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Abstract. The main purpose of this paper is to classify integral surfaces of the unit sphere S3(1) which
are mass-symmetric and of 2-type. If we consider S3(1) as a Sasakian manifold, then we prove that a
mass-symmetric 2-type integral surface of S$3(1) lies fully in S$3(1) and is the product of a plane circle and a
helix of order 4 or the product of two circles.

1. Introduction.

Let M™" be a (connected) n-dimensional submanifold of Euclidean space E™* 1. Let
x, H and A respectively be the position vector field, the mean curvature vector field and
the Laplace operator of the induced metric on M". Then, the position vector x and the
mean curvature vector H of M" in E™*1 satisfy (see e.g. [4])

(1.1 Ax=—nH .

This formula yields the following well-known result: M" is a minimal submanifold in
E™*1 if and only if all coordinate functions of E™*1, restricted to M, are harmonic
functions, that is Ax=0 (i.e. they are eigenfunctions of A with eigenvalue 0). Moreover,
in this context, T. Takahashi [9] proved that the submanifolds M" for which

(1.2) Ax=Ax

i.e. for which all coordinate functions are eigenfunctions of A with the same eigenvalue
A€ R, are precisely either the minimal submanifolds of E™*! (A=0) or the minimal
submanifolds M" of hyperspheres S™ in E™*! (the case when A#0, actually A=n/r?
where r is the radius of S™).

One branch of research in submanifold theory was introduced by B. Y. Chen in
[4]1, [5], namely, the study of submanifolds of finite type. In terms of B. Y. Chen’s
theory of submanifolds in E™ of finite type, condition (1.2) asserts that M™" is of 1-type
in E™.

In general, a submanifold M" of Euclidean space E™*! is said to be of k-type if
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the position vector x of M" in E™*! can be decomposed as
x=x0+x1+ ¢ +xk

where xo,€ E™*! is a fixed vector and x; (i=1, - - -, k) are non-constant E™*'-valued
maps on M", such that

Axi=lixi for l=1, '..’k and )“1<...<lk’ )'ieR'

Many important submanifolds in Euclidean space turn out to be of finite type in
this sense (see-[4] for details).

A compact submanifold M" of a hypersphere S™ of E™*! is said to be
mass-symmetric in S™ if the center of mass x, of M" in E™*! is exactly the center of
S™ in E™*!. Mass-symmetric 2-type submanifolds of a hypersphere can be regarded
as the “simplest” submanifolds of E™*?! next to minimal submanifolds. Many important
submanifolds are known to be mass-symmetric and of 2-type. In Chen’s book [4], some
basic results for mass-symmetric 2-type surfaces in an m-sphere S™ were established.
In particular, it was proved that a compact surface in S3 is mass-symmetric and of
2-type if and only if it is the product of two circles of different radii ([4, Theorem 4.5,
p- 279]). M. Barros and O. Garay [2] showed that the same result holds without the
assumption of mass-symmetric. Also stationary 2-type mass-symmetric compact surfaces
of S™ were classified in [1] by M. Barros and B. Y. Chen. In particular, they showed
that such surfaces are flat and lie fully either in a S-sphere or in a 7-sphere. They showed
also that there exist no mass-symmetric 2-type surfaces which lie fully in S*(1).
Afterwards O. Garay [6] showed that a mass-symmetric 2-type Chen surface (i.e. the
allied mean curvature vector a( H) vanishes identically on M) is either pseudoumbilical
or flat. Furthermore, if the surface is flat, then it lies fully in a totally geodesic 3-sphere
or in a totally geodesic 5-sphere or in a totally geodesic 7-sphere.

Finally, Y. Miyata in [7] studied mass-symmetric 2-type surfaces of constant
curvature in S™ and obtained, among others, the following results:

1) If f: M—>S™ is a mass-symmetric 2-type immersion of a surface M of posi-
tive constant curvature into S™, then f is a diagonal sum of two different standard
minimal immersions of M into spheres.

i) There are no mass-symmetric 2-type surfaces of constant negative curvature
in a sphere.

iii) Let M be a flat surface and f a full mass-symmetric 2-type Chen immersion
of M into S™. If m>9, then f is a diagonal sum of two different minimal immersions
into spheres. If m=7, there exists a full mass-symmetric 2-type Chen immersion which
is not a diagonal sum of minimal immersions.

In [1] and [7] one can find many results for 2-type surfaces in S™. »

In this paper we shall classify mass-symmetric 2-type integral surfaces of the
Sasakian manifold S°(1) = E®. In particular, we will prove that, if we consider the unit
sphere S°(1) as a Sasakian manifold then a mass-symmetric 2-type integral
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surface M of S3(1) lies fully in S$3(1) and is the product of a plane circle and a helix
of order 4 or the product of two circles. Furthermore, M belongs to a l-parameter
family of.such surfaces.

2. Preliminaries.

We consider the space C™*! of m+ 1 complex variables and let J denote its usual
almost complex structure, namely by identifying zeC™*! with (xy, ", Xp+1)
V1o " Yma1) EEP™T 2 we consider Jz=(—Y1, "', —Vm+1s X15 "> Xm+1)-

Smti_{zeCm*1:|z|=1}.

We give S2™*! its usual contact structure. Define a tangent vector field £, a 1-form 7
and a (1, 1) tensor field ¢ on $2™*1 as follows: ’

Let <, denote the induced metric from C™*! on §2™*! (so S2™*1 has constant
sectional curvature 1),

E=—Jz, n(X)=<X,& and @=so°J

where s denotes the orthogonal projection from T,C™*! on T,S*™*!. Using these
definitions, we obtain for all tangent vector fields X and Y on S?™*! that

P2 X=—X+nX),
n@)=1, nX)=<X,&,
dn(X, Y)=<X, oY},

where N is defined by N(X, Y)=[¢X, (pY]+(p2[X, Y]l—oleX, Y]—0o[X,@Y]. It is
well-known [3] that these formulas imply that (@, &, n, {,») determines a Sasakian
structure on S?™*!. Therefore, we also have

(2.2) : Vié=—o0X, (Vx@)Y=<X, Y)C—n(Y)X

where V’ denotes the Levi-Civita connection of {, ). For more details see [3].

A Riemannian manifold M", isometrically immersed in S2™*1, is called an integral
submanifold if and only if 5 restricted to M" vanishes.

In this paper we consider the unit hypersphere S°(1)c C3®=~E® centered at the
origin and with the Sasakian structure (@, &, n, {, >). Assume that

2.3) x: M—S%(1)

2.1

is a mass-symmetric 2-type immersion of an integral surface M into S3(1). Denote by
V the usual Levi-Civita connection of E® and by V, V' the induced connections on M
and S3(1), respectively. Let H, h, A and D denote the mean curvature vector, the second
fundamental form, the Weingarten maps and the normal connection of M in ES,
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respectively. Finally denote by H', h’, A’ and D’ the corresponding quantities for M in
S3(1). Then we have H=H’—x and, for any vector » normal to M in S3(1), 4,=A4,.

Let A be the Laplacian of M associated with the induced metric. This Laplacian
can be extended in a natural way to E®-valued smooth maps u of M as follows:

2 — — —
(2.4) Au= Y (Vy, x4—VxVxu)
i=1 !
where {X,, X,} is a local orthonormal frame field on M.
Since M is 2-type and mass-symmetric, the position vector x of M with respect to
the origin of E® can be written as follows: -

(2.5) X=xp+x,, Ax,=1l,x,, Ax,=A;x,

where x,, x, are non-constant E°®-valued maps on M.

Furthermore, since M is an integral submanifold of the Sasakian manifold S3(1),
we can choose a local field of orthonormal frames X, X, &; =¢X,, &,=0X,, £in S3(1)
such that X, X, are tangent to M and &, is parallel to the mean curvature vector H’
of M in S3(1). From the definition of an integral submanifold and (2.1) we have
that the unit vector & is normal to M and to &,, &,. So the vectors &,, &,, & x form a
basis of the normal space of M in E®. If, for convenience, we put (e, ** -, €g)=
(X1, X,, &4, &,, &, x), then we denote by {w;}, i=1, - - -, 6, the dual frame of the frame

{e;} and by {w{}, i,j=1, - - -, 6, the corresponding connection forms. Thus we have
— 6 .
(2.6) Ve,= Y, wle;.
j=1
We have
trA
Q.7 H=H —x=""1¢ _x

where A4, is the Weingarten map A4,, of M associated with £,. We note also that 4, = —1,
where I is the identity map. )

Applying (2.4) to H we have, by direct computation, the well known formula (see
[4, p. 273])

(2.8) AH=A"H'+o'(H')+ trVAH +(tr A2+2)H'—2|H|*x
where

5
2.9) W(H)= 3, tr(duAee,

is the allied mean curvature vector of M in S3(1) and

. 2
(2.10) trVAy= Y. (VxAp)Xi+ Ap, uX) .
i=1

]
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Moreover, since Dx =0, we have that DH’ is perpendicular to x. So <A”H’, x> =0.
On the other hand, since Ax= —2H, by using (2.5) we find

@.11) Am="T4

(AP+A‘41)£1 _<'1p+)'q—/1p;q>x
Combining (2.8) with (2.11) we obtain tr 4, =const. When tr 4, =0 M is a minimal
surface of S°(1) and so is of 1-type by Takahashi’s theorem. Thus we may assume that
tr 4, =const. #0. ’

Since M is an integral surface we have w%=0,7=3,4, 5, 6 and from (2.2) we have
wb=0if j=1,2,5,6 and w3(X)= — (&, &), 0¥ X)= — <& €, i=1, 2.

By direct computation, we get

2
(2.12) A"H'= 3 (Dy, x,H —Dx Dy H')= trdy AP¢,

i=1

trA4, 4 2 4 2

== [—(tr Vo3)¢; +| D¢y 16 — (03(X2) + 0 1(X3))E]
where we have put
2 2
2.13) D& [P= ¥ 1 DxéaP= X @307 +1,
2 2

(2.14) rvoi= 2 (VxoYX)= X Xo3(X)—o3(VxX).

From [3, Lemma 1, p. 102] we have 4,=0. Thus from (2.9) and (2.10) we get

(2.15) w(Hy =T

tr(4,4,)¢, ,

tr 4,

— 2
2.16) trVA, = Y (Vg A)X + 03(X)A,X) .
) i=1

Now, from (2.8), (2.11), (2.12), (2.15) and (2.16) we obtain the followihg useful equations

(i) ,'2=1((VX;A1)Xi+wg(Xi)A2Xi)=0 s
e 2 2 __ _
@2.17) ('1.1‘) |IDE P+trAdi=A,+4,—2,
(iii) trVoi—trd,4,=0,
(iv) 03(X,)+01(X;)=0.

We continue with some further calculations. Using the Codazzi equation
(VXA 1) Y— ADX§1 Y— (VYA 1)X+ ADy;1X= 0

and tr 4, =0, we compute
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2 2 ) .
i=1

i=1

Combining this with (2.17 (i)) we obtain

2
(2.18) Z (Vx,A1)X;=0
i=1
and
2
(2.19) Y 03(X)4,X,=0.

i=1
From [3, Lemma 2, p. 103] we have
(2.20) A X,=A,X, .

So,
if A1=[“ b], then A2=[b ¢ ]
b ¢ ¢ —b

We have detA4,#0, because if we assume detA4,=0, from (2.18) we conclude
»?=0 and from (2.17 (iv)) w%(X;)=0. Thus from (2.17 (ii)) and (2.13) we obtain
04X N X,03X,))=0. On the other hand, since (R*(X;, X5)¢;, &0 =1—X,05(X)),
the equation of Ricci implies X,w%(X;)=1. This is a contradiction. Therefore,
det A, #0 and (2.19) gives w%=0. Then applying (2.13) and (2.14) to (2.17 (ii)) and
(2.17 (iii)) respectively, we find tr A3 =const. and tr 4,4, =0. Thus, we get b=0, a=
const. and c=const. '
We are now ready to state and prove the main results.

3. Main results.
The following lemma shows that M is flat.

LEMMA 3.1. Let M be a mass-symmetric 2-type integral surface in S*(1) in ES.
Then M is flat.

Proor. Note that the ambient space S3(1) is a Sasakian manifold. So from (2.2)
and the fact that M is an integral surface we have

_V-x,5i=le,‘fi=(VS:J(P)Xi+(p(V'iji)
=6 +o(Vx X;+h (X, X)), ij=1,2.
On the other hand
G.D Vyli= —AX;+ Dy &
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and moreover using (2.20) again
oh'(X;, X)) = (KA X, X;D& +K4,X;, X&)
=_‘(<AiX1, XJ>X1+<A1X2,XJ>X2)='—A,'XJ, i,j=1,2.
Thus, we conclude that ¢(Vx X;)=0 and from (2.1) that Vy X; is parallel to £. But Vy Xi
is tangent to M. So Vy X;=0 and the lemma follows.

From the equation of Gauss we get 1 +ac—c?>=0. So ¢#0 and a=(c*—1)/c.
We need the following definition (see [8, p. 20]).

DErRINITION 3.2. If y(s) is a curve in a Riemannian manifold N, parametrized by
arc length s, we say that y is a Frenet curve of osculating order r when there exist
orthonormal vector fields E;, E,, - - -, E,, along y, such that:

V=E,;, V;Ei=K,E,, V;E;=—x,Ei+KE;, -,
V)"Er- 1= — Kr—ZEr—Z +K, - 1Er > V)?Er= — Ky~ 1Er— 1
where x,, K5, * - *, K, are positive C® functions of 5. k; is called the j-th curvature of y.

So, for example, a geodesic is a Frenet curve of osculating order 1; a circle is a
Frenet curve of osculating order 2 with x;, a constant; a helix of order r is a Frenet
curve of osculating order r, such that «,, x,, * - -, k,_; are constants.

‘THEOREM 3.3. Let M be a mass-symmetric 2-type integral surface in S 5(1) in ES.
Then M is locally the Riemannian product of a circle and a helix of order 4 or the product
of two circles.

PROOF. We shall prove that the X,-curve is a helix of order 4 or a circle and the
X,-curve is a circle. Next we obtain that, under the hypothesis of Theorem 3.3, M lies
fully in S5(1).

First of all we observe that for the second fundamental form 4 of M in E® we have
(3.2) WXy, Xy)=al,—x, hX,;, Xp)=c&;, hX,, Xy)=cé—x.

From this and (3.1) we get

Vi Xi=al,—x, Vyx&é =—aX,+&, Vyé=—cX,,

(3.3) _ _
' Vxlx=X1, Vxlé=='—§1.
Also we get
—V_X2X2=C£1—x, Vx2£1=—CX2, . VX2§2=-—CX1+6,
(3.4

szx=X2, VX26=_629 -V-X2X1=C62.
Let X, =E,. From (3.3) we obtain
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VE1E1=a§1—x=x1E2, where E2=~a§1——x Ki=+/a*+1.

,/a2+1’

— a
VE1E2= —\/a2+1E1+—'———‘€= —K1E1 +K2E3

Jat+1

where
Ey=&, Ky=—— if a>0, or Ey=—¢, k,=——2 if a<0
3=6, K= ’ 3T 76, k2= a<tu.
Jat+1 i Ja*+1
—V_E.E3= —&¢1=—1E,+K3E,,
where
E4=—M if a>0, or E4=él—+a—x— if a<0, K3=—1——.
Jat+1 Ja*t+1 a’+1
— 1
VE1E4= _’——‘—£= —‘K3E3 if a>0 , Or
a+1
— 1 .
VE!E4=—‘——€= _K3E3 lf a<0 .

Jat+1

Thus x, =0 and the X;-curve is a helix of order 4. The case a=0 corresponds to x, =0
and hence the X,-curve is a circle.
Now we put X, =v,. From (3.4) we obtain

¢t —x

Je+1
V,va=—/c2+1v,.

So x,=0 and the X,-curve is a circle. This completes the proof of the theorem.

V,vi=c —x=K,v,, where v,= , Ki=+/c%*+1,

Now, on M we may choose local coordinates such that the immersion (2.3) is
x=x(u, v) with x,=X,; and x,=X,. Thus, from equations (3.3) and (3.4), by direct
computation we find

4
1
() Xt o X+ x=0,
C
3.5
3-3) ()Xot (24 1)x,=0,

(iii) c%x,,—(c?—1x,,+x=0.
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We want to find the general solution of the system (3.5). We need the following lemma.

LEMMA 3.4. Suppose c*#1. Then the general solution of the ordinary differential
equation

o0 PP

is

3.7 f(f)=c,cosct+c,sinct+c3 cos—:-+c4 sin-é—,
¢;=const. , i=1,2,3,4.

The functions cos ct, sin ct, cos t/c, sin t/c are linearly independent and the function f(1) is
periodic with period T =2m./Im if and only if ¢? is the rational number c* = I/m, I, m integers.

ProOF. The differential equation (3.6) is of 4-th order, linear and homogeneous.
So the general solution of this is given by (3.7). Let Acosct+ Bsinct+ Ccost/c+
Dsint/c=0. If we take t=0, =nc, 2nc, n/c, 2n/c, we see that A=B=C=D=0 unless
c2=1. So the functions cos ct, sin ct, cos t/c, sin t/c are linearly independent.

If the function f(?) is periodic with period T then

(cy(cos cT—1)+c,sin cT)cos ct+(—c, sin cT+ c,(cos cT— 1)) sin ct

T . T t . T T .t
+{ c3{ cos——1 J+c,sin— Jcos—+| —c3sin—+cy| cos——1 | |sin—=0.
c c c c c c

Since the functions cos ct, sin ct, cos t/c and sin ¢/c are linearly independent we conclude
that ¢cT=2nl and T/c=2nm where I, m are integers. Thus the function f(#) is periodic
if and only if ¢?=I/m. '

THEOREM 3.5. Let x: M—S3(1)c ES be a mass-symmetric 2-type immersion of
an integral surface M into S*(1). Then M lies fully in E® and the position vector x = x(u, v)
of M in ES is given by

1 .
(3.8) x=—-;———|:(ccos1)e1+(sin cusin./c?+1v)e,
Jei+1 ¢

. . u
—(sincucos./c*+ lv)e3+<c sin —)e4
c
+(cos cusin/c?+ 1v)es —(cos cucos /c? + 1v)e6:|

where c¢=const.#0 and {e;}, i=1, - -, 6, is an orthonormal basis of E°®.
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PrROOF. If c2#1, according to Lemma 3.4, the general solution of the differential
equation (3.5 (i)) is

. . . 17}
x=AYv)cos iy A?*(v) sin cu + A3(v) sin — + A*(v) cos cu
c c

where A'(v), i=1, - - -, 4, are ES-valued smooth functions of the variable v. Since the
functions cosu/c, sincu, sinu/c, coscu are linearly independent, every function A'(v)
must be a solution of the equation (3.5 (ii)). So

. 1 . . )
A‘(v)=»2—[(sin,/cz+ 10)45 —(cos/c? + 1v)A, +cAi], i=1,2,3,4
Jveo+1

~ where 4, i=1,---,4, j=1,2,3, are constant vectors in E®. Thus the solution of the

equations (3.5) (i) and (ii) is given by

1 .
x=——\/_2:|:(sm. /c2+ 1vA} —cos/c?+ 1vA} +cAL) cos £
c“+1 c

+in/c?+1vA2 —cos/c?+1v42 +cA¥)sin cu
+(sin/c?+1v43 —cos/c?+ 1vA3 +cA3d) sin 2
c

+(siny/c?+1vAt —cos \/c2 + 1vA% + cA%) cos cu] .

On the other hand, from this and (3.5(ii))) we find (4}, 41, 42, 43, 43, 4% =
0,0, 0,0, 0, 0). Thus the position vector x of M is given by (3.8) where e,, - - -, ¢4 are
the constant vectors A3, 4%, 43, 43, 4%, A%, respectively.

As x=x(u, v) in (3.8) is the solution of the differential system (3.5), we have at the
point x(0, 0)

ﬁ(wl —ées) , ﬁ
Xyp=cCC, , x,,,,=\/<ﬁe6 , x,,,,,,=c\/cme3 .
On the other hand, from (3.3) and (3.4) we find
Gx>=1, {%x>=0, {(xx>=0, <{x,x,>=0,
G Xpp=—1, X% Xp>=0, {(x,x>=1, <x,, x,)>=0,

<xu: xuv> =0 ’ <xu9 xuv> =0 s <xm xuvu> = __c2 ’ <xw xv> =1 s

xX= Xy = (—ces+ey), x,=es,

(3.9)

(3.10)
<xw xuu> =0, <xw xvv> =0, <xv’ xuvv> =0, <-xuv’ xuv> =c? s
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<xuw xvv> =O ’ <xuw xuvv> =0 s <xvv’ xuv) = C2 + 1 > <xvv’ xuUU) =O ’
<xuuw xuvv> = c2(62 + 1) .

Combining (3.9) with (3.10) we obtain {e;, e;> =J;;.
If we have c?=1, using a similar argument to that of the case c2# 1 we obtain

1
x= 7_— [(cosu)e, +(sinusin./ 2 v)e, —(sinucos./ 2 v)e,
2

+(sinu)e, +(cosusin.,/ 2 vjes—(cosucos./ 2 v)eg] .

Moreover, in this case the corresponding equations (3.9) and (3.10) are valid if we put

c=1. If ¢=—1, changing the sign of e,, e,, ¢; gives the same result. Thus we again
conclude {e;, e;> =4;;.

REMARK. Let x: M—S"(1) be an isometric immersion of a compact surface M

into the sphere S"(1). The total mean curvature is defined by

‘c(x)=f (x> +1)dV
M

where o' is the mean curvature of the surface M. The surface M is said to be stationary if

5(f (oc’2+1)dV>=0

for any &, where & is a normal variation. Weiner [10] shows that M is stationary if and
only if

, 1 ,
(3.11) AYH' = —20"*H' +—(tr AZ)H' +o'(H') ,
o

(see also [1]). We obtain the following.

PROPOSITION 3.6. If M is a mass-symmetric 2-type integral surface of S*(1), then
M is not stationary.

PROOF. Assume that M is stationary. From (2.15) we have that M is a Chen
surface of S3(1), i.e. a’(H’)=0. Therefore, we obtain from (3.11)

trAl( (tr4,)?
2

A"H' =

+trA"1’)€1

and since tr 4, =a+c=(2c*—1)/c#0,

2¢2—1

AP =25
4¢3

1 -



356 CHRISTOS BAIKOUSSIS AND DAVID E. BLAIR

On the other hand, from (2.12) we get

tr 4, 2¢2—1
3 §1= % €1 -

APH =
Therefore we have 2c2=1, a contradiction.
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