset W^{k+1,r}(\Omega^{1}(\mathfrak{g}_{E}))$ for $\alpha\geqq 1/2$ . Therefore,
taking $m=k+1$ in Proposition 4.3 and then using Proposition 2.2, we
obtain $\{\phi(t), A(t)\}\geq 0$ satisfying the conditions $(i)-(iii)$ of Definition 2.2 for
any $\{d^{\nabla}\phi_{0}, A_{0}\}eU_{1}\times U_{2}$ . Hence Theorems A and $B$ follow.

In what follows, we shall denote $P=P_{r},$ $L=L_{r}$ and $||||_{r}=||||_{0,r}$ for
Iimplicity. We shall denote by $C$ variouI constants which may change
from line to line. In particular, $C=C(*, *, \cdots)$ will denote a constant
depending only on the quantities appearing in the parentheses. To prove
this Proposition, we need:

LEMMA 4.4. Let $k=1,2,$ $\cdots$ . There exist a constant $C=C(p, \epsilon_{1})$ for
any $p>r$ and any $\epsilon_{1}>0$ and constants $C=C(\epsilon)$ for any $\epsilon_{i}>0(i=2,3)$

such that
$\Vert Q(A)-Q(\overline{A})||_{k.r}$

$\leqq C(p, \epsilon_{1})(||L^{k/2+n(\iota/r-\iota/p)/2+}1(A-\overline{A})||_{r}||L^{k/2+n/p+\iota/2+e_{1}}\overline{A}||_{r}$

$+||L^{k/2+n(1/r-1/p)/2+}1A||_{r}||L^{k/2+n/2p+1/2+}1(A-\overline{A})||_{r})$

$+C(\epsilon_{l})(||L^{k/2+n/3r+2}A||_{r}^{2}+||L^{k/2+n/3r+\epsilon_{2}}\overline{A}||_{r}^{2})||L^{k/2+n/8r+2}(A-\overline{A})\Vert_{r}$ , (4.8)

$||[A, s]-[\overline{A},\overline{s}]||_{k.r}$

$\leqq C(\epsilon_{3})(||L^{k/2+S}A\Vert_{r}||s-\overline{s}||_{k+1,r}+||\overline{s}||_{k+1.r}||L^{k/2+\iota}(A-\overline{A})||_{r}$ (4.9)

for all $A,\overline{A}eD(L^{k/2+n/2p+1/2+})(\epsilon=\max_{i}\epsilon_{i})$ and all $s,\overline{s}eW^{k+1,r}(\Omega^{0}(\mathfrak{g}_{E}))$ .
PROOF. It suffices to prove when $\overline{A}=\overline{s}=0$ , because we can reduce

the desired result to such a case by the triangle inequalities. By the
Holder inequality, we have

$\Vert Q(A)||_{k,r}\leqq C(||A||_{k,p}||A||_{k+1,q}+||A||_{k,\S r}^{s})$ , (4.10)

where $1/p+1/q=1/\gamma,$ $r<p,$ $ q<\infty$ . Taking $\alpha=1/2+n/2p,$ $\beta=n(1/r-1/p)/2$

and $\theta=n/3r$ , we have by (4.3) the following continuous imbeddings (see
$Bergh- Lofstr\ddot{o}m$ [$2$ , Theorem 6.5.1]):

$D(L^{k/2+\alpha+}1)\subset W^{k+2\alpha,r}(\Omega^{1}(\mathfrak{g}_{E}))\subset W^{k+1,q}(\Omega^{1}(\mathfrak{g}_{B}))$ ;
$D(L^{b/2+\beta+}1)\subset W^{k+2\beta,r}(\Omega^{1}(\mathfrak{g}_{E}))\subset W^{k,p}(\Omega^{1}(\mathfrak{g}_{B}))$ ;
$D(L^{k/2+\theta+\cdot g})\subset W^{k+2\theta,r}(\Omega^{1}(\mathfrak{g}_{E}))\subset W^{k.Sr}(\Omega^{1}(\mathfrak{g}_{B}))$

for $\epsilon_{i}>0(i=1,2)$ . Hence we get by (4.10)
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$||Q(A)||_{k,r}\leqq C_{1}||L^{k/2+\beta+*}1A\Vert_{r}\{|L^{k/2+\alpha+\epsilon_{1}}A||_{r}+C_{\iota_{2}}\Vert L^{k/2+\theta+\epsilon_{2}}A||_{r}^{\theta}$ .
Similarly, since $D(L^{k/2+3})\subset W^{k,r}(\Omega^{1}(\mathfrak{g}_{E}))$ and $W^{k+1},{}^{t}(\Omega^{0}(\mathfrak{g}_{E}))\subset W^{k,\infty}(\Omega^{0}(\mathfrak{g}_{E}))$ (by
$r>n)$ , we have

$||[A, \epsilon]||_{k,r}\leqq||A\Vert_{k,r}||s||_{k,\infty}\leqq C_{\epsilon_{3}}||L^{k/2+3}A||_{r}||s||_{k+1,r}$ .
In particular, since

$||[d^{\nabla}A, A]||_{k,r}+||\delta^{\nabla}[A, A]||_{k.r}$

$\leqq||A||_{k+1,r}||A||_{k,\infty}\leqq||A||_{k+1,r}^{2}\leqq C_{*}1||L^{k/2+1/2+e_{1}}A||_{r}^{2}$ (by (4.3))

for $\epsilon_{1}>0$ with $C_{e_{1}}>0$ independent of $A$ , we have

$||Q(A)-Q(\overline{A})||_{k,r}$

$\leqq C_{1}\{(||.L^{k/2+1/2+}1A||_{r}+\Vert L^{k/2+1/2+\epsilon_{1}}\overline{A}||_{r})||L^{k/2+1/1}2+*(A-\overline{A})||_{r}\}$

$+C_{2}\{(||L^{k/2+n/3r+}2A||_{r}^{2}+||L^{k/2+n/2}3r+*\overline{A}||_{r}^{2})||L^{k/2+n/sr+\epsilon_{2}}(A-\overline{A})||_{r}\}$ . (4.11)

LEMMA 4.5. Let $k=1,2,$ $\cdots$ . For A $eW^{k,r}(\Omega^{1}(\mathfrak{g}_{E}))$ , we have $G^{\nabla}\delta^{\nabla}A$ ,
$G^{\nabla}J^{\nabla}AeW^{k+1,r}(\Omega^{0}(\mathfrak{g}_{E}))$ and

$||G^{\nabla}\delta^{\nabla}A||_{k+1},,\leqq C||A||_{k,r}$ , $||G^{\nabla}J^{\nabla}A||_{k+1,r}\leqq C||A||_{k,\tau}$ (4.12)

with $C$ independent of $A$ .
PROOF. Since $d^{\nabla}d^{\nabla}A=[R^{\nabla}, A]$ for $A$ $e\Omega^{1}(\mathfrak{g}_{E})$ (by the Ricci formula), we

Iee that $J^{\nabla}$ is a bounded operator from $W^{k,r}(\Omega^{1}(\mathfrak{g}_{E}))$ into $W^{k-1,r}(\Omega^{0}(\mathfrak{g}_{B}))$ .
Hence (4.12) follows from the general theory of the elliptic differential
operators of the second order. See, for example, Aubin [1].

PROOF OF PROPOSITION 4.3. At first we consider the following in-
tegral equation:

$ A(t)=e^{-tL}A_{0}-\int_{0}^{t}e^{-(t-r)L}P(Q(A(\tau))+[A(\tau), s(\tau)])d\tau$

$(I.E_{1})$

$s(t)=G^{\prime}\delta^{\nabla}(Q(A(t))+[A(t), s(t)])+G^{\nabla}J^{\nabla}A(t)$ .
(i) Existence. We want to construct the solution of $(I.E_{1})$ by suc-

cessive approximation, according to the scheme

$A_{0}(t)=e^{-tL}A_{0}$ , $s_{0}(t)\equiv 0$ ,

$ A_{j+1}(t)=A_{0}(t)-\int_{0}^{t}e^{-\{t-e)L}P(Q(A_{j}(\tau))+[A_{j}(\tau), s_{\dot{f}}(\tau)])d\tau$ , (4.13)

$s_{\dot{g}+1}(t)=G^{\nabla}\delta^{\nabla}(Q(A_{j}(t))+[A_{j}(t), s_{j}(t)])+G^{\nabla}J^{\nabla}A_{l+1}(t)$ ,
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where $j=0,1,$ $\cdots$ . Then for $\gamma\leqq\alpha<1-\gamma/2$ , there exists $\{K_{\alpha,j}, M_{\dot{f}}, N_{j}\}_{\dot{g}=0}^{\infty}$

such that

$||L^{k/2+\alpha}A_{\dot{f}}(t)||,\leqq K_{\alpha.\dot{g}}t^{\gamma-\alpha}$ for $t>0$ , (4.14)

$||s_{j}(t)||_{k+1,r}\leqq M_{\dot{f}}t^{-(1+n/r)/2}$ for $t>0$ , (4.15)

$\Vert s_{j}(t)||_{k,r}\leqq N_{j}$ for $t\geqq 0$ . (4.16)

Indeed, by (4.1) we have

$||L^{\alpha}e^{-tL}||_{B(X_{f}\}}\leqq C_{\alpha}t^{-\alpha}$ , $\alpha>0$

for all $t>0$ with $C_{\alpha}>0$ independent of $t$ . Hence (4.14)-(4.16) are true
for $j=0$ if we choose

$K_{\alpha,0}=\sup_{t>0}t^{\alpha-\gamma}||L^{\alpha-\gamma}e^{-tL}L^{kf2+\gamma}A_{0}||,$ , $M_{0}=N_{0}=0$ .
Suppose that $(4.14)-(4.16)$ are true for $j$ . Without loss of generality,
we may assume that $0<\gamma<(1-n/r)/3$ . Taking $\epsilon_{1}=\gamma/4,$ $\epsilon_{2}=\gamma/2-(1-n/r)/3$

and $\epsilon_{s}=(1-n/\gamma-\gamma)/2$ in (4.11) and (4.9) respectively, we have $\epsilon>0$

$(i=1,2,3)$ and

$||L^{k/2+\alpha}A_{j+1}(t)||_{r}$

$\leqq K_{\alpha,0}t^{\gamma-\alpha}+\int_{0}^{t}||L^{\alpha+r/2}e^{-(t-\tau)L}||_{B(x_{r})}$

$\times||L^{k/2-\gamma/2}P(Q(A_{j}(\tau))+[A_{\dot{f}}(\tau), s_{\dot{f}}(\tau)])||_{r}d\tau$

$\leqq K_{\alpha,0}t^{\gamma-\alpha}+C\int_{0}^{t}(t-\tau)^{-\alpha-\gamma/2}(||L^{k/2+1/2+\gamma/}A_{j}(\tau)||^{2},$

$+||L^{k/2+1/s+\gamma/2}A_{j}(\tau)||_{r}^{a}+\Vert s_{j}(\tau)||_{k+1,r}||L^{k/2+(1\leftrightarrow n/r-\gamma)/2}A_{j}(\tau)||_{r})d\tau$

$=K_{\alpha,0}t^{\gamma-\alpha}+CB(1-\alpha-\gamma/2,3\gamma/2)$

$\times(K_{1/2+\gamma/4,j}^{2}+K_{1/3+\gamma/2,j}^{3}+M_{\dot{f}}K_{(1-n/r-\gamma)/2,\dot{g}})t^{\gamma-\alpha}$ , (4.17)

where $B(\cdot, )$ is the beta function. By Lemmas 4.4 and 4.5 $(\epsilon_{1}=\epsilon_{3}=\gamma$ ,
$\epsilon_{2}=(1-n/r)/6)$ and (4.3), we have

$||s_{j+1}(t)||_{k+1,r}$

$\leqq C(||L^{k/2+(n/r-n/p)/2+r}A_{j}(t)||_{r}||L^{k/2+(1+n/p)/2+r}A_{j}(t)||$ ,
$+||L^{k/2+(1+n/r)/\iota+\gamma}A_{\dot{f}}(t)||_{r}^{\epsilon}+||L^{k/2+\gamma}A_{j}(t)||_{r}||\epsilon_{j}(t)||_{k+1,r}$

$+||L^{k/2+(1+n/r)/2+r}A_{j+1}(t)||_{r})$ .
It follows from the assumption on $j$ and (4.17) that
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$\Vert s_{j+1}(t)\Vert_{k+1,r}$

$\leqq C(K_{(1+n/r)/2+r,0}+K_{1/2+r/4.j}^{2}+K_{1/3+\gamma/2,j}^{3}+M_{\dot{\ell}}K_{(1-n/r-\gamma)/2,j}$

$+K_{(n/r-n/p)/2+\gamma_{j}},K_{\{1+n/p)/2+r_{j}},+K_{(1+n/r)/6+\gamma_{j}}^{8},+M_{j}K_{\gamma_{\dot{f}}},)$

$\times t^{-(1+n/r)/2}$ , (4.18)

$||s_{j+1}(t)||_{k,r}$

$\leqq C(K_{\gamma,0}+K_{1/2+\gamma/4,j}^{2}+K_{1/3+r/2,j}^{3}+M_{j}K_{(1-n/r-\gamma)/2,j}$

$+K_{\gamma,j}^{2}+K_{\gamma,j}^{3}+N_{j}K_{\gamma_{\dot{f}}},)$ for $t\geqq 0$ . (4.19)

By $(4.17)-(4.19)$ , we see that $(4.14)-(4.16)$ are satisfied with $j$ replaced
by $j+1$ , with

$K_{\alpha,\dot{g}+1}=K_{\alpha,0}+CB(1-\alpha-\gamma/2,3\gamma/2)(K_{1/2+\gamma/4,j}^{2}+K_{1/8+\gamma/2,j}^{3}$

$+M_{j}K_{(1-n/r+\gamma)/2,\dot{g}})$ , (4.20)

$M_{J+1}=C(K_{\{1+n/r)/2+r,0}+K_{1/2+\gamma/4,j}^{2}+K_{1/3+\gamma/2,j}^{3}+M_{j}K_{(1-n/r+\gamma)/2,j}$

$+K_{n/2r-n/2p+\gamma_{j}},K_{1/2+n/2p+\gamma_{j}},+K_{1/6+n/6r+r_{j}}^{3},+M_{j}K_{\gamma_{\dot{f}}},)$ , (4.21)

$N_{j+\iota}=C(K_{r,0}+K_{1/2+r/4,j}^{2}+K_{1/\epsilon+r/2,\dot{g}}^{3}+M_{\dot{f}}K_{(1-n/r+\gamma)/2,\oint}$

$+K_{\gamma,j}^{2}+K_{\gamma,j}^{3}+K_{\gamma_{j}},N_{\dot{f}})$ . (4.22)

Let $S=\{\gamma,$ $(1-n/r-\gamma)/2,$ $n/2-n/2p+\gamma,$ $1/6+n/6r+\gamma,$ $1/3+\gamma/2,1/2+\gamma/4$ ,
$1/2+n/2p+\gamma\}$ . We define $\{K_{j}\}_{\dot{g}=0}^{\infty}$ and $\{F_{\dot{f}}\}_{j=0}^{\infty}$ by $K_{j}\equiv\max_{\alpha eS}K_{\alpha,j}$ and $ F_{j}\equiv$

$\max\{K_{j}, M_{j}, N_{j}\}$ . Then it follows from $(4.20)-(4.22)$ that

$F_{j+1}\leqq C(F_{0}+F_{j}^{2}+F_{\dot{f}}^{3})$ for $j=0,1,$ $\cdots$ .
As is well known, for such sequence $\{F_{j}\}_{\dot{g}=0}^{\infty}$ , there exists a positive,
monotone decreasing function $F(x)$ of $x>0$ such that $F_{j}\leqq F(x)$ for all
$j=0,1,$ $\cdots$ if $F_{0}\leqq x$ . Moreover, we have $\lim_{\lambda\rightarrow 0}F(x)=0$ .

Now, we choose $\lambda_{1}>0$ so that $F(x_{1})<1$ and assume that $F_{0}\leqq x_{1}$ .
Under this assumption, we obtain from $(4.14)-(4.16)$

$||L^{k/2+\alpha}A_{j}(t)\Vert_{r}\leqq F(x_{1})t^{\gamma-\alpha}$ $(\alpha\in S)$ , $t>0$ ,
$||\epsilon_{j}(t)||_{k+1,r}\leqq F(x_{1})t^{-(1+n/r)/2}$ , $t>0$ ,
$||s_{j}(t)||_{k,r}\leqq F(x_{1})$ , $t\geqq 0$ ,

for all $j=0,1,$ $\cdots$ . Set $B_{j}(t)=A_{j+1}(t)-A_{j}(t)$ and $u_{\dot{f}}(t)=s_{j+1}(t)-s_{\dot{f}}(t)$ . In
the similar manner of $(4.17)-(4.19)$ , we have by Lemmas 4.4 and 4.5

$||L^{k/2+\alpha}B_{j}(t)\Vert_{r}$

$\leqq CF\int_{0}^{t}(t-\tau)^{-\alpha-\gamma/2}(\tau^{3\gamma/4-1/2}||L^{k/2+1/2+\gamma/4}B_{j-1}\Vert_{r}$
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$+\tau^{\gamma-2/3}||L^{k/l+1/3+\gamma/2}B_{j-1}||_{r}+\tau^{8\gamma/2-1/2+n/2t}||u_{j-1}||_{k+1,r}$

$+\tau^{-1/2-n/2r}||L^{k/2+(1-n/r-\gamma)/2}B_{j-1}||,)d\tau$ (4.23)

for $\gamma\leqq\alpha<1-\gamma/2$ ,

$||u_{j}(t)||_{k+1,r}$

$\leqq CF(t^{n/2p-n/2r}||L^{k/2+1/2+n/2p+\gamma}B_{\dot{g}-1}||_{r}$

$+t^{-n/2p-1/2}||L^{k/2+n/2r- n/2p+\gamma}B_{j-1}||$ ,
$+t^{-1/3-n/8}\Vert L^{k/2+1/0+n/6r+\gamma}B_{j- 1}||_{r}$

$+||u_{j- 1}||_{k+1,r}+t^{-1/2-n/1r}$ II $L^{k/2+\gamma}B_{;-1}||_{r}$)
$+CF\int_{0}^{t}(t-\tau)^{(1-n/r-8\gamma)/2-1}(\tau^{\theta\gamma/4-1/2}||L^{k/2+1/2+\gamma/}B_{j-1}||_{r}$

$+\tau^{\gamma-2/\epsilon}||L^{k/2+1/s+\gamma/2}B_{j-1}||_{r}+\tau^{3\gamma/2-1/2+n/2r}\Vert u_{j-1}\Vert_{k+1,r}$

$+\tau^{-1/2-n/2r}||L^{k/2+(1-n/r-\gamma)/2}B_{J-1}|\{’$) $ d\tau$ (by (4.23)),

$||u_{j}(t)||_{k,r}$

$\leqq CF(||u_{j-1}||_{k,r}+||L^{k/2+\gamma}B_{j-1}\Vert_{r})$

$+CF\int_{0}^{t}(t-\tau)^{-8\gamma/2}(\tau^{s\gamma/4-1/2}\Vert L^{k/2+1/2+\gamma/4}B_{j-1}||_{r}$

$+\tau^{\gamma-2/\theta}||L^{k/2+1/3+\gamma/2}B_{j-1}||,+\tau^{3\gamma/2-1/2+n/2r}||u_{j-1}||_{k+1,r}$

$+\tau^{-1/2-n/2r}\Vert L^{k/2+(1-n/r-\gamma)/2}B_{\dot{t}-1}||_{f})d\tau$ ,

where $F=F(x_{1})$ . Note that $F^{2}<F$, since $0<F<1$ . By a direct calcula-
tion, we have for $j=0$

$||L^{k/2+a}B_{0}(t)||,\leqq CB(1-\alpha-\gamma/2,3\gamma/2)Ft^{\gamma-\alpha}$ $(\gamma\leqq\alpha<1-\gamma/2, t>0)$ ,
$||u_{0}(t)||_{k+1_{*}r}\leqq CFt^{-1/2-n/2r}$ $(t>0)$ ,
$||u_{0}(t)||_{k,r}\geqq CF$ $(t\geqq 0)$ .

Therefore, by induction, we obtain

$||L^{k/2+\alpha}B_{j}(t)||,\leqq(\overline{C}F)^{j+1}t^{\gamma-a}$ $(\alpha eS, t>0)$ , (4.24)

$||u_{j}(t)||_{k+1,r}\leqq(\overline{C}F)^{j+1}t^{-1/2-n/2r}$ $(t>0)$ , (4.25)

$||u_{j}(t)||_{k.r}\geqq(\overline{C}F)^{\dot{g}+1}$ $(t\geqq 0)$ , (4.26)

where $\overline{C}\equiv 8C\max_{aeS}B(1-\alpha-\gamma/2,3\gamma/2)$ ($C$; the constant in (4.23)). More-
over, substituting (4.24) into (4.23) again, we get

$||L^{k/2+\alpha}B_{j}(t)||_{r}\leqq CB(1-\alpha-\gamma/2,3\gamma/2)(\overline{C}F)^{j}t^{\gamma-\alpha}$ $(t>0)$ (4.27)

for $\gamma\leqq\alpha<1-\gamma/2$ .
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Now, we take $\lambda_{*}>0$ so that

$F(\lambda_{*})<1/\overline{C}$ (4.28)

and assume that

$F_{0}\leqq x_{*}$ . (4.29)

Since $L^{k/2+\alpha}A_{j}(t)=\sum_{t=1}^{j-1}L^{k/2+\alpha}B_{i}(t)$ and $s_{j}(t)=\sum_{i=1}^{j-1}u_{i}(t)$ , it follows from
$(4.25)-(4.27)$ that there exist $\{A, s\}$ :

$A\in C([0, \infty);D(L^{k/2+\gamma}))\cap C((0, \infty);D(L^{k/2+\alpha}))$ $(\gamma<\alpha<1-\gamma/2)$ ,
$s\in C([0, \infty);W^{k,r}(\Omega^{0}(\mathfrak{g}_{B})))\cap C((0, \infty);W^{k+1,r}(\Omega^{0}(\mathfrak{g}_{E})))$

such that

$L^{k/2+\alpha}A_{j}(t)\rightarrow L^{k/2+\alpha}A(t)$ in $L^{r}(\Omega^{1}(\mathfrak{g}_{E}))$

uniformly $ te[0, \infty$ ) for $ 0\leqq\alpha\leqq\gamma$ ,
uniformly $ te[\epsilon, \infty$ ) for $\gamma<\alpha<1-\gamma/2$ ,

$\epsilon_{\dot{f}}(t)\rightarrow s(t)$ in $W^{r}(\Omega^{0}(\mathfrak{g}_{B}))$ uniformly $ te[0, \infty$ )

in $W^{+1,r}(\Omega^{0}(\mathfrak{g}_{E}))$ uniformly $ te[\epsilon, \infty$ )

for any $\epsilon<0$ . The limits $\{A, s\}$ satisfy

$\Vert L^{k/2+\alpha}A(t)||_{r}\leqq F_{\alpha}(x_{*})t^{\gamma-\alpha}$ $(t>0)$ , (4.30)

$\Vert s(t)||_{k+1.r}\leqq F(x_{*})t^{-1/2-n/2\gamma}$ $(t>0)$ , (4.31)

$||s(t)||_{k,r}\leqq F(x_{*})$ $(t\geqq 0)$ . (4.32)

Note that $F_{\alpha}(x_{*})$ is dominated by $F(x_{*})$ for $\alpha eS$. Hence by Lemma 4.4,
we have that $\Vert Q(A_{j}(t))||_{k,r}$ and $||[A_{j}(t), s_{j}(t)]||_{k,r}$ are dominated by $t^{s\gamma/2-1}$ for
all $j$ and that

$Q(A_{j}(t))\rightarrow Q(A(t))$ , $[A_{j}(t), s_{j}(t)]\rightarrow[A(t), s(t)]$

in $W^{k,r}(\Omega^{1}(\mathfrak{g}_{E}))$ . Taking $ j\rightarrow\infty$ in (4.13), we see by the Lebesgue dominated
convergence theorem that $\{A, s\}$ is a solution of $(I.E_{1})$ .

Now we shall consider the condition (4.29). Since
$||L^{k/2+\alpha}e^{-tL}A_{0}||_{r}\leqq||L^{\alpha-\gamma}e^{-tL}||_{B(x_{r})}||L^{k/2+\gamma}A_{0}||_{r}\leqq C_{a}t^{\gamma-\alpha}||L^{k/2+\gamma}A_{0}||_{f}$ ,

(4.29) is satisfied if $||L^{k/2+\gamma}A_{0}||_{r}$ is sufficiently small. Hence we have just
proved the existence of $\lambda_{0}$ and the solution $\{A, s\}$ of $(I.E_{1})$ with decay
properties (4.6) and (4.7).
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To see the behaviour of $\{A(t), s(t)\}$ at $t=0$ , we need to return to the
approximation solution $\{A_{j}(t), s_{j}(t)\}$ . Since

$\sup_{0<}t^{a-\gamma}||L^{k/l+\alpha}A_{0}(t)||_{r}\leqq\sup_{0<t}t^{\alpha-\gamma}||L^{\alpha-\gamma}e^{-tL}L^{k/2+\gamma}A_{0}||_{r}$

and $t^{\alpha-\gamma}L^{\alpha-\gamma}e^{-tL}\rightarrow 0$ strongly as $t\downarrow 0$ , there is $\tau_{e}*>0$ for any $\epsilon>0$ such
that

$\sup_{0<t<T^{*}}t^{\alpha-\gamma}\Vert L^{k/2+\alpha}A_{0}(t)\Vert_{r}<\epsilon$ .
In the similar manner of (4.17) and (4.18), we see that

$\sup_{0<<T_{*}}.t^{\alpha-\gamma}||L^{k/2+\alpha}A_{j}(t)||_{r}<C_{\alpha}\epsilon$
,

$\sup_{0<t<T_{\epsilon}^{s}}t^{1/2+n/2r}\Vert s_{j}(t)||_{k+1,r}<C\epsilon$

and that $\{t^{\alpha-\gamma}L^{k/l+\alpha}A_{j}(t)\}_{\dot{g}=0}^{\infty}$ and $\{t^{1/2+n/lr}\epsilon_{j}(t)\}_{j=0}^{\infty}$ are uniformly convergent
sequences in $L^{\prime}(\Omega^{1}(\mathfrak{g}_{E}))$ and in $W^{k,r}(\Omega^{0}(\mathfrak{g}_{E}))$ for $te[0, T_{\epsilon}^{*}]$ , respectively.
Hence the limit $\{A(t), s(t)\}$ has the properties (4.4) and (4.5) near $t=0$ .

(ii) Uniqueness. Let $\{\overline{A},\overline{s}\}$ be another solution of $(I.E_{1})$ with proper-
ties (4.4) and (4.5). Then we can take a constant $0<\tilde{F}(t_{0})<1$ such that

$||L^{k/2+\alpha}A(t)||_{r},$ $||L^{k/2+\alpha}\overline{A}(t)||_{r}\leqq\tilde{F}(t_{0})t^{\gamma-\alpha}$ $(\alpha eS-\{\gamma\})$ ,
$||s(t)||_{k+1,r},$ $||\overline{s}(t)||_{k+1,r}\leqq\tilde{F}(t_{0})t^{-1/2-n/2r}$

for all $t\in(O, t_{0}$] and that $\tilde{F}(t_{0})\rightarrow 0$ as $t_{0}\rightarrow 0$ . Taking $B=A-\overline{A}$ and $u=s-\overline{s}$ ,
we obtain by induction in the similar manner as above

$||L^{k/2+a}B(t)||,\leqq 2\tilde{F}(t_{0})(2\overline{C}\tilde{F}(t_{0}))^{\dot{g}}t^{\gamma-\alpha}$ $(\alpha eS-\{\gamma\})$ , (4.33)

$|[u(t)||_{k+1,r}\leqq 2\tilde{F}(t_{0})(2\overline{C}\tilde{F}(t_{0}))^{j}t^{-1/2-n/2r}$ (4.34)

for $t\in(O, t_{0}$] and $j=0,1,$ $\cdots$ , where $\overline{C}$ is the same constant in $(4.24)-(4.26)$ .
In the above, we should note that $||L^{k/2+\gamma}A_{0}||_{r}$ is sufficiently small and that
$\sup_{0\leqq t\leq t_{0}}||L^{k/2+\gamma}B(t)||_{r}\leqq\tilde{F}(t_{0})$ for small $t_{0}$ , since $BeC([0, t_{0}];D(L^{k/2+r}))$ with
$B(0)=0$ .

Now, we choose $t_{0}>0$ so that $2\overline{C}\tilde{F}(t_{0})<1$ . Letting $ j\rightarrow\infty$ in (4.33)

and (4.34), we have

$B(t)\equiv u(t)\equiv 0$ on $te[0, t_{0}]$ .
Note that $ueC([0, \infty);W^{k,r}(\Omega^{0}(\mathfrak{g}_{E})))$ . Repeating this argument on $[t_{0}, \infty$ ),

we find a sequence $ t_{0}<t_{1}<\cdots$ such that $B(t)\equiv u(t)\equiv 0$ on $[0, t_{\dot{f}}]$ for any
$j=0,1,$ $\cdots$ . Since $L^{k/2+a}B_{0}(t)$ and $u(t)$ are continuous functions on $[t_{0}, \infty$ )
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with values in $L^{r}(\Omega^{1}(\mathfrak{g}_{E}))$ and $W^{k+1,r}(\Omega^{0}(\mathfrak{g}_{E}))$ , respectively, there exists $\eta>0$

such that $ t_{\dot{J}+1}-t_{j}\geqq\eta$ for all $j$ (see Fujita-Kato [5, p. 286, Proposition I]).
(iii) Differentiability of $A(t)$ . It remains to show that A $eC((O, \infty)$ ;

$D(L^{k/2+1}))\cap C^{1}((0, \infty);D(L^{k/2}))$ and that $\{A, s\}$ satisfies the first equation of
$(Eq_{1})$ . By Lemma 4.2 (i) and the general theory of the holomorphic
semi-group (see Tanabe [16, Theorem 3.3.4]), it suffices to show that
$L^{k/2}P(Q(A)+[A, s])$ is a Holder continuous function of $te(0, \infty)$ with
values in $X_{r}$ . By Lemma 4.4, we may prove the following:

LEMMA 4.6. Let $\{A, s\}$ be the solution of $(I.E_{1})$ constructed as above.
Then for any $\epsilon>0$ , we have

(1) $L^{k/2+\alpha}A$ is a uniformly $H\dot{0}$ lder continuous functions with values
in $X_{r}$ on $[\epsilon, \infty$ ) for $0\leqq\alpha<1-\gamma/2$ ;

(2) $s$ is a uniformly $ H\dot{0}lde\gamma$ continuous function with values in
$W^{k+1,r}(\Omega^{0}(\mathfrak{g}_{E}))$ on $[\epsilon, \infty$ ).

PROOF. (1) By Lemma 4.1, we have for $\eta>0$ and $0<\theta<1$

$(e^{-\eta L}-1)L^{-\theta}eB(X_{f})$ and
$\Vert(e^{-\eta L}-1)L^{-\theta}\Vert_{B(X_{r})}\leqq C_{\theta}\eta^{\theta}$ . (4.35)

It Iuffices to prove the assertion for

$\tilde{A}(t):=\int_{0}^{t}e^{-(t-\tau)L}P(Q(A(\tau))+[A(\tau), s(\tau)])d\tau$ .
By a direct calculation, we have for $\eta>0$

$L^{k/2+\alpha}\tilde{A}(t+\eta)-L^{k/2+\alpha}\tilde{A}(t)$

$=\int_{t}^{t+\eta}L^{k/2+\alpha}e^{-(t+\eta-t)L}P(Q(A(\tau))+[A(\tau), s(\tau)])d\tau$

$+\int_{0}^{t}L^{k/2+\alpha}(e^{-\eta L}-1)e^{-(t-\epsilon)L}P(Q(A(\tau))+[A(\tau), s(\tau)])d\tau$

$\equiv I_{1}^{\alpha}(t)+I_{2}^{\alpha}(t)$ .
In the similar manner of (4.17), we get by (4.30) and (4.31)

$||I_{1}^{\alpha}(t)\Vert_{r}\leqq CF(x_{*})\int_{t}^{t+\eta}(t+\eta-\tau)^{-\alpha-\gamma/2}\tau^{3\gamma/2-1}d\tau$

$=CF(x_{*})B(1-\alpha-\gamma/2,3\gamma/2)\eta^{\gamma-\alpha}$

or $=CF(x_{*})\epsilon^{s\gamma/2-1}(1-\alpha-\gamma/2)^{-1}\eta^{1-\alpha-r/2}$ ,

according to the case $ 0\leqq\alpha<\gamma$ or $\gamma\leqq\alpha<1-\gamma/2$ . Taking $0<\theta<1-\alpha-\gamma/2$ ,
we have by (4.35)
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$||I_{2}^{\alpha}(t)||_{f}\leqq\int_{0}^{t}||(e^{-\eta L}-1)L^{-\theta}||_{B\{x_{r})}||L^{\alpha+\theta+r/2}e^{-(t-\tau)L}||_{B(X,)}$

$\times||L^{k/2-r/2}P(Q(A(\tau))+[A(\tau), s(\tau)])\Vert_{r}d\tau$

$\leqq C\eta^{\theta}F(x_{*})B(1-\alpha-\theta-\gamma/2,3\gamma/2)t^{-\alpha-\theta+\gamma}$

$\leqq CF(x_{*})B(1-\alpha-\theta-\gamma/2,3\gamma/2)\epsilon^{-\alpha-\theta+\gamma}\eta^{\theta}$

for all $ te[\epsilon, \infty$ ). Hence we obtain the assertion of (1).
(2) Similarly, it follows from (4.30) and (4.31) that for $\eta>0$

$||s(t+\eta)-s(t)||_{k+1,t}$

$\leqq c_{\sup_{\leq}1|L^{k/2+\gamma}A(\tau)||_{r}||s(t+\eta)-s(t)||_{k+1,r}}$

$+CF(x_{*})\{\epsilon^{-1/2-n/2r}\Vert L^{k/2+\gamma}(A(t+\eta)-A(t))||_{r}$

$+\epsilon^{-n/2p-1/2}||L^{k/2+(n/r-n/p)/2+\gamma}(A(t+\eta)-A(t))||_{r}$

$+\epsilon^{n/2p-n/2r}||L^{k/2+(1+n/p)/2+\gamma}(A(t+\eta)-A(t))||_{r}$

$+\epsilon^{-1/2-n/2r}||L^{k/2+(1+n/r)/6+\gamma}(A(t+\eta)-A(t))||_{r}\}$

$+C||L^{k/2+\gamma}(A(t+\eta)-A(t))||_{r}$ .
Since $C\sup_{0\leqq\tau}\Vert L^{k/2+\gamma}A(\tau)||_{r}<CF(x_{*})<1$ by (4.30), it follows from the above
inequality and the assertion (1) that $\epsilon$ has the desired property.

\S 5. Proof of Theorem C.

In this section, we consider the case when $M=R^{n}$ and $\nabla$ is the flat
connection. As is mentioned in section 3, we can obtain the asymptotic
stability by solving $(Eq_{2})$ . Our result now reads:

PROPOSITION 5.1. Let $m=2,3,$ $\cdots$ and let $A_{0}eW^{*,n}(\Omega_{0,*}^{1}(\mathfrak{g}_{B}))$ . There
exists a positive constant $\lambda_{0}$ such that if $||A_{0}||_{m,n}\leqq x_{0}$ , there is a unique
solution $\{A, s\}$ of $(Eq_{2})$ with

$A\in C([0, \infty);W^{m,n}(\Omega_{0,*}^{1}(\mathfrak{g}_{E})))\cap C^{1}((0, \infty);W^{n,n}(\Omega_{0,*}^{1}(\mathfrak{g}_{E})))$

$\cap C((0, \infty);W^{m+2,n}(\Omega_{0,*}^{1}(\mathfrak{g}_{E})))$ ,
$seC([0, \infty);W^{m-1,n}(\Omega^{0}(\mathfrak{g}_{E})))\cap C((0, \infty);W^{n,n}(\Omega^{0}(\mathfrak{g}_{E})))$

satisfying

$t^{(1-n/r)/2}A\in BC([0, \infty);W^{n,r}(\Omega_{0,*}^{1}(\mathfrak{g}_{B})))$ for $n<r$ , (5.1)

$t^{\iota/2}AeBC([0, \infty);W^{m+1,r}(\Omega_{0,*}^{1}(\mathfrak{g}_{E})))$ , (5.2)

$t^{1/2}seBC((O, \infty);W^{m,n}(\Omega^{0}(\mathfrak{g}_{E})))$ (5.3)
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all with values zero at $t=0(BC([0, \infty);X)$ ; the set of continuous, uni-
formly bounded functions on $[0, \infty$ ) with values in $X$). Moreover, $A$ has
the $W^{m,n}$-decay property

$\Vert A(t)\Vert_{m,n}\rightarrow 0$ as $ t\rightarrow\infty$ (5.4)

To show this proposition, we shall make use of the implicit function
theorem combined with the $(L^{r}, L^{q})$-estimates for the solutions of the heat
equation. Since $L^{\nabla}=-\Delta=-\sum_{j=1}^{n}(\partial/\partial x^{j})^{2}$ commutes with the projection
operator $P$ , the evolution operator $e^{-tL}$ can be represented explicitly as

$e^{-tL}A_{i^{a}}^{b}(x)=\frac{1}{(4\pi t)^{n/2}}\int_{R^{n}}e^{-|x-y|^{2}/4t}A_{ia}^{b}(y)dy$

for $A=(A_{ia}^{b}(x))eX_{r}(1<r<\infty)$ . Then we have

LEMMA 5.2 $((L^{n}, L^{q})$-estimates). For $q\leqq n$ , there is a constant $C=$

$C(q, n)$ such that

$||e^{-tL}A||_{m,n}\leqq Ct^{-(n/q-1)/2}||A\Vert_{m,q}$ ,
$\Vert e^{-tL}A\Vert_{m+1,n}\leqq Ct^{-n/2q}||A\Vert_{m,q}$

for all $A\in W^{m,n}(\Omega_{0,*}^{1}(\mathfrak{g}_{E}))$ .
PROOF OF PROPOSITION 5.1. In the similar manner of the proof of

Proposition 4.3, we construct at first the following integral equation:

$ A(t)=e^{-tL}A_{0}-\int_{0}^{t}e^{-(t-\tau)L}P(Q_{1}(A(\tau))+Q_{2}(A(\tau))+[A(\tau), s(\tau)])d\tau$ ,
$(I.E_{2})$

$s(t)=d\Gamma*(Q_{1}(A(t))+Q_{2}(A(t))+[A(t), s(t)])$ ,

where $Q(A)=Q_{1}(A)+Q_{2}(A)$ with $Q_{1}(A)\sim A\cdot\partial A$ and $Q_{2}(A)\sim A^{3}$ . Now, we
define the function spaces $Y$ and $Z$ and the norms $\Vert\Vert_{Y}$ and $||||_{Z}$ as
follows:

$Y\equiv\{A\in BC([0, \infty);W^{m,n}(\Omega_{0,*}^{1}(\mathfrak{g}_{E})));t^{1/2}A\in BC([0, \infty);W^{m+1,n}(\Omega_{0,*}^{1}(\mathfrak{g}_{E})))\}$ ,
$Z\equiv\{s\in BC([0, \infty);W^{m-1,n}(\Omega^{0}(\mathfrak{g}_{E})));t^{1/2}s\in BC([0, \infty);W^{m+1,n}(\Omega^{0}(\mathfrak{g}_{E})))\}$ ,

$||A||_{Y}\equiv\sup_{t\geqq 0}\Vert A(t)\Vert_{m,n}+\sup_{t\geq 0}t^{1/2}\Vert A(t)\Vert_{m+1,n}$ ,

$\Vert s\Vert_{Z}\equiv\sup_{t\geqq 0}\Vert s(t)\Vert_{m-1,n}+\sup_{t\geqq 0}t^{1/2}\Vert s(t)||_{m,n}$ .
Then $Y$ and $Z$ are Banach spaces $\grave{w}$ ith the norms I $\Vert_{Y}$ and 1 $\Vert_{Z}$ , re-
spectively. We set $W\equiv Y\times Z$. We can consider $W$ as Banach space by
inducing the product topology.
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Let us define a map $f$ on $W^{m,n}(\Omega_{0,*}^{1}(\mathfrak{g}_{E}))\times W$ by $f(A_{0}, A, s)\equiv\{B, u\}$ :

$ B(t)=A(t)-e^{-tL}A_{0}+\int_{0}^{t}e^{-(t-r)L}P(Q_{1}(A(\tau))+Q_{2}(A(\tau))+[A(\tau), \epsilon(\tau)])d\tau$ , (5.5)

$u(t)=s(t)-d\Gamma*(Q_{\iota}(A(t))+Q_{2}(A(t))+[A(t), s(t)])$ , (5.6)

for $A_{0}eW^{*,n}(\Omega_{0,*}^{1}(\mathfrak{g}_{E}))$ and $\{A, \epsilon\}eW$. Then we have

LEMMA 5.3. $f$ is a continuous map from $W^{m,n}(\Omega_{0.*}^{1}(\mathfrak{g}_{E}))\times W$ into $W$.
For each $A_{0}\in W^{m,n}(\Omega_{0,*}^{1}(\mathfrak{g}_{E})),$ $f(A_{0}, )$ is a map of class $C^{1}$ from $W$ into
itself.

PROOF. Let $B$ and $u$ be the functions defined by (5.5) and (5.6),
respectively. We shall prove at first $\{B, u\}eW$.

(i) $B\in Y$. Since $e^{-tL}A_{0}\in Y$ by Lemma 5.2, it suffices to show that
$\tilde{B}eY$, where $\tilde{B}(t)=\int_{0}^{\iota}e^{-(t-\tau)L}P(Q_{1}(A)+Q_{2}(A)+[A, s])d\tau$ . By the interpolation
inequality (see Tanabe [16, Lemma 1.2.2])

$||A||_{rn,r}\leqq C||A||_{n,n}^{n/r}||A||_{m+1,n}^{1-n/r}$ for $n\leqq r$ , (5.7)

we see $t^{(1-n/r)/2}AeBC([0, \infty);W^{m,r}(\Omega_{0,*}^{1}(\mathfrak{g}_{E})))$ for $A\in Y$. In particular, we
get $supt\geq 0t^{1/4}||A(t)\Vert_{m,2n}\leqq C||A||_{Y}$ . Hence by Lemma 5.2 and the Hblder in-
equality, we have

$||\tilde{B}(t)\Vert_{m.n}\leqq C\int_{0}^{t}(t-\tau)^{-1/2}(\Vert A(\tau)||_{m,n}||A(\tau)||_{m+1,n}+||A(\tau)||_{m,n}||s(\tau)||_{m,n})d\tau$

$+C\int_{0}^{t}(t-\tau)^{-1/4}||A(\tau)||_{r*,2n}^{3}d\tau$

$\leqq 2C\beta(||A\Vert_{Y}^{2}+||A||_{Y}||s||_{Z}+\Vert A||_{Y}^{3})$ (5.8)

for all $t\geqq 0$ , where $\beta\equiv\max\{B(1/2,1/2), B(3/4,1/4)\}$ . Similarly, we have

$||\tilde{B}(t)||_{m+1,n}\leqq C(\Vert A||_{Y}^{2}+||A||_{Y}^{3}+||A||_{Y}||s||_{Z})B(1/4,1/4)t^{-1/2}$ (5.9)

(ii) $seZ$. It follows from the Hardy-Littlewood-Sobolev inequality
(see Reed-Simon [15, p. 31]) that $d\Gamma*$ is a bounded operator from
$W^{m,n/2}(\Omega^{0}(\mathfrak{g}_{E}))$ into $W^{m.n}(\Omega^{0}(\mathfrak{g}_{E}))$ . We have therefore by the H\"older in-
equality and (5.7)

$||s(t)||_{m,n}\leqq C(||A||_{Y}^{2}+||A\Vert_{Y}^{3}+||A||_{Y}||s||_{Z})t^{-1/2}$ , (5.10)

$\Vert s(t)||_{m-1,n}\leqq C(||A||_{Y}^{2}+\Vert A\Vert_{Y}^{3}+||A\Vert_{Y}||s\Vert_{Z})$ . (5.11)

Since the continuity and the differentiability of $f$ follow easily from
$(5.8)-(5.11)$ , we may omit details. This completes the proof.
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Since $f(O, 0,0)=\{0,0\}$ and the Fr\’echet derivative $f_{\{A,\epsilon\}}(0,0,0)=identity$

on $W$ (see $(5.8)-(5.11)$), it follows from the implicit function theorem that
there is a unique continuous mapping $w$ in a neighbourhood $ U_{\lambda}^{m,n}\equiv$

$\{A_{0}\in W^{m,n}(\Omega_{0,*}^{1}(\mathfrak{g}_{E}));||A_{0}\Vert_{m,n}<\lambda\}$ of $0;w:U_{\lambda}^{m,n}\rightarrow W$ such that

$w(O)=\{0,0\}$ and $f(A_{0}, w(A_{0}))=\{0,0\}$ (5.12)

Representing $w(A_{0})=\{A(A_{0}), s(A_{0})\}$ , we see by (5.12) that $\{A(A_{0}), s(A_{0})\}$

is a unique solution of $(I.E_{2})$ . As in the preceding section, we can show
$\{A(A_{0}), \epsilon(A_{0})\}$ is actually the solution of $(Eq_{2})$ with initial value $A_{0}$ by
using the decay properties $(5.1)-(5.3)$ .

Now it remains to show the $W^{m,n}$-decay property (5.4). Since the
map $A_{0}\rightarrow A(A_{0})$ is a continuous one from $W^{m,n}(\Omega_{0,*}^{1}(\mathfrak{g}_{E}))$ into $Y$ and since
the space {Be $\Omega_{0,*}^{1}(\mathfrak{g}_{E});B$ has a compact support in $M$} is denIe in
$W^{m,n}(\Omega_{0,*}^{1}(\mathfrak{g}_{E}))$ , there is $\overline{A}_{0}\in\Omega_{0,*}^{1}(\mathfrak{g}_{E})$ with compact support for any $\epsilon>0$

such that

$\sup_{t\geq 0}\Vert A(A_{0})(t)-A(\overline{A}_{0})(t)||_{m,n}<\epsilon$ . (5.13)

On the other hand, for such a solution $A(\overline{A}_{0})$ , we can show $||A(\overline{A}_{0})(t)||_{m,n}\rightarrow 0$

as $ t\rightarrow\infty$ . See, e.g., Kato [10, Theorem 4]. Hence by (5.13)

$\lim_{t\rightarrow}\sup_{\infty}\Vert A(A_{0})(t)||_{m,n}$

$\leqq\sup_{t>0}||A(A_{0})(t)-A(\overline{A}_{0})(t)||_{m,n}+\lim_{t\rightarrow\infty}||A(\overline{A}_{0})(t)||_{m.n}<\epsilon$ .
Since $\epsilon>0$ is arbitrary, we obtain the desired result.

Appendix.

PROOF OF LEMMA 4.1. When $M$ is of type (II) and $\nabla$ is the flat
connection, $L_{r}$ is essentially equal to the Stokes operator for incompressible
fluids. Therefore, the assertion of this Lemma follows from Giga [8].
We may prove another case.

Since $\nabla$ is a strictly positive Y-M connection, $L_{2}$ is a positive definite
self-adjoint operator in $X_{2}$ and the assertion of this Lemma is valid for
$r=2$ . Now we shall prove for $r>2$ .

For a moment, let us assume that there is a constant $\mu_{r}>0$ such that
$\{{\rm Re} x\geqq\mu_{r}\}\subset\rho(-L_{r})$ and (4.1) is satisfied for ${\rm Re} x\geqq\mu_{r}$ . By [16, Remark
3.3.2], we may show for ${\rm Re} x\geqq 0$ with $|x|\leqq R_{r}(R_{r}>0)$ . Suppose the
contrary. Then for each $j=1,2,$ $\cdots$ , there exist $A_{j}eD(L_{r})$ with $||A_{j}||_{r}=1$

and ${\rm Re} x_{j}\geqq 0$ with $|x_{j}|\leqq R$ such that $(1+|x_{j}|)\geqq j||(L_{r}+x_{j})A_{j}||_{r}$ . Since $|x_{\dot{f}}|\leqq R$,
for all $j$ , we have
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$(L_{r}+x_{\dot{f}})A_{j}\rightarrow 0$ in $X_{r}$ as $ j\rightarrow\infty$ . (A.1)

Moreover, since

$\Vert L_{r}A_{j}\Vert_{r}\leqq\Vert(L_{r}+x_{\dot{f}})A_{j}\Vert_{r}+|x_{j}|\Vert A_{j}\Vert_{r}\leqq\Vert(L_{r}+x_{\dot{f}})A_{j}||_{r}+R_{r}$ (by $\Vert A_{j}\Vert_{r}\equiv 1$),

we see $\{L_{r}A_{j}\}_{j=1}^{\infty}$ is a bounded sequence in $X_{r}$ .
On the other hand, it follows from (3.14) and a priori estimate for

$L^{\nabla}$ that

$||A_{j}\Vert_{2,r}\leqq C(||L_{r}A_{j}||_{r}+||A_{j}\Vert_{r})$

with $C$ independent of $j$ . Therefore $\{A_{j}\}_{j=1}^{\infty}$ is a bounded sequence in
$W^{2,r}(\Omega^{1}(\mathfrak{g}_{E}))$ . By the Rellich theorem, there exist a subsequence of $\{A_{j}\}_{j=1}^{\infty}$ ,
which we denote by $\{A_{j}\}_{\dot{g}=1}^{\infty}$ itself for simplicity, and $A$ $eW^{2,r}(\Omega^{1}(\mathfrak{g}_{E}))$ such
that $A_{j}\rightarrow A$ strongly in $W^{1,r}(\Omega^{1}(\mathfrak{g}_{E}))$ . Obviously $\Vert A\Vert_{r}=1$ . Nevertheless,
since (4.1) is true for $r=2$ , we see

$(1+|x_{j}|)||A_{j}||_{2}\leqq C||(L_{2}+x_{\dot{f}})A_{j}||_{2}\leqq C||(L_{r}+x_{\dot{f}})A_{j}||_{r}$

with $C$ independent of $j$ . By (A.1), $A_{j}\rightarrow 0$ in $X_{2}$ and hence $A=0$ . This
contradicts $||A\Vert_{r}=1$ .

Now we prove the existence of $\mu_{r}>0$ as above. For $A$ $eD(L_{r})$ and
${\rm Re} x\geqq 0$ , set $B\equiv(L_{r}+x)A$ . Then we have

$L_{r}^{\nabla}A+xA=B+dV$ , where $V(x)=(d^{\nabla}G(x, ),$ $L_{r}^{\nabla}A$). (A.2)

Since $\delta^{\nabla}A=0$ , we get by the Ricci formula

$V(x)=(d^{\nabla}G^{\nabla}(x, ),$ $\delta^{\nabla}d^{\nabla}A+[R^{\nabla}, A]$ )

$=([R^{\nabla}, G^{\nabla}(x, )], d^{\nabla}A)+(d^{\nabla}G^{v}(x, ),$ $[R^{\nabla}, A]$)
$=(\delta^{\nabla}[R^{\nabla}, G^{\nabla}(x, )], A)+(d^{\nabla}G^{\nabla}(x, ),$ $[R^{\nabla}, A]$).

As in (3.14), we have

$||d^{\nabla}V||_{r}\leqq C||R^{\nabla}||_{1,\infty}||A||_{r}$ . (A.3)

Since $\nabla$ is vtrictly positive, it follows from (A.2) that

$(1+|x|)\Vert A\Vert_{r}+||\nabla^{2}A||_{r}\leqq C||B+d^{\nabla}V\Vert_{r}$ ,

with $C$ independent of $\lambda$ or $A$ . Hence by (A.3)

$(1+|x|-C\Vert R^{\nabla}||_{1,\infty})+||\nabla^{2}A\Vert_{r}\leqq C||B\Vert_{r}$ .
Taking $\mu_{r}\equiv 2C||R^{\nabla}\Vert_{1,\infty}$ , we obtain
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$\Vert A\Vert_{r}\leqq 2C(1+|x|)^{-1}\Vert B\Vert_{r}$ for ${\rm Re} x\geqq\mu_{r}$ .
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