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\S 0. Introduction.

Let $M$ be a closed $C^{\infty}$ manifold with a Riemannian metric $\Vert\cdot\Vert$ and $C^{1}(M)$ be the
set of all $C^{1}$ maps with the $C^{1}$ -topo.logy. We say that $f\in C^{1}(M)$ is regular if
$DJ:T_{x}M\rightarrow T_{J\langle x)}M$ is injective for all $x\in M$ . Denote by $\mathscr{B}^{1}(M)$ the set of all regular
maps in $C^{1}(M)$ . Clearly $\mathscr{B}^{1}(M)$ is open and $f\in \mathscr{B}^{1}(M)$ is a local diffeomorphism. For
$f\in \mathscr{B}^{1}(M)$ we let

$M_{f}=$ { $(x_{i})|x_{i}\in M$ and $f(x_{i})=x_{i+1},$ $i\in Z$}.

Then $M_{f}$ is a subset of the product space $M=\prod_{i\in Z}M_{i}$ where each $M_{i}$ is a replica of
$M$ . We give a metric $\tilde{d}$ for $M$ by

$\tilde{d}(x, y)=\sum_{-\infty}^{\infty}\frac{d(x_{i},y_{i})}{2^{|i|}}$

where $d$ is a metric for $M$ induced by $\Vert\cdot\Vert$ . Then $M_{f}$ is closed. Define a homeomorphism
$f^{*}:$ $M_{f}\rightarrow M_{f}$ by $f^{*}((x_{i}))=(f(x_{i}))$ . If $P_{i}$ : $M_{f}\rightarrow M$ is a projection defined by $(x_{i})\rightarrow x_{i}(i\in Z)$ ,

then $P_{i}\circ f^{*}=f\circ P_{i}$ holds. We say that $(M_{f}, f^{*})$ is the inverse limit of $(M, f)$ . Given a
tangent bundle $\pi:TM\rightarrow M$ we write

$t$

$TM^{*}=\{(x, v)\in M_{f}\times TM|P_{O}(x)=\pi(v)\}$

and define a projection
$\pi^{*}:$ $TM^{*}\rightarrow M_{f}$ by $\pi^{*}((x, v))=x$

for $(x, v)\in TM^{*}$ . Then $\pi^{*}:$ $TM^{*}\rightarrow M_{J}$ is the continuous vector bundle (see [1]). A norm
$\Vert\cdot\Vert^{*}$ of $TM^{*}$ is given by $\Vert(x, v)\Vert^{*}=\Vert v\Vert$ for $(x, v)\in TM^{*}$ and a linear bundle
automorphism $Df^{*}:$ $TM^{*}\rightarrow TM^{*}$ covering $f^{*}$ is given by

$Df^{*}(x, v)=(f^{*}(x), D_{x}J(v))$
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for $(x, v)\in TM^{*}$ . If $\Lambda$ is an $f$-invariant subset of $M(f(\Lambda)=\Lambda)$, then we write
$\Lambda_{f}=\{(x_{i})\in M_{f}|x_{i}\in\Lambda, i\in Z\}$ and $T_{\Lambda_{f}}M^{*}=\bigcup_{r\epsilon A_{f}}T_{l}M^{*}$ where $T_{l}M^{*}=\pi^{*-1}(x)$ . Tc
simplify the notations $TM^{*},$ $\Vert\cdot\Vert^{*},$ $f^{*}$ and $Df^{*}$ are regarded as

$TM^{*}=TM$ , $\Vert\cdot\Vert^{*}=\Vert\cdot\Vert$ , $f^{*}=f$ and $Df^{*}=Df$ .
Given a compact invariant set $\Lambda$ of $f\in \mathscr{B}^{1}(M)$ (in general $ f^{-1}(\Lambda)\neq\Lambda$) we say $tha$ )

$\Lambda$ is hyperbolic if there exist a $Df$-invariant continuous splitting (a hyperbolic splitting
$T_{\Lambda_{f}}M^{*}=E^{s}\oplus E^{u}$ and constants $c>0$ and $0<\lambda<$ ] such that $\Vert Df^{n}|E^{s}\Vert\leq c\lambda^{n}an\epsilon$

$\Vert Df^{-n}|E^{u}\Vert\leq c\lambda^{n}$ for all $n\geq 0$ . A splitting $T_{A_{f}}M^{*}=E\oplus F$ is called dominated if it $i^{I}$

continuous, $Df$-invariant and there exist $c>0$ and $0<\lambda<1$ such that for all $x\in\Lambda_{f}anc$

$n>0$

$\Vert Df^{n}|E(x)\Vert\cdot\Vert Df^{-n}|F(f^{n}(x))\Vert\leq c\lambda^{n}$

where $E(x)=E\cap T_{l}M^{*}$ and $F(x)=F\cap T_{l}M^{*}$ . It is easy to see that $ E(x)=E(y)fo\iota$

$x,y\in\Lambda_{f}$ with $x_{0}=y_{0}$ . It is clear that the dominated splitting is an extension of $th\epsilon$

hyperbolic splitting.
The purpose of this paper is to prove the following

THEOREM 1. Suppose $f\in \mathscr{B}^{1}(M)$ has a dominated splitting. Then there exist $m_{1}>0$ ,

a neighborhood $U$ of $\Lambda_{f}$ and an extended splittng $T_{y}M^{*}=\overline{E}\oplus\overline{F}$ satisfying
(a) $Df^{m_{1}}(\overline{E}(x))=\overline{E}(f^{m_{1}}(x)),$ $Df^{m_{1}}(\overline{F}(x))=\overline{F}(f^{m_{1}}(x))$ for $x\in U\cap f^{-m_{1}}(U)$,
(b) $\overline{E}(x)=E(x)$ , $\overline{F}(x)=F(x)$ for $x\in A_{f}$ ,
(c) there exists $0<\lambda_{1}<1$ such that $\Vert Df^{1}|\overline{E}(x)\Vert\cdot\Vert Df^{-m_{1}}|\overline{F}U^{m_{1}}(x))\Vert\leq\lambda_{1}$ for $ x\epsilon$

$U\cap f^{-m_{1}}(U)$ .

For the proof we need the following

THEOREM 2. Under the notations and the assumptions, there exist a neighborhoot
$V$ of $\Lambda_{f}$ and a continuous splitting $T_{V}M^{*}=\tilde{E}\oplus\tilde{F}$ such that

(a) $\tilde{E}(x)=E(x),\tilde{F}(x)=F(x)$ for $x\in\Lambda_{f}$ ,
(b) $\tilde{E}(x)=\tilde{E}(y)$ for $x,y\in V$ with $x_{0}=y_{0}$ .

The following is obtained as a corollary of Theorem 1.

COROLLARY. Let $f\in\ovalbox{\tt\small REJECT}^{1}(M)$ and $\Lambda$ be a hyperbolic set. For $\delta>0$ small there exis,

a neighborhood $N$ of $\Lambda_{f}$ in $M_{f}$ and continuous u-disks $\{\tilde{W}_{\delta}(x)|x\in N\}$ such that
(i) $\tilde{W}_{\delta}(x)=W_{\delta}^{u}(x)$ for $x\in\Lambda_{f}$,
(ii) $\tilde{W}_{\delta}^{u}(f(x))\subset f(\tilde{W}_{\delta}^{u}(x))$ for $x\in N\cap f^{-1}(N)$ .

Here $W_{\delta}^{u}(x)$ is defined as $W_{\delta}(x)=\{y\in M|$ there exists $y\in M_{f}$ with $y_{0}=y$ such tha
$ d(x_{-n}, y_{-n})\leq\delta$ for all $n\geq 0$}.

In 1970, Hirsch, Palis, Pugh and Shub obtained an extension theorem of $hyperboli|$
sets for diffeomorphisms as follows
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THEOREM ([2]). Let $f:M\rightarrow M$ be a diffeomorphism and $\Lambda$ be a hyperbolic set. For
$\delta>0$ small there exist a neighborhood $N$ of $\Lambda$ and continuous u-disks $\{\tilde{W}_{\delta}^{u}(x)|x\in N\}$

such that
(i) $\tilde{W}_{\delta}^{u}(x)=W_{\delta}^{u}(x)$ for $ x\in\Lambda$ ,
(ii) $\tilde{W}_{\delta}^{u}(f(x))\subset f(\tilde{W}_{\delta}^{u}(x))$ for $x\in N\cap f^{-1}(N)$ .

Here $W_{\delta}(x)$ is usually defined as $W_{\delta}^{u}(x)=$ { $y\in M|d(f^{-n}(x),$ $ f^{-n}(y))\leq\delta$ for all $n\geq 0$}.

To prove this theorem they used essentially the following

LEMMA (4.4 of [2]). Let $M$ and $E$ be topological manifolds and $\pi:E\rightarrow M$ be afiber
bundle. For a closed set $X$, if $s:X\rightarrow E$ is a continuous section over $X$, then there exist a
neighborhood $N$ of $X$ in $M$ and a continuous section $\overline{s}$ over $N$ satisfying $\overline{s}_{|X}=s$ .

Since a subbundle $E$ of $T_{\Lambda_{f}}M^{*}$ agrees with $E$ of $T_{\Lambda}M$, by Lemma 4.4 of [2], a
continuous extension $\tilde{E}$ of $E$ on a certain neighborhood is obtaimed. However $F\subset T_{\Lambda_{f}}M^{*}$

is a subbundle on $\Lambda_{f}\subset M_{f}$ and $M_{f}$ is not ANR. Thus we can not obtain an extension
$\tilde{F}$ of $F$ by the technique in [2]. The extension of $F$ will be obtained by Theorem 2.

\S 1. Proof of Theorem 1.

Let $X$ be a compact metric space and $\pi:E\rightarrow X$ be a continuous euclidean vector

bundle with $\Vert\cdot\Vert$ . For $K$ a compact subset, denote by $T:E_{|K}\rightarrow E_{|f\langle K)}$ a bundle
automorphism covering a homeomorphism $f:X\rightarrow X$. Suppose $T$ has continuous
splittings $E_{|K}=E_{1}\oplus F_{1}$ and $E_{|f\langle K)}=E_{2}\oplus F_{2}$ such that there exists $0<\lambda<1$ satisfying

(i) $T(E_{1}(x))=E_{2}(f(x)),$ $T(F_{1}(x))=F_{2}(f(x))$ for $x\in K$,

(ii) $\Vert T|E_{1}(x)\Vert\cdot\Vert T^{-1}|F_{2}(f(x))\Vert\leq\lambda$ for $x\in K$.
We denote by $\Gamma(E_{1})$ and $\Gamma(F_{1})$ the set of bounded sections over $E_{1}$ and $F_{1}$ . Then

$\Gamma(E_{1})$ and $\Gamma(F_{1})$ become Banach spaces under supremum norm $\Vert\cdot\Vert_{1}$ . Put
$\Gamma(E_{|K})=\Gamma(E_{1})\times\Gamma(F_{1})$ and define a norm $\Vert(, )\Vert_{1}$ of $\Gamma(E_{|K})$ by

$\Vert(\xi, \eta)\Vert_{1}=\max\{\Vert\xi\Vert_{1}, \Vert\eta\Vert_{1}\}$ $(\xi\in\Gamma(E_{1}), \eta\in\Gamma(F_{1}))$ .

Clearly $\Gamma(E_{|K})$ is a Banach space. Let us define

$\Sigma(F_{1}, E_{1})=\{s|$ $s.\cdot\Gamma(F_{1})\rightarrow\Gamma(E_{1})isamapsatisfying(i)s(\xi)(x)=0when\xi(x)=0for\xi\in\Gamma(F_{1})andx\in K(ii)s(\xi)(x)=s(\eta)(x)when\xi(x)=\eta(x)for\xi,\eta\in\Gamma(F_{1})andx\in K,\}$

and put $\xi(K)=\{x\in K|\xi(x)\neq 0\}$ for $\xi\in\Gamma(F_{1})$ . Then a subset

$\Sigma_{0}(K)=\{s\in\Sigma(F_{1}, E_{1})|\Vert s\Vert_{*}<\infty\}$ ,

where
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$\Vert s\Vert_{*}=\sup_{\xi\epsilon\Gamma(F_{1})}\sup_{x\in\xi(K)}\frac{\Vert s(\xi Xx)\Vert}{\Vert\xi(x)||}$ ,

is a Banach spaoe under the norm $\Vert\cdot\Vert_{*}$ . Moreover the subset $\Sigma_{0}^{1}(K)$ defined by
$\Sigma_{0}^{1}(K)=\{s\in\Sigma_{0}(K)|L_{fib}(s)\leq 1\}$ ,

where $L_{fib}(s)=\sup_{x\in K}L_{x}(s)$ and $ L_{x}(s)=\min\{L\geq 0|\Vert s(\xi Xx)-s(\eta Xx)\Vert\leq L\Vert\xi(x)-\eta(x)\Vert$ for
$\xi,$ $\eta\in\Gamma(F_{1})$}, is a closed subset. Similarly $\Sigma_{0}^{1}(f(K))$ is defined for $\Gamma(E_{2})$ and $\Gamma(F_{2})$ .

The following is very similar to the analogous result of [3] and [4].

GRAPH TRANSFORMATION THEOREM. Under the notations and the assumptions a
above, if $0<\epsilon_{0}<\Vert T^{-1}\Vert^{-1}$ and if $G:E_{|K}\rightarrow E_{|f\{K)}$ is a homeomorphism satisfying

(i) $G(E(x))=E(f(x))$ ,

(ii) $G(0_{x})=0_{f\langle x)}$ ,
(iii) $L(G-T|E(x))<\epsilon_{0}$ ,

then there exists a graph transformation $\Gamma_{G}$ : $\Sigma_{0}^{1}(K)\rightarrow\Sigma_{0}^{1}(f(K))$ such that for $s\in\Sigma_{0}^{1}(K$

$\xi\in\Gamma(F_{2})$ and $x\in f(K)$ ,

$\Gamma_{G}(sX\xi Xx)=(G_{2}\circ(1, s))\circ(G_{1}\circ(1, s))^{-1}(\xi(x))$ ,

where $G(u)=(G_{1}(u), G_{2}(u))\in E_{2}\times F_{2}$ , and $L\langle\Gamma_{G}$) $<1$ is satisfied.
To prove Theorem 1, let $c$ and $\lambda$ be as above. Take $m_{1}>0$ satisfying $c\lambda^{m_{1}}<\lambda<1$

Then it is easily checked that $f^{m}$ ‘ has the dominated splitting $T_{\Lambda_{f}m_{1}}M=E\oplus Fsatisfyin\{$

$\Vert Df^{m_{1}}|E(x)\Vert\cdot\Vert Df^{-m_{1}}|F(f^{m_{1}}(x))\Vert\leq\lambda$ for all $x\in\Lambda_{f^{m_{1}}}$ . To simplify we may suppose $m_{1}=$

and give the proof of Theorem 1. Use here Theorem 2 (proved in the next section). Le
$V$ be as in Theorem 2 and take a neighborhood $W$ of $\Lambda_{f}$ such that $W\cup f(W)\subset V.$ The]

we have that for $x\in W$

$DJ=\left(\begin{array}{ll}A_{x} & B_{l}\\C_{l} & K_{l}\end{array}\right)$ : $\tilde{E}(x)\oplus\tilde{F}(x)\rightarrow\tilde{E}(f(x))\oplus\tilde{F}(f(x))$ .

For $W$ sufficiently small, define a linear isomorphism $T_{r}$ : $\tilde{E}(x)\oplus\tilde{F}(x)\rightarrow\tilde{E}(f(x))\oplus\tilde{F}(f(x)$

by

$T_{x}=\left(\begin{array}{ll}A_{l} & 0\\0 & K_{z}\end{array}\right)$

such that $\Vert A_{r}\Vert\cdot\Vert K_{f^{-1}\langle\approx)}\Vert\leq\lambda^{\prime}$ for some $0<\lambda<\lambda^{\prime}<1$ , and define a bundle isomorphisn
$T:\tilde{E}_{1}\oplus\tilde{F}_{1}\rightarrow\tilde{E}_{2}\oplus\tilde{F}_{2}$ by $T|\tilde{E}(x)\oplus\tilde{F}(x)=T_{l}$ for $x\in W$ where $\tilde{E}_{1}=\tilde{E}_{|W},\tilde{F}_{1}=\tilde{F}_{|W}$

$\tilde{E}_{2}=\tilde{E}_{|f(W)}$ and $\tilde{F}_{2}=\tilde{F}_{|f\langle W)}$ . Obviously we have
$\Vert T|\tilde{E}(x)\Vert\cdot\Vert T^{-1}|\tilde{F}(f(x))\Vert\leq\lambda^{\prime}$ $(x\in W)$ .

Let $0<\epsilon_{0}<\Vert T^{-1}\Vert^{-1}$ . If $W$ is sufficiently small, then we have $L(T-Df|T_{z}M^{*})<\epsilon_{1}$

for all $x\in W$. By graph transformation theorem, we can define a graph transformatio $\cdot$
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$\Gamma_{Df}$ : $\Sigma_{0}^{1}(W)\rightarrow\Sigma_{0}^{1}(f(W))$ satisfying $L(\Gamma_{Df})<1$ .
Take $U$ a neighborhood of $\Lambda_{f}$ such that $U\subset f(W)\cap W$ and let a continuous

map $\varphi:M_{f}\rightarrow[0,1]$ satisfy

$\varphi(x)=\left\{\begin{array}{ll}0 & if x\not\in f(W)\\1 & if x\in U.\end{array}\right.$

For $\xi\in\Gamma(\tilde{F}_{1})$ define $\xi^{\prime}\in\Gamma(\tilde{F}_{2})$ by

$\xi^{\prime}(x)=\left\{\begin{array}{ll}\xi(x) & if x\in W\cap f(W)\\0 & if x\in f(W)-W\end{array}\right.$

and

$H(s)(\xi)(x)=\left\{\begin{array}{l}0ifx\in f(W)-W\\\varphi(x)\Gamma_{D\int}(sX\xi^{\prime})(x)ifx\in W\cap f(W)\end{array}\right.$

Then $H:\Sigma_{0}^{1}(W)\rightarrow\Sigma_{0}^{1}(W)$ is a contraction. This follows from the fact that

$\Vert H(s)-H(s^{\prime})\Vert_{*}=\sup_{\xi\in\Gamma\langle F_{1})}\sup_{x\in\xi\langle W)}\frac{\Vert H(s)(\xi)(x)-H(s^{\prime})(\xi)(x)\Vert}{\Vert\xi(x)\Vert}$

$=\sup_{\xi\in\Gamma\langle F_{1})x\in\xi\langle}\sup_{W\cap f\langle W))}\frac{\Vert\varphi(x)\Gamma_{Df}(s)(\xi^{\prime})(x)-\varphi(x)\Gamma_{Df}(s^{\prime})(\xi^{\prime})(x)\Vert}{\Vert\xi(x)||}$

$\leq su_{\#_{1}}\xi\in rt\sup_{)\sim\in\xi(W\cap f\langle W))}\frac{\Vert\Gamma_{Df}(s)(\xi^{\prime}Xx)-\Gamma_{Df}(s^{\prime})(\xi^{\prime})(x)\Vert}{\Vert\xi(x)||}$

$\leq,\sup_{2\xi\in\Gamma\langle)}\sup_{x\in\xi^{\prime}\langle f\langle W))}\frac{\Vert\Gamma_{Df}(s)(\xi^{\prime})(x)-\Gamma_{Df}(s^{\prime})(\xi^{\prime})(x)\Vert}{\Vert\xi^{\prime}(x)\Vert}p$

$=\Vert\Gamma_{Df}(s)-\Gamma_{Df}(s^{\prime})\Vert_{*}$

$\leq L(\Gamma_{Df})\Vert s-s^{\prime}\Vert_{*}$ .
Thus there exists a unique $s^{*}\in\Sigma_{0}^{1}(W)$ satisfying $H(s^{*})=s^{*}$ . Put $\overline{F}(x)=graph(s^{*}(\tilde{F}(x))$

for $x\in U\subset W\cap f(W)$ . Then by the definition of $\Gamma_{Df}$ , we have that $\overline{F}(x)$ is a linear
subspace of $T.M^{*}$ , and for $x\in U\cap f^{-1}(U)$

graph$(s^{*}|\tilde{F}(f(x)))=graph(H(s^{*})|\tilde{F}(f(x)))$

$=graph(\Gamma_{Df}(s^{*})|\tilde{F}(f(x)))$

$=Df(graph(s^{*}|\tilde{F}(x)))$ .

Therefore $Df(\overline{F}(x))=\overline{F}(f(x))$ . The uniqueness of $s^{*}$ guarantees that
(i) $\overline{F}(x)=F(x)$ for $x\in\Lambda_{f}$ ,
(ii) $\overline{F}=\bigcup_{\approx\in U}\overline{F}(x)$ is continuous.

By the same argument the continuous extension $\overline{E}$ of $E$ is obtained.
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Finally we check the part (c). Take and fix $\lambda_{1}$ with $\lambda<\lambda_{1}<1$ and choose $\epsilon>0$ suc
that $e^{2\epsilon}\lambda\leq\lambda_{1}$ . Since $\overline{E}$ and $\overline{F}$ are continuous, there exists $\delta>0$ such that $\tilde{4}x,$

$y$) $<$

$(x, y\in U)$ implies

$\Vert Df|\overline{E}(x)\Vert\leq e^{\epsilon}\Vert Df|\overline{E}(y)\Vert$ , $\Vert Df^{-1}|\overline{F}(x)\Vert\leq e^{\epsilon}\Vert Df^{\leftarrow 1}|\overline{F}(y)\Vert$ .

Since $U$ is arbitrary, we can choose $U$ such that $U\subset\{y\in M_{f} : \tilde{4}\Lambda_{f}, y)\leq\delta^{\prime}\}whel$

$ 0<\delta^{\prime}\leq\delta$ is a number satisfying $\tilde{d}(f(x), f(y))<\delta$ whenever $d(x, y)<\delta^{\prime}$ (the neighborhoo
$U$ is our requirement). Then, for $x\in U\cap f^{-1}(U)$ we have

$\Vert Df|\overline{E}(x)\Vert\cdot\Vert Df^{-1}|\overline{F}(f(x))\Vert\leq e^{2\epsilon}\Vert Df|E(y)\Vert\cdot\Vert Df^{-1}|\overline{F}(f(y))\Vert$

$\leq e^{2\epsilon}\lambda\leq\lambda_{1}$

for $y\in\Lambda_{f}$ with $\tilde{d}(x, y)\leq\delta^{\prime}$ .

\S 2. Proof of Theorem 2.

Let $c$ and $0<\lambda<1$ be as above. Take $m>0$ such that $c\lambda^{m}=\lambda_{0}<1$ . Let $\Lambda_{f}$ be
compact invariant subset having the dominated splitting $T_{A_{f}}M^{*}=E\oplus F$. $Sin($

$E(x)=E(y)$ for $x,$ $y\in\Lambda_{f}$ with $x_{0}=y_{0}$ , we can suppose, without loss of generality, th
$E$ is a continuous subbundle over $\Lambda$ . Then, by Lemma 4.4 of [2], th$ere$ exist an opt
neighborhood $V$ of $\Lambda$ and a continuous splitting $\tilde{E}$ over $V$ such that $\tilde{E}(x)=E(x)$ for ’

$ x\in\Lambda$ .
Define an open neighborhood $V$ of $\Lambda_{f}$ by $V=(\cdots\times M\times M\times V\times M\times M\times\cdots)$

$M_{f}$ and put $\tilde{E}(x)=\tilde{E}(x_{0})$ . Then $\tilde{E}=\bigcup_{r\in V}\tilde{E}(x)$ is a continuous subbundle satisfyil
$\tilde{E}(x)=E(x)$ for $x\in\Lambda_{f}$ . Take and fix $\delta>0$ , and put $V_{0}=V\cap U_{\delta}(\Lambda_{f})$ whe
$U_{\delta}(\Lambda_{f})=$ { $y\in M_{f}|$ di$y,$ $\Lambda_{f})<\delta$ }.

Now let $\{V_{n}\}_{n\geq 0}$ be a collection of open neighborhoods of $\Lambda_{f}$ such that

(i) $f^{-m}(V_{n})\cap V_{n}\cap f^{m}(V_{n})\supset\overline{V}_{n+1}(n\geq 0)$,
(2.1)

(ii) $\bigcap_{n\geq 0}V_{n}=\Lambda_{f}$ .

Then $f^{mi}(x)\in V_{0}$ for $-n\leq i\leq n$ when $x\in V_{n}$ . Moreover, Urysohn’s lemma guarante
that there exist continuous functions $\gamma_{n}$ : $M_{f}\rightarrow[0,1]$ satisfying

$\gamma_{n}(x)=\left\{\begin{array}{ll}0 & if x\in M_{f}-V_{n} ,\\1 & if x\in\overline{V}_{n+1}.\end{array}\right.$

Let dim $F=u$ and denote by $G^{u}(V_{0})$ th$e$ Grassmann bundle over $V_{0}$ . By (2.1) 1

can find $n(x)\geq 0$ such that $x\in V_{n(r)}$ and $x\not\in V_{n\langle z)+1}$ for $x\in V_{0}-\Lambda_{f}$ . Then a secti $($

$g:V_{0}\rightarrow G^{u}(V_{0})$ is defined by
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$g(x)=\left\{\begin{array}{ll}g_{0}(x) & if x\in V_{0}-V_{1},\\(1-\gamma_{n\langle\sim)}(x))g_{n(x)-1}(x)+\gamma_{n\langle x)}(x)g_{n\{x)}(x) & if x\in V_{1}-\Lambda_{f},\\F(x) & if x\in\Lambda_{f},\end{array}\right.$

where
$g_{n}(x)=D_{f^{-n}\langle x)}f^{n}(\tilde{E}(f^{-n}(x))^{\perp})$ for $x\in V_{n}$ .

Here $\tilde{E}(y)^{\perp}$ denote $s$ the orthocomplement of $\tilde{E}(y)$ . Notice that for $x\in V_{1}-\Lambda_{f}$

$(1-\gamma_{n}(x))g_{n-1}(x)+\gamma_{n}(x)g_{n}(x)$

$=$ { $v_{1}+\gamma_{n}(x)v_{2}|v\in g_{n}(x)$ and $v=v_{1}+v_{2}\in g_{n-1}(x)\oplus g_{n-1}(x)^{\perp}$}.

For the proof of Theorem 2 it is enough to prove that $g$ is continuous. In fact the
continuity of $g_{|V_{0}-\Lambda_{f}}$ and $g_{|\Lambda_{f}}$ are clear. Thus it only remains to see that for
$\{x^{n}\}\subset V_{0}-\Lambda_{f}$ , if $x^{n}\rightarrow x\in\Lambda_{f}$ as $ n\rightarrow\infty$ then

(2.2) $g(x^{n})\rightarrow g(x)$ .

For $x\in\Lambda_{f}$ let $(\varphi, U)$ be a chart with $x_{0}\in U$. To simplify we regard as
$T_{U}M=\varphi(U)\times R^{\dim M}$ . Then we have that for $y\in U$ and $v\in D_{y}\varphi(T_{y}M)$

$v=v_{x}^{1}+v_{r}^{2}\in D_{x_{O}}\varphi(E(x))\oplus D_{x_{O}}\varphi(F(x))$ .

Thus (2.2) is equivalent to the following:

there exists a chart $(\varphi, U)$ with $x_{0}\in U$ such that for $\epsilon>0$ ,

(2.3) there exists N $>0sothatforn\geq Nandv\in D_{x6}\varphi(g(x^{n}))$ with $|v|=1$ ,

$|v_{l}^{1}|/|v_{l}^{2}|<\epsilon$ ,

where $|\cdot|$ denotes the euclidean norm of $R^{\dim M}$ . Therefore, to obtain the conclusion it
is enough to see (2.3). For the proof of (2.3) we prepare some notations and results.

Take $\epsilon_{0}>0$ such that $[(1+\epsilon_{0})^{2}/(1-\epsilon_{0})^{2}]\lambda_{0}=\lambda_{1}<1$ . Then we can easily find an atlas
$\{(\varphi_{i}, W_{i}):1\leq i\leq l\}$ such that for $1\leq i\leq l,$ $x\in W_{i}$ and $veT.M$

$(1-\epsilon_{0})|D_{x}\varphi_{i}(v)|\leq\Vert v\Vert\leq(1+\epsilon_{0})|D_{x}\varphi_{i}(v)|$

(see [5]). Let $\{U_{\iota} ; 1\leq i\leq l\}$ be an open cover of $M$ such that $\overline{U}_{i}\subset W_{i}$ and denote by
$\delta_{0}>0$ a Lebesgue number of $\{U_{i}\}$ .

From the property of the dominated splitting $T_{\Lambda_{f}}M=E\oplus F$, we have

$\frac{\Vert Df^{m}|E(x)\Vert}{m(Df^{m}|F(x))}\leq\lambda_{0}$

for $x\in\Lambda_{f}$ , where $m(Df)$ denotes the minimal norm of $Df$. When $x_{0}\in U_{i}$ and $x_{m}\in U_{j}$ for
$x\in M_{f}$ , we write



432 KAZUMINE MORIYASU

$D_{x}J_{ij}^{m}=D_{x_{m}}\varphi_{i}\circ D_{x_{O}}f^{m}\circ D_{x_{O}}\varphi_{j}$ .
Then we have

$\frac{|D_{x}J_{ij}^{m}|D_{x_{O}}\varphi_{i}(E(x))|}{m(D_{x_{O}}f_{ij}^{m}|D_{x_{O}}\varphi_{i}(F(x)))}\leq\frac{(1+\epsilon_{0})^{2}}{(1-\epsilon_{0})^{2}}\lambda_{0}=\lambda_{1}$ .

Therefore we have the following

LEMMA 2.1. Let $0<\lambda_{1}<\lambda_{2}<1$ . Then there exists $0<\delta_{1}<\delta_{O}$ such that for $ x\in\Lambda$

and $y\in M_{f}$ with $d(x_{0}, y_{0})\leq\delta_{1}$ ,
(i) $d(x_{m}, y_{m})\leq\delta_{0}$ and so there exist $1\leq i,j\leq l$ so that $x_{0},$ $y_{0}\in U_{i}$ and $x_{m},$ $y_{m}\in U_{j}$,
(ii)

$\frac{|D_{yo}f_{ij}^{m}|D_{xo}\varphi_{i}(E(x))|}{m(D_{yo}f_{ij}^{m}|D_{x_{O}}\varphi_{i}(F(x)))}\leq\lambda_{2}$ .

Let $\tilde{E}\subset T_{V}M$ be as above and $W\subset V$ be a closed neighborhood of $\Lambda$ in $M$. The
the following is easily checked.

LEMMA 2.2. Under the notations as above, there exists $0<\delta_{2}\leq\delta_{0}$ such that,
$d(x, y)\leq\delta_{2}(x, y\in W)$ , then

$D_{x}\varphi_{i}(\tilde{E}(x))\cap D_{y}\varphi_{i}(\tilde{E}(y)^{\perp})=\{0\}$

where $x,$ $y\in U_{i}$ .
LEMMA 2.3. Let $\delta_{2}>0$ be as in Lemma 2.2. Then there exists $T_{1}>0$ such that $ f\iota$

$xe\Lambda_{f},$ $y\in W$ with $d(x_{O}, y)\leq\delta_{2}$ , if $x_{O},$ $y\in U_{i}$ for some $U_{i}\in\{U_{i}\}$ and $v\in D_{y}\varphi_{i}(\tilde{E}(y)^{\perp})$ wit
$|v|=1$ , then

$|v_{l}^{1}|$

$\overline{|v_{z}^{2}|}<T_{1}$
.

$PR\infty F$ . If this is false, forn $>0thereexistx^{n}e\Lambda_{f},$ $ y^{n}eWsatisfyingd(x_{O}^{n}, y^{n})\leq\delta$

and $x_{0}^{n},$ $y^{n}\in U_{i_{n}}$ , and $v(n)\in D_{y^{n}}\varphi_{i_{n}}(\tilde{E}(y^{n})^{\perp})$ satisfying $|v(n)|=1$ , such that

$\frac{|v(n)_{p}^{1}|}{|v(n)_{p}^{2}|}>n$ .

For simplicity write $i=i_{n}$ and suppose that $x^{n}\rightarrow x\in\Lambda_{f},$ $y^{n}\rightarrow y\in W$ and $ v(n)\rightarrow v\xi$

$D_{y}\varphi_{i}(\tilde{E}(y)^{\perp})$ . Since $1+|v(n)_{z^{n}}^{2}|\geq|v(n)_{z^{n}}^{1}|>n|v(n)_{r^{n}}^{2}|$ , we have $v_{x}^{2}=0$ . Thus $v\in D_{x_{O}}\varphi_{i}(E(x))=$

$D_{x_{O}}\varphi_{i}(E(x_{0}))$ . By Lemma 2.2, $D_{xo}\varphi_{i}(E(x_{0}))\cap D_{y}\varphi_{i}(\tilde{E}(y)^{\perp})=\{0\}$ and so $v=0$ . This is ,

contradiction since $|v|=1$ .
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LEMMA 2.4. For $\epsilon>0$ there exists $0<\delta_{3}<\delta_{0}$ such that, for $x\in\Lambda_{J}$ and $y\in M$

satisfying $d(x_{0}, y)\leq\delta_{3}$ , if $x_{0},$ $y\in U_{i}$ and $x_{m},f^{m}(y)\in U_{j}$ , then
(i) for $v_{x}^{1}\in D_{x_{O}}\varphi_{i}(E(x))$ with $|v_{x}^{1}|=1$

$|D_{y}f_{ij}^{m}(v_{l}^{1})-(DJ_{i_{J}}^{m}\langle v_{x}^{1}))_{f^{m}(x)}^{1}|=|(D_{y}f_{ij}^{m}(v_{r}^{1}))_{f^{m}\langle x)}^{2}|\leq\epsilon$ ,

(ii) for $v_{l}^{2}\in D_{x_{O}}\varphi_{i}(fIx))$ with $|v_{x}^{2}|=1$

$|D_{y}f_{ij}^{m}(v_{x}^{2})-(D_{y}f_{i_{J}}^{m}\langle v_{x}^{2}))_{f^{m}\langle r)}^{2}|=|(D_{y}f_{i_{J}}^{m}\langle v_{x}^{2}))_{f^{m}\langle x)}^{1}|\leq\epsilon$ .

PROOF. If (i) is false, then there exists $\epsilon>0suchthatforn>0thereexistx^{n}\in\Lambda_{J}$ ,
$y^{n}\in M$ satisfying $d(x_{0}^{n}, y^{n})<1/n$ and $x_{0}^{n},$ $y^{n}\in U_{i_{n}}$ , and $v_{x^{n}}^{1}\in D_{x_{0}^{n}}\varphi_{i}(E(x^{n}))$ satisfying
$|v_{x^{n}}^{1}|=1$ , such that, letting $x_{m}^{n},$ $f^{m}(y^{n})\in U_{j_{n}}$ ,

$|D_{y^{n}}f_{i_{n}j_{n}}^{m}(v_{x^{n}}^{1})-(D_{y^{n}}f_{i_{n}j_{n}}^{m}(v_{x^{n}}^{1}))_{f^{m}\langle x^{n})}^{1}|\geq\epsilon$ .

To simplify we may suppose that $x^{n}\rightarrow x$ and $v_{x^{n}}^{1}\rightarrow v_{X}^{1}$ and put $i_{n}=i$ and $j_{n}=j$. Since
$y^{n}\rightarrow x_{0}$ , we have

$|D_{x}J_{ij}^{m}(v_{x}^{1})-(D_{x}J_{i_{J}}^{m}\langle v_{x}^{1}))_{f^{m}\langle x)}^{1}|\geq\epsilon$ .

But $D_{x}J_{ij}^{m}(v_{x}^{1})=(D_{x}J_{i_{J}}^{m}\langle v_{x}^{1}))_{f^{m}\langle x)}^{1}$ because $E$ is $Df$-invariant, thus contradicting. Similary
(ii) is proved.

The following lemmas are easily proved and we omit the proof.

LEMMA 2.5. For every $\epsilon>0$ there exist $0<\delta_{4}<\delta_{0}$ and $r_{1}>0$ such that, if $\tilde{d}(x, y)\leq\delta_{4}$

$(x, y\in\Lambda_{f})$ and if $v\in R^{\dim}$ satisfying $|v|=1$ and $|v_{y}^{1}|\leq r_{1}$ , then

$\frac{|v_{l}^{1}|}{|v_{x}^{2}|}<\epsilon$ .

LEMMA 2.6. For $K>1$ and $0<r_{2},$ $r_{3}<1$ there exists $0<\delta_{5}<\delta_{0}$ such that, if
$\tilde{d}(x, y)\leq\delta_{5}(x, y\in\Lambda_{f})$ and $\iota fv\in R^{\dim M}$ satisfying $|v|=1,$ $|v_{y}^{2}|\geq r_{2}and|v_{y}^{1}|\geq r_{3}$ , then

$\frac{|v_{l}^{1}|}{|v_{l}^{2}|}\leq K\frac{|v_{y}^{1}|}{|v_{y}^{2}|}$ .

$PR\infty F$ OF THEOREM 2. Let $\delta_{1}>0$ be as in Lemma 2.1 and $\{U_{i}\}$ be as above. Take
$0<\delta_{2}\leq\delta_{1}$ and $T_{1}>0$ as in Lemma 2.3. By Lemma 2.1, for $\lambda_{2}<\lambda_{3}<1$ and $0<T_{2}<T_{1}/2$

we see that there exists $\epsilon_{1}>0$ such that for $x\in\Lambda_{f}$ and $y\in M$ with $d(x_{0}, y)\leq\delta_{2}$ , if $x_{0},$ $y\in U_{i}$

and $x_{m},$ $f^{m}(y)\in U_{j}$ for some $U_{i}$ and $U_{j}$, then

(i) $\frac{|Df^{m}|D\varphi(E(x))|+(1+1/T_{2})\epsilon_{1}}{m(Df^{m}|D\varphi(F(x)))-(1+T_{1})\epsilon_{1}}\leq\lambda_{3}$ .

(ii) $\frac{\epsilon_{1}}{m(Df^{m}|D\varphi(F(x)))-(1+T_{1})\epsilon_{1}}\leq\lambda_{3}T_{2}$ ,
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where $Df^{m}=DJ_{i,j}^{m}$ and $D\varphi=D_{x_{O}}\varphi_{i}$ . Take $0<\delta_{3}<\delta_{2}$ as in Lemma 2.4 for $\epsilon_{1}$ . Then wt
have the following

CLAIM 1. For $x\in\Lambda_{f},$ $y\in M$ satisfying $d(x_{0}, y)\leq\delta_{3}$ and $x_{0},$ $yeU_{i}$, and $fo$’

$veD_{y}\varphi_{i}(T_{y}M)$ with $|v_{l}^{1}|/|v_{l}^{2}|\leq T_{1}$ , the following inequality holds:

$\frac{|(Df^{m}(v))_{f^{r}\langle\approx)}^{1}|}{|(Df(v))_{f^{m}(r)}^{2}|}\leq\lambda_{3}T_{1}$ .

$PR\infty F$ . By Lemma 2.4 we have

$|(Df^{m}(v))_{f^{m}\langle\approx)}^{2}|$

$=|(Df^{m}(v_{l}^{2}))_{f^{m}(r)}^{2}+(Df^{m}(v_{z}^{1}))_{f^{m}(r)}^{2}|$

$\geq|Df(v_{z}^{2})|-|Df^{m}(v_{l}^{2})-(Df^{m}(v_{l}^{2}))_{f^{m}(r)}^{2}|-|(Df^{m}(v_{l}^{1})_{f^{m}(\approx)}^{2}|$

$\geq\{m(Df^{m}|D\varphi(F(x)))-\epsilon_{1}\}|v_{l}^{2}|-\epsilon_{1}|v_{r}^{1}|$ .
Similarly

$|(Df(v))_{f^{m}\langle r)}^{1}|\leq\{|Df^{m}|D\varphi(E(x))|+\epsilon_{1}\}|v_{r}^{1}|+\epsilon_{1}|v_{r}^{2}|$ .
If $T_{2}\leq|v_{l}^{1}|/|v_{l}^{2}|\leq T_{1}$ , then

$\frac{|(Df^{m}(v))_{f^{r}(\approx)}^{1}|}{|(Df^{m}(v))_{f^{m}\langle r)}^{2}|}\leq\frac{\{|Df|D\varphi(E(x))|+(1+\epsilon_{1}/T_{2})}{\{m(Df^{m}|D\varphi(F(x)))-(1+T_{1})\epsilon_{1})}\cdot\frac{|v_{l}^{1}|}{|v_{l}^{2}|}\leq\lambda_{3}T_{1}$ .

If $|v_{l}^{1}|/|v_{z}^{2}|<T_{2}$ , then

$\frac{|(Df(v))_{f^{m}\langle\cdot)}^{1}|}{|(Df^{m}(v))_{f^{m}\langle\cdot)}^{2}|}<\frac{\{|Df^{m}|D\varphi(E(x))|+\epsilon_{1}\}}{\{m(Df^{m}|D\varphi(F(x)))-(1+T_{2})\epsilon_{1}\}}\cdot\frac{|v_{l}^{1}|}{|v_{l}^{2}|}$

$+\frac{\epsilon_{1}}{\{m(Df|D\varphi(F(x)))-(1+T_{2})\epsilon_{1}\}}$

$|v_{r}^{1}|$

$<\lambda_{3\overline{|v_{x}^{2}|}}+\lambda_{3}T_{2}<2\lambda_{3}T_{2}<\lambda_{3}T_{1}$ .

Therefore Claim 1 is concluded.

Take $0<\delta_{4}<\delta_{3}$ and $r_{1}>0$ as in Lemma 2.5 for $T_{1}$ , and $0<\delta_{5}<\delta_{4}$ as in Lemma
2.6 under the conditions

$1<K<\frac{1}{\lambda_{3}}$ , $r_{2}=\frac{1}{1+T_{1}}$ and $r_{3}=r_{1}$ .

Moreover choose $0<\delta<\delta_{5}/2$ such that
(a) $U_{\delta}(\Lambda)\subset W$ ,
(b) if $\tilde{d}(x, y)\leq\delta$ then $\tilde{d}(f^{m}(x), f^{m}(y))\leq\delta_{5}/2$ .
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Put $V_{0}=V\cap U_{\delta}(\Lambda_{f})$ and as above define a section $g:V_{0}\rightarrow G^{u}(V_{0})$ .

CLAIM 2. For $y\in V_{0}-\Lambda_{f}$ , $0\leq n\leq n(y)$ , $x\in\Lambda_{f}$ with $\tilde{d}(f^{-\langle n\langle y)-n)m}(y), x)\leq\delta$

$(y(n), x_{0}\in U_{i})$ and $v\in D_{y\langle n)}\varphi_{i}(D_{y\langle 0)}f^{nm}(\tilde{E}(f^{-n\langle y)m}(y))^{\perp})$ with $|v|=1$ , the following holds:

$\frac{|v_{l}^{1}|}{|v_{l}^{2}|}\leq T_{1}$ ,

where $y(n)=y_{-\langle n\langle y)-n)m}(0\leq n\leq n(y))$ .
$PR\infty F$ . Let $x^{0}\in\Lambda_{f}$ with $\tilde{d}(f^{-n\langle y)m}(y), x^{0})\leq\delta$ . If $x_{0}^{0},$ $y(0)\in U_{i}$ , then we have by

Lemma 2.3 that, for $veD_{y(0)}\varphi_{i}(\tilde{E}(f^{-n\langle y)m}(y))^{\perp})$ with $|v|=1$ ,

$\frac{|v_{r^{O}}^{1}|}{|v_{r^{O}}^{2}|}\leq T_{1}$ ,

and by Claim 1

(2.4) $\frac{|(D_{y\langle O}f_{t_{J}}^{m}\langle v))_{f^{m}\langle r^{\circ})}^{1}|}{|(D_{y\langle 0}f_{i_{J}}^{m}\langle v))_{J^{m}\langle r^{O})}^{2}|}\leq\lambda_{3}T_{1}$

where $y(1),$ $x_{m}^{0}\in U_{j}$ . For $x^{1}\in\Lambda_{f}$ with $\tilde{d}(f^{-\langle n\langle y)-1)m}(y), x^{1})\leq\delta(\leq\delta_{5}/2)$ , we have

$\tilde{d}(f^{m}(x^{0}), x^{1})\leq\delta_{5}<\delta_{4}$

since $\tilde{d}(f^{-\langle n\langle y)-1)m}(y), f^{m}(x^{0}))<\delta_{5}/2$ . When $|(D_{y\langle 0)}f_{ij}^{m}(v))_{f^{m}\langle r^{0})}^{1}|\leq r_{1}$ , then by Lemma 2.5

$\frac{|(D_{y\langle 0}f_{i_{J}}^{m}\langle v))_{r^{1}}^{1}|}{|(D_{y\langle O)}f_{i_{J}}^{m}\langle v))_{r^{1}}^{2}|}<T_{1}$ .

When $|(D_{y\langle 0)}f_{ij}^{m}(v))_{f^{m}\{r^{O})}^{1}|>r_{1}$ , by (2.4)

$|(D_{y\langle 0)}f_{ij}^{m}(v))_{f^{m}\langle x^{O})}^{2}|\geq\frac{1}{1+\lambda_{3}T_{1}}>\frac{1}{1+T_{1}}$

and so by Lemma 2.6

$\frac{|(D_{y\langle 0)}f_{ij}^{m}(v))_{x^{1}}^{1}|}{|(D_{y\langle 0)}f_{ij}^{m}(v))_{x^{1}}^{2}|}\leq K\cdot\frac{|(D_{y\langle 0)}f_{i_{J}}^{m}\langle v))_{f^{m}\langle r^{O})}^{1}|}{|(D_{y(0)}f_{i_{J}}^{m}\langle v))_{f^{m}(x^{O})}^{2}|}$

$\leq K\lambda_{3}T_{1}<T_{1}$ .

Therefore we obtain the conclusion for $n=1$ . By using induction step Claim 2 is
concluded.

Let $\{x^{n}\}\subset V_{o}-\Lambda_{f}$ be a sequence converging to $x\in\Lambda_{f}$ . For $\epsilon>0$ we can find $\epsilon_{1}^{\prime}>0$

such that, for $x\in\Lambda_{f},$ $y\in M$ with $d(x_{0}, y)<\delta_{2}$ and for $1\leq i,j\leq l$ satisfying $x_{0},$ $y\in U_{i}$ and
$x_{m},$ $f^{m}(y)\in U_{j}$,
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(i) $\frac{|Df^{m}|D\varphi(E(x))|+(1+2/\epsilon)\epsilon_{1}^{\prime}}{m(Df^{m}|D\varphi(F(x)))-(1+T_{1})\epsilon_{1}}\leq\lambda_{3}$ ,

$\frac{\epsilon_{1}^{\prime}}{m(Df^{m}|D\varphi(F(x)))-(1+\epsilon/2)}<\epsilon/2$ ,

where $Df^{m}=D_{y}f_{ij}^{m}$ and $D\varphi=D_{x_{O}}\varphi_{i}$ . Let $\delta_{3}^{\prime}<\delta_{2}$ be as in Lemma 2.4 for $\epsilon=\epsilon_{1}^{\prime}$ . Then
as in Claim 2 we have that for $x\in\Lambda_{f},$ $y\in M$ with $d(x_{0}, y)\leq\delta_{3}^{\prime}$ , if $x_{0},$ $y\in U_{i},$ $x_{m},$ $f^{m}(y)\in U$.
for some $U_{i}$ and $U_{j}$ and $v\in D_{y}\varphi_{i}(T_{y}M)$ with $|v_{l}^{1}|/|v_{l}^{2}|\leq T_{1}$ , then

(i) $\frac{|(Df^{m}(v))_{f^{m}\{x)}^{1}|}{|(Df^{m}(v))_{f^{m}\{\approx)}^{2}|}\leq\lambda_{3}\frac{|v_{l}^{1}|}{|v_{l}^{2}|}$ if $\frac{\epsilon}{2}\leq\frac{|v_{l}^{1}|}{|v_{l}^{2}|}\leq T_{1}$ ,

(2.5)

(ii) $\frac{|(Df^{m}(v))_{f^{m}\langle r)}^{1}|}{|(Df^{m}(v))_{f^{m}(r)}^{2}|}\leq\epsilon$ if $\frac{|v_{x}^{1}|}{|v_{l}^{2}|}<\frac{\epsilon}{2}$ .

Take $k>0$ such that $\lambda_{3}^{k}T_{1}<\epsilon$ , and take $N>0$ such that for $n\geq N$

$\tilde{d}(f^{-i}(x), f^{-i}(x^{n}))\leq\delta_{3}^{\prime}$ $(0\leq l\leq km)$ and $n(x^{n})\geq k$ .
Then, by Claim 2 we have that, for a fixed $n\geq N$ and $v(0)\in D_{\overline{x}_{O}}\varphi_{i_{O}}(D_{\tilde{x}}J^{\langle n(r^{\mathfrak{n}})-k)m}$

$(\tilde{E}(f^{-n\langle r^{n})m}(x^{n}))^{\perp})$ with $|v(0)|=1$ ,

$\frac{|v(0)_{f^{-km}\langle x)}^{1}|}{|v(0)_{f^{-km}\langle x)}^{2}|}\leq T_{1}$

where $\overline{x}_{0}=x_{-km}^{n},\tilde{x}_{0}=x_{-n\langle x^{n})m}^{n}$ and $\overline{x}_{O},$ $x_{-km}\in U_{i_{O}}$ , and by (2.5)

$\frac{|(D_{\overline{X}}J_{i_{O}i_{1}}^{m}(v(0)))_{f^{-(k- 1)m}\langle z)}^{1}|}{|(D_{\overline{x}}J_{i_{O}i_{1}}^{m}(v(0)))_{f^{-(k-1)m}\langle r)}^{2}|}\leq\max\{\lambda_{3}T_{1}, \epsilon\}$ .

Put

$v(1)=\frac{D_{\overline{x}}J_{i_{O}i_{1}}^{m}(v(0))}{|D_{\overline{x}}J_{i_{O}i_{1}}^{m}(v(0))|}$ .

Then we have

$v(1)\in D_{\overline{x}_{1}}\varphi_{i_{1}}(D_{\tilde{x}_{1}}f^{(n\langle r^{n})-k+1)m}(\tilde{E}(f^{-n(z^{n})m}(x^{n}))^{\perp}))$ and $|v(1)|=1$ ,

where $\overline{x}_{1}=x_{-(k-1)m}^{n},\tilde{x}_{1}=\tilde{x}_{0}$ and $\overline{x}_{1},$ $x_{-(k-1)m}\in U_{i_{1}}$ . By (2.5)

$\frac{|(D_{\overline{x}_{1}}f_{i_{1}i_{2}}^{m}(v(1)))_{f^{-(k-2)m}(r)}^{1}|}{|(D_{\overline{x}_{1}}f_{i_{1}i_{2}}(v(1)))_{f^{-(lc-2)m}\langle r)}^{2}|}\leq\max\{\lambda_{3}^{2}T_{1}, \epsilon\}$ ,

and inductively
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$\frac{|(Df^{km}(v(0)))_{x}^{1}|}{|(Df^{km}(v(0)))_{x}^{1}|}\leq\max\{\lambda_{3}^{k}T_{1}, \epsilon\}=\epsilon$

where $Df^{km}=D_{\overline{X}}J_{i_{O}i_{k}}^{km}$ and $x_{0}^{n},$ $x_{0}\in U_{i_{k}}$ . Notice that
$Df^{km}(D_{\tilde{x}_{O}}f^{\langle n\langle x^{n})-k)m}(\tilde{E}(f^{-n\langle x^{n})m}(x^{n}))^{\perp}))=D_{\tilde{x}}J^{n\langle x^{n})m}(\tilde{E}(f^{-n(x^{n})m}(x^{n}))^{\perp})$ .

Then $g_{n\langle x)}(x)$ is continuous. Similary we can prove that $g_{n(x)-1}(x)$ is continuous. The
continuity of $g$ was proved.
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