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Abstract. Let $f$ be a density function with respect to Lebesgue measure. We suppose that $f(x)>0$ on
$(0, \beta)$ , where $ 0<\beta\leqq+\infty$ , and $f$ is uniformly continuous on $(0, \beta)$ . Moreover, let $ f^{\prime}(x)\rightarrow\alpha$ as $x\rightarrow+O$ exist,
where $ 0<\alpha<+\infty$ . We consider a non-regular model defined by $f(x, \theta)=f(x-\theta),$ $\theta,$ $x\in R$ . In the present
paper, under some conditions, it is shown that when $\theta$ is regarded as a random variabk with a prior density
function with respect to Lebesgue measure, there exist asymptotic expansions of centered and scaled posterior
distributions of $\theta$ .

1. Introduction

Let $f(x)$ be a uniformly continuous density function with respect to Lebesgue
measure with its support $(0, \beta),$ $ 0<\beta\leqq+\infty$ , and satisfy $f^{\prime}(x)\rightarrow\alpha,$ $ 0<\alpha<\infty$ , as $x\rightarrow+O$ .
And let $\{f(x, \theta):\theta\in R\}$ be a family of density functions with one parameter defined by
$f(x, \theta)=f(x-\theta)$ . Moreover, let $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}$ be real-valued random variables
independently and identically distributed in accordance with $f(x, \theta_{0})$ . On the occasion
of considering the posterior distribution of $\theta$ when observations $x_{1},$ $\cdots,$ $x_{n}$ are given,
we suppose that the prior distribution has the density function $\rho(\cdot)$ with respect to
Lebesgue measure.

The purpose of this paper is to show that, in this non-regular model, we can obtain
an asymptotic expansions of the centered and scaled posterior distributions of $\theta$ under
$P_{\theta_{O}}$ .

Woodroofe [7] has shown the asymptotic normality of $\alpha_{n}(\theta-\hat{\theta}_{n})$ with respect to
the marginal distribution of $(x_{1}, \cdots, x_{n})$ in the same non-regular model, where
$a_{n}^{2}=(\alpha/2)n\log n,$ $n\geqq 1$ and $\hat{\theta}_{n}=\hat{\theta}_{n}(x_{1}, \cdots, x_{n})$ is the maximum likelihood estimator of
$\theta_{0}$ . In a regular model, Johnson [2] has shown that there exist asymptotic expansions
of the centered and scaled posterior distributions with probability one. In comparison
with that result, ours is concluded in a weaker sense.
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2. Conditions and main theorems.

We shall impose the following conditions. Throughout this paper, let $K$ be anl
non-negative integer.

(C) $supp.f=\{x:f(x)>0\}=(0, \beta),$ $ 0<\beta\leqq+\infty$ . $f$ is a uniformly continuous densitl
function on its support and satisfies $\lim_{x\rightarrow\beta-0}f(x)=0$ . Moreover, let $ f(x, \theta)=f(x-\theta$

for every $\theta\in R$ .
(C) $f$ is $K+3$ times continuously differentiable on $(0, \beta)$ , and

$\lim_{x\rightarrow+O}f^{(1)}(x)=\alpha(0<\alpha<+\infty)$ , $\lim_{x\rightarrow+0}x^{j-1}f^{01}(x)=0$ for $j=2,3,$ $\cdots,$ $K+3$ ,

where $f^{(g)}$ denotes the $j$th derivative of $f$ .

Let $g(x)=\log f(x)$ and $g^{C1)}(x)=(d^{j}/dx^{j})\log f(x)$ for $ 0<x<\beta$ .
(C) For every $d(0<d<\beta)$ , there exist $\tau>0$ and $0<\delta<\min\{d, \tau\}$ such that

$\int_{d}^{\rho-\tau}\sup_{|t|\leqq\delta}|g^{\{j)}(x-t)|f(x)dx<\infty$ for $j=2,3,$ $\cdots,$ $K+3$ ,

where $\beta-\tau=+\infty$ if $\beta=+\infty$ .

(C) For every $\delta>0,$ $\int_{\delta}^{\beta}\{g^{(1)}(x)\}^{2}f(x)dx<+\infty$ .

(C) $\int_{0}^{\beta}\{-g(x)\}f(x)dx<+\infty$ .

(C) Let $\theta_{0}$ be fixed. And let $\rho$ be a prior density function of $\theta$ with respect to Lebesgu $($

measure satisfying $\rho(\theta_{0})>0$ . $\rho$ is $K+1$ times continuously differentiable in $\ell$

neighborhood of $\theta_{O}$ .
(C) If $\beta<+\infty$ , then $\lim\sup_{x\rightarrow\beta-O}g^{0J}(x)<+\infty$ (may be $-\infty$ ) for$j=2,3,$ $\cdots,$ $K+3$

And there are $\tau>0,0<v<1$ , and a sequence of increasing functions $\{h_{j}\}_{j=2}^{K+3}$ on $(0$

$\tau v^{-1})$ for which

$g^{(g)}(x)\geqq h_{j}(\beta-x)$ , $\beta-\tau<x<\beta$ , for $j=2,3,$ $\cdots,$ $K+3$ ,

$\int_{\beta-\tau}^{\beta}h_{j}(v(\beta-x))f(x)dx>-\infty$ , for $j=2,3,$ $\cdots,$ $K+3$ .

(C) If $\beta<+\infty$ , then, for $j=0,1,$ $\cdots,$ $K+2,$ $f^{0)}$ is absolutely continuous in $\dot{‘}$

neighborhood of $\beta$ on $(0, \beta)$ .
For example, the density function of Gamma$(2, q)$ , where $q>0$ is a scale parameter
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satisfies $(C_{1}),$ $(C_{2}),$ $(C_{3}),$ $(C_{4})$ and $(C_{5})$ . As to the case when $\beta<+\infty$ , we will prove a
lemma which gives sufficient conditions to satisfy $(C_{7})$ .

Conditions required in Woodroofe [7] are derived from those above. Therefore
we can make use of the results in it. In addition, note that these conditions yield the
strong consistency of $\hat{\theta}_{n}$ , that is, $\hat{\theta}_{n}\rightarrow\theta_{0}$ with probability one as $ n\rightarrow\infty$ (See Wald [5]).

Let

$\phi=b(\hat{\theta}_{n})(\theta-\hat{\theta}_{n})$ , $b(\hat{\theta}_{n})=[-\alpha_{n}^{-2}\sum_{i=1}^{n}\frac{\partial^{2}}{\partial\theta^{2}}$ log$f(x_{i}, \theta)|_{\theta=\hat{\theta}_{n}}]^{1/2}$ ,

where $\alpha_{n}^{2}=(\alpha/2)n\log n,$ $n\geqq 1$ . We often use anotation $b$ instead of $b(\hat{\theta}_{n})$ for simplicity.
Denote the posterior distribution function of $\alpha_{n}\phi$ by $F_{n}$ . We consider asymptotic
expansions $ofF_{n}$ under $P_{\theta_{O}}$ . Our final aim is to show the theorems below. In the following
description, when we use “probability”, it means $P_{\theta_{O}}$-probability.

THEOREM 1. Let $(C_{1}),$ $(C_{2}),$ $(C_{3}),$ $(C_{4}),$ $(C_{5}),$ $(C_{6})$ hold, and $(C_{7}),$ $(C_{8})$ be satisfied
also if $\beta<+\infty$ . Then, for any $\epsilon>0$ and $0<p<1/2$ , there exist a constant $D_{1}=D_{1}(\epsilon, K)$

$>0$ and an integer $N=N(\epsilon,p, K)>0$ such that

$|F_{n}(\xi)-\Phi(\xi)-\sum_{j=1}^{K}\gamma_{j}(\xi, X)\alpha_{n}^{-j}|\leqq D_{1}(\log n)^{-\langle K+3)/2+p}$ ,

with probability greater than $ 1-\epsilon$ for $n>N$, where $\Phi(\xi)$ is the standard normal distribu-
tion function, $X=(x_{1}, \cdots, x_{n})$ , and for each $j\geqq 1,$ $\gamma_{j}(\xi, X)$ is a polynomial in $\xi$ with
stochastically bounded coefficients multiplied by the standard normal densityfunction $\varphi(\xi)$ .

In more detail, the asymptotic expansion of $F_{n}(\xi)$ can be expressed as follows.

THEOREM 2. Under the same assumptions as Theorem 1,for any $\epsilon>0$ and$0<p<1/2$ ,
there exist a constant $D_{2}=D_{2}(\epsilon, K)>0$ and an integer $N=N(\epsilon,p, K)>0$ such that

$|F_{n}(\xi)-\Phi(\xi)+\varphi(\xi)[\sum_{m=1}^{\langle K+1)/2}\{(\log n)^{-\langle 2m+1)/2}\sum_{l=0}^{m}B_{2m+12l}\xi^{2l}\}$

$+\sum_{m=2}^{\langle K+1)/2}\{(\log n)^{-m}\sum_{l=1}^{m}B_{2m2l-1}\xi^{2l-1}\}]|\leqq D_{2}(\log n)^{-(K+3)/2+p}$ ,

with probability greater than $ 1-\epsilon$ for $n>N$, if $K$ is an odd number,

$|F_{n}(\xi)-\Phi(\xi)+\varphi(\xi)[\sum_{m=1}^{K/2}\{(\log n)^{-(2m+1)/2}\sum_{l=0}^{m}B_{2m+12l}\xi^{2l}\}$

$+\sum_{m=2}^{\langle K+2)/2}\{(\log n)^{-m}\sum_{l=1}^{m}B_{2m2l-1}\xi^{2l-1}\}]|\leqq D_{2}(\log n)^{-\langle K+3)/2+p}$ ,

with probability greater than $ 1-\epsilon$ for $n>N$, if $K$ is an even number,
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$|F_{n}(\xi)-\Phi(\xi)|\leqq D_{2}(\log n)^{-3\prime 2+p}$ ,

with probability greater than $ 1-\epsilon$ for $n>N$, if $K=0$,
where every $B_{st}=O_{p}(1)$ with respect to $P_{0_{O}}$ as $ n\rightarrow\infty$ .

3. Auxiliary lemmas.

We will prove a series oflemmas beforehand. The first thing, we quote the following
Lemma 1, Lemma 2 and Lemma 3 without proofs.

LEMMA 1 (cf. [7; Lemma 2.1]). Suppose that $(C_{1})$ and $(C_{2})$ are satisfied. Then,

$\lim_{n\rightarrow\infty}P_{0_{O}}\{n^{1/2}(M_{n}-\theta_{0})>t\}=\exp(-\alpha t^{2}/2)$ , for all $t>0$ ,

where $M_{n}=\min\{x_{1}, x_{2}, \cdots, x_{n}\}$ .
From this lemma and Theorems 2.1, 2.2 in [7], we can show that M.L.E. converge:

to $\theta_{0}$ strictly faster than $M_{n}$ .
LEMMA 2 (cf. [7; Lemma 2.2]). Let $\beta<+\infty$ and suppose that $(C_{1}),$ $(C_{4})$ and $(C_{8})$

are satisfied. Then,

$\lim_{n\rightarrow\infty}P_{0_{O}}\{n^{1/2}(\beta-N_{n}+\theta_{o})>t\}=1$ , for all $t>0$ ,

where $N_{n}=\max\{x_{1}, x_{2}, \cdots, x_{n}\}$ .
Let

$G_{n}(t)=\log\prod_{i=1}^{n}f(x_{t}, t)$ and $G_{n}^{01}(t)=\frac{\partial^{j}}{\partial t^{j}}G_{n}(t)$ for $j\geqq 1$ .

And put

$r_{n}(\theta, k_{n})=\sup_{|t|\leqq k_{n}}|\alpha_{n}^{-2}G_{n}^{(2)}(\theta+t\alpha_{n}^{-1})+1|$ , where $k_{n}=o(\sqrt{\log n})$ .

LBMMA 3 (cf. [7; Lemma 4.1] and [6; Appendix]). Let $(C_{1}),$ $(C_{2}),$ $(C_{3})$ and $(C_{4^{\backslash }}$

hold, and $(C_{7}),$ $(C_{8})$ be satisfied also if $\beta<+\infty$ . Then
$r_{n}(\hat{\theta}_{n}, k_{n})\rightarrow 0$ , in probability as $ n\rightarrow\infty$ .

Since $\theta_{0}$ is a location parameter, we will prove lemmas mentioned below on thc
assumption that $\theta_{0}=0$ as long as there is not notice in particular.

LEMMA 4. Let $(C_{1}),$ $(C_{2}),$ $(C_{3})$ and $(C_{4})$ hold, and $(C_{7}),$ $(C_{8})$ be satisfied also $i_{\lrcorner}$

$\beta<+\infty$ . Then
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$1/\sqrt{2}\leqq b(\hat{\theta}_{n})\leqq\sqrt{3/2}$ , in probability as $ n\rightarrow\infty$ .
$PR\infty F$ . By definitions, $b(\hat{\theta}_{n})=[-\alpha_{n}^{-2}G_{n}^{(2)}(\hat{\theta}_{n})]^{1/2}$ . Therefore, by Lemma 3,

$|1-b^{2}|=|1+\alpha_{n}^{-2}G_{n}^{\langle 2)}(\hat{\theta}_{n})|\rightarrow 0$ , in probability as $ n\rightarrow\infty$ . This immediately gives the
result.

LEMMA 5. Let $(C_{1}),$ $(C_{2}),$ $(C_{3})$ and $(C_{4})$ hold, and $(C_{7}),$ $(C_{8})$ be satisfied also if
$\beta<+\infty$ . Then

$\alpha_{n}^{-2}\log(\prod_{i=1}^{n}\frac{f(x_{i},\hat{\theta}_{n}+\phi b^{-1})}{f(x_{i},\hat{\theta}_{n})})\leqq\frac{-\phi^{2}}{6}$ for $|\phi|<\frac{k_{n}}{c_{n}}$ ,

in probability as $ n\rightarrow\infty$ ,

where $c_{n}=\sqrt{n\log n}$ .
$p_{R\infty F}$ .

$\alpha_{n}^{-2}\log(\prod_{i=1}^{n}\frac{f(x_{i},\hat{\theta}_{n}+\phi b^{-1})}{f(x_{i},\hat{\theta}_{n})})=2^{-1}(\phi b^{-1})^{2}\alpha_{n}^{-2}\sum_{i=1}^{n}\frac{\partial^{2}}{\partial\theta^{2}}$ log$f(x_{i}, \theta)|_{0=0}$. ,

where $|\hat{\theta}_{n}-\theta_{*}|\leqq|\phi b^{-1}|$ . Since $|\phi|<k_{n}/c_{n}$ , together with Lemma 4, we obtain that
$|\hat{\theta}_{n}-\theta_{*}|\leqq\sqrt{2}k_{n}/c_{n}$ . The lemma follows from Lemma 3.

LEMMA 6. Let $(C_{1}),$ $(C_{2}),$ $(C_{3}),$ $(C_{4})$ and $(C_{5})$ hold, then for any $\delta_{1}>0$ , there exists
$\epsilon_{1}>0$ such that

$\alpha_{n}^{-2}\log(\prod_{i=1}^{n}\frac{f(x_{i},\hat{\theta}_{n}+\phi b^{-1})}{f(x_{i},\hat{\theta}_{n})})\leqq-\epsilon_{1}$ for $|\phi|\geqq\delta_{1}$ ,

in probability as $ n\rightarrow\infty$ .

This lemma is shown in the same way as Lemma 2.3 in Johnson [2]. Therefore,
we omit the proof.

Before going to the next step, note that it is obtained from $(C_{2})$ that

$f(x)\sim\alpha x$ and $g^{CJ)}(x)\sim(-1)^{j}$
‘

$1(j-1)!x^{-J}(1\geqq])$ as $x\rightarrow+O$ .
LEMMA 7. Let $ 0<\delta<\beta$, and define

$z_{i}=\left\{\begin{array}{ll}x_{i}^{-1} & : 0<x_{i}<\delta\\ 0 & : x_{i}\geqq\delta\end{array}\right.$ $(i=1,2, \cdots, n)$ .

Then, for $j\geqq 3$ , for any $\epsilon>0$ , there exist a constant $L_{1}=L_{1}(\epsilon,j)>0$ and an integer
$N=N(\epsilon,j)>0$ such that

$|n^{-J/2}\sum_{i=1}^{n}z!|\leqq L_{q}$ , with probability greater than $ 1-\epsilon$ for $n>N$ .
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$PR\infty F$ . Put $s=z^{j}$ . Since $x$ has the density function $f$, the density function $u$ of
is given by

$u(s)=\frac{s^{-(j+1)/j}f(s^{-1/j})}{j}$ on $(\delta^{-j}, \infty)$ and $P_{0}(s=0)=\int_{\delta}^{\beta}f(t)dt$ .

Let $\mu(y)=\int_{-y}^{y}(z^{J})^{2}dP_{O},$ $y>0$ . Then, for any $\epsilon^{\prime}>0$ , we can choose $y$ so large and $\delta s($

small that

$\mu(y)=\int_{y}^{\delta}-1/jt^{-2j}f(t)dt\leqq\alpha(1+\epsilon^{\prime})\int_{y^{-1’ j}}^{\delta}t^{-2j+1}dt$

$=\frac{\alpha(1+\epsilon^{\prime})}{2(j-1)}y^{2-2/j}+O(1)$ .

Similarly,

$\mu(y)\geqq\frac{\alpha(1-\epsilon^{\prime})}{2(j-1)}y^{2-2/j}+O(1)$ .

Therefore

$\mu(y)\sim\frac{\alpha}{2(j-1)}y^{2-2/j}$ as $ y\rightarrow+\infty$ for $j\geqq 3$ .

Then, by Theorem 2 of [1], page 580, $n^{-j/2}\sum_{i=1}^{n}z_{i}^{j}$ has an asymptotic stable distri
bution. The lemma follows.

We define

$r_{n}^{0)}(\theta, k_{n})=\sup_{|t|\leqq k_{n}}|n^{-j/2}G_{n}^{0)}(\theta+t\alpha_{n}^{-1})|$

for $j\geqq 3$ .
LEMMA 8. Let $\beta=+\infty andj\geqq 3$ . If $(C_{1}),$ $(C_{2})$ and $(C_{3})$ are satisfied, then, for $anJ$

$\epsilon>0$ , there exist a constant $L_{2}=L_{2}(\epsilon,r)>0$ and an integer $N=N(\epsilon,j, k_{n})>0$ such that

$r_{n}^{01}(0, k_{n})\leqq L_{2}$ , with probability greater than $ 1-\epsilon$ for $n>N$ .
$PR\infty F$ . This will be proved similarly to Lemma 3.4 in Woodroofe [7]. Let $0<\epsilon^{\prime}<$ ]

be given and $d>0$ be so small that

$|\frac{(-1)^{j-1}x^{j}g^{0)}(x)}{(j-1)!}1|<\epsilon^{\prime}$ for $0<x<2d$ .

And put $q_{n}=k_{n}\alpha_{n}^{-1}$ . By Lemma 1, $M_{n}\geqq q_{n}/\epsilon^{\prime}$ is satisfied in probability as $ n\rightarrow\infty$

Therefore, for $|t|<k_{n}$ and $q_{n}<d$, ifj is an odd number, we obtain that
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$n^{-j/2}G_{n}^{\langle j)}(t\alpha_{n}^{-1})\geqq-(1+\epsilon^{\prime})(j-1)!n^{-j/2}\sum_{0}^{d}(x_{i}-t\alpha_{n}^{-1})^{-j}-n^{-j/2}\sum_{d}^{\infty}\sup_{|t|\leqq q_{n}}|g^{tr)}(x_{i}-t)|$

$\geqq-(1+\epsilon^{\prime})(1-\epsilon^{\prime})^{-j}(j-1)!n^{-j/2}\sum_{0}^{d}x_{i}^{-j}+o_{p}(1)$ as $ n\rightarrow\infty$ ,

where $\sum_{s}^{t}$ denotes a summation over all $i=1,2,$ $\cdots,$ $n$ for which $s<x_{i}<t$ . And

$n^{-j/2}G_{n}^{\langle j)}(t\alpha_{n}^{-1})\leqq-(1-\epsilon^{\prime})(1+\epsilon^{\prime})^{-j}(j-1)!n^{-j/2}\sum_{0}^{d}x_{i}^{-j}+o_{p}(1)$ as $ n\rightarrow\infty$ .

The application of Lemma 7 establishes the existenoe of lower and upper bounds.
Similarly, we can obtain bounds for an even number $j$. This completes the proof.

LEMMA 9. Let $\beta<+\infty$ and $j\geqq 3$ . If $(C_{1}),$ $(C_{2}),$ $(C_{3}),$ $(C_{7})$ and $(C_{8})$ are satisfied,
then, for any $\epsilon>0$ , there exist a constant $L_{2}=L_{2}(\epsilon,j)>0$ and an integer $N=N(\epsilon,j, k_{n})>0$

such that
$r_{n}^{\langle j)}(0, k_{n})\leqq L_{2}$ , with probability greater than $ 1-\epsilon$ for $n>N$ .

$PR\infty F$ . Let $0<\epsilon^{\prime}<1$ be given, let $v,$ $\tau$ and $h_{j}$ be as in the condition $(C_{7})$ , let
$\tau_{O}=\tau/2$ , and $d$ and $q_{n}$ be as in Lemma 8. Then, in the same way as the previous lemma,
for $|t|<k_{n}$ and $q_{n}<\min\{d, \tau_{O}\}$ , if $j$ is an odd number, we obtain that

$n^{-j/2}G_{n}^{01}(t\alpha_{n}^{-1})\leqq-(1-\epsilon^{\prime})(1+\epsilon^{\prime})^{-j}(j-1)!n^{-J/2}\sum_{0}^{d}x_{i}^{-j}+o_{p}(1)$

$-n^{-j/2}\sum_{\rho-\tau_{O}}^{\beta}g^{(j)}(x_{i}-t\alpha_{n}^{-1})$ , as $ n\rightarrow\infty$ ,

$n^{-j/2}G_{n}^{\langle j)}(t\alpha_{n}^{-1})\geqq-(1+\epsilon^{\prime})(1-\epsilon^{\prime})^{-j}(j-1)!n^{-j/2}\sum_{0}^{d}x_{i}^{-j}+o_{p}(1)$

$-n^{-j/2}\sum_{\rho-\tau_{O}}^{\beta}g^{07}(x_{i}-t\alpha_{n}^{-1})$ , as $ n\rightarrow\infty$ .

Lemma 2 ensures that if $|t|<k_{n}$ , then $\beta-\tau<x_{i}-t\alpha_{n}^{-1}<\beta$ and $0<v(\beta-x_{i})<\beta-$

$x_{i}-q_{n}<\beta-x_{i}+t\alpha_{n}^{-1}<\tau v^{-1}$ in probability as $ n\rightarrow\infty$ , for $\beta-\tau_{0}<x_{i}<\beta$ . Choose $\tau>0$ so
small, then by $(C_{7})$ , there exists a constant $A>0$ such that $A\geqq g^{(j)}(x_{i}-t\alpha_{n}^{-1})\geqq h_{j}(\beta-x_{i}+$

$t\alpha_{n}^{-1})\geqq h_{j}(v(\beta-x_{i}))$ in probability as $ n\rightarrow\infty$ , for $\beta-\tau_{0}<x_{i}<\beta$ . Consequently, it follows
from Lemma 7 that the bounds exist. In the same way, we can show the case when $j$

is an even number.

LEMMA 10. $Letj\geqq 3$ . Let $(C_{1}),$ $(C_{2}),$ $(C_{3}),$ $(C_{4})$ hold, and $(C_{7}),$ $(C_{8})$ be satisfied
also if $\beta<+\infty$ . Then, for any $\epsilon>0$ , there exist a constant $L_{2}=L_{2}(\epsilon, j)>0$ and an integer
$N=N(\epsilon,j, k_{n})>0$ such that
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$r_{n}^{0)}(\hat{\theta}_{n}, k_{n})\leqq L_{2}$ , with probability greater than $ 1-\epsilon$ for $n>N$ .
We omit this proof since it is shown in just the same way as Lemma 4.1 in [7].
Put

$a_{jn}(\theta)=\alpha_{n}^{-2}\sum_{i=1}^{n}\frac{(\partial^{j}/\partial\theta^{J})\log f(x_{i},\theta)}{j!}$ for $j=2,3,$ $\cdots,$ $K+3$ ,

$\rho_{k}(\theta)=\rho(\hat{\theta}_{n})+\rho^{(1)}(\hat{\theta}_{n})(\theta-\hat{\theta}_{n})+\cdots+\frac{\rho^{(k)}(\hat{\theta}_{n})(\theta-\hat{\theta}_{n})^{k}}{k!}$ ,

where $\rho^{0)}$ denotes jth derivative of $\rho$ .
LEMMA 11. Let $j\geqq 3$ . Let $(C_{1}),$ $(C_{2}),$ $(C_{3}),$ $(C_{4}),$ $(C_{5}),$ $(C_{6})$ hold, and $(C_{7}),$ $(C_{S}$

be satisfied also if $\beta<+\infty$ . Then, for any $\epsilon>0$, there exist a constant $L_{3}=L_{3}(\epsilon, K)>$

and an integer $N=N(\epsilon, k_{n}, K)>0$ such that

$\int_{\phi|<k_{n}/\epsilon_{n}}|\exp(\alpha_{n}^{2}\sum_{j=2}^{K+3}a_{jn}(\hat{\theta}_{n})(\phi b^{-1})^{j})\rho_{K}(\hat{\theta}_{n}+\phi b^{-1})$

$-\prod_{t=1}^{n}\frac{f(x_{i},\hat{\theta}_{n}+\phi b^{-1})}{f(x_{i},\hat{\theta}_{n})}\rho(\hat{\theta}_{n}+\phi b^{-1})|d\phi$

$\leqq L_{3}(\alpha_{n}^{-\langle K+2)}+\alpha_{n}^{-\langle K+4)}n^{(K+3)\prime 2})$ ,

with probability greater than $ 1-\epsilon$ for $n>N$.
$PR\infty F$ . The integrand of the left hand side is bounded by

$|\exp(\alpha_{n}^{2}\sum_{j=2}^{K+3}a_{jn}(\hat{\theta}_{n})(\phi b^{-1})^{j})-\prod_{i=1}^{n}\frac{f(x_{i},\hat{\theta}_{n}+\phi b^{-1})}{f(x_{i},\hat{\theta}_{n})}||\rho_{K}(\hat{\theta}_{n}+\phi b^{-1})|$

$+|\prod_{i=1}^{n}\frac{f(x_{i},\hat{\theta}_{n}+\phi b^{-1})}{f(x_{i},\hat{\theta}_{n})}||\rho_{K}(\hat{\theta}_{n}+\phi b^{-1})-\rho(\hat{\theta}_{n}+\phi b^{-1})|$ .

By Lemma 5 the second term has its bounds of the form

$\frac{\exp(-\alpha_{n}^{2}\phi^{2}/6)|\phi b^{-1}|^{K+1}|\rho^{\{K+1)}(\theta_{*})|}{(K+1)!}$

$where|\hat{\theta}_{n}-\theta_{*}|\leqq|\phi b^{-1}|$ . Now we consider the upper bound of the first term. By Lemm
5, it is bounded by

$\exp(-\alpha_{n}^{2}\phi^{2}/6)|\exp[\alpha_{n}^{2}\sum_{j=2}^{K+3}a_{jn}(\hat{\theta}_{n})(\phi b^{-1})^{j}$

$-\log(\prod_{i=1}^{n}\frac{f(x_{i},\hat{\theta}_{n}+\phi b^{-1})}{f(x_{i},\hat{\theta}_{n})})]-1||\rho_{K}(\hat{\theta}_{n}+\phi b^{-1})|$
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In the meanwhile, Lemma 10 and Lemma 4 yield an inequality that

$|$ log $(\prod_{i=1}^{n}\frac{f(x_{i},\hat{\theta}_{n}+\phi b^{-1})}{f(x_{i},\hat{\theta}_{n})})-\alpha_{n}^{2}\sum_{j=2}^{K+3}a_{jn}(\hat{\theta}_{n})(\phi b^{-1})^{j}|$

$\leqq|\phi b^{-1}|^{K+3}n^{\langle K+3)/2}\frac{|n^{-(K+3)/2}G_{n}^{\langle K+3)}(\theta^{*})|+|n^{-\langle K+3)/2}G_{n}^{\langle K+3)}(\hat{\theta}_{n})|}{(K+3)!}$

$\leqq n^{(K+3)/2}L_{3}^{\prime}|\phi|^{K+3}$ ,

for some $L_{3}^{\prime}>0$ , where $|\hat{\theta}_{n}-\theta^{*}|\leqq|\phi b^{-1}|$ . Therefore, since $|\phi|<k_{n}/c_{n}$ , the first term is
bounded by

$L_{3}^{\prime\prime}n^{\langle K+3)/2}\exp(-\alpha_{n}^{2}\phi^{2}/6)|\phi|^{K+3}|\rho_{K}(\hat{\theta}_{n}+\phi b^{-1})|$ ,

for some $L_{3}^{\prime\prime}>0$ as $ n\rightarrow\infty$ . Together with Lemma 4, it follows from the continuity of
$\rho^{\langle J)}$ for $j=0,1,$ $\cdots,$ $K+1$ and the consistency of $\hat{\theta}_{n}$ that the integrand is bounded by

$L_{3}\exp(-\alpha_{n}^{2}\phi^{2}/6)\{|\phi|^{K+1}+n^{\langle K+3)/2}|\phi|^{K+3}\}$

for $|\phi|<k_{n}/c_{n}$ and some $L_{3}>0$ . Finally, we have only to change variable $ y=\alpha_{n}\phi$ .
We quote the following lemma which will be used later.

LEMMA 12 (cf. [4; Lemma 9] and [3; Lemma 1]). Let $\beta=+\infty$ . If $(C_{1}),$ $(C_{2})$

and $(C_{3})$ are satisfied, then for sufficiently small $\delta_{2}>0$ ,

$\sup_{-\delta_{2}\leqq t<M_{n}}n^{-1}G_{n}^{(3)}(t)<-1$ , in probability as $ n\rightarrow\infty$ .

For the sake of the case when $\beta<+\infty$ , we will prove the following lemma, which
is similar to Lemma 12.

LEMMA 13. Let $\beta<+\infty$ . If $(C_{1}),$ $(C_{2}),$ $(C_{3})$ and $(C_{7})$ are satisfied, then there exists
$0<\delta_{3}<1$ such that

$\sup_{\langle N_{n}-\beta)\delta_{3}<t<M_{n}}n^{-1}G_{n}^{\langle 3)}(t)<-1$ , in probability as $ n\rightarrow\infty$ .

$PR\infty F$ . Let v, $\tau andh_{3}$ be as in the condition $(C_{7})$ , and let $\tau_{0}=\tau/2andd>0be$

so small that $g^{\langle 3)}(x)\geqq x^{-3}$ for $0<x<2d$. Suppose that $M_{n}\leqq\delta_{2}$ and $\beta-N_{n}\leqq\delta_{2}$ for
$\delta_{2}<\min\{d, \tau_{O}\}$ , which are satisfied in probability as $ n\rightarrow\infty$ . If $(N_{n}-\beta)\delta_{3}<t<M_{n}$ , then
we obtain

$n^{-1}G_{n}^{\langle 3)}(t)\leqq-n^{-1}\sum_{0}^{d}(x_{t}+\delta_{2})^{-3}+n^{-1}\sum_{d}^{\beta-\tau 0}\sup_{|t|\leqq\delta_{2}}|g^{\langle 3)}(x_{i}-t)|$

$-n^{-1}\sum_{\rho-\tau_{O}}^{\beta}g^{(3)}(x_{i}-t)$ as $ n\rightarrow\infty$ .

The second term of the right hand side converges as $ n\rightarrow\infty$ by $(C_{3})$ . And choosing
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$\delta_{3}=1-v$ , it follows from $(C_{7})$ that

$g^{\langle 3)}(x_{i}-t)\geqq h_{3}(\beta-x_{i}+t)\geqq h_{3}(v(\beta-x_{i}))$ for $\beta-\tau_{0}<x<\beta$ .

On the other hand, the first term converges to $-\int_{0}^{d}(x+\delta_{2})^{-3}f(x)dx$ as $ n\rightarrow\infty$ , whic
diverges to -co as $\delta_{2}\rightarrow 0$ . The lemma follows.

LEMMA 14. Let $\beta=+\infty$ . Suppose that $(C_{1}),$ $(C_{2}),$ $(C_{3}),$ $(C_{4})$ and $(C_{5})$ are satisfiec
Then, for any $\epsilon>0$ and sufficiently small $\delta_{1}>0$ , there exist a constant $c>0$ and an intege
$N=N(\epsilon, \delta_{1}, k_{n})>0$ such that

log $(\prod_{i=1}^{n}\frac{f(x_{i},\hat{\theta}_{n}+\phi b^{-1})}{f(x_{i},\hat{\theta}_{n})})\leqq-ck_{n}^{2}$ for $k_{n}/c_{n}\leqq|\phi|<\delta_{1}$ ,

with probability greater than $ 1-\epsilon$ for $n>N$.
$PR\infty F$ . Let $\epsilon>0$ be fixed. Put $t=\hat{\theta}_{n}+\phi b^{-1}$ and $q_{n}=k_{n}\alpha_{n}^{-1}$ . Then,

$\hat{\theta}_{n}-b^{-1}\delta_{1}<t\leqq\hat{\theta}_{n}-\sqrt{\alpha/2}b^{-1}q_{n}$ if $-\delta_{1}<\emptyset\leqq-k_{n}/c_{n}$ ,

$\hat{\theta}_{n}+\sqrt{\alpha/2}b^{-1}q_{n}\leqq t<\hat{\theta}_{n}+b^{-1}\delta_{1}$ if $k_{n}/c_{n}\leqq\phi<\delta_{1}$ .
It follows from Theorem 2.1 in [7] and Lemma 1 that

$-(1+\sqrt{2})\delta_{1}<\hat{\theta}_{n}-b^{-1}\delta_{1}<\hat{\theta}_{n}-\sqrt{\alpha/2}b^{-1}q_{n}<\hat{\theta}_{n}$

$<\hat{\theta}_{n}+\sqrt{\alpha/2}b^{-1}q_{n}<M_{n}<\hat{\theta}_{n}+b^{-1}\delta_{1}$ ,

with probability greater than $ 1-\epsilon$ as $ n\rightarrow\infty$ . By Lemma 3.1 in [7] and Lemma 12,

$supG_{n}(t)=$ $supG_{n}(t)$
$\theta_{n}+\sqrt{\alpha/2}b^{-1}q_{n}\leqq t<\theta_{n}+\delta_{1}b^{-1}$ $\theta_{n}+\sqrt{}\overline{a/2}b^{-1}q_{n}\leqq t<M_{n}$

$\leqq G_{n}(\hat{\theta}_{n}+\sqrt{\alpha/2}b^{-1}q_{n})\leqq G_{n}(\hat{\theta}_{n})+4^{-1}\alpha b^{-2}q_{n}^{2}G_{n}^{\langle 2)}(\hat{\theta}_{n})$ as $ n\rightarrow\infty$ ,

$supG_{n}(t)\leqq G_{n}(\hat{\theta}_{n})+4^{-1}\alpha b^{-2}q_{n}^{2}G_{n}^{(2)}(\hat{\theta}_{n}-\sqrt{\alpha/2}b^{-1}q_{n})$ as $ n\rightarrow\infty$ .
$\theta_{n}-\delta_{1}b^{-1}<t\leqq\theta_{n}-\sqrt{}\overline{\alpha/2}b^{-1}q_{n}$

Since $\sqrt{2/3}\leqq b^{-1}(\hat{\theta}_{n})\leqq\sqrt{2}$ as $ n\rightarrow\infty$ , the application of Lemma 3 yields that
$G_{n}(t)-G_{n}(\hat{\theta}_{n})\leqq-ck_{n}^{2}$ for $k_{n}/c_{n}\leqq|\phi|<\delta_{1}$ ,

with probability greater than $ 1-\epsilon$ as $ n\rightarrow\infty$ for some $c>0$ .
LEMMA 15. Let $\beta<+\infty$ . Suppose that $(C_{1}),$ $(C_{2}),$ $(C_{3}),$ $(C_{4}),$ $(C_{7})$ and $(C_{8})ar$

satisfied. Then, for any $\epsilon>0,$ $a>0$ and $\delta_{4}>0$ , there exist a constant $c>0$ and an intege
$N=N(\epsilon, a, \delta_{4}, k_{n})>0$ such that

$\log(\prod_{i=1}^{n}\frac{f(x_{i},\hat{\theta}_{n}+\phi b^{-1})}{f(x_{i},\hat{\theta}_{n})})\leqq-ck_{n}^{2}$
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for $\frac{k_{n}}{c_{n}}\leqq\emptyset<\frac{(\log n)^{\delta_{4}}}{\sqrt{n}}$ or $-\frac{a}{\sqrt{n}}<\phi\leqq-\frac{k_{n}}{c_{n}}$ ,

with probability greater than $ 1-\epsilon$ for $n>N$.
$PR\infty F$ . Let $\epsilon>0$ be fixed and $0<\delta_{3}<1$ that of Lemma 13. Put $t=\hat{\theta}_{n}+\phi b^{-1}$ and

$q_{n}=k_{n}\alpha_{n}^{-1}$ . Then,

$\hat{\theta}_{n}-\frac{ab^{-1}}{\sqrt{n}}<t\leqq\hat{\theta}_{n}-\sqrt{\alpha/2}b^{-1}q_{n}$ if $-\frac{a}{\sqrt{n}}<\emptyset\leqq-\frac{k_{n}}{c_{n}}$ ,

$\hat{\theta}_{n}+\sqrt{\alpha/2}b^{-1}q_{n}\leqq t<\hat{\theta}_{n}+\frac{b^{-1}(\log n)^{\delta_{4}}}{\sqrt{n}}$ if $\frac{k_{n}}{c_{n}}\leqq\phi<\frac{(\log n)^{\delta_{4}}}{\sqrt{n}}$ .

Theorem 2.2 in [7], Lemma 1 and Lemma 2 imply that

$(N_{n}-\beta)\delta_{3}<\hat{\theta}_{n}-\frac{ab^{-1}}{\sqrt{n}}<\hat{\theta}_{n}-\sqrt{\alpha/2}b^{-1}q_{n}<\hat{\theta}_{n}$

$<\hat{\theta}_{n}+\sqrt{\alpha/2}b^{-1}q_{n}<M_{n}<\hat{\theta}_{n}+b^{-1}\frac{(\log n)^{\delta_{4}}}{\sqrt{n}}$

with probability greater than $ 1-\epsilon$ as $ n\rightarrow\infty$ . By Lemma 3.1 in [7] and Lemma 13,

$\theta_{\mathfrak{n}}-ab^{-1}/<t\leqq b^{-1}q_{n}\sup_{\sqrt{n}\theta_{n}-\sqrt{\alpha/2}}G_{n}(t)$

$\leqq G_{n}(\hat{\theta}_{n})+4^{-1}\alpha b^{-2}q_{n}^{2}G_{n}^{\langle 2)}(\hat{\theta}_{n}-\sqrt{\alpha/2}b^{-1}q_{n})$ as $ n\rightarrow\infty$ ,

$supG_{n}(t)=$ $supG_{n}(t)$
$\hat{\theta}_{n}+\sqrt{\alpha/2}b^{-1}q_{n}\leqq t<\hat{\theta}_{n}+b^{-1}\langle\log n)^{\delta_{4/}}\sqrt{n}$ $\hat{\theta}_{n}+\sqrt{}\overline{\alpha/2}b^{-1}q_{n}\leqq t<M_{n}$

$\leqq G_{n}(\hat{\theta}_{n})+4^{-1}\alpha b^{-2}q_{n}^{2}G_{n}^{\langle 2)}(\hat{\theta}_{n})$ as $ n\rightarrow\infty$ .
The application of Lemma 3 immediately yields the result.

LEMMA 16. Let $\beta=+\infty$ . If $(C_{1}),$ $(C_{2}),$ $(C_{3}),$ $(C_{5})$ and $(C_{4})$ are satisfied, then for
any $\epsilon>0,$ $\delta_{5}>0$ , sufficiently small $\delta_{1}>0$ and every $k>0$ , there exist a constant
$a_{0}=a_{0}(k)>0$ and an integer $N=N(\epsilon, \delta_{1}, \delta_{5}, k)>0$ such that

$\prod_{t=1}^{n}\frac{f(x_{i},\hat{\theta}_{n}+\phi b^{-1})}{f(x_{i},\hat{\theta}_{n})}\leqq n^{-k}$ for $\frac{a_{0}(\log n)^{\delta_{5}}}{\sqrt{n}}\leqq|\phi|<\delta_{1}$ ,

with probability greater than $ 1-\epsilon$ for $n>N$.
$PR\infty F$ . Let $\epsilon>0$ be fixed and $a_{0}>0$ some constant. Put $t=\hat{\theta}_{n}+\phi b^{-1}$ and $q_{n}=$

$(\log n)^{\delta_{5}}/\sqrt{n}$ . It follows from Theorem 2.1 in [7] and Lemma 1 that $\hat{\theta}_{n}+a_{0}b^{-1}q_{n}>M_{n}$
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with probability greater than $ 1-\epsilon$ as $ n\rightarrow\infty$ . Therefore, if $a_{0}(\log n)^{\delta_{5}}/\sqrt{n}\leqq\phi<\delta_{J}$

then $M_{n}<t$ with probability greater than $ 1-\epsilon$ as $ n\rightarrow\infty$ . Consequently, all we have $t$

do is show the case when $-\delta_{1}<\emptyset\leqq-a_{O}(\log n)^{\delta_{5}}/\sqrt{n}$ . Since

$-(1+\sqrt{2})\delta_{1}<\hat{\theta}_{n}-b^{-1}\delta_{1}<\hat{\theta}_{n}-a_{0}b^{-1}q_{n}<\theta_{n}<M_{n}$

with probability greater than $ 1-\epsilon$ as $ n\rightarrow\infty$ , as in the previous lemma,

$\hat{\theta}_{n}-\delta_{1}b^{-1}<t\leqq-a_{O}q_{n}b^{-1}\sup_{n}G_{n}(t)\leqq G_{n}(\hat{\theta}_{n})+2^{-1}a_{0}^{2}b^{-2}q_{n}^{2}G_{n}^{\{2)}(\hat{\theta}_{n}-a_{0}b^{-1}q_{n})$

$\leqq G_{n}(\hat{\theta}_{n})-\frac{\alpha a_{0}^{2}}{12}(\log n)^{1+2\delta_{5}}\leqq G_{n}(\hat{\theta}_{n})-\frac{\alpha a_{0}^{2}}{12}$ logn as $ n\rightarrow\infty$ .

We have used Lemma 3 in the second inequality. Let $k>0$ be fixed and define $a_{0}>$

so as to satisfy $\alpha a_{0}^{2}/12\geqq k$ . The lemma follows easily.

LEMMA 17. Let $\beta<+\infty$ . If $(C_{1}),$ $(C_{2}),$ $(C_{3}),$ $(C_{4}),$ $(C_{5}),$ $(C_{7})$ and $(C_{8})$ are satisfie‘
then for any $\epsilon>0,$ $\delta_{1}>0$ and every $k>0$, there exist a constant $a_{0}=a_{O}(k)>0$ and a
integer $N=N(\epsilon, \delta_{1}, k)>0$ such that

$\prod_{i=1}^{n}\frac{f(x_{i},\hat{\theta}_{n}+\phi b^{-1})}{f(x_{i},\hat{\theta}_{n})}\leqq n^{-k}$ for $-\delta_{1}<\emptyset\leqq-\frac{a_{0}}{\sqrt{n}}$
,

with probability greater than $1-\epsilon$ for $n>N$.
$PR\infty F$ . Let $\epsilon>0$ be fixed and $0<\delta_{3}<1$ that ofLemma 13. It follows from Theore]

2.2 in [7], Lemma 2 and the consistency of $\hat{\theta}_{n}$ that $\hat{\theta}_{n}-\delta_{1}b^{-1}<N_{n}-\beta<(N_{n}-\beta)\delta_{3^{\alpha}}$

$\hat{\theta}_{n}-a_{O}b^{-1}/\sqrt{n}$ with probability greater than l-e as $ n\rightarrow\infty$ for $a_{O}>0$ . By Lemma 3.
in [7] and Lemma 13,

$supG_{n}(t)=$ $supG_{n}(t)\leqq G_{n}(\hat{\theta}_{n}-a_{0}b^{-1}/\sqrt{n})$

$\hat{\theta}_{n}-\delta_{1}b^{-1}<t\leqq\hat{\theta}_{n^{-aob^{-1}/}}\sqrt{n}$ $N_{n}-\beta<t\leqq\hat{\theta}_{n}-a_{O}b^{-1}/\sqrt{n}$

$\leqq G_{n}(\hat{\theta}_{n})+(2n)^{-1}a_{0}^{2}b^{-2}G_{n}^{\langle 2)}(\hat{\theta}_{n}-a_{0}b^{-1}/\sqrt{n})$ as $ n\rightarrow\infty$ .
Then, we can prove this lemma analogously to Lemma 16.

Now that we have finished proving Lemmas for the sake of main theorems, $v$

will approach the establishment of those conclusions.

4. Proofs of main theorems

Define a function $\psi_{Kn}(z)$ for each $K$ and $n$ by

$\psi_{Kn}(z)=\sum_{j=3}^{K+3}b^{-j}a_{jn}(\hat{\theta}_{n})z^{j-3}$

Recalling that $b^{2}=-2a_{2n}(\hat{\theta}_{n})$ , we write
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exp $(\alpha_{n}^{2}\sum_{j=2}^{K+3}a_{jn}(\hat{\theta}_{n})(\phi b^{-1})^{j})\rho_{K}(\hat{\theta}_{n}+\phi b^{-1})$

$=\exp(-\alpha_{n}^{2}\phi^{2}/2)[\rho_{K}(\hat{\theta}_{n}+\phi b^{-1})\exp\{\alpha_{n}^{2}\phi^{3}\psi_{Kn}(\phi)\}]$ .
Let $P_{K}(w, z, X)=\rho_{K}(\hat{\theta}_{n}+zb^{-1})\exp\{w\psi_{Kn}(z)\}$ , then

$P_{K}(w, z, X)=\sum_{l,m}c_{lm}(X)w^{l}z^{m}$ ,

where $c_{lm}(X)=(l!m!)^{-1}(\partial^{l+m}/\partial w^{l}\partial z^{m})P_{K}(w, z, X)|_{w=0,z=0}$ . And put $P_{K}^{t}(w, z, X)=$

$\sum_{l+m\leqq K}c_{lm}(X)w^{l}z^{m}$ . The detailed expression of $c_{lm}(X)$ is given in Appendix. The following
lemma gives the evaluation of $c_{l}.(X)$ .

LEMMA 18. Let $(C_{1}),$ $(C_{2}),$ $(C_{3}),$ $(C_{4}),$ $(C_{5}),$ $(C_{6})$ hold, and $(C_{7}),$ $(C_{8})$ be satisfied
also if $\beta<+\infty$ . Then, for any $\epsilon>0$ and every $l\geqq 1$ , there exist constants $L_{4}=L_{4}(K)>0$,
$L_{5}=L_{5}(\epsilon, K)>0$ and an integer $N=N(\epsilon, K)>0$ such that

$|c_{lm}(X)|(\log n)^{l}n^{-(l+m)/2}\leqq\frac{1}{l!}(\sqrt{2})^{K}L_{4}\{\frac{2}{3!\alpha}(\sqrt{2})^{3}L_{5}(K+1)\}^{l}$ for $0\leqq m\leqq K$ ,

$|c_{lm}(X)|(\log n)^{l}n^{-(l+m)/2}\leqq\frac{1}{l!}(\sqrt{2})^{K}L_{4}\{\frac{2}{3!\alpha}(\sqrt{2})^{K+3}L_{5}(K+1)\}^{l}$

for $K+1\leqq m\leqq(l+1)K$ ,

with probability greater than $ 1-\epsilon$ for $n>N$.
$PR\infty F$ . We prove the case where $0\leqq m\leqq K$ with $l\geqq 3$ . The other cases can be

shown similarly. First of all, by $(C_{6})$ and the consistency of $\hat{\theta}_{n}$ , note that there is a
constant $L_{4}=L_{4}(K)>0$ such that $|\rho^{(m-r)}(\hat{\theta}_{n})|\leqq L_{4}$ , in probability as $ n\rightarrow\infty$ for $0\leqq r\leqq m$ ,
$0\leqq m\leqq K$. Then, from the expression of $c_{lm}(X)$ (see Appendix), together with Lemma 4,

$|c_{lm}(X)|(\log n)^{l}n^{-(l+m)/2}\leqq\frac{1}{l!}(\sqrt{2})^{m+3l}L_{4}\sum_{r=0}^{m}\sum_{i_{1}=0i_{2}=0}^{i}rg_{\sum_{i_{3}=0}^{i\langle 2)}}^{1)}$

$\sum_{t_{l- 1}=0}^{i\langle l-2)}\frac{1}{(m-r)!}\prod_{s=1}^{l}|a_{i_{*}+3n}(\hat{\theta}_{n})|(\log n)^{l}n^{-(l+r)/2}$ ,

where $i(s)$ and $i_{s}$ are as in Appendix. Let $\epsilon>0$ be fixed. Since $r=\sum_{s=1}^{l}i_{s}$ and
$a_{jn}(\hat{\theta}_{n})=\alpha_{n}^{-2}G_{n}^{0)}(\hat{\theta}_{n})/j!$ , application of Lemma 10 gives that there exists $L_{5}=L_{5}(\epsilon, K)>0$

such that

$\prod_{s=1}^{l}|a_{i_{s}+3n}(\hat{\theta}_{n})|(\log n)^{l}n^{-\langle l+r)/2}\leqq\prod_{s=1}^{l}|\frac{2}{\alpha(i_{s}+3)!}n^{-\langle i_{*}+3)/2}G_{n}^{\langle i_{l}+3)}(\hat{\theta}_{n})|\leqq(\frac{2L_{5}}{3!\alpha})^{l}$

with probability greater than $ 1-\epsilon$ as $ n\rightarrow\infty$ . Taking the range of $m,$ $r,$ $i_{1},$ $i_{2},$ $\cdots,$ $i_{l-1}$
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into account, we obtain the result.

Now, since $k_{n}/\sqrt{\log n}\rightarrow 0$ as $ n\rightarrow\infty$ ,

(4.1) $\int_{\phi|<k_{n}/c_{n}}\exp(-\alpha_{n}^{2}\phi^{2}/2)|\sum_{l+m\geqq K+1}c_{lm}(X)(\alpha_{n}^{2}\phi^{3})^{l}\phi^{m}|d\phi$

$\leqq\int_{\phi|<k_{n}\prime c_{n}}\exp(-\alpha_{n}^{2}\phi^{2}/2)\sum_{l+m\geqq K+1}(\frac{\alpha}{2})^{l}|c_{lm}(X)|(\log n)^{l}n^{-(l+m)/2}$

$\times(\frac{k_{n}}{\sqrt{\log n}})^{2l+(l+m)}d\phi$

$\leqq(\frac{k_{n}}{\sqrt{\log n}})^{K+1}\int_{\phi|<k_{n}\prime\iota_{n}}\exp(-\alpha_{n}^{2}\phi^{2}/2)\sum_{l+m\geqq K+1}(\frac{\alpha}{2})^{l}|c_{lm}(X)|$

$\times(\log n)^{\iota_{n^{-(l+m)/2}}}(\frac{k_{n}}{\sqrt{\log n}})^{2l}d\phi$ .

Noting that $c_{lm}(X)=0$ for $m\geqq(l+1)K+1,$ $l=0,1,$ $\cdots$ (see Appendix), we obtain

$\sum_{l+m\geqq K+1}(\frac{\alpha}{2})^{l}|c_{lm}(X)|(\log n)^{l}n^{-\langle l+m)/2}(\frac{k_{n}}{\sqrt{\log n}})^{2l}$

$\leqq\sum_{l=1}^{\infty}\sum_{m=0}^{K}(\frac{\alpha}{2})^{\iota}|c_{lm}(X)|(\log n)^{l}n^{-\langle l+m)/2}(\frac{k_{n}}{\sqrt{\log n}})^{2l}$

$+\sum_{l=1}^{\infty}\sum_{m=K+1}^{(l+1)K}(\frac{\alpha}{2})^{l}|c_{lm}(X)|(\log n)^{l}n^{-(l+m)12}(\frac{k_{n}}{\sqrt{\log n}})^{2l}$

$\leqq(\frac{k_{n}}{\sqrt{\log n}})^{2}[\sum_{l=1}^{\infty}\sum_{m=0}^{K}(\frac{\alpha}{2})^{l}|c_{lm}(X)|(\log n)^{l}n^{-\langle l+m)\prime 2}$

$+\sum_{l=1}^{\infty}\sum_{m=K+1}^{\langle l+1)K}(\frac{\alpha}{2})^{l}|c_{lm}(X)|(\log n)^{l}n^{-\langle l+m)\prime 2}]$

$\leqq(\frac{k_{n}}{\sqrt{\log n}})^{2}(\sqrt{2})^{K}L_{4}[\sum_{l=1}^{\infty}\sum_{m=0}^{K}\frac{\{(\sqrt{2})^{3}L_{5}(K+1)/3!\}^{l}}{l!}$

$+\sum_{l=1}^{\infty}\sum_{m=K+1}^{\langle l+1)K}\frac{\{(\sqrt{2})^{K+3}L_{5}(K+1)/3!\}^{l}}{l!}]$

with probability greater than $ 1-\epsilon$ for any fixed $\epsilon>0$ as $ n\rightarrow\infty$ , where we have uset
Lemma 18 in the final step. Since the summations in the final brackets converge, by
changing variable $ t=\alpha_{n}\phi$ , there exist a constant $L_{6}^{\prime}=L_{6}^{\prime}(\epsilon, K)>0$ and an intege
$N=N(\epsilon, K, k_{n})>0$ such that (4.1) is bounded by
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$L_{6}^{\prime}n^{-1/2}(\log n)^{-\langle k+4)/2}k_{n}^{K+3}$

with probability greater than $ 1-\epsilon$ for $n>N$. Moreover, for any fixed $p\in(O, 1/2)$ , put
$s=2p/(K+3)$ and define $k_{n}=(\log n)^{s/2}$ . Then, $k_{n}=o(\sqrt{\log n})$ as $ n\rightarrow\infty$ , and there exist a
constant $L_{6}=L_{6}(\epsilon, K)>0$ and an integer $N=N(\epsilon,p, K)>0$ such that (4.1) is bounded
by

$L_{6}n^{-1/2}(\log n)^{-(K+4)/2+p}$

with probability greater than $ 1-\epsilon$ for $n>N$.
Similarly, by changing variable $ t=\alpha_{n}\phi$ and using Lemma 18, there exist a constant

$L_{7}=L_{7}(\epsilon, K)>0$ and an integer $N=N(\epsilon, K)>0$ such that

(4.2) $\int_{|\phi|\geqq k_{n}/c_{n}}\exp(-\alpha_{n}^{2}\phi^{2}/2)|P_{K}^{t}(\alpha_{n}^{2}\phi^{3}, \phi, X)|d\phi$

$\leqq 2\alpha_{n}^{-1}\sum_{\iota+m\leqq K}|c_{lm}(X)|(\log n)^{l}n^{-(l+m)/2}$

$\times(\frac{\alpha}{2})^{-\langle l+m)/2}(\log n)^{-\langle 3l+m)/2}\int_{\sqrt{\alpha/2}}^{\infty}\exp(-t^{2}/2)t^{3l+m}dtk_{n}$

$\leqq 2\alpha_{n}^{-1}\sum_{\iota+m\leqq K}(\sqrt{2})^{K}L_{4}\frac{\{2(\sqrt{2})^{3}L_{5}(K+1)/(3!\alpha)\}^{l}}{l!}$

$\times(\frac{\alpha}{2})^{-\langle l+m)/2}(\log n)^{-(3l+m)/2}\exp(-\alpha k_{n}^{2}/8)\int_{\sqrt{\alpha/2}}^{\infty}k_{n}\exp(-t^{2}/4)t^{3l+m}dt$

$\leqq L_{7}\alpha_{n}^{-1}\exp(-\alpha k_{n}^{2}/8)$

with probability greater than $ 1-\epsilon$ for $n>N$.
If $\beta<+\infty$ , then, Lemma 1, Lemma 4 and Theorem 2.2 in [7] lead us to inequalities

that $M_{n}<\hat{\theta}_{n}+\phi b^{-1}$ for $(\log n)^{\delta_{4}}/\sqrt{n}\leqq\phi,$ $\delta_{4}>0$ and $\beta<N_{n}-(\hat{\theta}_{n}+\phi b^{-1})$ for $-\delta_{1}\geqq\emptyset$ ,
$\delta_{1}>0$ with probability greater than $ 1-\epsilon$ as $ n\rightarrow\infty$ . When $\beta<+\infty$ ,

$\int_{-\infty}^{\infty}|\rho(\hat{\theta}_{n}+\phi b^{-1})\prod_{i=1}^{n}\frac{f(x_{i},\hat{\theta}_{n}+\phi b^{-1})}{f(x_{i},\hat{\theta}_{n})}\exp(-\alpha_{n}^{2}\phi^{2}/2)P_{K}^{t}(\alpha_{n}^{2}\phi^{3}, \phi, X)|d\phi$

$\leqq\int_{k_{n}/c_{n}}^{\langle\log n)^{\delta_{4/}}}\sqrt{n}\rho(\hat{\theta}_{n}+\phi b^{-1})\prod_{i=1}^{n}\frac{f(x_{i},\hat{\theta}_{n}+\phi b^{-1})}{f(x_{i},\hat{\theta}_{n})}d\phi$

$+\int_{-a_{0/}}^{-k_{n}/c_{n}}\sqrt{n}\rho(\hat{\theta}_{n}+\phi b^{-1})\prod_{i=1}^{n}\frac{f(x_{i},\hat{\theta}_{n}+\phi b^{-1})}{f(x_{i},\hat{\theta}_{n})}d\phi$

$+\int_{-\delta_{1}}^{-ao/}\sqrt{n}\rho(\hat{\theta}_{n}+\phi b^{-1})\prod_{i=1}^{n}\frac{f(x_{t},\hat{\theta}_{n}+\phi b^{-1})}{f(x_{i},\hat{\theta}_{n})}d\phi$
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$+\int_{\phi|\geqq k_{n}/c_{n}}\exp(-\alpha_{n}^{2}\phi^{2}/2)|P_{K}^{t}(\alpha_{n}^{2}\phi^{3}, \phi, X)|d\phi$

$+\int_{\phi|<\iota_{n}/c_{n}}|\rho(\theta_{n}+\phi b^{-1})\prod_{i=1}^{n}\frac{f(x_{t},\hat{\theta}_{n}+\phi b^{-1})}{f(x_{t},\hat{\theta}_{n})}$

$-\exp(-\alpha_{n}^{2}\phi^{2}/2)P_{K}(\alpha_{n}^{2}\phi^{3}, \phi, X)|d\phi$

$+\int_{\phi|<k_{n}/c_{n}}\exp(-\alpha_{n}^{2}\phi^{2}/2)|\sum_{l+m\geqq K+1}c_{lm}(X)(\alpha_{n}^{2}\phi^{3})^{l}\phi^{m}|d\phi$ .

Therefore, it follows from Lemmas 11, 15, 17, the evaluation of (4.1) and (4.2), th
continuity of $\rho$ and the consistency of $\hat{\theta}_{n}$ that for any $\epsilon>0,0<p<1/2$ , there exist $($

constant $B_{1}=B_{1}(\epsilon, K)>0$ and an integer $N=N(\epsilon,p, K)>0$ such that

(4.3) $\int_{-\infty}^{\infty}|\rho(\hat{\theta}_{n}+\phi b^{-1})\prod_{i=1}^{n}\frac{f(x_{i},\hat{\theta}_{n}+\phi b^{-1})}{f(x_{i},\hat{\theta}_{n})}\exp(-\alpha_{n}^{2}\phi^{2}/2)P_{K}^{t}(\alpha_{n}^{2}\phi^{3}, \phi, X)|d\phi$

$\leqq B_{1}n^{-1/2}(\log n)^{-\{K+4)/2+p}$

with probability greater than $ 1-\epsilon$ for $n>N$.
When $\beta=+\infty$ , we divide the integration of

$\rho(\hat{\theta}_{n}+\phi b^{-1})\sum_{t=1}^{n}\frac{f(x_{i},\hat{\theta}_{n}+\phi b^{-1})}{f(x_{i},\hat{\theta}_{n})}$

in the range $|\phi|\geqq k_{n}/c_{n}$ into three parts, that in the range $|\phi|\geqq\delta_{1},$ $\delta_{1}>|\phi|\geqq$

$a_{0}(\log n)^{\delta_{5}}/\sqrt{n}$ and $a_{O}(\log n)^{\delta_{5}}/\sqrt{n}>|\phi|\geqq k_{n}/c_{n}$ . Then, by the application of Lemmas 6
14 and 16 instead of Lemmas 15 and 17, we obtain (4.3) in this case, too.

In the same way, there exist a constant $B_{2}=B_{2}(\epsilon, K)>0$ and an intege]
$N=N(\epsilon,p, K)>0$ such that

(4.4) $\int_{-\infty}^{\xi a_{n}^{-1}}|\rho(\hat{\theta}_{n}+\phi b^{-1})\prod_{i=1}^{n}\frac{f(x_{i},\hat{\theta}_{n}+\phi b^{-1})}{f(x_{i},\hat{\theta}_{n})}\exp(-\alpha_{n}^{2}\phi^{2}/2)P_{K}^{t}(\alpha_{n}^{2}\phi^{3}, \phi, X)|d\phi$

$\leqq B_{2}n^{-1/2}(\log n)^{-(k+4)\prime 2+p}$

with probability greater than $ 1-\epsilon$ for $n>N$, where (4.4) is uniform in $\xi$ . Put

$\eta_{j}(\xi, X)=\not\leq l=0c_{lj-l}(X)\int_{-\infty}^{\xi}\exp(-y^{2}/2)y^{2l+j}dy$ and $\beta_{j}(X)=\eta_{j}(\infty, X)$

for $j=0,1,$ $\cdots$ , K. (4.3) and (4.4) imply that

(4.5) $|\int_{-\infty}^{\infty}\rho(\theta_{n}+\phi b^{-1})\prod_{i=1}^{n}\frac{f(x_{i},\hat{\theta}_{n}+\phi b^{-1})}{f(x_{i},\hat{\theta}_{n})}d\phi-\sum_{j=0}^{K}\beta_{j}(X)\alpha_{n}^{-U+1)}|$

$\leqq B_{1}n^{-1/2}(\log n)^{-(k+4)/2+p}$ ,
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(4.6) $|\int_{-\infty}^{\xi\alpha_{n}^{-1}}\rho(\theta_{n}+\phi b^{-1})\prod_{i=1}^{n}\frac{f(x_{i},\hat{\theta}_{n}+\phi b^{-1})}{f(x_{i},\hat{\theta}_{n})}d\phi-\sum_{j=0}^{K}\eta_{j}(\xi, X)\alpha_{n}^{-\{j+1)}|$

$\leqq B_{2}n^{-1/2}(\log n)^{-\langle K+4)/2+p}$ ,

respectively.
The result ofTheorem 1 in the case when $K=0$ is derived easily from (4.5) and (4.6).
Define a sequence of functions $\{\gamma_{j}(\xi, X)\}_{j=0}^{K}$ so as to satisfy $\gamma_{0}(\xi, X)=0$ and

$\eta_{J}\langle\xi,$ $X$) $=\beta_{0}(X)\gamma_{j}(\xi, X)+\sum_{l=1}^{\cdot}\gamma_{j-l}(\xi, X)\beta_{l}(X)+\beta_{j}(X)\Phi(\xi)$ for $j=1,2,$ $\cdots,$ $K$ .

It follows from $\eta_{0}(\xi, X)=\sqrt{2\pi}\rho(\hat{\theta}_{n})\Phi(\xi)$ and $\beta_{0}(X)=\sqrt{2\pi}\rho(\hat{\theta}_{n})$ that

(4.7) $\frac{\sum_{j=0}^{K}\eta_{j}(\xi,X)\alpha_{n}^{-j}}{\sum_{j=0}^{K}\beta_{j}(X)\alpha_{n}^{-j}}=\Phi(\xi)+\sum_{j\approx 1}^{K}\gamma_{j}(\xi, X)\alpha_{n}^{-j}$

$-\frac{\sum_{j=K+1}^{2K}\{\sum_{l=j-K}^{K}\gamma_{j-l}(\xi,X)\beta_{l}(X)\}\alpha_{n}^{-j}}{\sum_{j=0}^{K}\beta_{j}(X)\alpha_{n}^{-j}}$ .

We will prove the following lemmas regarding the evaluation of $\eta_{j}(\xi, X),$ $\beta_{j}(X)$

and $\gamma_{j}(\xi, X)$ .
LEMMA 19. Let $(C_{1}),$ $(C_{2}),$ $(C_{3}),$ $(C_{4}),$ $(C_{5}),$ $(C_{6})$ hold, and $(C_{7}),$ $(C_{8})$ be satisfied

also if $\beta<\infty$ . Then, for any $\epsilon>0$ and $1\leqq j\leqq K$, there exist constants $L_{8}=L_{8}(\epsilon, K)>0$ ,
$L_{9}=L_{9}(\epsilon, K)>0$ and an integer $N=N(\epsilon, K)>0$ such that

$|\eta_{j}(\xi, X)|n^{-j/2}\log n\leqq L_{8}$ umformly in $\xi$ ,

with probability greater than $ 1-\epsilon$ for $n>N$, and

$|\beta_{j}(X)|n^{-j/2}\log n\leqq L_{9}$

with probability greater than $ 1-\epsilon$ for $n>N$.
$p_{R\infty F}$ .

$|\beta_{j}(X)|\leqq\sum_{l=0}^{j}|c_{lj-l}(X)|\int_{-\infty}^{\infty}\exp(-y^{2}/2)|y|^{2l+j}dy$ .

Since $c_{0_{J}}\langle X$) $=\rho^{0)}(\hat{\theta}_{n})b^{-j}/j!$ , by $(C_{6})$ and Lemma 4, there exists a constant $L_{9}^{\prime}>0$ such
that $|c_{Oj}(X)|\leqq L_{9}^{\prime}$ in probability as $ n\rightarrow\infty$ for $1\leqq j\leqq K$. In addition, Lemma 18 implies
that

$|c_{lj-l}(X)|\leqq\frac{1}{l!}(\sqrt{2})^{K}L_{4}\{\frac{2}{3!\alpha}(\sqrt{2})^{3}L_{5}(K+1)\}^{l}(\log n)^{-l}n^{j/2}$

for some $L_{4}=L_{4}(K)>0,$ $L_{5}=L_{5}(\epsilon, K)>0$ with probability greater than $ 1-\epsilon$ as $ n\rightarrow\infty$ ,
for $1\leqq l\leqq j$ and 1 $\lrcorner\leq\leqq K$. The lemma follows easily. Similarly, we can show the inequality
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for $\eta_{j}(\xi, X)$ .
LEMMA 20. Let $(C_{1}),$ $(C_{2}),$ $(C_{3}),$ $(C_{4}),$ $(C_{5}),$ $(C_{6})$ hold, and $(C_{7}),$ $(C_{8})$ be satisfie‘

also $\iota f\beta<+\infty$ . Then,for any $\epsilon>0$ and $1\leqq j\leqq K$, there exist a constant $L_{10}=L_{10}(\epsilon, K)>($

and an integer $N=N(\epsilon, K)>0$ such that

$|\gamma_{j}(\xi, X)|n^{-j/2}\log n\leqq L_{10}$ umformly in $\xi$ ,

with probability greater than $ 1-\epsilon$ for $n>N$.
$PR\infty F$ . When $j=1$ , $|\gamma_{1}(\xi, X)|=|\eta_{1}(\xi, X)|/|\beta_{0}(X)|$ . Since $\beta_{0}(X)=\sqrt{2\pi}\rho(\hat{\theta}_{n})$

$\beta_{0}(X)>\epsilon^{\prime}$ for some $\epsilon^{\prime}>0$ , in probability as $ n\rightarrow\infty$ by $(C_{6})$ . The application of Lemm’
19 yields the result in this case. Then we use induction. Suppose that the assertion holds
until $j$. $\gamma_{j+1}(\xi, X)$ is expressed in the form

$\gamma_{j+1}(\xi, X)=\{\eta_{j+1}(\xi, X)-\sum_{l=1}^{j+1}\gamma_{j+1-l}(\xi, X)\beta_{l}(X)-\beta_{j+1}(X)\Phi(\xi)\}/\beta_{0}(X)$ .

The assumption and Lemma 19 immediately give the desired result.

By Lemma 19, we can show that $\sum_{j=0}^{K}\eta_{j}(\xi, X)\alpha_{n}^{-j}$ and $\sum_{j=0}^{K}\beta_{j}(X)\alpha_{n}^{-j}$ are bounded
Therefore it follows from (4.5), (4.6) that for any $\epsilon>0$ and $0<p<1/2$ , there exist ’

constant $D_{1}^{\prime}=D_{1}^{\prime}(\epsilon, K)>0$ and an integer $N=N(\epsilon,p, K)>0$ such that

$|F_{n}(\xi)-\frac{\sum_{j=0}^{K}\eta_{j}(\xi,X)\alpha_{n}^{-j}}{\sum_{j=0}^{K}\beta_{j}(X)\alpha_{n}^{-j}}|\leqq D_{1}^{\prime}(\log n)^{-\langle K+3)\prime 2+p}$ ,

with probability greater than $ 1-\epsilon$ for $n>N$. And by (4.7),

$|F_{n}(\xi)-\Phi(\xi)-\sum_{j=1}^{K}\gamma_{j}(\xi, X)\alpha_{n}^{-j}|\leqq D_{1}^{\prime}(\log n)^{-(K+3)/2+p}$

$+|\frac{\sum_{j=K+1}^{2K}\{\sum_{l=j-K}^{K}\gamma_{j-l}(\xi,X)\beta_{l}(X)\}\alpha_{n}^{-j}}{\sum_{j\Rightarrow 0}^{K}\beta_{j}(X)\alpha_{n}^{-j}}|$

with probability greater than $ 1-\epsilon$ for $n>N$. The second term of the right hand side $i$

bounded by $D_{1}^{\prime\prime}(\log n)^{-(K+5)/2}$ for some $D_{1}^{\prime\prime}=D_{1}^{\prime\prime}(\epsilon, K)>0$ with probability greater $thal$

$ 1-\epsilon$ as $ n\rightarrow\infty$ . This completes the proof of Theorem 1.

We will prove the following lemma to establish Theorem 2.

LEMMA 21. Let $(C_{1}),$ $(C_{2}),$ $(C_{3}),$ $(C_{4}),$ $(C_{5}),$ $(C_{6})$ hold, and $(C_{7}),$ $(C_{8})$ be satisfie
also if $\beta<+\infty$ . Then, for any $\epsilon>0,$ $L>0$ and 1 al $\leqq K$, there exists an intege
$N=N(\epsilon, K)>0$ such that

$\gamma_{j}(\xi, X)\alpha_{n}^{-j}=-\varphi(\xi)\sum_{m=1}^{j}\{(\log n)^{-v+2m)/2}\sum_{l\Rightarrow 0}^{\{j-1+2m)/2}B_{j+2m2l}^{01}\xi^{2l}\}+o_{p}((\log n)^{-L})$

with probability greater than $ 1-\epsilon$ for $n>N,$ $\iota fj$ is an odd number,
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and

$\gamma_{j}(\xi, X)\alpha_{n}^{-j}=-\varphi(\xi)\sum_{m=1}^{j}\{(\log n)^{-(j+2m)/2}\sum_{l=1}^{\langle j+2m)/2}B_{j^{J}+2m2l-1}^{\langle)}\xi^{2l-1}\}+o_{p}((\log n)^{-L})$

with probability greater than $ 1-\epsilon$ for $n>N,$ $\iota fj$ is an even number,

where $B_{st}^{(j)}=O_{p}(1)$ with respect to $P_{\theta_{0}}$ for every $j$ as $ n\rightarrow\infty$ and $\varphi(\xi)$ is the standard normal
density function.

PROOF. We prove the case where $j$ is an even number. For simplicity, denote
$\eta_{j}(\xi, X),$ $\beta_{j}(X),$ $\gamma_{j}(\xi, X),$ $c_{ij}(X)$ by $\eta_{j},$

$\beta_{j}$, $\gamma_{j},$ $c_{ij}$ respectively. Since $c_{Oj}=p^{\langle J)}(\hat{\theta}_{n})b^{-j}/j!$ for
$0\leqq j\leqq K$,

$|c_{0j}|\alpha_{n}^{-j}=o_{p}((\log n)^{-L})$ for any $L>0$ as $ n\rightarrow\infty$ .

And by Lemma 18, for any $\epsilon>0,1\leqq l\leqq j$ and $1\leqq j\leqq K$, there exist $B_{l}>0$ such that

$|c_{lj-l}|\alpha_{n}^{-j}\leqq B_{1}(\log n)^{-\langle 2l+J)/2}$ ,

with probability greater than $ 1-\epsilon$ as $ n\rightarrow\infty$ . Let $j=2$ . Since
$\gamma_{2}=-\varphi(\xi)\{c_{20}(\xi^{5}+5\xi^{3}+15\xi)+c_{11}(\xi^{3}+3\xi)+c_{O2}\xi\}/\rho(\hat{\theta}_{n})$ ,

from what mentioned above, the lemma follows easily in this case.
General cases can be proved inductively. Suppose that the conclusion hold until

$j$. When $j+2$ ,

$\gamma_{j+2}\alpha_{n}^{-\langle j+2)}=\{\eta_{j+2}-\beta_{j+2}\Phi(\xi)\}\alpha_{n}^{-(f+2)}/\beta_{0}-\sum_{l=1}^{j+2}\gamma_{j+2-l}\beta_{l}\alpha_{n}^{-\{j+2)}/\beta_{0}$ .

The first term of the right hand side is equal to

$-\varphi(\xi)\sum_{l=0}^{j+2}c_{lj+2-l}\alpha_{n}^{-\{j+2)[]}\xi^{2l+j+1}+\sum_{s=1}^{l+j/2}\prod_{i=1}^{s}\{2(I-i)+j+3\}\xi^{2\langle l-s)+j+1}/\rho(\hat{\theta}_{n})$ ,

which is expressed in the form

$-\varphi(\xi)\sum_{l=1}^{j+2}\{(\log n)^{-\{j+2l+2)/2}\sum_{s=1}^{(g+2l+2)/2}B_{j+2l+22s-1}\xi^{2s-1}\}+o_{p}((\log n)^{-L})$

for some $B_{j+2l+22s-1}=O_{p}(1)$ and any $L>0$ with probability greater than $ 1-\epsilon$ as $ n\rightarrow\infty$ .
Now we consider the second term. Since $\beta_{l}=0$ if $l$ is an odd number, by the assumption
of induction, the second term is written in the form

$-\varphi(\xi)\sum_{l=1}^{j/2}[\sum_{m=1}^{j-2l+2}\{(\log n)^{-\{J-2l+2m+2)/2}\sum_{s=1}^{(j-2l+2m+2)/2}B_{j-2l+2m+22s-1}\xi^{2s-1}\}$

$+o_{p}((\log n)^{-L})]\beta_{2l}\alpha_{n}^{-2l}$
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for some $B_{j-2l+2m+22s-1}=O_{p}(1)$ as $ n\rightarrow\infty$ . Moreover, since

$\beta_{2l}\alpha_{n}^{-2l}=\sum_{s=1}^{2l}B_{s}(\log n)^{-(l+s)}+o_{p}((\log n)^{-L})$ ,

for some $B_{s}$ as $ n\rightarrow\infty$ , the second term is written in the form

$-\varphi(\xi)\iota=f_{1}^{2}[\sum_{m=1}^{j-2l+2}\sum_{s=1}^{2l}(\log n)^{-(j+2m+2s+2)/2}\sum_{k=1}^{\{j-2l+2m+2)\prime 2}B_{j+2m+2s+22k-1}\xi^{2k-1}]$

$+o_{p}((\log n)^{-L})$

for some $B_{j+2m+2s+22k-1}=O_{p}(1)$ with probability greater than $ 1-\epsilon$ as $ n\rightarrow\infty$ . Both $0$

terms are polynomials in $\xi$ with only odd degrees multiplied by the standard norma
density function. Consequently, by putting together terms with the same order $0$

$(\log n)^{-i\prime 2},$ $i=j+4,j+6,$ $\cdots,$ $3j+6$, the conclusion holds for $j+2$, too.
The case when $j$ is an odd number is shown similarly.

In Lemma 21, we can see that each $\gamma_{j}(\xi, X)\alpha_{n}^{-j}$ is a polynomial in $\xi$ with stochastically
bounded coefficients $B_{\alpha}^{01}$, multiplied by $(\log n)^{-i/2},$ $i=3,4,$ $\cdots,$ $3j$, and the $standar\langle$

normal density function $\varphi(\xi)$ . In an expansion

$|F_{n}(\xi)-\Phi(\xi)-\sum_{j=1}^{K}\gamma_{j}(\xi, X)\alpha_{n}^{-j}|\leqq D_{1}(\log n)^{-\langle K+3)\prime 2+p}$ ,

polynomials in $\xi$ multiplied by $(\log n)^{-j/2},$ $i=3,4,$ $\cdots,$ $K+2$ , are essentially needed
From this point of view, we obtain the conclusion of Theorem 2.

The following lemma gives sufficient conditions to satisfy $(C_{7})$ .

LEMMA 22. Let $\beta<+\infty$ and $f$ satisfy $(C_{1}),$ $(C_{2})$ and $(C_{8})$ . If
$\lim_{x\rightarrow\beta-0}f^{\omega}(x)=0$ for $j=0,1,$ $\cdots,$ $K+2$ ,

and
$f^{\langle K+3)}(x)=(\beta-x))L(\beta-x)$

where $\gamma>-1$ and $L(x)$ satisfies $L(tx)/L(t)\rightarrow 1$ as $t\rightarrow 0$ for every fixed $x>0$, then $(C_{7}$

holds.
$PR\infty F$ . We can show this lemma analogously to Lemma 3.6 in [7]. It follow

from Theorem 1 in [1], page 281, that

$t^{\gamma+1}L(t)/\int_{0}^{t}yL(y)dy\rightarrow\gamma+1$ as $t\rightarrow 0$ for $\gamma>-1$ .

By making use of this fact, we can show inductively that
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$f^{\langle K+3-J)}(x)\sim\frac{(-1)^{j}(\beta-x)^{\gamma+j}L(\beta-x)}{\prod_{i=1}^{j}(\gamma+i)}$

Therefore

as $x\rightarrow\beta-O$ , for $j=1,$ $\cdots,$ $K+3$ .

$g^{0)}(x)\sim-\frac{(j-1)!(\gamma+K+3)}{(\beta-x)^{j}}$ as $x\rightarrow\beta-O$ , for $j=2,$ $\cdots,$ $K+3$ .

This implies that $\lim\sup_{x\rightarrow\beta-0}g^{0)}(x)\leqq 0$ for $j=2,$ $\cdots,$ $K+3$ . Moreover, define
$h_{j}(x)=-c/x^{j}$ for fixed $c>0$ for $j=2,$ $\cdots,$ $K+3$ . Clearly $h_{j}(x)$ is an increasing function
on $x>0$ , and satisfies $g^{0)}(x)\geqq h_{j}(\beta-x)$ for $\beta-\tau<x<\beta$ for sufficiently large $c$ and
sufficiently small $\tau$ . Finally, note that

$\int_{\beta-\tau}^{\beta}h_{j}(v(\beta-x))f(x)dx=-cv^{-j}\int_{\beta-\tau}^{\beta}(\beta-x)^{-j}f(x)dx$ .

By adjusting the lemma in [1], page 280, to this case, we can shOw that the last expression
is finite for all $0<v<1$ .

Take the density function of Beta$(2, q),$ $q>K+3$ , for instance. In fact, it satisfies
not only $(C_{3}),$ $(C_{4})$ and $(C_{5})$ but also conditions required in Lemma 22.

5. Examples of expansions.

As a matter of fact, it is too difficult to calculate stochastically bounded coeffi-
cients $B_{st}^{0)}$ specifically in general cases. But it is possible if $K$ is not so large. Put
$A_{j}=(\alpha n/2)^{-j/2}b(\hat{\theta}_{n})^{-j}G_{n}^{-\{g)}(\hat{\theta}_{n})/j!$ . Then the expansions for $K=1,2,$ $\cdots,$

$6$ are given as
follows.
(i) $K=1$

$|F_{n}(\xi)-\Phi(\xi)+\varphi(\xi)(\log n)^{-3/2}A_{3}(\xi^{2}+2)|\leqq D_{21}(\log n)^{-2+p}$ .
(ii) $K=2$

$|F_{n}(\xi)-\Phi(\xi)+\varphi(\xi)\{(\log n)^{-3/2}A_{3}(\xi^{2}+2)$

$+(\log n)^{-2}A_{4}(\xi^{3}+3\xi)\}|\leqq D_{22}(\log n)^{-5/2+p}$

(iii) $K=3$

$|F_{n}(\xi)-\Phi(\xi)+\varphi(\xi)\{(\log n)^{-3/2}A_{3}(\xi^{2}+2)+(\log n)^{-2}A_{4}(\xi^{3}+3\xi)$

$+(\log n)^{-5/2}(A_{5}/2)(\xi^{4}+4\xi^{2}+8)\}|\leqq D_{23}(\log n)^{-3+p}$ .

(iv) $K=4$

$|F_{n}(\xi)-\Phi(\xi)+\varphi(\xi)\{(\log n)^{-3/2}A_{3}(\xi^{2}+2)$

$+(\log n)^{-2}A_{4}(\xi^{3}+3\xi)+(\log n)^{-5/2}(A_{5}/2)(\xi^{4}+4\xi^{2}+8)$

$+(\log n)^{-3}(A_{6}+A_{3}^{2}/2)(\xi^{5}+5\xi^{3}+15\xi)\}|\leqq D_{24}(\log n)^{-7/2+p}$ .
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(v) $K=5$

$|F_{n}(\xi)-\Phi(\xi)+\varphi(\xi)[(\log n)^{-3/2}A_{3}(\xi^{2}+2)+(\log n)^{-2}A_{4}(\xi^{3}+3\xi)$

$+(\log n)^{-5/2}(A_{5}/2)(\xi^{4}+4\xi^{2}+8)+(\log n)^{-3}(A_{6}+A_{3}^{2}/2)(\xi^{5}+5\xi^{3}+15\xi)$

$+(\log n)^{-7/2}\{(A_{7}+A_{3}A_{4})\xi^{6}+6(A_{7}+A_{3}A_{4})\xi^{4}+(24A_{7}+27A_{3}A_{4})\xi^{2}$

$+48A_{7}+54A_{3}A_{4}\}]|\leqq D_{25}(\log n)^{-4+p}$ .
(iv) $K=6$

$|F_{n}(\xi)-\Phi(\xi)+\varphi(\xi)[(\log n)^{-3/2}\Lambda_{3}(\xi^{2}+2)+(\log n)^{-2}A_{4}(\xi^{3}+3\xi)$

$+(\log n)^{-5/2}(A_{5}/2)(\xi^{4}+4\xi^{2}+8)+(\log n)^{-3}(A_{6}+A_{3}^{2}/2)(\xi^{5}+5\xi^{3}+15\xi)$

$+(\log n)^{-7/2}\{(A_{7}+A_{3}A_{4})\xi^{\text{\’{o}}}+6(A_{7}+A_{3}A_{4})\xi^{4}$

$+(24A_{7}+27A_{3}A_{4})\xi^{2}+48A_{7}+54A_{3}A_{4}\}$

$+(\log n)^{-4}\{(A_{8}+A_{5}A_{3}+A_{4}^{2}/2)\xi^{7}+7(A_{8}+A_{5}A_{3}+A_{4}^{2}/2)\xi^{5}$

$+(35(A_{8}+A_{5}A_{3}+A_{4}^{2}/2)+3A_{4}^{2})\xi^{3}$

$+(105(A_{8}+A_{5}A_{3}+A_{4}^{2}/2)+9A_{4}^{2})\xi\}]|\leqq D_{26}(\log n)^{-9/2+p}$ .
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Appendix.

In the proof of some lemmas, it is required to know the detailed expressions 01
$c_{lm}(X)$ defined in section 4. They are given as follows.

$c_{0m}(X)=\left\{\begin{array}{l}\frac{l}{m!}p^{\langle m)}(\hat{\theta}_{n})b^{-m}(0\leqq m\leqq K)\\0(K+l\leqq m)\end{array}\right.$

$c_{1m}(X)=\left\{\begin{array}{l}b^{-\langle m+3)}\sum_{r=0}^{m}\frac{1}{(m-r)!}\rho^{(m-r)}(\hat{\theta}_{n})a_{r+3n}(\hat{\theta}_{n})(0\leqq m\leqq K)\\b^{-(m+3)}\sum_{r=O}^{K-1}\frac{1}{(K-r)!}\rho^{\langle K-r)}(\hat{\theta}_{n})a_{r+m-K+3n}(\hat{\theta}_{n})I(r|r+m\leqq 2K)\\(K+1\leqq m\leqq 2K)\\0(2K+1\leqq m)\end{array}\right.$



POSTERIOR DISTRIBUTIONS 239

$c_{2m}(X)=\left\{\begin{array}{ll}\frac{1}{2}b^{-\langle m+6)}\sum_{r=0}^{m}\sum_{s=0}^{r}\frac{1}{(m-r)!}p^{(m-r)}(\hat{\theta}_{n})a_{r-s+3n}(\hat{\theta}_{n})a_{s+3n}(\hat{\theta}_{n}) & (0\leqq m\leqq K)\\\frac{1}{2}b^{-\langle m+6)}\sum_{r=0}^{K}\sum_{s=0}^{s\langle 0)}\frac{1}{(K-r)!}\rho^{\langle K-r)}(\hat{\theta}_{n})a_{r+m-K-s+3n}(\hat{\theta}_{n})a_{s+3n}(\hat{\theta}_{n}) & \\\times I((r, s)|r+m-s\leqq 2K), & \\where s(O)=\min\{K, r+m-K\} (K+ & l\leqq m\leqq 3K)\\0 & 3K+1\leqq m)\end{array}\right.$
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