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Introduction.

Valuation theory has an intimate relation with number theory and
algebraic geometry. The following Theorem 0, for instance, shows a role
of discrete valuation rings.

Let K be a field. We consider the following four conditions for a
set W consisting of valuation rings with quotient field K:

(W-0) W=g.

(W-1) If Re W, then R is a discrete valuation ring.

(W-2) For any z€ K, the set {Re W|x¢ R} is finite.

(W-3) If R, R,e W, UR, N m(R,) N NzewR=0, then R =R,

where m(R) is the unique maximal ideal of a local ring R, and UYR=
14+m(R)* (¢=1). Then,

THEOREM 0. Let K be a field. Then there exists an inclusion-
reversing bijection between the set of all Dedekind domains A with
quotient field K, and the set of all W satisfying the conditions (W-0),
(W-1), (W-2) and (W-8). The bijection is defined by

A——W : W 43 the set of all P-adic valuation rings
defined by the maximal ideals P of A,

Wi— A : A is the intersection of all valuation rings
belonging to W.

For a proof, see [3], Theorem 1.3, Theorem 1.4, and p. 441.

In this paper, we shall generalize Theorem 0 (see Theorems 9 and 13)
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and prove the analogous result (see Theorem 15). And as applications
of these results, we shall show Theorems 20, 21, 22, 23, 25 and 28.
Especially, Theorem 15 (together with Theorem 0) implies that the
conditions (W-0), (W-1), (W-2) and (W-3) characterize the set of all
closed points of a noetherian affine scheme (# @, #{K}) consisting of
valuation rings of K. And Theorem 22 is a characterization of global
fields of dimension zero or one, without using the Archimedean valua-
tions. Comparing with this, Artin-Whaples’ theory is a characterization
of global fields of dimension one, using the Archimedean valuations (see
[3], p. 470).

The author wishes to express his thanks to Professor Yukiyosi
Kawada.

§1. Here we induce a topology and a presheaf of rings on a set
consisting of valuation rings. Let K be a field. We denote by Zar K
the set of all valuation rings with quotient field K. For a subset E of
K, we put Zar(K|E)={ReZar K| ECR}. Let (E),.;, be a family of
subsets of K. Then:

(1) Zar(K| .UIEi) = .ﬂIZar(K |E,) ,
(2) Zar(K | .ﬂIE’i) D _UIZar(K |E,) .

For R,, R,cZar K, we have

(8) R,CR, if and only if m((R,)cm(R,),

and then we also have,

(4) m(R,)eSpec R,, R,=R)nwz, , R/m(R,)eZar(R,/m(R,)) .

Topology. Letting I be a finite set in (1), there exists a unique
topology of Zar K with open basis

(5) Y={Zar(K|FE) | E is a finite subset of K} .
We call an element of ¥ a fundamental open set of Zar K. Until the
end of this paper, we always induce the relative topology of the topology

defined by (5), on a subset X of Zar K. It is called the Zariski topology
on X. Then for Re X, we have

(6) RI=(R'eX | RCR}.

Hence X is a T,space. Especially, if A is a subring of K and X=
Zar(K|A), then the mapping defined by
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{R} — Zar(R/m(R) | A+m(R)/m(R))
(O] ()]
R —— R'/m(R)

(7)

is an inclusion-preserving homeomorphism. And if ¢: R— R/m(R) is the
canonical map, then the mapping

(7) Q— o Q)
is the inverse map of (7).

Presheaf of rings. Let us induce the presheaf ~, on a subset X
of Zar K. For an open set U of X, we put

N R, where U#Q .
(8) Ox(U)=1%Y
0, where U=Q .

Let U, V be two open subsets of X and Uc V. If U=, then ~#(V)C
Zx(U)CK and we denote by p, , the inclusion map. If U=@, we put
Oyv=0-map. Then it is clear that ~”» is a presheaf of rings on X.
And for a family (V)),.; of non empty open subsets of X, we have

(9) Zx(U V)=0 Zx(V) .
REMARK. In general, for a subset W of Zar K, we put
(8H If W=g, then N R=K and &,(W)=0.
Rew

LEMMA 1. Let K be a field and X a subset of Zar K. Then:

(i) the presheaf 5 defined by (8) satisfies the locally wuniqueness
conditions.

(ii) for any Re X, we have &y r— R.

(iii) the presheaf 7y satisfies the locally existence conditions if and
only 1f X s either irreducible or empty.

Proor. (i) is obvious.

(ii) By the definition of o, ,, we may assume 2y = Uy, Zx{U), for
all R € X, where U runs over the set of all open subsets of X containing
R. Then let us prove R=¢y ;. It is clear that RD~7y . Conversely,
for any xr€ R, U= XN Zar(K|{x}) is an open neighborhood of R in X. For
any R'e U, we have xe€ 24(U), since x€ R’. Thus we obtain RC Py ;.

(iili) Since X= @ =SpecO0 is an affine scheme, we may assume X+ &.
Proof of <. Let U= U,.;V; be an open covering of U, and s,€ (V)
satisfy the conditions 0y, ,,qv,(8)=0v;v,nv;(s;) for all 4, jel. We may
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assume V;#= @ for any ¢€l. Since X is irreducible, we have V.N V= @.
Hence s,=s;in K. Let s=s,€ K for all t€l. Then we obtain s e 7 (U)
by (9). It is clear that o, , (s)=s;,. Proof of —. Let us assume that
X is reducible. Then there exist two open subsets V, W of X such that
V,W+@ and VNW=Q), since X is not empty. If we put U=V UW,
8,=0e V), s,=1€ (W), then it is impossible that there exists an
element s € 7 (U) such that o, ,(s)=s, and 0, ,(s)=s,. Q.E.D.

COROLLARY. Let X be an irreducible subset of Zar K. Then (X, &%)
28 a locally ringed space.

REMARK. In general, the homeomorphismﬂﬂ and (7') are not iso-
morphisms of locally ringed spaces. Let Y={R}c X=Zar(K|A), and we
renew the definition of sheaf on Y by

8" ZU)= N R/m(R)

for a non empty open subset U of Y. Then the mappings (7) and (7')
become isomorphisms of locally ringed spaces. However, until the end
of this paper, we always induce the presheaf 7y of rings defined by (8)
on a subset X of Zar K.

LEMMA 2. Let K be a field and X a mon empty subset of Zar K.
Then Zar(K|77x(X)) ts the intersection of all fundamental open sets of
Zar K containing X.

PrROOF. Let 3; be the set of all fundamental open sets of Zar K
containing X. Then we have XY;={Zar(K|E) | F is a finite subset of
Ox(X)}. Hence, by (1), we obtain Zar(K|Zx(X))= NgZar(K|E)= Nyes,U.

Q.E.D.

§2. Here we consider the integral domains which are integrally
closed in a fixed field, as a preparation of §3. First, we shall admit
the following result called Chevalley’s lemma from valuation theory.

LEMMA 3. Let K be a field, A a subring of K and F an algebrai-
cally closed field. Then for any ring homomorphism @: A—F, there
exist ReZar(K|A) and ring homomorphism «: R—F such that p=q|,
(restriction).

The following two lemmas are proved by Lemma 3.

LEMMA 4. Let K be a field and A a subring of K. Then the
mapping Pg . defined by
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Zar(K|A) — Spec A
(10) @KM . (O] w
R — AN m(R)

18 surjective and continuous.

COROLLARY. dim Zar(K|A)=dim A +tr-deg,, K, where QA denotes the
quotient field of A.

For the definition of the dimension of topological spaces, see [2],
p. 5.

LEMMA 5. Let K be a field and A a subring of K. Then:
(i) the integral closure of A in K %8 Npezarxia B-
(ii) for any PeSpec A, the integral closure of Ap in K 18 Nzeo <l R.

Morphism @} of sheaves of rings. Let K be a field, A a subring
of K, X=Zar(K|A) and A the structure sheaf of affine scheme Spec A.
From (6), we see that X is irreducible. Then the morphism &, }: A—
(@xi1)xx of sheaves of rings on Spec A is defined by

A(U) — (@54 U))
(11) @4 4(U) : I I
N Ap = N (the integral closure of A, in K)

PeU Pev

for a non empty open subset U of Spec A. And the induced map of @}
on the stalks is denoted by

(12) (PxDr 1 Ap=——R
for Re X and P=0® (R)cSpec A. Since (12) is a local homomorphism,
D14y Px1f) : (X, &%) — (Spec A, Av-)

is a morphism of locally ringed spaces. By (11), we obtain that A is
integrally closed in K if and only if @ }: A— (@x )5 is an isomorphism.
Especially, if U=D(f)={PeSpec A | f¢ P} (fe€A, f+0), then we have
@x4(D(f))=2Zar(K|A,;) and

(11" O A(D(f)) : A;=— x(Zar(K|Ay)) : the
’ integral closure of A, in K.

LEMMA 6. Let K be a field and A a subring of K.
(i) The mnext four conditions are equivalent:
(a) Zar(K|A)={K}.




264 KOJI SEKIGUCHI

(b) dim Zar(K|A)=0.
(¢) K s an integral extension over A.
(d A is a field and K is an algebraic extension over A.
(ii) If dim Zar(K|A)<1, then the equality dim Zar(K|A)=dim A+
tr-deg,, K holds.

PrOOF. (i) is obvious from Lemma 5.
(ii) is obvious from the corollary of Lemma 4 and (i). Q.E.D.

COROLLARY. Zar K={K} if and only 1f K is an algebraic extemsion
over a finite field.

LEMMA 7. Let K be a field, A a subring of K and R <€ Zar(K|A).

Then the following three conditions are equivalent:

(@) R 18 a closed point of Zar(K|A).

(b) R/m(R) is an integral extension over A-+m(R)/m(R).

(¢) Oy .(R)em-Spec A (hence A+m(R)/m(R) is a field) and R/m(R) 1is
an algebraic extension over A+m(R)/m(R), where m-Spec A denotes
the set of all maximal ideals of A.

PrROOF. Obvious from (6), (7) and Lemma 6. Q.E.D.

PROPOSITION 8. Let K be a field, A a subring of K, X=Zar(K|A)
and W the set of all closed points of X. Then:

(i) @x . (W)=m-Spec A. Hence by restriction, the mapping @, : W—
m-Spec A s well-defined and surjective.

(i) for any Re X, there exists R,€ W such that R,CR. Therefore,
we also have W+ @ and 7y(W)=x(X).

ProOOF. (i) It is clear that @, ,(W)Cm-Spec A by Lemma 7. Con-
versely, let Pem-Spec A, F' the algebraic closure of A/P and ¢: A—
A/PCF the canonical mapping. Then by Lemma 8, we have R € Zar(K|A)
and ring homomorphism +: R— F such that +|,=¢. By Lemma 7, we
obtain P=@,(R) and Re W.

(ii) For any Re X, there exists a closed point Q, of Zar(R/m(R)|
A+m(R)/m(R)). Let R, be the closed point of {R} corresponding to Q,
by the mapping (7). Then we have R, e W and R,CR. Q.E.D.

REMARK. In general, the equality W=®,i(m-spec A) does not hold.

Here we consider the following two conditions for a subset W of
Zar K:

(W-4) If Np.w RCR' € Zar K, then there exists R, € W such that R,C R’.
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(W-5) If R, R,eW, R,CR,, then R =R,.
It is clear by (2) that (W-4) is equivalent to the following condition:
(13) Zar(K| N R)= U Zar(K|R) .
ReW Rew

And W satisfies (W-5) if and only if W is a T,-space. Moreover, we
observe that (W-4) implies (W-0) by (8).

Next we consider the relation between X, A and W. Let us fix a
field K, and we put

(14) #={XcZar K | X is expressed as an intersection of
some fundamental open sets of Zar K},

(15) 7 ={A | A is a subring of K and is integrally closed in K},
(16) W~={WCZarK | W satisfies (W-4) and (W-5)} .
Then we define the mappings between Z , 7 and ¥ by

a7 X— A= (X) , Ar—— X=Zar(K|A) ,
Ar——W={ReZar(K|A) | R/m(R) is an integral

(18) extension over A+m(R)/m(R)},
W—A=cyW),

19) iWr—»Xz{ReZarKITRTﬂW;é@},
X+——W : the set of all closed points of X .

REMARK. Instead of (19), we can also write
19" Wir— X= U Zar(K|R)=Zar(K| N R)
Rew ReWw

={R,| Re W, PecSpec R} .
Then,

THEOREM 9. Let K, 2 Ja/, % be as above. Then the mappings
17, (18) and (19) between 2 o7 and ¥ are all bijective and com-
mutative. The mappings (17) and (18) are inclusion reversing. The
mapping (19) is inclusion preserving.

Proor. Obvious from (6), (19’), Lemmas 2, 5, 7 and Proposition 8.
Q.E.D.

§3. Here we consider a relation between Priifer domains and affine
schemes.
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For any integral domain A, we denote by .#4 the set of all in-
vertible sub A-modules of the field of fractions QA. Then _#A is a
commutative group and satisfies the following conditions:

If Te _~#A, then I is a finitely generated A-module

20
20) and then I is a fractional ideal of A .

" DEFINITION. An integral domain A is called Priifer, if any finitely
generated non zero ideal of A is invertible.

PROPOSITION 10. Let K be a field and A a subring of K.
(i) The mext four conditions are equivalent:
(@) A s a Prifer domain with quotient field K.
(b) for any PecSpec A, A,cZar K.
(¢) for any Pem-Spec A, A, € Zar K.
(d) A s integrally closed inm K and the mapping Pk, : Zar(K|A)—

Spec A is an injection.

(i) If K and A satisfy ome of above conditions, then (Dg 4, Px}) s
an isomorphism of locally ringed spaces. Hence, Zar(K|A) is an affine
scheme. @y, 18 an inclusion-reversing homeomorphism and the mapping:
P~ A, 18 the 1nverse map of Pxa.

ProOOF. It is sufficient to prove that (d) implies (b). Note that
Dx7i(P)=0xi,(Pp) for any PeSpec A. Since A, is integrally closed in
K, by Lemma 5 (ii), we have A,= Nreoytim R. Since @4, is injective,
we have A.,=ReZar K. For the other part of proof, see [4], Theorem
64 and Theorem 65. Q.E.D.

PROPOSITION 11. Let K be a field, X a mon empty subset of Zar K

and (X, &%) an affine scheme. Then ~x(X) is a Prifer domain with
quotient field K, and X=Zar(K | z(X)).

ProOFr. If we put A=~3(X), then by the assumption there exists
an isomorphism (g, 6): (X, <7x) — (Spec A, A) of locally ringed spaces. Com-
posing suitable automorphism of Spec A, we may assume that #(Spec A)
is the identity map of A. For fe A, f#0, we put V,=¢"(D(f)), and
for PeSpec A, we put R=¢'(P)€eX. Then we have the ring iso-
morphisms 6(D(f)): A;—>x(V,;) and 6: A,—R. If we denote by QA
the field of fractions of A, then we have the ring isomorphism 4: QA —

K. Especially, if Pe D(f), then we have the following commutative
diagram:
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f(Spec A): A — A
N N
0(D(f) A, — (V)
N N
Or A, —> R=¢"(P)
N N
7] tQA— K.

Here # is an A-isomorphism, we have QA=K and 4 is the identity map
of K. Hence A;=¢;(V,) and A,=Rec Zar K. By Proposition 10, A is a
Priifer domain with the field of fractions K. It is clear that Xc— Zar(K|A).
Conversely, for any ReZar(K|A), we put P=0@, ,(R)eSpec A. Since
R=A,=¢"'(P)e X, we have Zar(K|A)cCX. Q.E.D.

LEMMA 12. Let K be a field, A a subring of K which is integrally
closed in K and W the set of all closed points of Zar(K|A). If the re-

striction map of @, to W is imjective, then A is a Priifer domain
with quotient field K.

PROOF. Let Pecm-Spec A and Y the set of all closed points of
Zar(K|Ap). Then, we have A,=(Y). By Lemma 7, Y={ReW |
@x4(R)=P} and A,eZar K. By Proposition 10, we obtain that A is a
Priifer domain with quotient field K. Q.E.D.

Here we consider the condition:
(W-6) If R, R,eW, m(R)N NgewR=m(R) N NzewR, then R,=R,
for a subset W of Zar K. And for a fixed field K, we put:

(21) Z={XcZar K | X+ O, (X, %) i8 an affine scheme} ,

(22) 7 ={A | A is a Priifer domain with quotient field K},

(23) % ={W CZar K | W satisfies (W-4), (W-5) and (W-6)} .
Then,

THEOREM 13. Let K, 2%, .7, ¥ be as above. Then the restriction

mappings of (17), (18) and (19) between &z, S and % are all bijective.
Instead of (18), we can also write

18’) Ar—W={A,| Pem-Spec A} =, (m-Spec A).

PrROOF. Obvious from Theorem 9, Propositions 10, 11 and Lemma 12.
Q.E.D.
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COROLLARY. Let X be a subset of Zar K. If (X, ©x) i8 a locally
noetherian scheme, then dim X=<1.

REMARK. Since {K}=Zar(K|K)—>Spec K is an affine scheme, X={K},
A=K, W={K} correspond to one another by the mappings (17), (18), (19).
And we can also express:

(21" 2°={Xe 2 | X satisfies (W-6)},
(22" s ={Ae ¥ | Og, is injective},
(23" % ={W e % | W satisfies (W-6)} .

Here, (21'), (22') follow from Proposition 10 and (23') is obvious.

Next, we consider the noetherian case. First, we shall admit the
following: ‘

LEMMA 14. Assume that a ring A satisfies the following two con-
ditions:

(i) for any Pem-Spec A, Ap 18 @ noetherian ring.

(i) for any zc A, x+0, the set {Pcm-Spec A |xe P} s finite.

Then A is moetherian. Conversely, if A is a Dedekind domain, then
A satisfies the above two conditions.

It is obvious that (W-1) implies (W-5). Then for a field K, we put:

(24) Z={XcZarK | X+@, X#{K},
(X, #x) is a noetherian affine scheme}

={Xe2 | X+{K}, (X, &%) is a noetherian scheme},

(25) "={A | A is a Dedekind domain with quotient field K}
={A €. | A is noetherian and not a field},

(26) w={W cZar K | W satisfies (W-1), (W-2), (W-4) and (W-6)}
={W € % | W satisfies (W-1) and (W-2)} .

Then,

THEOREM 15. Let K, 2%, %, %y be as above.
(i) The restriction mappings of (17), (18) and (19) between s
7Y and Fy are all bijective. Instead of (19), we can also write

19") Wi+— X=WU{K}, X—W=X—{K} .
() If Xe2%, Ae v’ and We %77y correspond to one another by
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the mappings (17), (18), and (19), then the (Weil) divisor group Div X of
X 18 the free abelian group gemerated by W (over Z) and is isomorphic
to the ideal group _7A of A. Amnd the divisor class group of X is iso-
morphic to the ideal class group of A.

PROOF. (i) is clear by Theorem 13, Remark and Lemma 14.
(ii) Restricting the map @k14, We have an inclusion-reversing ho-
meomorphism:

(10 W - m-Spec A .

Since a prime divisor of X is identified with an element of W, we have
Div X>._#A by the definition of Weil divisor group and (10") (See [2],
condition (*) in p. 180). For RecW, we denote by ord,; the normalized
discrete valuation of K associated with R. Since A= []gep (@Pg R)r
holds for all @ € K*, we have the last statement. Q.E.D.

EXAMPLES. Let W be a non empty finite subset of Zar K. Then:

(1) ow(W)e 7

(ii) If W is a T,-space, then We 57

(ili) If W satisfies (W-1), then Zw(W)e o7V, Moreover, 7, (W) is
a principal ideal domain.

(iv) If W is a T,-space and satisfies (W-1), then We o7,.

REMARK. On conditions for a subset W of Zar K:

(i) (W-1) implies (W-5). (W-4) implies (W-0) (already described).
(ii) If We 27, then W satisfies (W-3).

(iii) (W-8) implies (W-5) and (W-6).

Hence, we also have,

(23") % ={W CZar K | W satisfies (W-3) and (W-4)},
(26") # w={W CZar K | W satisfies (W-1), (W-2), (W-3) and (W-4)} .
§4. Here we consider some applications of Theorems 9, 13 and 15.

For this purpose, we shall assume the following four properties for
Priifer domains and Krull domains (the definition will be stated below).

LEMMA 16. Let A be a Priifer domain, K the quotient field of A
and L an algebraic extension of K. Then the integral closure B of A
in L is a Priifer domain with quotient field L (See [1], (22.8), p. 277).

LEMMA 17. Let A be an integ'rqlly closed integral domain and B
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an integral extension of A. If B is Priifer, then A is Priifer (See [1],
(22.4), p. 278).

DEFINITION. Let A be an integral domain and K the quotient field of
A. Then A is called a Krull domain, if there exists WcCZar K satisfying
the conditions (W-1) and (W-2) such that A= Ngzew R.

REMARK. In the above definition, W can be the empty set. In that
case, A=K, that is also a Krull domain (See (8").

LEMMA 18. The following three conditions for a ring A are equiva-
lent:
(a) A is a Dedekind domain or a field.
(b) A is a Priifer domain and a Krull domain.
(¢) A is a Krull domain and dim AZ1.
(See [1], (43.16), p. 536).

LEMMA 19. Let A be a moetherian domain, K the quotient field of
A and L a finite extension of K. Then the integral closure B of A
in L is a Krull domain with quotient field L (See [6], Theorem 8.3.5,
p. 193).

Using these results, we consider some applications to number theory.

THEOREM 20. Let A be a moetherian subring of a field K. Then,
(i) The following three conditions are equivalent:

(a) Zar(K|A) is a scheme.

(b) dim Zar(K|A)=1.

(¢) dim A+tr-dego, K=1.
(ii) The following three conditions are equivalent:

(d) Zar(K|A) is an affine scheme.

(e) dim Zar(K|A)=dim A=1.

(f) K is an algebraic extension of QA and dim A=1.

ProoF. (i) (a) implies (b). Let U be any affine open set of Zar(K|A)
expressed as U=Zar(K|A,), A,=Alz, -, z,] for some z, +--, x,€ K. Let
A, be the integral closure of A, in QA, and B the integral closure of A,
in K. Since U is affine, B is a Priifer domain with quotient field K. By
Lemma 17, A, is a Priifer domain. On the other hand, by Lemma 19,
A, is a Krull domain. By Lemma 18, we have dim 4,=1 and dimU=
dim B=dim A,<1. Hence we obtain that dim Zar(K |[A)=1.

(b) implies (¢). This is obvious from Lemma 6, (ii).
(c) implies (a). If tr-degy, K=0, then dim A<1. Let A, be the integral
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closure of A in QA and B the integral closure of A in K. By Lemma
19, A, is Krull and dim A,<1. By Lemma 18, A, is Priifer. And by
Lemma 16, B is Priifer and K=QB. Hence Zar(K|A)=Zar(K|B)=~Spec B
is an affine scheme. If tr-deg,, K=1, then dim A=0. There exists an
element x€ K such that x is transcendental over A. Then K is an
algebraic extension over A(x). Let A, A, be the integral closure of
Alx], A[x™'] in K, respectively. Then A, and A, are Priifer domains
with quotient field K. And we obtain an open covering Zar(K|A)=
Zar(K|A,)UZar(K|A,). Since Zar(K|A,)~=Spec A, (¢=1,2) is an affine
scheme, Zar(K|A) is a scheme.

(ii) It is sufficient to prove that if dim A=0 and tr-deg,, K=1,
then Zar(K|A) is not affine. Let X=_Zar(K|A). Then ~;(X) is a field.
Since dim X=1, X is not affine. The other parts of proof are similar
to (i). Q.E.D.

COROLLARY. Let X be an open subset of Zar K and (X, %) a scheme.
Then dim X<1.

Letting A be the prime integral domain of K in Theorem 20, we
have,

THEOREM 21. Let K be a field. Then:

(i) Zar K s a scheme if and only if K is an algebrac extension
over a prime field or an extension over a finite field of transcendental
degree one.

(ii) Zar K is an affine scheme if and only if K is an algebraic
extension over a prime field.

Suppose that Zar K is a scheme of finite type over Z. Then K is a
finitely generated field over the prime field. Hence we have:

THEOREM 22. Let K be a field. Then, Zar K is a scheme of finite
type over Z, if and only if K 1s a finite field or a global field of
dimension one.

Letting A be a subfield of K in Theorem 20, we have:

THEOREM 23. Let C be a subfield of a field K.

(i) Zar(K|C) is a scheme if and only if tr-deg, K<1. In this case,
the equality dim Zar(K|C)=tr-deg, K holds.

(ii) The mext four conditions are equivalent:
(@) Zar(K|C) is an affine scheme.
(b) {K} is an open subset of Zar(K|C).
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(¢) K s an algebraic extension over C.
(d) dim Zar(K|C)=0.

Proor. By Hilbert’s Nullstellensatz (weak form), we obtain that

(b) implies (¢). The other parts of proof follow from Lemma 6 and
Theorem 20. Q.E.D.

To consider the similar formula to (b) over an integral domain, we
introduce the notion of G-domains.

DEFINITION. An integral domain A is called a G-domain, if there exist
X, T, *c°, £, € QA such that QA=A[x, x,, *--, x,] (see [4], p. 12).

Then:

PROPOSITION 24. Let A be a subring of a field K which is integrally
closed in K. Then the following two conditions are equivalent:
(@) A 18 a G-domain with quotient field K.
(b) {K} s an open subset of Zar(K|A).

PrROOF. It is obvious that (a) implies (b).

(b) implies (a). We can express as {K}=Zar(K|A[x, +--, 2,]) =
Zar(K|QA[x, -+, x,]) for some , ---,x,€K. By Lemma 6, QAC
Az, --+, 2, J©K. By Theorem 23, K is an algebraic extension of QA.
Hence we have K=QA. Q.E.D.

Next we consider some applications to algebraic geometry.

Let C be any field, (V, #,) a proper integral scheme over C and
K=RatV the function field of V. Then the mapping @,: Zar(K|C)—V
is defined by

27 ?,(R)=2« if and only if R dominates #, ,

for ReZar(K|C) and € V. Here we call x the center of R (see [2],
p. 106). Let U be an affine open set of V and A=#,(U). Then we
have QA=K and

(28) o7 (U)=Zar(K|4A) ,
Zar(K|C) % vy
(29) U @) U
U.

Zar(K|A) — Spec A=~
Diia

Let Z=Zar(K|C). Then the morphism &}: 7, —(®,),&, of sheaves
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of rings on V is defined by the similar formula to (11). And the induced
mapping of @ on the stalks is denoted by

(30) (Q%)R POy R

for Re Z and x=9,(R)€ V. Hence we obtain that (@,, &) is a morphism
of locally ringed spaces and

Zar(K|C) 25 v
(31) 2o, O |
Spec C .

The locally ringed space Z=~Zar(K|C) is clearly a birational invariant
of V. @, is surjective and maps the closed points of Z to that of V.
Moreover, the restriction mapping of @, to the sets of all closed points
is also surjective. And, we have

(32) V is normal if and only if @} is an isomorphism .
(33) If @, is injective, then dimV=<1.

(34) dim V<1 if and only if Z is a scheme .

(35) (@,, &%) is an isomorphism if and only if

dimV=<1 and V is non-singular .

Especially, if dimV=1, then V is a projective algebraic curve and
the diagram (31) is the normalization and the non-singularization (that
is, the resolution of singulalities). Here we consider the case of dimension
one. From Theorems 15 and 23, we have:

- THEOREM 25. Let C be a subfield of o field K, Z=Zar(K|C) and
Y=Z—{K}. Then K is an algebraic function field of one variable with
coefficient field C if and only if Z is a scheme of finite type over C and
C=,(Z)+K. In this case, Z, C and Y correspond to ome anmother by
the mappings (17), (18), (19) and Div Z=Pr.r ZR holds.

In what follows, we always denote by K an algebraic function field
of one variable with the coefficient field C. Further, let Z=Zar(K|C)
and Y=7Z—{K}.

LEMMA 26. (i) Y satisfies (W-0), (W-1), (W-2), (W-4) and (W—5) but
does mot satisfy (W-8) and (W-6).
(i) If Ae 7, CSASK, then Aec /v,
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PrOOF. (i) is well-known. (ii) follows from Lemma 18. Q.E.D.

LEMMA 27. (i) If Xe 2 and We ¥~ correspond to each other by
the mappings (19), then {K}SXCZ if and only +f WC Y. In this case,
X and W also correspond to each other by the mappings (19”).

(ii) If Ke XCZ, then Xe€.2= And if @=WCY, then We 7.

(ii) If (K} XS Z, then Xe 2%, And if 9+ WY, then We #5.

(iv) For a subset X of Z, X is a mon empty open subset of Z if
and only if Z—X 18 finite and K€ X. For a subset W of Y, W is a
non empty open subset of Y if and only if Y— W is finite.

ProOF. (i) is obvious.
(ii) Let 2(R) be an element of K—C which has a pole only at R,
for any R€ Y. Then we have

(36) X=2zn_ 0 Zar(K|{z(R)})
=Zar(K |CU{x(R) | Re Z—X}) .

Hence Xc.2~ For a non empty subset W of Y, we put X=WU{K}.
Then Xe€.2~ Hence W=X—{K}e % by ().

(iii) Let A=z(X). Then CA&K. Hence A€ %" by Lemma 26.
Thus we obtain X=Zar(K|A)e 25. For a subset W of Y, the proof is
similar to (ii).

(iv) is obvious. Q.E.D.

Hence we obtain,

THEOREM 28. Let K, C, Z and Y as above. Then:

(i) The restriction mappings of (17), (18) and (19”) between the
set of all X satisfying {(K)&=XSZ, the set of all Ae 7" satisfying
Cc AcCK and the set of all W satisfying @ +W SXEY are all bijective.

(ii) Let X be a non empty open subset of Z and X+Z. Then X
18 an affine open subset of Z.

(ili) Let X, A and W correspond to one another by the mappings
amn, (18), (19”) in (i). Then the following three conditions are equivalent:
@) X s open in Z.

(b) A 18 a finitely generated ring over C.
(c) W 18 open n Y.

In this case, we can also denote A=7,(X)= (W), X=Zar(K|A)=

Spec A and W=m-Spec A.

PROOF. (i), (ii) are obvious.
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(iii) It is clear that (a) and (c¢) are equivalent. It is also clear that
(b) implies (a). (a) implies (b). Let X be an open subset of Z. Then
Z—X is a finite set by Lemma 27, (iv). And by (86), we obtain that A
is a finitely generated ring over C. Q.E.D.
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