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\S 0. Introduction.

We consider a transformation $T$ on

$X=\{(x, y)|0\leqq x<1,0\leqq y<1-x\}-\{(0,1)\}$

defined by

$T(x, y)=\left\{\begin{array}{ll}(\frac{x}{1-x’}\frac{y}{1-x}) & if (x, y)\in\Delta_{1},\\(\frac{2x-1}{x}, \frac{y}{X}I & if (x, y)\in\Delta_{2},\\(\frac{1-2x}{1-x}, \frac{1-x-y}{1-x}) & if (x, y)\in\Delta_{3},\end{array}\right.$

with
$\Delta_{1}=\{(x, y)\in X|0\leqq x<1/2,0\leqq y\leqq 1-2x\}$ ,

$\Delta_{2}=\{(x, y)\in X|1/2\leqq x<1,0\leqq y<1-x\}$

and

$\Delta_{3}=\{(x, y)\in X|0\leqq x<1/2,1-2x<y\leqq 1-x\}$ .

This transformation was fiirst introduced, in [1], to consider properties of the
sequence

$C(\alpha, \beta)=\{[n\alpha+\beta]-[(n-1)\alpha+\beta]|n=1,2, \cdots\}$ ,

(where $[\cdot]$ denotes its integral part).
The purpose of this paper is to study algebraic properties of periodic points under
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the transformation $T$. We will show the following theorem:

THEOREM. Let $\alpha$ be a quadratic surd and $(\alpha, \beta)\in X$. Then $\beta$ is an element of the
quadratic field $ q\alpha$) if and only if $(\alpha, \beta)$ is a periodic point of the transformation $T$.

Here, the periodic point means that there exist natural numbers $k$ and $n$ such that
$T^{n+j}(\alpha, \beta)=T^{n+kl+j}(\alpha, \beta)$ for 1 $\lrcorner\leq\leqq k$ and $l\in N$ .

The fundamental idea used to obtain this theorem comes from the following notion:
DEFINITION. Let $\alpha$ be a quadratic surd and $\beta$ is in $\mathfrak{g}\alpha$). Then $\beta$ is said to be

$\alpha$-reduced if $(\alpha, \beta,\overline{\alpha}, \beta)\in X\times X^{*}$ , where

$X^{*}=\{(z, w) ; z\leqq 0, z<w\leqq 0\}\cup\{(z, w) ; z>1,0\leqq w<z\}$ .
Here and henceforth, $\overline{x}$ denotes its algebraic conjugate when $x$ is a quadratic surd, or
$x$ itself when $x$ is a rational number.

With this notion, it is possible to show that if $\beta$ is $\alpha$-reduced, then the cardinality
of the set $\{T^{n}(\alpha, \beta);n=1,2, \cdots\}$ is finite, and so the point $(\alpha, \beta)$ is periodic.

A similar approach goes back to Lagrange-Galois’ work: a real number $\alpha$ is
quadratic if and only if the partial quotients of the continued fraction expansion of $0$

is periodic. Furthermore, it has been taken up later by A. L. Schmidt in his work on
quadratic numbers over Gaussian integers [5] and by K. Schmidt on Pisot-Salen]

numbers [6].

\S 1. Periodicity under some transformations.

In this section, we introduce two one-dimensional transformations $S$ and $U$, which
correspond to the algorithms related to the mediant convergents (see [1] and [2]).
Theorems, obtained in this section, pave the way for discussions in the subsequent section.

Let $S$ be a transformation of $X_{1}=[0,1$ ) onto itself defined by

$S(x)=\left\{\begin{array}{l}S_{1}(x)=\frac{X}{1-x}\\S_{2}(x)=\frac{2x-1}{x}\end{array}\right.$ $ifif$ $0\leqq x<1/21/2\leqq x<1$ $and(Fig. 1)$

.

We put $\alpha_{S,n}=S^{n}(\alpha)(n\geqq 0)$ and

$i_{S.n+1}=\left\{\begin{array}{ll}1 & if 0\leqq\alpha_{S,n}<1/2\\2 & if 1/2\leqq\alpha_{S,n}<1\end{array}\right.$ $(n\geqq 0)$ .

So we get a sequence $(i_{S,1}, i_{S,2}, \cdots)\in\{1,2\}^{N}$ for every $\alpha\in X_{1}$ , which we call the name
of $\alpha$ with respect to $S$. We prove “Lagrange type” theorem, i.e. $\alpha$ is quadratic if and
only if the name of $\alpha$ with respect toSisperiodic.
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FIGURE 1

DEFINITION 1. Let $\alpha\in X_{1}$ be a quadratic surd. Then $\alpha$ is said to be S-reduced if
$\overline{\alpha}\leqq 0$ or $\overline{\alpha}>1$ , where $\overline{x}$ denotes the algebraic conjugate of $x$ .

We show two lemmas coitcerning S-reduced numbers.

LEMMA 1. For an S-reduced number $\alpha$ , we have
(A) $\alpha_{S,1}$ is also S-reduced.
(B) There exists a unique element $\alpha_{S,-1}$ in $S^{-1}(\alpha)$ , which is S-reduced.

PROOF. We put $\overline{X}_{1}=[0,1$ ) $\times((-\infty, 0$] $\cup(1, \infty))$ and define two partitions of $\overline{X}_{1}$ by

$\left\{\begin{array}{l}D_{S,1}=[0,1/2)\times(1, \infty)\\D_{S,2}=[0,1/2)\times(-\infty, 0]\\D_{S,3}=[1/2,1)\times(1, \infty)\\D_{S,4}=[1/2,1)\times(-\infty, 0]\end{array}\right.$

and

$\left\{\begin{array}{ll}E_{S,1} & =[0,1)\times(-\infty, -1)\\E_{S,2} & =[0,1)\times[-1,0]\\E_{S,3} & =[0,1)\times(1,2)\\E_{S,4} & =[0,1)\times[2, \infty).\end{array}\right.$

We consider a transformation $\overline{S}$ on $\overline{X}_{1}$ defined by

$\overline{S}(x, y)=\left\{\begin{array}{l}(S_{1}(x),S_{1}(y))=(\frac{x}{1-x},\frac{y}{1-y})\\(S_{2}(x),S_{2}(y))=(\frac{2x-1}{x},\frac{2y-1}{y})\end{array}\right.$ $ifif$ $0\leqq x<1/21/2\leqq x<1$

.
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FIGURE 2

We call $\overline{S}$ a natural extension of $S$.
(A) For an S-reduced number $\alpha$ , we have $(\alpha,\overline{\alpha})\in\overline{X}_{1}$ . So there exists some $i(i=1,2,’$.
or 4) such that ( $\alpha$ , ct) $\in D_{S.l}$, therefore

$(\alpha_{S,1}, \overline{\alpha_{S.1}})=S(\alpha,\overline{\alpha})\in E_{S,i}$ (Fig. 2).

(B) For every $(\alpha,\overline{\alpha})\in\overline{X}_{1}$ , there existsi such that $(\alpha,\overline{\alpha})\in E_{S,i}$ . If we put

$\alpha_{S,-1}=\left\{\begin{array}{ll}\frac{\alpha}{1+\alpha} & if (\alpha,\overline{\alpha})\in E_{S,1}\cup E_{S,2}\\\frac{1}{2-\alpha} & if (\alpha,\overline{\alpha})\in E_{S.3}\cup E_{S.4},\end{array}\right.$

$(\alpha_{S,-1}, \overline{\alpha_{S,-1}})\in D_{S.i}$ and $\alpha_{S,-1}$ is S-reduced.

LEMMA 2. There are only finite number of S-reduced quadratic surds with a givei
discriminant $d>0$ .

$PR\infty F$ . Let $\alpha$ be a root of

$ax^{2}-2bx+c=0$ $(a, b, c\in Z, a>0, d=b^{2}-ac>0)$

and S-reduced.
(1) If $0\leqq\alpha<1$ and $\overline{\alpha}>1$ , then, from $0\leqq(b-\sqrt{d})/a$ and $(b+\sqrt{d})/a>1$ , we ge
$0<a<d$ and $\sqrt{d}<b<d+\sqrt{d}$ .
(2) If $0\leqq\alpha<1$ and $\overline{\alpha}\leqq 0$ , then we get $0<a<d$ and $-\sqrt{d}<b<\sqrt{d}$ .

From (1) and (2), the number of such $\alpha’ s$ is finite.

PROPOSITION 1. If $\alpha\in X_{1}$ is a quadratic surd and S-reduced, the name of $\alpha$ wit,

respect to $S$ is purely periodic, that is, there exists a natural number $k$ such that $i_{S,j}=i_{S,kl+}$
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for $1\leqq j\leqq k$ and $l\in N$.

NOTICE. In the sequel, we denote such periodicity by

$(i_{S,1}, i_{S,2}, \cdots)=(\overline{i_{S,1},\cdots,i_{S,k}})$ .
$PR\infty F$ . From Lemma 1 (A), if $\alpha$ is S-reduced, then $\alpha_{S,1}$ is S-reduced, and therefore

$\alpha_{S2},$ $\alpha_{S,3}$ , . . . are also S-reduced. Moreover it is clear from the definition of $S$ that if
$\alpha$ is a quadratic surd with a discriminant $d$, then $\alpha_{S,1},$ $\alpha_{S,2},$

$\cdots$ are quadratic with the
same discriminant. From Lemma 2, there exist $i$ and $k$ such that $\alpha_{S,i}=\alpha_{S,i+k}$ . From
Lemma 1 (B), we get $\alpha_{S,i-1}=\alpha_{S,i+k-1}$ and in the same way

$\alpha_{S,i-2}=\alpha_{S,i+k-2}$ ,
. . . . . . . . . . . . . . . . ,

$\alpha=\alpha_{S,k}$ .

Therefore the name of $\alpha$ with respect to $S$ is a purely periodic sequence with the period $k$ .

THEOREM 1. A real number $\alpha\in X_{1}$ is quadratic if and only if the name of $\alpha$ with
respect to $S$ is periodic.

$PR\infty F$ . Let

$A_{1}=\left(\begin{array}{ll}1 & 1\\0 & 1\end{array}\right)$ , $A_{2}=\left(\begin{array}{ll}2 & -1\\1 & 0\end{array}\right)$

which correspond to $S_{1}^{-1}(x)=x/(1+x)$ and $S_{2}^{-1}(x)=1/(2-x)$ , respectively. For every
name $\{i_{S,1}, i_{S,2}, \cdots\}$ of $\alpha$ with respect to $S$, we put

$\left(\begin{array}{ll}r_{S,n} & s_{S,n}\\t_{S,n} & u_{S,n}\end{array}\right)=A_{i_{S,1}}A_{i_{S.2}}\cdots A_{i_{S,n}}$ $(n\geqq 1)$ .

Then it is easy to show that

$\alpha=\frac{t_{S,n}+u_{S,n}\cdot.\alpha_{S,n}}{r_{S.n}+S_{S,n}\alpha_{S,n}}$ , (1)

and that $t_{S,n}/r_{S,n}$ and $u_{S.n}/s_{S,n}$ are the convergents of $\alpha$ (see [1]). We denote $S^{n}(\alpha, 0)$ by
$(\alpha_{S,n}, \alpha_{S.n}^{*})$ , and we see that $(\alpha_{S,n}, \alpha_{S,n}^{*})\in\overline{X}_{1}$ for all $n\geqq 0$ . We have ($\alpha_{S.n},\alpha_{Sn}\neg\in\overline{X}_{1}$ for large
$n$ in the following way. Noting that det $A_{1}=\det A_{2}=1$ and so $r_{S,n}u_{S,n}-t_{S,n}s_{S,n}=1$ , we
see that

$|\overline{\alpha_{S,n}}-\alpha_{S,n}^{*}|=|\frac{t_{S,n}-r_{S,n}\overline{\alpha}t_{S,n}}{-u_{S,n}+s_{S,n}\overline{\alpha}-u_{S,n}}|$

$=|\frac{\overline{\alpha}}{-u_{S,n}(-u_{S,n}+s_{S,n}\overline{\alpha})}|$
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$=|\frac{\overline{\alpha}}{-u_{S,n}s_{S,n}(\overline{\alpha}-u_{S,n}/s_{S,n})}|\rightarrow 0$ as $ n\rightarrow\infty$ (2)

(see [1]). Let

$\overline{X_{1}(\epsilon)}=[0,1)\times(-\epsilon, 0]\cup[0,1)\times(1,1+\epsilon)$ ,

where $\epsilon$ is positive but small enough. We consider the following two cases.
(1) Iffor every $N$, there exists $n\geqq N$ such that $(\alpha_{S.n}, \alpha_{S.n}^{*})\in\overline{X}_{1}-\overline{X_{1}(\epsilon)}$, then $(\alpha_{S,n},\alpha_{Sn}\neg\in\overline{X}_{1}$

by (2).
(2) If there exists $N$ such that $(\alpha_{S,n}, \alpha_{S.n}^{*})\in\overline{X_{1}(\epsilon)}$ for every $n\geqq N$, then $\{i_{S.1}, i_{S,2}, \cdots\}=$

$\{1,1, \cdots\}$ or $\{2, 2, \cdots\}$ .
From (1) and (2), it follows that the name of $\alpha$ with respect to $S$ is periodic. Conversely,
if $\{i_{S,1}, i_{S,2}, \cdots\}$ is periodic, that is, there exist $N$ and $k$ with $\alpha_{S,N}=\alpha_{S,N+k}$ , then from (1),

$\alpha=\frac{t_{S,N}+u_{S.N}.\cdot\alpha_{S.N}}{r_{S.N}+s_{S.N}\alpha_{S.N}}$

$=\frac{t_{S,N+k}+u_{S.N+k}.\cdot\alpha_{S,N+k}}{r_{S.N+k}+s_{S,N+k}\alpha_{S.N+k}}$

$=\frac{t_{S,N+k}+u_{S.N+k}.\cdot\alpha_{S,N}}{r_{S,N+k}+s_{S.N+k}\alpha_{S,N}}$ .

So $\alpha_{S,N}$ is quadratic, therefore $\alpha$ is quadratic.

REMARK. The converse of Proposition 1 also holds from Theorem 1. In fact if
the name of $\alpha$ with respect to $S$ is a purely periodic sequence with a period $k$, then
from (1), $\alpha=(t_{S,k}+u_{S.k}\cdot\alpha)/(r_{S.k}+s_{S,k}\cdot\alpha)$, and so $\alpha$ is quadratic.

From Theorem 1, there exists $N$ such that $\alpha_{S.N}$ is S-reduced. Since $\alpha_{S,n}’ s,$ $n\geqq N$, are
S-reduced and $\alpha=\alpha_{S,kl}$ for every $l\geqq 0$, we see that $\alpha$ is S-reduced from Lemma 1 (A).

Now we define the second transformation $U$ from $[0,1$ ) to $[0,1$ ) as follows. We
see properties analogous to those of $S$. We only state the definitions and the properties
without any proofs.

We define the transformation $U$ on $X_{2}=[0,1$ ) by

$ U(x)=1^{U_{1}(x)=\frac{x}{1-x1-xx}}U_{2}(x)=\frac$ $ifif$ $0\leqq x<1/21/2\leqq x<1$

(Fig. 3).

The name of $\alpha$ with respect to $U$ is given by $\alpha_{U,n}=U^{n}(\alpha)(n\geqq 0)$ and
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FIGURE 3

$i_{U,n+1}=\left\{\begin{array}{ll}1 & if 0\leqq\alpha_{U,n}<1/2\\3 & if 1/2\leqq\alpha_{U,n}<1\end{array}\right.$ $(n\geqq 0)$ .

DEFINITION 1*. A quadratic number $\alpha\in X_{2}$ is called U-reduced if

$(\alpha,\overline{\alpha})\in\overline{X}_{2}=[0,1)\times(-\infty, 0]$ .
The associated matrices with respect to $U$ are given by

$A_{1}=\left(\begin{array}{ll}1 & 1\\0 & 1\end{array}\right)$ , $A_{3}=\left(\begin{array}{ll}1 & l\\1 & 0\end{array}\right)$ ,

which give the following relation;

$\alpha=\frac{t_{U,n}+u_{U,n}.\cdot\alpha_{U,n}}{r_{U.n}+s_{U,n}\alpha_{U,n}}$ (3)

where

$(_{t_{U,n}}^{r_{U,n}}s_{U,n}u_{U},J=A_{i_{U,1}}A_{i_{U,2}}\cdots A_{i_{U,n}}$ $(n\geqq 1)$ .

Then we have

LEMMA 1*. For an U-reduced number $\alpha$ , we have
(A) $\alpha_{U,1}$ is also U-reduced.
(B) There exists a unique element $\alpha_{U,-1}$ in $U^{-1}(\alpha)$ , which is U-reduced.

The proof is obtained by introducing a natural extension $\overline{U}$ (Fig. 4):
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$\overline{U}(x, y)=\left\{\begin{array}{l}(U_{1}(x),U_{1}(y))=(\frac{X}{1-x},\frac{y}{1-y})\\(U_{2}(x),U_{2}(y))=(\frac{1-x}{X},\frac{1-y}{y})\end{array}\right.$ $ifif$ $0\leqq x<1/21/2\leqq x<1$

.

LEMMA 2*. There are only finite number of U-reduced quadratic numbers with a
given discriminant $d>0$ .

The proof is obtained by the analogy with the proof of Lemma 2. We will also
have the following:

PROPOSITION 1*. If $\alpha\in X_{2}$ is a quadratic surd and U-reduced, the name of $\alpha$ with
respect to $U$ is purely periodic.

THEOREM 1*. The number $\alpha\in X_{2}$ is quadratic if and only if the name of $\alpha$ with
respect to $U$ is periodic.

\S 2. Periodicity under the transformation $T$.
We consider the transformation $T$ defined in \S 0. We note that $\{\Delta_{1}, \Delta_{2}, \Delta_{3}\}$ is a

partition of $X$ (Fig. 5) and that

$T(\Delta_{1})=X$ , $T(\Delta_{2})=X$ , and $T(\Delta_{3})=X-\{(x, y)\in X|y=1-x\}$ .
Putting $\overline{X}=X\times X^{*}$ , we define a transformation $\overline{T}$ from $\overline{X}$ to $\overline{X}$ as follows:
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FIGURE 5

$\overline{T}(x, y, z, w)=\left\{\begin{array}{ll}(\frac{x}{1-x’}\frac{y}{1-x’}\frac{Z}{1-z’}\frac{w}{1-z}) & if (x, y)\in\Delta_{1}\\(\frac{2x-1}{x}\frac{y}{X}\frac{2z-1}{z}\frac{w}{z}) & if (x, y)\in\Delta_{2}\\(\frac{1-2x}{1-x}, \frac{1-x-y}{1-x}, \frac{1-2z}{1-z}, \frac{1-z-w}{1-z}) & if (x, y)\in\Delta_{3}.\end{array}\right.$

The transformation $\overline{T}$ is a natural extension of $T$. Putting $(\alpha_{n}, \beta_{n})=T^{n}(\alpha, \beta)(n\geqq 0)$ and
$i_{n+1}=i$ if $(\alpha_{n}, \beta_{n})\in\Delta_{i}$ , we get a sequence $(i_{1}, i_{2}, i_{3}, \cdots)$ , which we call the name of $(\alpha, \beta)$ .

LEMMA 3. Let $\alpha$ be a quadratic surd and $\beta\in\alpha\alpha$) be $\alpha$-reduced. Then we have
(A) $\beta_{1}$ is $\alpha_{1}$ -reduced.
(B) There exists a unique point $(\alpha_{-1}, \beta_{-1})$ in $T^{-1}(\alpha, \beta)$ so that $\beta_{-1}$ is $\alpha_{-1}$ -reduced.

$PR\infty F$ . We define a partition $\{\Delta_{1}^{*}, \Delta_{2}^{*}, \Delta_{3}^{*}\}$ of $X^{*}$ by

$\Delta_{1}^{*}=\{(z, w)\in X^{*}|z\leqq 0, z<w\leqq 0\}$

$\Delta_{2}^{*}=\{(z, w)\in X^{*}|z>1,0\leqq w<1\}$

$\Delta_{3}^{*}=\{(z, w)\in X^{*}|z>1,1\leqq w<z\}$ .
(A) For an $\alpha$-reduced number $\beta,$ $thereexistsi(i=1,2or3)$ with

$(\alpha, \beta,\overline{\alpha}, \beta)\in\Delta_{i}\times X^{*}$

Then we get $(\alpha_{1}, \beta_{1},\overline{\alpha}_{1}, \beta_{1})=\overline{T}(\alpha, \beta,\overline{\alpha}, \beta)\in X\times\Delta_{i}^{*}$ (Fig. 6). Therefore $\beta_{1}$ is $\alpha_{1}$ -reduced.
(B) For an $\alpha$-reduced number $\beta,$ $thereexistsi(i=1,2or3)$ with

$(\alpha, \beta,\overline{\alpha}, \beta)\in X\times\Delta_{i}^{*}$

If we put
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FIGURE 6
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$(\alpha_{-1}, \beta_{-1})=\left\{\begin{array}{l}(\frac{\alpha}{1+\alpha’}\frac{\beta}{1+\alpha})\\(\frac{1}{2-\alpha’}\frac{\beta}{2-\alpha})\\(\frac{1-\alpha}{2-\alpha’}\frac{l-\beta}{2-\alpha})\end{array}\right.$ $ififif(\overline{\alpha},\beta)\in\Delta_{3}^{*}(\overline{\alpha},\beta)\in\Delta_{2}^{*}(\overline{\alpha},\beta)\in\Delta_{1}^{*}$

we have $(\alpha_{-1}, \beta_{-1})\in\Delta_{i}\times X^{*}$ . Therefore $\beta_{-1}$ is $\alpha_{-1}$ -reduced.

LEMMA 4. Let $\alpha\in X$ be quadratic and $\beta\in\alpha\alpha$) be $\alpha$-reduced. Then the cardinality
of the set $\{\alpha_{0}, \alpha_{1}, \alpha_{2}, \cdots\}$ is finite.

PROOF. By Proposition 1, the sequence of $\alpha$ with respect to $S$ is purely periodi’c.
We denote its period by $k$ . We denote the sequence $(\alpha_{S,0}, \alpha_{S,1}, \cdots)$ by $(\alpha_{0}, \alpha_{1}, \cdots)$ . For
every quadratic surd $\alpha$ and $\alpha$-reduced $\rho\in \mathfrak{g}\alpha$), we have $\alpha\in\{\alpha_{S,0}, \cdots, \alpha_{S,k-1}\}$ because
$\alpha$ is also S-reduced. For any $i\geqq 0$ , if $(\alpha_{i}, \beta_{i})\in\Delta_{1}\cup\Delta_{2}$ and there exists $l(0\leqq l\leqq k-1)$ such
that $\alpha_{i}=\alpha_{S,l}$ , then $\alpha_{i+1}=\alpha_{S,l+1}(0\leqq l\leqq k-2)$ or $\alpha_{i+1}=\alpha_{S,0}(l=k-1)$ . When $(\alpha_{i}, \beta_{i})\in\Delta_{3}$

and there exists $l(0\leqq l\leqq k-1)$ such that $\alpha_{i}=\alpha_{S,l}$ , we put

$\alpha_{i+1}^{\prime}=\frac{1-2\alpha_{S,l}}{1-\alpha_{S,l}}=1-\frac{\alpha_{S,l}}{1-\alpha_{S,l}}=1-\alpha_{S,l+1}$

and

$\beta_{i+1}^{\prime}=1-\frac{\beta_{i}}{1-\alpha_{i}}$ .

There are two possibilities:
(1) $0\leqq\alpha_{i+1}^{\prime}<1/2$ (equivalently $1/2<\alpha_{S,l+1}<1$ ). If $(\alpha_{i+1}^{\prime}, \beta_{i+1}^{\prime})\in\Delta_{1}$ , then we have

$1-\frac{\alpha_{i+1}^{\prime}}{1-\alpha_{i+1}}=1-\frac{1-\alpha_{S,l+1}}{1-(1-\alpha_{S,l+1})}=\frac{2\alpha_{S,l+1}-1}{\alpha_{S.l+1}}=\alpha_{S.l+2}$ .

If $(\alpha_{i+1}^{\prime}, \beta_{i+1}^{\prime})\in\Delta_{3}$ , then we have

$\frac{1-2\alpha_{i+1}^{\prime}}{1-\alpha_{i+1}}=\frac{1-2(1-\alpha_{S,l+1})}{1-(1-\alpha_{S,l+1})}=\frac{2\alpha_{S,l+1}-1}{\alpha_{S.l+1}}=\alpha_{S,l+2}$ .

(2) $1/2\leqq\alpha_{i+1}^{\prime}<1$ (equivalently $0\leqq\alpha_{S,l+1}<1/2$). If $(\alpha_{S,l+1}, \beta_{S,l+1})\in\Delta_{1}$ , we have

$1-\frac{2\alpha_{i+1}^{\prime}-1}{\nearrow i+1}=1-\frac{2(1-\alpha_{S,l+1})-1}{1-\alpha_{S,l+1}}=\frac{\alpha_{S,l+1}}{1-\alpha_{S,l+1}}=\alpha_{S,l+2}$ .

If $(\alpha_{S,l+1}, \beta_{S,l+1})\in\Delta_{3}$ , we have



262 YUKO HARA-MIMACHI AND SHUNJI ITO

$\frac{2\alpha_{i+1}^{\prime}-1}{\alpha_{i+1}}’=\frac{2(1-\alpha_{S,l+1})-1}{1-\alpha_{S_{1}l+1}}=\frac{1-2\alpha_{S,l+1}}{1-\alpha_{S.l+1}}=\alpha_{S.l+2}$ .

In both cases, every element of the sequence $(\alpha_{0}, \alpha_{1}, \cdots)$ is included in

$\mathfrak{U}(\alpha)=\{\alpha_{S,0}, \cdots, \alpha_{S,k-1}, \alpha_{\acute{0}}, \cdots, \alpha_{k-1}^{\prime},1-\alpha_{\acute{0}}, \cdots, 1-\alpha_{k-1}^{\prime}\}$ .

Since the cardinality ofthe set $\mathfrak{U}(\alpha)$ is finite, the cardinality ofthe set $\{\alpha_{0}, \alpha_{1}, \cdots\}$ is finite.
Now, we define the matrices associated with $T$ as follows;

$B_{1}=\left(\begin{array}{lll}1 & l & 0\\0 & 1 & 0\\0 & 0 & 1\end{array}\right)$ , $B_{2}=\left(\begin{array}{lll}2 & -1 & 0\\1 & 0 & 0\\0 & 0 & 1\end{array}\right)$ , $B_{3}=\left(\begin{array}{lll}2 & -1 & 0\\1 & -1 & 0\\1 & 0 & -1\end{array}\right)$ .

We define $p_{n}^{\{i)},$ $q_{n}^{(i)},$ $r_{n}^{\langle i)}$ , and $\epsilon_{n}$ by

$(p_{n}^{\langle 1)}q_{n}^{\langle 1)}r_{n}^{\langle 1)}p_{n}^{\langle 2)}q_{n}^{(2)}r_{n}^{\langle 2)}\epsilon_{n}00)=B_{i_{1}}B_{i_{2}}\cdots B_{i_{n}}$ $(n\geqq 0)$ .

From [1], we get

$\alpha=\frac{p_{n}^{(1)}+p_{n}^{(2)}\alpha_{n}}{q_{n}^{(1)}+q_{n}^{(2)}\alpha_{n}}$ , (4)

$\beta=\frac{r_{n}^{(1)}+r_{n}^{(2)}\alpha_{n}+\epsilon_{n}\beta_{n}}{q_{n}^{(1)}+q_{n}^{(2)}\alpha_{n}}$ . $(5^{\backslash }$,

LEMMA 5. Let $\alpha$ be a quadratic surd and $\beta\in\alpha\alpha$) be $\alpha$-reduced. Then the cardinality

of the set $\{\beta_{0}, \beta_{1}, \beta_{2}, \cdots\}$ is finite.
$PR\infty F$ . We put

$\alpha_{j}=\frac{n_{j}+l_{j}\sqrt{d}}{m_{j}}$ , $\beta_{j}=\frac{u_{j}+v_{j}\sqrt{d}}{t_{j}}$ $(m_{j}, n_{\dot{p}}l_{j}, t_{j}, u_{j}, v_{j}\in Z, j\geqq 0)$

From Lemma 4, it follows that there exist at most finite number of such $m_{j}’ s$ . From
(5) and $\epsilon_{n}=\pm 1$ , we get

$\beta_{n}=\epsilon_{n}\{(q_{n}^{\langle 1)}+q_{n}^{\langle 2)}\alpha_{n})\beta-r_{n}^{\langle 1)}-r_{n}^{\{2)}\alpha_{n}\}$ .
Therefore we have $t_{j}=m_{j}\times t_{0}$ and there are finitely many such $t_{j}’\cdot s$ . Since $\beta$ is $\alpha$-reduced
we see that $\beta_{n}$ is $\alpha_{n}$-reduced for any $n\geqq 1$ by Lemma 3 (A). Noting that

$0<\beta_{n}<1-\alpha_{n}$ , $|\overline{\beta_{n}}|<|\overline{\alpha_{n}}|$ ,

we conclude from Lemma 4 that there are only finitely many such $\beta_{n}’ s$ .

Therefore we obtain the following proposition.
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PROPOSITION 2. Let $\alpha$ be a quadratic surd and $\beta\in\alpha\alpha$) be $\alpha$-reduced. Then the name
of $(\alpha, \beta)$ is purely periodic.

$PR\infty F$ . From Lemma3 (A), $\beta_{n}$ is $\alpha_{n}- reducedforanyn>0$ . $FromLemma5$ , there
exist $i$ and $N$ such that $\beta_{i}=\beta_{i+N}$ . From Lemma 3 (B), we have $\alpha_{i-1}=\alpha_{i+N-1}$ and
$\beta_{i-1}=\beta_{t+N-1}$ . In the same way, we have

$\alpha_{i.-.2}.=.\alpha_{i+N.-.2}\ldots and$

.
$.\beta_{i.-.2}.=.\beta_{i+N.-.2}$

,

$\alpha_{0}=\alpha_{N}$ and $\beta_{0}=\beta_{N}$

Finally we show the results on more general case.

THEOREM 2. Let $(\alpha, \beta)\in X$ and $\alpha$ be a quadratic surd. The number $\beta$ belongs to $ q\alpha$)

if and only if the name of $(\alpha, \beta)$ is periodic.

$PR\infty F$ . We consider the transformation $\overline{T}$ on the extended domain $X\times R^{2}$ . Such
an extension is possible because $\overline{T}$ is defined by two linear fractional transformations.
To prove the necessity, it is enough to show that there exists $N\in N$ such that
$(\alpha_{N-1}, \beta_{N-1},\overline{\alpha}_{N-1}, \beta_{N-1})\in\overline{X}$. From the definition of $\beta$ , we have

$\beta_{n}=\delta_{n-1}+\frac{\gamma_{n-1}\beta_{n-1}}{\epsilon_{n-1}-\alpha_{n-1}}$ , (6)

where

$(\gamma_{i}, \delta_{i}, \epsilon_{i})=\left\{\begin{array}{ll}(1, 0,1) & if (\alpha_{i}, \beta_{i})\in\Delta_{1}\\(1, 0,0) & if (\alpha_{i}, \beta_{i})\in\Delta_{2}\\(-1,1,1) & if (\alpha_{i}, \beta_{i})\in\Delta_{3}.\end{array}\right.$

From (6), we get

$\beta_{n}=(\delta_{n-1}+\frac{\gamma_{n-2}\delta_{n-2}}{\epsilon_{n-1}-\alpha_{n-1}}+\cdots+\frac{\gamma_{n-2}\cdots\gamma_{1}\gamma_{0}}{(\epsilon_{n-1}-\alpha_{n-1})\cdots(\epsilon_{1}-\alpha_{1})})$

$+\frac{\gamma_{n-2}\cdot.\cdot.\cdot.\gamma_{1}\gamma_{0}\cdot\beta_{0}}{(\epsilon_{n-1}-\alpha_{n-1})(\epsilon_{1}-\alpha_{1})(\epsilon_{0}-\alpha_{0})}$ . (7)

Now we define
$(\alpha_{n}, \beta_{n},\overline{\alpha}_{n}, \beta_{n}^{*})=\overline{T}^{n}(\alpha_{0}, \beta_{0},\overline{\alpha}_{0},0)$ .

From $(\alpha_{0}, \beta_{0},\overline{\alpha}_{0},0)\in\overline{X}$, we have $(\alpha_{n}, \beta_{n},\overline{\alpha}_{n}, \beta_{n}^{*})\in\overline{X}$ for every $n\geqq 0$ by Lemma 3 (A).
Noting $\gamma_{i}=\pm 1$ , we have

$|\beta_{n}-\beta_{n}^{*}|=|\frac{\beta_{0}}{(\epsilon_{n-1}-\overline{\alpha_{n-1}})\cdots(\epsilon_{1}-\overline{\alpha_{1}}K\epsilon_{0}-\alpha_{0}\neg}|$
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by (7). We show $|\beta_{n}-\beta_{n}^{*}|\rightarrow 0$ as $ n\rightarrow\infty$ .
(1) if $(\alpha_{i}, \beta_{i})\in\Delta_{1}$ and $|\epsilon_{i}-\overline{\alpha}_{i}|<1$ , then $1<\overline{\alpha}_{i}<2$ by $\epsilon_{i}=1$ . For

$|(\epsilon_{i}-\overline{\alpha}_{i})(\epsilon_{i+1}-\frac{\overline{\alpha}_{i}}{1-\overline{\alpha}_{i}})|=\left\{\begin{array}{ll}|\overline{\alpha}_{i}| & if \epsilon_{i+1}=0\\|1-\overline{\alpha}_{i}| & if \epsilon_{i+1}=1,\end{array}\right.$

the left hand side of the above formula is larger than 1.
(2) If $(\alpha_{i}, \beta_{i})\in\Delta_{2}$ and $|\epsilon_{i}-\overline{\alpha}_{i}|<1$ , then $-1<\overline{\alpha}_{i}<0$ . Hence

$|(\epsilon_{i}-\overline{\alpha}_{i})(\epsilon_{i+1}-\frac{2\overline{\alpha}_{i}-1}{\overline{\alpha}_{i}})|>1$ ,

which follows in the same way as (1).
(3) If $(\alpha_{i}, \beta_{i})\in\Delta_{3}$ and $|\epsilon_{i}-\overline{\alpha}_{i}|<1$ , then $1<\overline{\alpha}_{i}<2$ . Hence

$|(\epsilon_{i}-\overline{\alpha}_{i})(\epsilon_{i+1}-\frac{1-2\overline{\alpha}_{i}}{1-\overline{\alpha}_{i}})|>1$ ,

which follows in the same way as (1).
From (1), (2) and (3), the sequence $(\alpha_{0}, \alpha_{1}, \alpha_{2}, \cdots)$ is periodic and we see $|\beta_{n}-\beta_{n}^{*}|\rightarrow t$

(as $ n\rightarrow\infty$ ).
Now we consider the case that $(\overline{\alpha}_{n}, \beta_{n}^{*})$ belongs to the boundary of $\chi*$ for any ’

larger than some $N$. We put
$X^{*}(\epsilon)=$ {$(z,$ $ w)\in X^{*}||w|<\epsilon$ or $|z-w|<\epsilon$}.

To analyze the behavior of $(\Delta_{i}\times X^{*})$ by $\overline{T}$, we consider the following two cases.
(1) $ThereexistsNsuchthatforanyn\geqq N$,

$(\overline{\alpha}_{n}, \beta_{n}^{*})\in\{(z, w)\in X^{*}(\epsilon)||w|<\epsilon\}$ .
(2) $ThereexistsNsuchthatforanyn\geqq N$,

$(\overline{\alpha}_{n}, \beta_{n}^{*})\in\{(z, w)\in X^{*}(\epsilon)||z-w|<\epsilon\}$ .
In the case (1), we get $(i_{1}, i_{2}, \cdots)\in\{1,2\}^{N}$ and such a point $(\alpha, \beta)$ belongs to

$I_{0}=\{(\alpha, \beta)\in X|0\leqq\alpha<1, \beta=0\}$ .
From $I_{0}\subset\Delta_{1}\cup\Delta_{2}$ , for every $(\alpha, \beta)\in I_{0}$ , we have

$(\alpha_{n}, \beta_{n})=(S^{n}(\alpha), 0)$ .
In the case (2), we get $(i_{1}, i_{2}, \cdots)\in\{1,3\}^{N}$ and such a pair $(\alpha, \beta)$ belongs to

$J_{0}=\{(\alpha, \beta)\in X|\beta=\alpha\}$ .

On $J_{0}\subset\Delta_{1}\cup\Delta_{3}$ , we define a transformation $T^{\prime}$ by
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$T^{\prime}(x, y)=\left\{\begin{array}{l}(\frac{x}{1-x’}\frac{y}{1-x})\\(\frac{1-2x}{1-x}\frac{1-x-y}{1-x})\end{array}\right.$
$ifif$ $(x,y)\in\Delta_{1}(x,y)\in\Delta_{3}$

.

We see that $T^{\prime}$ and $U$ are isomorphic by the mapping $U_{1}$ . The sequence
$(i_{U,1}, i_{U,2}, i_{U,3}, \cdots)$ is periodic as we have seen in \S 1. Hence $(i_{1}, i_{2}, \cdots)$ is periodic
because the periodicity is preserved by the isomorphism.

Next we show the sufficiency. Before doing this, we need the following:

COROLLARY 1 (The converse of Proposition 2). If the name of $(\alpha, \beta)$ is purely
periodic, then $\alpha$ is quadratic and $\beta$ is $\alpha$-reduced.

PROOF. By (4) and (5), we have $\alpha$ is quadratic and $\beta\in\alpha\alpha$). By the necessity part
of Theorem 2, there exists $N$ such that

$(i_{1}, i_{2}, \cdot. )=(i_{1}, i_{2}, \cdot. . i_{N-1}, i_{N}, \cdot. . i_{N+k-1})$ .
By the pure periodicity of the name of $(\alpha, \beta)$ , we get $N=1$ . From the proof of the
necessity part of Theorem 2, we conclude $(\alpha, \beta,\overline{\alpha}, \beta)\in\overline{X}$.

Now, we prove the sufficiency part of Theorem 2. Assume that there exist $N$ and
$k$ with

$(i_{1}, i_{2}, \cdots)=(i_{1}, \cdot. . i_{N}, i_{N+1}, \cdots, i_{N+K})$ .

Since the name of $(\alpha_{N}, \beta_{N})$ is purely periodic, $\alpha_{N}$ is quadratic and $\beta_{N}$ is $\alpha_{N}$-reduced by
Corollary 1. Therefore $\alpha$ is quadratic and $\beta\in\alpha\alpha$).

\S 3. Invariance under substitutions.

Let $C(\alpha, \beta)$ be the characteristic sequence cf $(\alpha, \beta)\in X$ in \S 0. We define the
substitutions on the set of finite sequences of $\{0,1\}$ by

$\delta_{1}$ : $0=_{01}01$ , $\delta_{2}:_{1}0=011$ $\delta_{3}$ : $0=_{o}011$

The following theorem is due to [1].

THEOREM. Let $(\alpha, \beta)\in X$, and $(i_{1}, i_{2}, \cdots)$ be the name of $(\alpha, \beta)$ introduced in \S 2.
Then the sequence $C(\alpha, \beta)$ is given by

$C(\alpha, \beta)=\lim_{n\rightarrow\infty}(\delta_{i_{1}}\circ\delta_{i_{2}}\circ\cdots\circ\delta_{i_{n}})(0)$ .

By this theorem and Theorem 2, we have the following corollary.
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COROLLARY 2. Let $\alpha$ be a quadratic surd and $(\alpha, \beta)\in X$ and $(i_{1}, i_{2}, \cdots)$ be th $($

name of $(\alpha, \beta)$ . The number $\beta$ belongs to $\otimes\alpha$) if and only if there exist $N$ and $ksuc$’

that the sequence $C(\alpha_{N}, \beta_{N})$ is $\delta_{i_{N+1}}\circ\delta_{i_{N+2}}\circ\cdots\circ\delta_{i_{N+k}}$-invariant.

$PR\infty F$ . If $\beta\in\alpha\alpha$), then there existN andk with

$(i_{1}, i_{2}, \cdots)=(i_{1}, \cdots, i_{N}, i_{N+1}, \cdots, i_{N+k})$

by Theorem 2. By [1], we have

$c(\alpha, \beta)(\cdots\circ\delta_{i_{n}}X0)$ .

From

$C(\alpha_{N}, \beta_{N})=\lim_{m\rightarrow\infty}(\delta_{i_{N+1^{\circ}}}\cdots\circ\delta_{i_{N+m}}X0)$
,

we have

$C(\alpha_{N}, \beta_{N})=(\delta_{i_{N+1^{\circ}}}\cdots\circ\delta_{i_{N+k}})\cdot C(\alpha_{N}, \beta_{N})$ .
Conversely if $C(\alpha_{N}, \beta_{N})=(\delta_{i_{N+1}}\circ\cdots\circ\delta_{i_{N+k}})\cdot C(\alpha_{N}, \beta_{N})$ , we get

$C(\alpha_{N}, \beta_{N})=(\delta_{i_{N+1}}\circ\cdots\circ\delta_{i_{N+k}})^{n}\cdot C(\alpha_{N}, \beta_{N})$ for any $n$ .

Thus we have

$\lim_{m\rightarrow\infty}(\delta_{i_{N+1}}\circ\delta_{i_{N+2^{\circ}}}\cdots\circ\delta_{i_{N+m}}X0)=\lim_{n\rightarrow\infty}(\delta_{i_{N+1^{\circ}}}\cdots\circ\delta_{i_{N+k}})^{n}(0)$
.

For a given $(\alpha, \beta)$ , there is a 1-1 correspondence between the name of $(\alpha, \beta)$ and th
sequence $C(\alpha, \beta)$ . Then we have

$(i_{N+1}, i_{N+2}, \cdots)=(i_{N+1}, \cdots, i_{N+k})$

and

$(i_{1}, i_{2}, \cdots)=(i_{1}, \cdots, i_{N}, i_{N+1}, \cdots, i_{N+k})$ .
Therefore we get $\beta\in\alpha\alpha$) from Theorem 2.
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