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$0$. Introduction.

When $n\geq 4$ and $n-1\geq r\geq 2$ , only few indecomposable vector bundles of rank $\gamma\$ $

on n-dimensional projective space $P^{n}$ are known. Some of them are very special vector
bundles. That is, they have special system of transition matrices. In this article, we study
such vector bundles which have special system of transition matrices, namely, system
of $\sigma$-transition matrices,

In section 2, we give a general theory of a system of $\sigma$-transition matrices and its
initial datum. Initial datum of a system of $\sigma$-transition matrices furnishes us with com-
plete information about the system of $\sigma$-transition matrices.

In section 3, we give a theory of standard $\sigma$-matrix. Using a standard $\sigma$-matrix we
can construct a system of $\sigma$-transition matrices and its initial datum.

In section 4, we give an example of standard $\sigma$-matrix which determines essentially
the cotangent bundle $\Omega_{P^{n}}$ of $P^{n}$ . And we give an example of initial datum of a system
of $\sigma$-transition matrices, which determines the tangent bundle $T_{p}$. of $P^{n}$ .

In section 5, using the theory of system of $\sigma$-transition matrices, we reconstruct
the Horrocks bundle of rank 3 on $P^{5}$ (cf. [3]).

In section 6, we recqpstruct the vector bundle of rank 2 on $P^{5}$ which is given in
[10] in characteristic two. Using the theory of system of $\sigma$-transition matrices, we give
an example of non-constant morphism from $P^{5}$ to the Grassmann variety $Gr(5,1)$

which parametrizes lines contained in $P^{5}$ . And we give an example of indecomposable
vector bundle of rank 4 on $P^{5}$ which is essentially different from null-correlation bundle
and the bundle given in [9].

In section 7, we give several remarks on vector bundles and matrices which
appeared in sections 4, 5 and 6.

Recently, H. Kaji showed that the Horrocks-Mumford bundle, which is an
indecomposable vector bundle of rank 2 on $P^{4}$ , has a system of $\sigma$-transition matrices
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(cf. [5]).
The author wishes to thank Professor N. Sasakura for his valuable suggestion an $($

encouragement.

1. Notations.

Let $k$ be a field. We denote by $P^{n}$ the n-dimensional projective space defined ove
$k$ . We denote by $k[x_{O}, x_{1}, \cdots, x_{n}]$ the ring of polynomials in $n+1$ -variables wit]

coefficients in $k$, and we denote its quotients field by $K$. The field of rational function
on $P^{n}$ can be naturally identified with the subfield of $K$. We denote this subfield of 1
by $K_{0}$ . We denote by $S_{n+1}$ the symmetric group of permutations of $n+1$ object
$0,1,2,$ $\cdots,$ $n$ . Let $\sigma$ be a cyclic permutation of length $n+1$ and $G$ be the cyclic subgrou]
$\langle\sigma\rangle$ of $S_{n+1}$ generated by $\sigma$ .

Throughout this article, we use the following notation.
(1) All components of matrices and vectors are elements of $K$.
(2) We use the letters $h,$ $i,j$ as indices running the ranges $0\leq h,$ $i,$ $j\leq n$ .
(3) We denote $\{V_{i}\}_{0\leq i\leq n}$ simply by $\{V_{i}\}$ and similarly denote $\{V_{ij}\}_{0\leq i,j\leq n}$ by $\{V_{ij}\}$

(4) We denote the affine open set $\{(a_{0}, a_{1}, \cdots, a_{n})|a_{i}\neq 0\}$ of $P^{n}$ by $U_{i}$ . $\{U_{i}\}$ is $a1$

affine open covering of $P^{n}$ .
(5) We say that matrices and vectors are regular on $U_{i}$ if all their $component|$

are regular functions on $U_{i}$ . Similarly we say that they are regular on $U_{i}\cap U_{j}$ if all thei
components are regular functions on $U_{i}\cap U_{j}$ .

(6) We use the letters $\tau,$ $\eta,$
$\xi$ as arbitrary elements of $G$ .

2. System of $\sigma$-transition matrices.

Let $E$ be a vector bundle of rank $r$ on $P^{n}$ such that $E|_{U_{i}}$ are trivial on $U_{i}$ for all $\iota$

and let $\{e_{i1}, e_{i2}, \cdots, e_{ir}\}$ be a basis of $E|_{U_{l}}$ . Then there exist relations

$(e_{j1}, e_{j2}, \cdot. e_{jr})=(e_{i1}, e_{i2}, \cdot. e_{ir})G_{ij}$ (1

on $U_{i}\cap U_{j}$, where $\{G_{ij}\}$ is a system of non-singular $r\times r$ matrices such that both $G_{ij}ane$

$G_{ij}^{-1}$ are regular on $U_{i}\cap U_{j}$ . Then $\{G_{ij}\}$ is called a system of transition matrices of 1
with respect to the given bases $\{\{e_{i1}, e_{i2}, \cdots, e_{ir}\}\}$ . Suppose that $G_{ij}$ is regular on $0$

for any pair $i$ and $j$. Then, we can write

$e_{js}=f_{1}e_{i1}+f_{2}e_{i2}+\cdots+f_{r}e_{ir}$

where $f_{1},f_{2},$ $\cdots,f_{r}$ are regular functions on $U_{i}$ . This shows that any section $e_{js}extend($

to a section on $U_{i}$ . Thus, in this case, section $e_{js}$ extends to a global section of $E$. Thi.
shows that $E$ is generated by its global sections.

Now let $\{\hat{e}_{i1},\hat{e}_{i2}, \cdots,\hat{e}_{ir}\}$ be another basis of $E|_{U_{i}}$ . Let $\{\hat{G}_{ij}\}$ be the system $0l$

transition matrices of $E$ with respect to these bases, i.e., the relations
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$(\hat{e}_{j1},\hat{e}_{j2}, \cdots , \hat{e}_{jr})=(\hat{e}_{i1},\hat{e}_{i2}, , \hat{e}_{ir})\hat{G}_{ij}$ (2)

hold. Since $\{e_{i1}, e_{i2}, \cdots, e_{ir}\}$ and $\{\hat{e}_{i1},\hat{e}_{i2}, \cdots,\hat{e}_{ir}\}$ are both bases of $E|_{U_{i}}$ , there exists a
set of matrices $\{C_{i}\}$ such that $C_{i}$ and $C_{i}^{-1}$ are regular on $U_{i}$ and the relations

$(e_{i1}, e_{i2}, \cdots , e_{ir})=(\hat{e}_{i1},\hat{e}_{i2}, \cdots , \hat{e}_{\dot{\iota}r})C_{i}$ (3)

hold. By virtue of the formulae (1), (2), (3), we have

$\hat{G}_{ij}=C_{i}G_{ij}C_{j}^{-1}$ (4)

Furthermore, suppose that $E^{\prime\prime}$ be the subbundle of $E$ and $\{\hat{e}_{ir’+1},\hat{e}_{ir^{\prime}+2}, \cdots,\hat{e}_{ir}\}$ be a
basis of $E^{\prime\prime}|_{U_{i}}$ , then there exist three families ofmatrices $\{G_{ij}^{\prime}\},$ $\{D_{ij}\},$ $\{G_{ij}^{\prime\prime}\}$ of type $r^{\prime}\times r^{\prime}$ ,
$(r-r^{\prime})\times r^{\prime}$ and $(r-r^{\prime})\times(r-r^{\prime})$ respectively, which satisfy

$\hat{G}_{ij}=\left(\begin{array}{ll}G_{ij}^{\prime} & O\\D_{ij} & G_{ij}^{\prime\prime}\end{array}\right)$ . (5)

In this case, $\{G_{ij}^{\prime\prime}\}$ is a system of transition matrices of $E^{\prime\prime}$ and $\{G_{ij}^{\prime}\}$ is a system of
transition matrices of the quotient bundle $E/E^{\prime\prime}$ .

DEFINITION. We say that a set of matrices $\{g_{ij}\}$ of rank $r$ be a system of transition
matrices of rank $r$ if it satisfies the following conditions:
(1) $g_{ij}$ is a regular matrix on $U_{i}\cap U_{j}$ for any $i$ and $j$.
(2) $g_{ii}=I_{r}$ for all i, $whereI_{r}$ is the unit matrix of rank r.
(3) $g_{hi}g_{ij}=g_{hj}$ for all $h,$ $i$ and $j$.

The following are well-known results.

LEMMA 1. Let $\{g_{ij}\}\dot{b}e$ a system of transition matrices of rank $r$ . Then
(1) $\{g_{ij}\}$ is a system of transition matrices of a vector bundle of rank $r$ on $P^{n}$ with

respect to some set ofbases. If $g_{ij}$ are regular on $U_{i}$ , for all $i$ andj, then this vector bundle is
generated by its global sections.

(2) Suppose that $\{h_{i}\}$ be a set of $r\times r$ matrices such that $h_{i}$ and $h_{i}^{-1}$ are regular on $U_{i}$ .
Then $\{h_{i}g_{ij}h_{j}^{-1}\}$ is a system of transition matrices.

(3) Suppose that $\{g_{ij}^{\prime}\},$ $\{d_{ij}\}$ and $\{g_{ij}^{\prime\prime}\}$ be sets ofmatrices of type $r^{\prime}\times r^{\prime},$ $r^{\prime\prime}\times r^{\prime}$ and
$r^{\prime\prime}\times r^{\prime\prime}$ respectively such that $g_{ij}=\left(\begin{array}{ll}g_{jj}^{\prime} & o\\d_{ij} & g_{jj}^{\prime\prime}\end{array}\right)$ for all $i$ andj. Then $\{g_{ij}^{\prime}\}$ and $\{g_{ij}^{\prime\prime}\}$ are systems

of transition matrices ofrank $r^{\prime}$ and $r^{\prime\prime}$ respectively. Let $E,$ $E^{\prime}$ and $E^{\prime\prime}$ be vector bundles on
$P^{n}$ which have systems of transition matrices $\{g_{ij}\},$ $\{g_{ij}^{\prime}\}$ and $\{g_{ij}^{\prime\prime}\}$ respectively. Then there
exists an exact sequence of vector bundles

$0\rightarrow E^{\prime\prime}\rightarrow E\rightarrow E^{\prime}\rightarrow 0$ .
Let $\varphi=\varphi(x_{0}, x_{1}, \cdots, x_{n})$ be an element of $K$, then for any element $\tau$ of $G$ we denote
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$\varphi(x_{c(0)}, x_{c\langle 1)}, \cdots, x_{c\{n)})$ by $ f\varphi$ . Similarly when $\left(\begin{array}{llll}\varphi_{11} & \varphi_{12} & \cdots & \varphi_{1r}\\\varphi_{21} & \varphi_{22} & \cdots & \varphi_{2r}\\\vdots & \vdots & \ddots & \vdots\\\varphi_{*1} & \varphi_{*2} & \cdots & \varphi_{r}\end{array}\right)$ is a $s\times r$ matrix, we

denote by $A$ the $s\times r$ matrix $\left(\begin{array}{llll}\varphi_{11} & l\varphi_{12} & \cdots & l\varphi_{1r}\\\tau\varphi_{21} & l\varphi_{22} & \cdots & \varphi_{2r}\\\vdots & \vdots & \ddots & \vdots\\ l\varphi_{*1} & l\varphi_{*2} & \cdots & l\varphi_{r}\end{array}\right)$ . It is easy to verify the following facts.

LEMMA 2. (1) $\tau$ induces an automorphism of $K$.
(2) \langle $\eta\tau$) $\varphi=_{\pi}(\tau\varphi)$ .
(3) $(\eta c)A=_{\eta}(A)$ for any matrix $A$ .
(4) $\tau(BA)=_{t}BAforanytwomatricesAandB$ .
(5) $\tau(B^{-1})=(\tau B)^{-1}$ for any non-singular matrix $B$ .
(6) $\tau\left(\begin{array}{ll}A & B\\C & D\end{array}\right)=\left(\begin{array}{ll}\Lambda & \tau B\\{}_{\tau}C & p\end{array}\right)$ .
(7) If $\varphi$ be an element of $K_{O}$ which is regular on $U_{i}$ , then $\tau\varphi$ is regular on $U_{\tau\langle i)}$ .
(8) If $A$ be a matrix which is regular on $U_{i}$, then $A$ is regular on $U_{\tau\langle i)}$ .
(9) If $A$ be a non-singular matrix such that $A^{-1}$ is regular on $U_{i}$, then $(_{f}A)^{-1}$ is

regular on $U_{\tau\langle i)}$ .
DEFINITION. Suppose that a system of transition matrices $\{B_{ij}\}$ satisfies the

condition

$tB_{ij}=B_{\tau\langle i)\tau\{J)}$ for any $\tau\in G$ and for any $i$ and $j$ .
Then $\{B_{ij}\}$ is called a system of $\sigma$-transition matrices or a system ofG-transition matrices.
$B_{\sigma\langle 0)O}$ is called the initial datum of this system of $\sigma$-transition matrices $\{B_{ij}\}$ .

Let $\{B_{ij}\}$ be a system of $\sigma$-transition matrices of rank $r$ and $B$ be its initial datum.
Then for any $i$ and $j$, there exist two natural numbers $p$ and $q$ such that

$j=\sigma^{p}(0)$ and $i=\sigma^{q}(j)=\sigma^{q+p}(0)$ .
Therefore we have

$B_{\sigma^{q}(0)0}=B_{\sigma^{q}(0)\sigma^{q- 1}\langle 0)}B_{\sigma^{q- 1}(0)\sigma^{q-2}(0)}\cdots B_{\sigma(0)0}$

$=_{\sigma^{q-1}}(B_{\sigma(0)0})_{\sigma^{q-2}}(B_{\sigma\{O)0})\cdots\sigma(B_{\sigma\langle O)0})(B_{\sigma(O)O})=BB\cdots BB\sigma^{q-1}\sigma^{q- 2}\sigma$

Thus

$B_{ij}=B=B=BB\cdots B_{\sigma^{p}}B\sigma^{p+q}\langle 0$)$\sigma^{p}(0)\sigma^{p}\sigma^{q}(0)O\sigma^{p+q-1}\sigma^{p+q- 2}\sigma^{p+1}$ (6)

This shows that a system of $\sigma$-transition matrices $\{B_{ij}\}$ is determined by its initial datum
$B$ .

Suppose that $B(=B_{\sigma\langle 0)0})$ is regular on $U_{\sigma\langle 0)}$ . Then $B_{\sigma^{2}(0)\sigma(0)}=_{\sigma}B_{\sigma(0)0}$ is regular on
$U_{\sigma^{2}(0)}$ . Therefore $B_{\sigma^{2}(0)0}=B_{\sigma^{2}\langle 0)\sigma\langle 0)}B_{\sigma(0)0}$ is regular on $U_{\sigma^{2}(0)}\cap U_{\sigma\langle 0)}$ . Since, by definition.
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$B_{\sigma^{2}\langle 0)0}$ is regular on $U_{\sigma^{2}\langle 0)}\cap U_{0}$ , this is regular on $U_{\sigma^{2}\langle 0)}\cap(U_{0}\cup U_{\sigma\langle 0)})$ . This shows that
$B_{\sigma^{2}(0)0}$ is regular on $U_{\sigma^{2}\langle 0)}$ . Since $B_{\sigma^{3}\langle 0)0}=_{\sigma}B_{\sigma^{2}\langle 0)0}B_{\sigma\langle 0)0}$ is regular on $U_{\sigma^{3}(0)}\cap(U_{0}\cup U_{\sigma\{0)})$ ,
this is regular on $U_{\sigma^{3}(0)}$ . In the same way as above, we can show that $B_{i0}$ is regular on
$U_{i}$ . For any $j$, there exists an element $\tau\in G$ such that $j=\tau(0)$ . Sinoe $B_{\tau^{-1}(i)O}$ is regular on
$U_{\tau^{-1}\langle i)},$ $B_{ij}(=_{\tau}B_{\tau^{-1}\langle i)0})$ is regular on $U_{i}$ . In this case, the vector bundle determined by
this system of $\sigma$-transition matrices is generated by its global sections (cf. Lemma 1 (1)).

Next, suppose that $B$ is regular on $U_{0}$ . In a similar way as above, we can show
that $B_{ij}$ is regular on $U_{j}$ for any pair $i$ and $j$. Let $E$ be the vector bundle determined by
$\{B_{ij}\}$ . Then it is easy to verify that $\{{}^{t}B_{ij}^{-1}\}$ is a system of $\sigma$-transition matrices with
initial datum ${}^{t}B_{\sigma\langle 0)0}^{-1}$ which determines the dual vector bundle $E$. Since ${}^{t}B_{\sigma(0)0}^{-1}={}^{t}B_{0\sigma\langle 0)}$ ,
this matrix is regular on $U_{\sigma\langle 0)}$ . Hence $E$ is generated by its global sections. Thus, in this
case, the vector bundle determined by this system of $\sigma$-transition matrices $\{B_{ij}\}$ is a
subbundle of a trivial bundle.

Let $C$ be a non-singular matrix such that $C$ and $C^{-1}$ are regular on $U_{0}$ . For
arbitrary element $\eta$ of $G$ let us denote ${}_{\pi}C$ by $C_{\eta\langle O)}$ . Then it is easy to see that the relations
${}_{\tau}C_{i}=C_{c\langle i)}$ hold for all $i$ and $\tau$ . Since $C_{0}$ and $C_{0}^{-1}$ are regular on $U_{0},$ $C_{i}$ and $C_{i}^{-1}$ are
regular on $U_{i}$ (cf. Lemma 2 (8), (9)). Therefore, we see that

$C_{i}B_{ij}C_{j}^{-1}$ is regular on $U_{i}\cap U_{j}$ ,

$C_{i}B_{ii}C_{i}^{-1}=I_{r}$ ,

$(C_{h}B_{hi}C_{i}^{-1})(C_{i}B_{ij}C_{j}^{-1})=C_{h}B_{hj}C_{j}^{-1}$ and

$\tau(C_{j}B_{ij}C_{j}^{-1})={}_{\tau}C_{i\tau}B_{ij}{}_{\tau}C_{J}^{-1}=C_{\tau\langle i)}B_{\tau(i)\tau 01}C_{\tau\langle j)}^{-1}$ .
These imply that $\{C_{i}B_{ij}C_{j}^{-1}\}$ is a system of $\sigma$-transition matrices and $C_{\sigma\langle 0)}B_{\sigma\langle 0)0}C_{0}^{-1}$ is
its initial datum.

Let $m$ be an arbitrary integer. Then it is easy to check that

$(x_{i}/x_{j})^{m}B_{ij}$ is regular on $U_{i}\cap U_{j}$ ,

$(x/x_{i})^{m}B_{ii}=I_{r}$ ,

$((x_{h}/x_{i})^{m}B_{hi})((x/x_{j})^{m}B_{ij})=(x_{h}/x_{j})^{m}B_{hj}$ and

$f((x_{i}/x_{j})^{m}B_{ij})=(x_{c\langle i)}/x_{\tau(j)})^{m}B_{c(i)\tau\cup)}$ .
These imply that $(x_{i}/x_{j})^{m}B_{ij}$ is a system of $\sigma$-transition matrices and $(x_{\sigma\langle 0)}/x_{0})^{m}B_{\sigma\{0)0}$ is

its initial datum. Suppose that $B=\left(\begin{array}{ll}g & o\\D & g’\end{array}\right)$ , where $gD$ and $B^{\prime}$ are matrices of type

$r^{\prime}\times r^{\prime},$
$r^{\prime\prime}\times r^{\prime}$ and $r^{\prime\prime}\times r^{\prime\prime}$ respectively. Then formula (6) shows that there exist three

families of matrices $\{E_{ij}\},$ $\{D_{ij}\}$ and $\{ff_{ij}^{\prime}\}$ such that $B_{ij}=\left(\begin{array}{ll}g_{lj} & o\\D_{jj} & g_{lj}\end{array}\right)$ . This and Lemma 1

(3) and Lemma 2 (6) show that $\{B_{ij}\}$ is a system of $\sigma$-transition matrices with initial
datum $B^{\prime}$ and $\{B_{ij}^{\prime\prime}\}$ is a system of $\sigma$-transition matrices with initial datum $ff^{\prime}$ .
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We summarise these results as follows:

LEMMA 3. Let $\{B_{ij}\}$ be a system of $\sigma$-transition matrices ofrank $r$ with initial datum
B. Then

(1) Initial datum $B$ furnishes us with complete information about the system of
$\sigma$-transition matrices $\{B_{ij}\}$ .

(2) When $B$ is regular on $U_{\sigma\langle 0)}$ , the vector bundle determined by $\{B_{ij}\}$ is generated
by its global sections.

(3) When $B$ is regular on $U_{0}$ , the vector bundle determined by $\{B_{ij}\}$ is a subbundle
of a trivial vector bundle.

(4) When $C$ is a non-singular $r\times r$ matrix such that $C$ and $C^{-1}$ are regular on $U_{0}$ ,
there exists a system of $\sigma$-transition matrices with initial datum ${}_{\sigma}CBC^{-1}$ .

(5) For any integer $m$ , there exists a system of $\sigma$-transition matrices with initial
datum $(x_{\sigma\langle 0)}/x_{0})^{m}B_{\sigma\langle 0)0}$ .

(6) Suppose that $B=\left(\begin{array}{ll}g & o\\D & g\end{array}\right)$ , where $gD$ and $ff^{\prime}$ are matrices of type $r^{\prime}\times r^{\prime}$ ,
$r^{\prime\prime}\times r^{\prime}$ and $r^{\prime\prime}\times r^{\prime\prime}$ respectively. Then there exist two systems of $\sigma$-transition matrices with
intial datum $g$ and $ff^{\prime}$ .

3. Standard $\sigma$-matrix.

Let $s$, which may depend on $n$, be a positive integer. We denote the K-vector space
$\{(\psi_{0}\psi_{1}\cdots\psi_{s})|K\ni\psi_{i}\}$ by $K^{s+1}$ . Let us consider an action of $G$ to $K^{s+1}$ which satisfies
the following conditions

$\tau(c_{1}\vec{\psi}_{1}+c_{2}\vec{\psi}_{2})=c_{1}^{\tau}\vec{\psi}_{1}+c_{2}^{\tau}\vec{\psi}_{2}$ (7)

${}^{t}(\varphi\vec{\psi})=_{\tau}\varphi^{\tau}\vec{\psi}$ (8)

$1\vec{\psi}=\vec{\psi}$ (9)

$(\pi)\vec{\psi}=^{\eta}(C\vec{\psi})$ (10)

where $k\ni c_{1},$ $c_{2},$ $K\ni\varphi,$ $K^{s+1}\ni\vec{\psi},\vec{\psi}_{1}$ , di2 and $G\ni\eta,$ $\tau,$
$1=\sigma^{O}$ .

When $A=\left(\begin{array}{l}\phi_{1}\\\phi_{2}\\\vdots\\\phi_{r}\end{array}\right)$ is an $r\times(s+1)$ matrix, we denote $\left(\begin{array}{l}t\phi_{1}\\\psi_{2}\\\vdots\\\psi_{r}\end{array}\right)$ by ${}^{t}A$ . It is easy to verify

the following lemma.

LEMMA 4. Let $A$ be an $r\times(s+1)$ matrix and $B$ be an $r\times r$ matrix. Then for any
elements $\eta$ and $\tau$ of $G$ we have

(1) rankA $=rank^{f}A$ ,
(2) $\eta\tau_{A=^{\pi}(A)}\tau$

(3) $f(BA)=_{\tau}B^{\tau}A$ .
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DEFINITION. Let $A$ be an $r\times(s+1)$ matrix of rank $r$ . If there exists an $r\times r$ matrix
$B$ which satisfies

$\sigma A=BA$ , (11)

we say that $A$ is a $\sigma$-stable, or G-stable, matrix of rank $r$ and we say that $B$ is the initial
datum of $\sigma$-stable matrix $A$ . For the sake of brevity, we sometimes say: $(A;B)$ is a
$\sigma$-stable, or G-stable, matrix of rank $r$

’ instead of saying: $A$ is a $\sigma$-stable matrix of
rank $r$ with initial datum $B’$ .

LEMMA 5. Let $(A;B)$ be a $\sigma$-stable matrix of rank $r$ . For every element $\xi$ of $G$, we
denote $\xi A$ by $A_{\xi\langle 0)}$ . Then we have

(1) $\tau_{A_{i}=A_{\tau\langle i)}}$ .
(2) There exists uniquely a system of $r\times r$-matrices $\{B_{ij}\}$ which satisfies

$A_{i}=B_{ij}A_{j}$ .
$PR\infty F$ . (1) Let $\eta$ be the element of $G$ which satisfies $\eta(0)=i$, then we have

$\tau A_{i}=^{\tau}A_{\eta\{0)}=^{c\eta}A=\Lambda_{\tau\eta\langle 0)}=A_{\tau\langle i)}$ (cf. Lemma 4).

(2) Let $p$ and $q$ be two positive integers such that $j=\sigma^{p}(0)$ and $i=\sigma^{q}(J)=\sigma^{p+q}(0)$ .
Then we have

$\sigma^{p+q}A=^{\sigma^{p+q- 1}}(\sigma A)=^{\sigma^{p+q- 1}}(BA)=_{\sigma^{p+q-1}}B^{\sigma^{p+q- 1}}A$ (cf. Lemma 4)

$=BB\cdots B^{\sigma^{p}}A\sigma^{p+q-1}\sigma^{p+q- 2}\sigma^{p}$ (12)

Put

$B_{ij\sigma^{p+q- 1}\sigma^{p+q- 2}\sigma^{p}}=BB\cdots B^{\sigma^{p}}A$ . (13)

Since $A_{i}=A_{\sigma^{p+q}\langle 0)}=^{\sigma^{p+q}}A$ and $A_{j}=^{\sigma^{p}}A$ , formula (13) implies $A_{i}=B_{ij}A_{j}$ . Since
rank$A_{i}=rankA=r=rankA_{j}$, it is easy to show the uniqueness of $\{B_{ij}\}$ .

DEFINITION. Under the same notation as in Lemma 5, we say that $\{A_{i}, B_{ij}\}$ is the
$\sigma$-data of $\sigma$-stable matrix $A$ .

LEMMA 6. Let $(A;B)$ be a $\sigma$-stable matrix of rank $r$ and $\{A_{i}, B_{ij}\}$ be the $\sigma$-data

ofA. Then
(1) $B_{ii}=I_{r}$ .
(2) $B_{hi}B_{ij}=B_{hj}$ .
(3) $\tau B_{ij}=B_{\tau(i)\tau(l)}$ .
(4) $B=B_{\sigma\langle 0)0}$ .
(5) $\{B_{ij}\}$ is determined only by the initial datum $B$ of $A$ .
$PR\infty F$ . By virtue of the uniqueness of $\{B_{ij}\}$ and the following equations

$A_{i}=I_{r}A_{i}$ , $A_{h}=B_{hi}A_{i}=B_{hi}B_{ij}A_{j}$ , $A_{\sigma\langle 0)}=^{\sigma}A=BA=BA_{0}$ , and
$A_{\tau\langle i)}=^{\tau}A_{i}={}^{t}(B_{ij}A_{j})=_{\tau}B_{ij}^{\tau}A_{j}=_{\tau}B_{ij}A_{\tau 0)}$ ,
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we have (1)$-(4)$ . Formula (13) implies (5).

Formulae (6) and (13) show that:

PROPOSmON 1. Let $(A;B)$ be a $\sigma$-stable matrix and $\{A_{i}, B_{ij}\}$ be the $\sigma- kta$ of $A$ .
If { $E_{ij}$) $\dot{i}$ a system of $\sigma$-transition matrices with initial datum B. Then

$\{B_{ij}\}=\{B_{ij}^{\prime}\}$ .
Let $(A;B)$ be a $\sigma$-stable matrix and $\{A_{i}, B_{ij}\}$ be the $\sigma$-data of $A$ . Lemma 6 shows

that $\{B_{ij}\}$ is a system of $\sigma$-transition matrices if and only if $B_{ij}$ is regular on $U_{i}\cap U_{j}$ ,
for every $i$ and $j$. Suppose that for arbitrary $h,$ $B_{h0}$ is regular on $U_{h}\cap U_{0}$ . Let $\eta$ be an
element of $G$ such that $j=\eta(0)$ . Then $B_{ij}=_{\eta}B_{\eta^{-1}(i)0}$ is regular on $U_{\eta^{-1}\langle i)}\cap U_{\eta(0)}$, i.e., $B_{ij}$

is regular on $U_{i}\cap U_{j}$ . Thus we have

DEFINITION. Let $A$ be a $\sigma$-stable matrix with initial datum $B$ and let $\{A_{i}, B_{i}\cdot\}$ be
the set of $\sigma$-data of $A$ . We say that $A$ is a $\sigma$-natrix or $(A;B)$ is a $\sigma$-matrix if $\{B_{i}\cdot\}J$ is

$j$a system of $\sigma$-transition matrices.

THEOREM 1. Let $A$ be a $\sigma$-stable matrix and $\{A_{i}, B_{ij}\}$ be the $\sigma- kta$ ofA. Then $A$

is a $\sigma$-matrix if and only if $B_{i0}$ is regular on $U_{i}\cap U_{0}$ for every $i$.
It is a simple matter to verify that the following lemmas hold.
LEMMA 7. Let $A$ be a $\sigma$-stable matrix of rank $r$ and let $\{A_{i}, B_{ij}\}$ be the \sigma -&ta of

A. Let $C$ be a non-singular matrix of rank $r$ . Then $(CA;{}_{\sigma}CBC^{-1})$ is a $\sigma$-stable matrix
of rank $r$ and $\{C_{i}A_{i}, C_{i}B_{ij}C_{j}^{-1}\}$ is the $\sigma$-data of $CA$ . Suppose that $A$ be a $\sigma$-matrix and
$C$ and $C^{-1}$ be regular on $U_{0}$ , then $CA$ is a $\sigma$-matrix and hence $\{C_{i}B_{ij}C_{j}^{-1}\}$ is a system
of $\sigma$-transition matrices.

LEMMA 8. Let $(A;B)$ be a $\sigma$-matrix of rank $r$ and ($A^{\prime}$ ; B) be a $\sigma$-matrix of rank
$r^{\prime}$ . Let $C$ be an $r\times r$-matrix such that $C$ and $C^{-1}$ are regular on $U_{0}$ . Assume that there
exists an $r^{\prime\prime}\times(s+1)$-matrix $A^{\prime\prime}$ such that $CA=\left(\begin{array}{l}A^{\prime}\\A^{\prime}\end{array}\right)$ . Then there exist two matrices $D$

and $B^{\prime}$ of type $r^{\prime\prime}\times r^{\prime}$ and $r^{\prime\prime}\times r^{\prime\prime}$ respectively such that ${}_{\sigma}CBC^{-1}=\left(\begin{array}{ll}g_{lj} & o\\D_{lj} & ff_{ij}^{\prime}\end{array}\right)$ . Then there

exists a system of $\sigma$-transition matrices which has $ff^{\prime}$ as its initial datum.
LEMMA 9. Let $A^{\prime}$ and $A^{\prime\prime}$ be two $\sigma$-matrices with the same initial datum B. Then,

under the new action of $G$ to $(A^{\prime}A^{\prime\prime})$ defined by $\sigma(A^{\prime}A^{\prime\prime})=(\sigma A^{\prime\sigma}A^{\prime\prime}),$ $(A^{\prime}A^{\prime\prime})$ becomes a
$\sigma$-matrix with initial datum $B$.

In the following, let $s=n$ and let the action of $G$ to $K^{n+1}$ be the standard one, i.e.,
which is defined by

$\tau(\psi_{0}\psi_{1}\cdots\psi_{n})=(C\psi_{\tau^{-1}\{0)c}\psi_{\tau^{-1}(1)}\psi_{\tau^{-1}(n)})$ . (14)
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It is a simple matter to verify that this action satisfies the conditions (7)$-(10)$ .
DEFINITION. We shall say that a $\sigma$-stable matrix $A$ is a standard $\sigma$-stable matrix

if the action of $G$ to $A$ is the $standard|$ one. Similarly we shall say that a $\sigma$-matrix $A$ is
a standard $\sigma$-matrix if the action of $G$ to $A$ is the standard one.

THEOREM 2. Let $\left(\begin{array}{llll}\varphi_{1O} & \varphi_{11} & \cdots & \varphi_{1n}\\\varphi_{20} & \varphi_{21} & \cdots & \varphi_{2n}\\\vdots & \vdots & \ddots & \vdots\\\varphi_{rO} & \varphi_{r1} & \cdots & \varphi_{m}\end{array}\right)$ be a standard $\sigma$-stable matrix of rank $r$ . As-

sume that all components of $A$ are homogeneous polynomials ofdegree $m$ and there exist $r$

integers $s_{1},$ $s_{2},$ $\cdots,$ $s_{r}$ such that

$\left(\begin{array}{llll}\varphi_{1s_{1}} & \varphi_{1s_{2}} & \cdots & \varphi_{1s_{r}}\\\varphi_{2s_{1}} & \varphi_{2s_{2}} & \cdots & \varphi_{2s_{r}}\\\vdots & \vdots & \ddots & \vdots\\\varphi_{rs_{1}} & \varphi_{rs_{2}} & \cdots & \varphi_{rs_{r}}\end{array}\right)=x_{0}^{m}I_{r}$ . (15)

Then $A$ is a standard $\sigma$-matrix with initial datum

$\left(\begin{array}{llll}\psi_{1t_{1}} & \psi_{1t_{2}} & \cdots & \psi_{1t_{\prime}}\\\psi_{2t_{1}} & \psi_{2t_{2}} & \cdots & \psi_{2t_{r}}\\\vdots & \vdots & \ddots & \vdots\\\psi_{n_{1}} & \psi_{n_{2}} & \cdots & \psi_{n_{r}}\end{array}\right)$ where $\psi_{u_{j}}=_{\sigma}\varphi_{i\sigma^{-1}\langle s_{j})}$ . (16)

$PR\infty F$ . Let $\tau$ be an arbitrary element of $G$ . Put $\varphi_{ij}^{\prime}=_{\tau}\varphi_{i\tau^{-1}(s_{j})}$ . Since $A=B_{\tau\langle 0)0}A$ ,
we have

$\left(\begin{array}{llll}\varphi_{1O}^{\prime} & \varphi_{11}^{\prime} & \cdots & \varphi_{1n}^{\prime}\\\varphi_{2O}^{\prime} & \varphi_{21} & \cdots & \varphi_{2n}\\\vdots & \vdots & \ddots & \vdots\\\varphi_{rO} & \varphi_{r1} & \cdots & \varphi_{m}^{\prime}\end{array}\right)=B_{r(0)0}\left(\begin{array}{llll}\varphi_{1O} & \varphi_{11} & \cdots & \varphi_{1n}\\\varphi_{2O} & \varphi_{21} & \cdots & \varphi_{2n}\\\vdots & \vdots & \ddots & \vdots\\\varphi_{rO} & \varphi_{r1} & \cdots & \varphi_{m}\end{array}\right)$ ,

in particular we have

$\left(\begin{array}{llll}\varphi_{1s_{1}}^{\prime} & \varphi_{1s_{2}}^{\prime} & \cdots & \varphi_{1s_{r}}^{\prime}\\\varphi_{2s_{1}}^{\prime} & \varphi_{2s_{2}}^{\prime} & \cdots & \varphi_{2s_{r}}\\\vdots & \vdots & \ddots & \vdots\\\varphi_{rs_{1}}^{\prime} & \varphi_{rs_{2}}^{\prime} & \cdots & \varphi_{rs_{r}}^{\prime}\end{array}\right)=B_{c\langle 0)0}\left(\begin{array}{llll}\varphi_{1s_{1}} & \varphi_{1s_{2}} & \cdots & \varphi_{1s_{\prime}}\\\varphi_{2s_{1}} & \varphi_{2s_{2}} & \cdots & \varphi_{2s_{r}}\\\vdots & \vdots & \ddots & \vdots\\\varphi_{rs_{1}} & \varphi_{rs_{2}} & \cdots & \varphi_{rs_{r}}\end{array}\right)=x_{0}^{m}B_{\tau(0)0}$ .

This shows that

$B_{c\langle 0)0}=x_{0}^{-m}\left(\begin{array}{llll}\varphi_{1s_{1}}^{\prime} & \varphi_{1s_{2}}^{\prime} & \cdots & \varphi_{1s_{\prime}}^{\prime}\\\varphi_{2s_{1}} & \varphi_{2s_{2}} & \cdots & \varphi_{2s_{\prime}}\\\vdots & \vdots & \ddots & \vdots\\\varphi_{rs_{1}}^{\prime} & \varphi_{rs_{2}}^{\prime} & \cdots & \varphi_{rs_{r}}^{\prime}\end{array}\right)$ .
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Since this matrix is regular on $U_{0}$ , Theorem 1 asserts that $A$ is a $\sigma$-matrix. Since the
initial datum of this matrix is $B_{\sigma(0)0}$ , the latter half of the theorem is obvious.

The following is proven similary as above.

COROLLARY 1. Let $A^{\prime},$ $A^{\prime\prime},$ $\cdots$ be standard $\sigma$-stable matrices of rank $r$ with the
same initial datum B. Assume that all components of $A^{\prime},$ $A^{\prime\prime},$ $\cdots$ are homogeneous
polynomials ofdegree $m$ andsome $r\times r$ submatrix of$(A^{\prime}A^{\prime\prime}\cdots)$ has $cx_{0}^{mr}$ as its determinant,
where $c$ is a non-zero constant. Then $A^{\prime},$ $A^{\prime\prime},$ $\cdots$ are $\sigma$-matrices.

We can construct a standard $\sigma$-matrix using a given system of $\sigma$-transition matrices.
In the following we give a method of construction.

PROPOSITION 2. Let $\{B_{ij}\}$ be a system of $\sigma$-transition marices of rank $r$ with initial
datum B. Let us fix an integer $s$ such that $1\leq s\leq n$ andfix an integer $m$ . For each $i,$ $ le\iota$

us denote the s-th column of $B_{0i}$ by $\vec{b}_{i}^{\langle s)}$ . Put $\vec{a}_{i}^{\langle s)}=x_{i}^{m}\vec{b_{i}}^{(s)}$ . Then
$A^{(s)}=(\vec{a}_{0}^{\langle s)}\vec{a}_{1}^{\langle s)}\vec{a}_{2}^{\langle s)}\cdots\vec{a}_{n}^{\{s)})$

is a standard $\sigma$-matrix with initial datum $B$, if rank $A^{(s)}=r$ .
$PR\infty F$ . Since

$\sigma B_{0\sigma^{-1}\langle i)}=B_{\sigma(0)i}=B_{\sigma\langle 0)0}B_{0i}=BB_{0i}$ ,

we have
$\sigma\vec{b}_{\sigma\langle i)}^{\langle s\underline{)}}1=B\vec{b}_{i}^{\langle s)}$ .

This shows that
$\sigma\vec{a}_{\sigma(i)}^{\langle s\underline{)}}1=_{\sigma}(x_{\sigma^{-1}(i)}^{m}\vec{b}_{\sigma\{\iota)}^{(s\underline{)}}1)=x_{i\sigma}^{m}\vec{b}_{\sigma\langle i)}^{(s\underline{)}}1=x_{i}^{m}B\vec{b}_{i}^{(s)}=B\vec{a}_{i}^{\langle s)}$ .

Therefore, under the standard action, we have
$\sigma_{A^{(S)}=^{\sigma}(\vec{a}_{0}^{\langle s)}\vec{a}_{1}^{(s)}\vec{a}_{2}^{(\theta)}\cdots\vec{a}_{n}^{(s)})}$

$=(\vec{a}^{\langle s\underline{)}}\vec{a}_{\sigma^{1}(1)\sigma}^{\langle s\underline{)}}\vec{a}_{\sigma^{1}(2)}^{\langle s\underline{)}}\vec{a}_{\sigma^{1}\{n)}^{\langle s\underline{)}})$

$=(B\vec{a}_{O}^{\langle s)}B\vec{a}_{1}^{\langle s)}B\vec{a}_{2}^{\langle s)}\cdots B\vec{a}_{n}^{\langle s)})$

$=B(\vec{a}_{O}^{\langle s)}\vec{a}_{1}^{\langle s)}\vec{a}_{2}^{\langle s)}\cdots\vec{a}_{n}^{(s)})$

$=BA^{\langle s)}$ .
When rank $A^{\langle s)}=r$, this shows that $A^{\langle s)}$ is a standard $\sigma$-stable matrix with initial datum
$B$. Then by virtue of Proposition 1 we have $\{E_{ij}\}=\{B_{ij}\}$ . This means that $A^{\langle s)}$ is a
standard $\sigma$-matrix with initial datum $B$ . The proof of the last half of this proposition
is similar to the proof of Theorem 2.
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4. Example 1.

Let $\sigma$ be the cyclic permutation $(012\cdots n)$ and let us consider the standard action
of $G$ . Let

$A^{\prime}=(x_{0}x_{1}x_{2}\cdots x_{n})$ .

Then easily we have
$\sigma A^{\prime}=A^{\prime}$

This and Theorem 2 show that $A^{\prime}$ is a standard $\sigma$-matrix with initial datum 1. Let us
consider the following matrix $A$ which has $A^{\prime}$ as submatrix.

$A=\left(\begin{array}{lllll}x_{0} & x_{1} & x_{2} & \cdots & x_{n}\\0 & x_{O} & 0 & \cdots & 0\\0 & 0 & x_{0} & \cdots & 0\\\vdots & \vdots & \vdots & \ddots & \vdots\\ 0 & 0 & 0 & \cdots & x_{O}\end{array}\right)$ .

The relation $\sigma A=(\sigma AA^{-1})A$ and Theorem 2 show that $A$ is a standard $\sigma$-matrix with
initial datum $\sigma AA^{-1}$ . Now let us compute the matrix $\sigma AA^{-1}$ .

$\sigma_{AA^{-1}=x_{0}^{-2}}\left(\begin{array}{lllll}X_{O} & x_{1} & x_{2} & \cdots & x_{n}\\0 & 0 & x_{1} & \cdots & 0\\\vdots & \vdots & \vdots & \ddots & \vdots\\ 0 & 0 & 0 & \cdots & x_{1}\\x_{1} & 0 & 0 & \cdots & 0\end{array}\right)\left(\begin{array}{lllll}x_{O} & -x_{1} & -x_{2} & \cdots & -x_{n}\\0 & x_{O} & 0 & \cdots & 0\\0 & 0 & x_{0} & \cdots & 0\\\vdots & \vdots & \vdots & \ddots & \vdots\\ 0 & 0 & 0 & \cdots & x_{0}\end{array}\right)$

$=x_{0}^{-2}\left(\begin{array}{lllllll}x_{O}^{2} & 0 & 0 & \cdots & 0 & & 0\\0 & 0 & x_{O}x_{1} & \cdots & 0 & & 0\\\vdots & \vdots & \vdots & \ddots & \vdots & & \vdots\\ 0 & 0 & 0 & \cdots & \ddots 0 & & x_{O}x_{1}\\x_{0}x_{1} & -x_{1}^{2} & -x_{1}x_{2} & \cdots & \cdots & -x_{1}x_{n-1} & -x_{1}x_{n}\end{array}\right)$ . (17)

Lemma 3 (4) shows that there exists a system of $\sigma$-transition matrices which has

$x_{0}^{-2}\left(\begin{array}{llllllll}0 & x_{O}x_{1} & 0 & \cdots & 0 & & & 0\\0 & 0 & x_{O}x_{1} & \cdots & 0 & & & 0\\\vdots & \vdots & \vdots & \ddots & \vdots & & & \vdots\\ 0 & 0 & 0 & \cdots & \ddots 0 & & & x_{O}x_{1}\\-x_{1}^{2} & -x_{1}x_{2} & -x_{1}x_{3} & \cdots & \cdots & -x_{1}x_{n} & 1 & -x_{1}x_{n}\end{array}\right)$ (18)

as its initial datum. Hence, there exists a vector bundle of rank $n$ on $P^{n}$ which is
determined by this matrix (18) (cf. sect. $7*4- 1$ ).
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Let us consider the following matrix

$A^{\prime\prime}=(-x_{3}-x_{2}-x_{1}-x_{n}x_{0}o^{0}00x_{0}o^{0}00x_{0}o_{0}00\ldots x_{0}o_{0}00x_{0}0000)$ .

Then we have

$\sigma A^{\prime\prime}=(x_{1}0000-x_{4}-x_{0}-x_{3}-x-x_{n}2x_{0}o^{1}00:x_{0}o^{1}00:.x_{0}00_{1}0$ . $x_{0}000:_{1})$ .

Let

$E^{\prime}=\left(\begin{array}{llllll}-x_{2} & x_{1} & 0 & 0 & \cdots & 0\\-x_{3} & 0 & x_{1} & 0 & \cdots & 0\\-x_{4} & 0 & 0 & X_{1} & \cdots & 0\\\vdots & \vdots & \vdots & \vdots & \ddots & \vdots\\-x_{n} & 0 & 0 & 0 & \cdots & x_{1}\\-x_{O} & 0 & 0 & 0 & \cdots & 0\end{array}\right)$ .

Then it is easy to verify the following relation holds.
$\sigma A^{\prime\prime}=E^{\prime}A^{\prime\prime}$

Theorem 2 shows that $A^{\prime\prime}$ is a standard $\sigma$-matrix of rank $n$ with initial datum $ff^{\prime}$ . Le
$\{A_{i}^{\prime\prime} ; E_{ij}^{\prime}\}$ be the $\sigma$-data of $A^{\prime\prime}$ . Then $\{E_{ij}^{\prime}\}$ is a system of $\sigma$-transition matrices which $ha\{$

$ff^{\prime}$ as its initial datum. {B3} determines a vector bundle of rank $n$ on $P^{n}$ (cf. sect. $7^{*}4- 2$)

5. Example 2.

In this section, using the terms ofsystem of $\sigma$-transition matrices, we will reconstruc
the Horrocks bundle of rank 3 on $P^{5}$ (cf. Horrocks [3]).

Let $n=5$ , and $\sigma$ be the cyclic permutation $(042315)$ , and the action of $G$ be th $($

standard action. Let
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$A=(-x_{5}-x_{4}-x-x-x_{3}21x_{0}000^{0}x_{0}00^{0}0x_{0}o^{0}00x_{0}o_{0}00x_{0}0000)$ .

Then

$\sigma A=(x_{4}0000x_{0}o^{4}00x_{0}o_{4}00x_{0}00^{4}0-x_{0}-x_{2}-x_{1}-x_{3}-x5x_{0}00^{4}0)$ .

Let

$B=x_{0}^{-1}\left(\begin{array}{lllll}0 & 0 & 0 & -x_{5} & X_{4}\\0 & 0 & x_{4} & -x_{3} & 0\\x_{4} & 0 & 0 & -x_{1} & 0\\0 & x_{4} & 0 & -x_{2} & 0\\0 & 0 & 0 & -x_{O} & 0\end{array}\right)$ .

Then it is easy to verify the formula
$\sigma A=BA$

holds. Hence, Theorem 2 shows that $B$ is the initial datum of the standard $\sigma$-marix $A$ . Let

$C=x_{0}^{-1}\left(\begin{array}{lllll}-x_{4} & -x_{5} & x_{O} & x_{1} & x_{2}\\x_{O} & 0 & 0 & 0 & 0\\0 & x_{O} & 0 & 0 & 0\\0 & 0 & 0 & x_{O} & 0\\0 & 0 & 0 & 0 & x_{O}\end{array}\right)$ .

Then we have

$CA=(-x_{4}-x_{2}-x_{5}-x-x31-x_{4}x_{0}00^{0}-x_{5}x_{0}00_{0}x_{0}00^{o}0x_{0}x_{0}o_{0}^{1}x_{0}x_{0}00^{2})$

and
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$C^{-1}=x_{0}^{-1}\left(\begin{array}{lllll}0 & x_{O} & 0 & 0 & 0\\0 & 0 & x_{0} & 0 & 0\\x_{O} & x_{4} & x_{5} & -x_{1} & -x_{2}\\0 & 0 & 0 & x_{O} & 0\\0 & 0 & 0 & 0 & x_{O}\end{array}\right)$ .

Note the fact that $C$ and $C^{-1}$ are regular on $U_{0}$ and

$\sigma(-X_{3}-x_{4}-x_{5}x_{0}x_{1}x_{2})=-(-x_{3}-x_{4}-x_{5}x_{0}x_{1}x_{2})$ .
Let us compute ${}_{\sigma}CBC^{-1}$ .

${}_{\sigma}CBC^{-1}=$

$x_{0}^{-2}x_{4}^{-1}\left(\begin{array}{lllll}-x_{2} & -x_{O} & x_{4} & x_{5} & x_{3}\\x_{4} & 0 & 0 & 0 & 0\\0 & x_{4} & 0 & 0 & 0\\0 & 0 & 0 & x_{4} & 0\\0 & 0 & 0 & 0 & x_{4}\end{array}\right)\left(\begin{array}{lllll}0 & 0 & 0 & -x_{5} & x_{4}\\0 & 0 & x_{4} & -x_{3} & 0\\x_{4} & 0 & 0 & -x_{1} & 0\\0 & x_{4} & 0 & -x_{2} & 0\\0 & 0 & 0 & -x_{O} & 0\end{array}\right)\left(\begin{array}{lllll}0 & x_{O} & 0 & 0 & 0\\0 & 0 & x_{O} & 0 & 0\\x_{O} & x_{4} & x_{5} & -x_{1} & -x_{2}\\0 & 0 & 0 & x_{O} & 0\\0 & 0 & 0 & 0 & x_{O}\end{array}\right)$

$=x_{0}^{-2}\left(\begin{array}{lllll}X_{4} & x_{5} & -x_{O} & -x_{1} & -x_{2}\\0 & 0 & 0 & -x_{5} & x_{4}\\0 & 0 & x_{4} & -x_{3} & 0\\0 & x_{4} & 0 & -x_{2} & 0\\0 & 0 & 0 & -x_{O} & 0\end{array}\right)\left(\begin{array}{lllll}0 & x_{O} & 0 & 0 & 0\\0 & 0 & x_{O} & 0 & 0\\x_{0} & x_{4} & x_{5} & -x_{1} & -x_{2}\\0 & 0 & 0 & x_{O} & 0\\0 & 0 & 0 & 0 & x_{O}\end{array}\right)$

$=x_{O}^{-2}\left(\begin{array}{lllll}-x_{0}^{2} & 0 & 0 & 0 & 0\\0 & 0 & 0 & -x_{O}x_{5} & x_{O}x_{4}\\x_{O}x_{4} & x_{4}^{2} & x_{4}x_{5} & -x_{1}x_{4}-x_{0}x_{3} & -x_{2}x_{4}\\0 & 0 & x_{0}x_{4} & -x_{0}x_{2} & 0\\0 & 0 & 0 & -x_{O}^{2} & 0\end{array}\right)$ .

These and Lemma 3 (4) show that there exists a system of $\sigma$-transition matrices whicb $h^{l}$

$x_{0}^{-2}\left(\begin{array}{llll}0 & 0 & -x_{O}x_{5} & x_{O}x_{4}\\x_{4}^{2} & x_{4}x_{5} & -x_{1}x_{4}-x_{O}x_{3} & -x_{2}x_{4}\\0 & x_{O}x_{4} & -x_{O}x_{2} & 0\\0 & 0 & -x_{O}^{2} & 0\end{array}\right)$ (1

as its initial datum (cf. sect. $7*5- 1$ ). Using the method of Proposition 2, we have tl
following two standard $\sigma$-matrices which have the matrix (19) as their initial datum:
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$\left(\begin{array}{llllll}x_{0}^{2} & 0 & -x_{1}x_{2} & -x_{1}^{2} & x_{0}x_{2} & 0\\0 & x_{O}x_{1} & -x_{2}^{2} & -x_{1}x_{2} & 0 & x_{0}^{2}\\0 & x_{O}x_{5} & -x_{2}x_{4} & x_{0}x_{3}-x_{1}x_{4} & 0 & 0\\0 & 0 & x_{O}x_{3}-x_{2}x_{5} & -x_{1}x_{5} & x_{0}x_{4} & 0\end{array}\right)$

and

$\left(\begin{array}{llllll}0 & 0 & 0 & x_{1}x_{5} & -x_{O}x_{3}-x_{1}x_{4} & x_{O}x_{5}\\0 & 0 & 0 & x_{0}x_{3}+x_{2}x_{5} & -x_{2}x_{4} & -x_{0}x_{4}\\0 & -x_{O}^{2} & x_{O}x_{2} & x_{4}x_{5} & -x_{4}^{2} & 0\\x_{O}^{2} & 0 & -x_{O}x_{1} & x_{5}^{2} & -x_{4}x_{5} & 0\end{array}\right)$ .

Let us consider two times exterior product of the matrix (19):

$x_{0}^{-3}(x_{0}^{3}00^{4}00-x_{0}x_{4}^{2}-x_{2}x_{4}^{2}x_{4}^{2}x_{5}000-x_{4}^{3}00000x_{4}(x_{O}x_{3}+xx_{4}-x_{2}x_{5})-x_{O}x_{4}x_{5}x_{0}xx-x_{O}^{2}x_{4}xx_{1}^{2}o^{45}-x_{0}x_{4}^{2}-x_{0}^{2}xx_{2}x_{4}^{2}o^{0}-x_{O}x_{2}x_{4}xxx_{4}-x_{2}^{2}x_{4}x_{0_{0}}^{2}x4x_{4}\tilde{x})$ (20)

where $\tilde{x}=x_{0}x_{3}+x_{1}x_{4}+x_{2}x_{5}$ . Let us denote this matrix by $B^{1)}$ . Since the matrix (19)
is an initial datum of a system of $\sigma$-transition matrices, so is this matrix $B^{1)}$ .

For a moment, we will assume that $k$ is a field of characteristic not equal to two.
Let us consider the matrix

$C^{\langle 1)}=(000001000011000001000001\frac{0}{0,001}1000001)$

and its inverse

$C^{(1)^{-1}}=(000001-1/21/200000000010000010000011/21/20000)$ .

Both matrices $C^{\langle 1)}$ and $C^{\langle 1)^{-1}}$ are regular on $U_{0}$ . Computing ${}_{\sigma}C^{11)}H^{1)}C^{\langle 1)^{-1}}$ , we have
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the following matrix:

$x_{0^{-3}}$ ( $x_{0}^{3}0000^{4}$ $-x_{0}x_{4}^{2}x_{0_{0}^{X_{4}^{2}}}x^{2}xo^{2}$ $-x_{4}^{3}00000x_{4}(x_{0}x_{3}+x_{1}x_{4}-x_{2}x_{5})2x_{0}xx-x^{2}xx^{2}o^{45}o^{0^{X_{4}}}2xxx_{4}-x_{0}^{2}x_{4}x_{0}^{2}x_{4}x4\tilde{x}o^{2}$
$-x_{0}^{2}000x_{4}00$).

Lemma 3 (4) shows that the matrix

$x_{O}^{-3}\left(\begin{array}{lllll}0 & x_{4}^{2}x_{5} & -x_{4}^{3} & x_{4}x_{5}^{2} & X_{4}\tilde{X}\\0 & x_{0}x_{4}^{2} & 0 & 2x_{O}x_{4}x_{5} & 2x_{O}x_{2}x_{4}\\0 & 0 & 0 & 0 & x_{O}^{2}x_{4}\\x_{4}^{3} & -x_{2}x_{4}^{2} & 0 & x_{4}(x_{O}x_{3}+x_{1}x_{4}-x_{2}x_{5}) & -x_{2}^{2}x_{4}\\0 & 0 & 0 & -x_{O}^{2}x_{4} & 0\end{array}\right)$
$(21_{J}^{\backslash }$

is an initial datum of a system of $\sigma$-transition matrices. Let us denote this matrix $b$]
$B^{2)}$ . We proved that this matrix $B^{2)}$ is an initial datum of a system of $\sigma$-transitior
matrices, under the assumption that $k$ is a field of characteristic not equal to two. Bu
this fact shows that, in the case when $k$ is a field of characteristic two, $B^{2)}$ is an initia
datum of a system of $\sigma$-transition matrices. In the following, we assume that $k$ is a $fie1\mathfrak{c}$

of arbitrary characteristic. Furthermore, let

$C^{\langle 2)}=x_{0}^{-2}\left(\begin{array}{lllll}x_{0}^{2} & -x_{4}x_{5} & x_{4}^{2} & -x_{5}^{2} & -\tilde{x}\\0 & x_{O}^{2} & 0 & 0 & 0\\0 & 0 & x_{O}^{2} & 0 & 0\\0 & 0 & 0 & x_{0}^{2} & 0\\0 & 0 & 0 & 0 & x_{0}^{2}\end{array}\right)$ .

Then $C^{(2)}$ and $C^{(2)^{-1}}$ are regular on $U_{0}$ . Computing ${}_{\sigma}C^{12)}H^{2)}C^{(2)^{-1}}$ , we have

$x_{0}^{-5}\left(\begin{array}{lllll}-x_{O}^{4}x_{4} & 0 & 0 & 0 & 0\\0 & x_{O}^{3}x_{4}^{2} & 0 & 2x_{O}^{3}x_{4}x_{5} & 2x_{O}^{3}x_{2}x_{4}\\0 & 0 & 0 & 0 & x_{O}^{4}x_{4}\\x_{0}^{2}x_{4}^{3} & -x_{O}^{2}x_{2}x_{4}^{2}+x_{4}^{4}x_{5} & -x_{4}^{5} & x_{0}^{2}x_{4}\tilde{x}-2x_{0}^{2}x_{1}x_{4}x_{5}+x_{4}^{3}x_{5}^{2} & -x_{0}^{2}x_{2}^{2}x_{4}+x_{4}^{3}\tilde{x}\\0 & 0 & 0 & -x_{O}^{4}x_{4} & 0\end{array}\right)$

Therefore, Lemma 3 (4) shows that there exists a system of $\sigma$-transition matrix whicl
has the matrix
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$X_{0}^{-5}\left(\begin{array}{llll}x_{O}^{3}x_{4}^{2} & 0 & 2x_{0}^{3}x_{4}x_{5} & 2x_{0}^{3}x_{2}x_{4}\\0 & 0 & 0 & x_{O}^{4}x_{4}\\-x_{O}^{2}x_{2}x_{4}^{2}+x_{4}^{4}x_{5} & -x_{4}^{5} & x_{O}^{2}x_{4}\tilde{x}-2x_{O}^{2}x_{1}x_{4}x_{5}+x_{4}^{3}x_{5}^{2} & -x_{0}^{2}x_{2}^{2}x_{4}+x_{4}^{3}\tilde{x}\\0 & 0 & -x_{0}^{4}x_{4} & 0\end{array}\right)$ (22)

as its ititial datum (cf. sect. 7 $*5- 2$). We denote this matrix by $B^{3)}$ . Finally, let us
consider the following matrix

$C^{(3)}=x_{0}^{-2}\left(\begin{array}{llll}x_{O}^{2} & 0 & 0 & -2x_{4}x_{5}\\0 & x_{O}^{2} & 0 & -x_{5}^{2}\\0 & 0 & x_{O}^{2} & X_{4}^{2}\\0 & 0 & 0 & x_{O}^{2}\end{array}\right)$ .

Then $C^{\langle 3)}$ and $C^{\langle 3)^{-1}}$ are regular on $U_{O}$ , and ${}_{\sigma}C^{\langle 3)}B^{\{3)}C^{(3)^{-1}}$ is equal to

$x_{O}^{-5}x_{4}^{-1(0}-x_{0}^{2}x_{2}x_{4}^{3}+x_{4}^{5}x_{5}x_{0_{0}}^{3}x_{4}^{3}-x_{4}^{6}000x_{0}^{2}x_{4}^{2}\tilde{x}-2x_{0}^{2}x_{2}x_{4}^{2}x_{5}+x_{4}^{4}x_{5}^{2}-x_{0}^{4}x_{2}^{2}2(x_{02}^{5}-x_{4}^{6}x_{O}^{6}x_{0}^{2}x_{4}^{4}000)$ .

By virtue ofLemma 3 (3) and (4), there exists a system of $\sigma$-transition matrices which has

$x_{0}^{-6}\left(\begin{array}{lll}x_{O}^{3}x_{4}^{3} & 0 & 2(x_{0}^{3}x_{4}^{2}x_{5}+x_{O}^{5}x_{2})\\0 & 0 & x_{O}^{6}\\-x_{0}^{2}x_{2}x_{4}^{3}+x_{4}^{5}x_{5} & -x_{4}^{6} & x_{O}^{2}x_{4}^{2}\tilde{x}-2x_{0}^{2}x_{2}x_{4}^{2}x_{5}+x_{4}^{4}x_{5}^{2}-x_{O}^{4}x_{2}^{2}\end{array}\right)$ (23)

as its initial datum. Hence there exists a vector bundle of rank 3 on $P^{5}$ . This vector
bundle is essentially the Horrocks bundle (cf. sect. $7^{*}5- 3$).

Assume that $k$ is a field of characteristic two. Then the matrix (23) shows that
there exists a system of $\sigma$-transition matrices which has

$x_{0}^{-6}\left(\begin{array}{ll}0 & x_{O}^{6}\\x_{4}^{6} & x_{O}^{2}x_{4}^{2}\tilde{x}+x_{4}^{4}x_{5}^{2}+x_{0}^{4}x_{2}^{2}\end{array}\right)$ (24)

as its initial datum. Therefore, in this case, there exists a rank 2 bundle on $P^{5}$ determined
by this system of transition matrices (cf. sect. $7^{*}5- 4$).

6. Example 3.

In this section, let $n=5$ and $\sigma$ be the cyclic permutation $(042315)$ and the action
of $G$ be the standard one. Throughout this section, we assume that $k$ is a field of
characteristic two. In [10], we gave an example of indecomposable vector bundle $E$ of
rank 2 on $P^{5}$ , using a non-constant morphism from $P^{5}$ to $Gr(5,2)$ , where $Gr(5,2)$ is
the Grassmann variety which parametrizes planes contained in $P^{5}$ . In this section we
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reconstruct this vector bundle $E$ in terms of system of $\sigma$-transition matrices and usin
this we give an example of non-constant morphism from $P^{5}$ to $Gr(5,1)$ , where $Gr(5,1$

is the Grassmann variety which parametrizes lines contained in $P^{5}$ . Using this we giv
an example of rank 4on $P^{5}$ of new type.

Let us recall the method of construction of the vector bundle $E$. Let $Q_{6}$ be th
quadratic hypersurface of $P^{7}$ defined by

$X_{0}X_{1}+X_{2}X_{3}+X_{4}X_{5}+X_{6}X_{7}=0$ .

Let $\psi$ be the morphism from $Q_{6}$ to $Gr(5,2)$ defined by
$\psi(x_{0}, x_{1}, x_{2}, x_{3}, x_{4}, x_{5}, x_{6}, x_{7})=$

$x_{0}^{2}0x_{0}^{2}0$ $00$ $x_{2}x_{4}-x_{0}x_{7}x_{2}^{2}x_{2}x_{4}+x_{0}x_{7}x_{4}^{2}x_{4}x_{6}+x_{0}x_{3}x_{2}x_{6}-x_{0}x_{5}$

$\sim$

$0$ $0$ $x_{0}^{2}x_{2}x_{6}+x_{0}x_{5}x_{4}x_{6}-x_{0}x_{3}$ $x_{6}^{2}$

where

$\left(\begin{array}{llllll}x_{O}^{2} & 0 & 0 & x_{2}^{2} & x_{2}x_{4}+x_{0}x_{7} & x_{2}x_{6}-x_{0}x_{5}\sim\\ 0 & x_{O}^{2} & 0 & x_{2}x_{4}-x_{O}x_{7} & x_{4}^{2} & x_{4}x_{6}+x_{O}x_{3}\\0 & 0 & x_{O}^{2} & x_{2}x_{6}+x_{O}x_{5} & x_{4}x_{6}-x_{0}x_{3} & x_{6}^{2}\end{array}\right)$

denotes the point ofGr$(5,2)$ which corresponds to the plane spanned by the three poin
given by the three rows of this matrix. This morphism is defined over the field of arbitra]

characteristic. Under the assumption that the field $k$ is a field of characteristic two, $1_{t}$

us consider the morphism $\varphi$ from $P^{5}$ to $Q_{6}$ defined by

$\varphi(x_{0}, x_{1}, x_{2}, x_{3}, x_{4}, x_{5})=(x_{0}^{2}, x_{3}^{2}, x_{5}^{2}, x_{2}^{2}, x_{4}^{2}, x_{1}^{2},\tilde{x},\tilde{x})$

where $\tilde{x}=x_{0}x_{3}+x_{1}x_{4}+x_{2}x_{5}$ . Let us denote $x_{5}^{2}x_{4}^{2}+x_{0}^{2}\tilde{x}$ by $g$ and denote $\tau g$ by $g_{\tau\langle t}$

Hence,

$g_{0}=x_{5}^{2}x_{4}^{2}+x_{0}^{2}\tilde{x}$ , $g_{4}=x_{0}^{2}x_{2}^{2}+x_{4}^{2}\tilde{x}$ , $g_{2}=x_{4}^{2}x_{3}^{2}+x_{2}^{2}\tilde{x}$ , $g_{3}=x_{2}^{2}x_{1}^{2}+x_{3}^{2}\tilde{x}$ ,
$g_{1}=x_{3}^{2}x_{5}^{2}+x_{1}^{2}\tilde{x}$ and $g_{5}=x_{1}^{2}x_{0}^{2}+x_{5}^{2}\tilde{x}$ .

Then $\psi\circ\varphi$ is a non-constant morphism from $P^{5}$ to $Gr(5,2)$ which is given by

$\psi\circ\varphi(x_{0}, x_{1}, x_{2}, x_{3}, x_{4}, x_{5})=\left(\begin{array}{llllll}x_{O}^{4} & 0 & 0 & x_{5}^{4} & g_{O} & g_{5}\sim\\ 0 & x_{O}^{4} & 0 & g_{O} & x_{4}^{4} & g_{4}\\0 & 0 & x_{0}^{4} & g_{5} & g_{4} & \tilde{x}^{2}\end{array}\right)$ (2

It is a simple matter to verify that among $g_{i}$ the following relations hold:

LEMMA 10.
(1) $g_{4}^{2}+x_{4}^{4}\tilde{x}^{2}+x_{O}^{4}x_{2}^{4}=0$ , (2) $g_{4}g_{0}+x_{4}^{4}g_{5}+x_{0}^{4}g_{2}=0$ ,
(3) $g_{0}^{2}+x_{0}^{4}\tilde{x}^{2}+x_{5}^{4}x_{4}^{4}=0$ , (4) $x_{4}^{2}g_{5}+x_{5}^{2}g_{4}+x_{0}^{2}\tilde{x}^{2}=x_{0}^{4}x_{3}^{2}$ ,
(5) $x_{4}^{2}x_{5}^{4}+x_{5}^{2}g_{0}+x_{0}^{2}g_{5}=x_{0}^{4}x_{1}^{2}$ , (6) $x_{4}^{2}g_{0}+x_{5}^{2}x_{4}^{4}+x_{O}^{2}g_{4}=x_{O}^{4}x_{2}^{2}$ .
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Arranging the columns of matrix (25), let us consider the following matrix

$\hat{A}=\left(\begin{array}{lllllll}g_{5} & x_{0}^{4} & 0 & 0 & x_{5}^{4} & g_{O} & \\g_{4} & 0 & x_{0}^{4} & 0 & g_{0} & x_{4}^{4} & J\\\tilde{x}^{2} & 0 & 0 & x_{0}^{4} & g_{5} & g_{4} & \end{array}\right)$ .

Then, we have

$\sigma\hat{A}=\left(\begin{array}{llllll}g_{4} & 0 & x_{0}^{4} & 0 & g_{0} & x_{4}^{4}\\x_{2}^{4} & 0 & g_{4} & x_{4}^{4} & g_{2} & 0\\g_{2} & x_{4}^{4} & g_{0} & 0 & \tilde{x}^{2} & 0\end{array}\right)$ .

Now put

$\hat{B}=x_{0}^{-4}\left(\begin{array}{lll}0 & x_{0}^{4} & 0\\0 & g_{4} & x_{4}^{4}\\x_{4}^{4} & g_{O} & 0\end{array}\right)$ . (26)

By virtue of Lemma 10 (1), (2) and (3), we can easily verify that the formula
$\sigma\hat{A}=\hat{B}\hat{A}$

holds. Theorem 2 shows that $\hat{A}$ is a standard $\sigma$-matrix with initial datum $\hat{B}$ . Therefore,
$\hat{B}$ is an initial datum of a system of $\sigma$-transition matrices of rank 3, which determines
avector bundle of rank3on P5 (cf. sect. $7*6- 1$ ).

Let us consider the following matrix

$\hat{C}=x_{0}^{-2}\left(\begin{array}{lll}x_{4}^{2} & x_{5}^{2} & x_{0}^{2}\\X_{O}^{2} & 0 & 0\\0 & x_{O}^{2} & 0\end{array}\right)$ .

Then by virtue of Lemma 10 (4), (5) and (6), we have

$\hat{C}\hat{A}=\left(\begin{array}{llllll}x_{0}^{2}x_{3}^{2} & x_{O}^{2}x_{4}^{2} & x_{O}^{2}x_{5}^{2} & x_{O}^{4} & x_{O}^{2}x_{1}^{2} & x_{0}^{2}x_{2}^{2}\\g_{5} & x_{O}^{4} & 0 & 0 & x_{5}^{4} & g_{O}\\g_{4} & 0 & x_{0}^{4} & 0 & g_{O} & x_{4}^{4}\end{array}\right)$ .

Note that
$\sigma(x_{0}^{2}x_{3}^{2}x_{O}^{2}x^{2}x_{O}^{2}x_{5}^{2}x_{O}^{4}x^{2}x_{1}^{2}x_{O}^{2}x_{2}^{2})=(x_{4}^{2}x_{3}^{2}x_{4}^{4}x_{4}^{2}x_{5}^{2}x_{4}^{2}x_{0}^{2}x^{2}x_{1}^{2}x_{4}^{2}x_{2}^{2})$

(cf. Lemma 8). Since

$\hat{C}^{-1}=x_{0}^{-2}\left(\begin{array}{lll}0 & x_{O}^{2} & 0\\0 & 0 & x_{0}^{2}\\x_{O}^{2} & x_{4}^{2} & x_{5}^{2}\end{array}\right)$ ,

$\hat{C}$ and $\hat{C}^{-1}$ are regular on $U_{0}$ . Computing ${}_{\sigma}\hat{C}\hat{B}\hat{C}^{-1}$ , we have the following matrix
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$x_{0}^{-6}\left(\begin{array}{lll}x_{O}^{4}x_{4}^{2} & 0 & 0\\0 & 0 & x_{O}^{6}\\x_{O}^{2}x_{4}^{4} & x_{4}^{6} & x_{4}^{4}x_{5}^{2}+x_{O}^{2}g_{4}\end{array}\right)$ . (27)

Lemma 8 shows that there exists a system of $\sigma$-transition matrices which has the following
matrix as its initial datum:

$x_{\overline{0}^{6}}\left(\begin{array}{ll}0 & x_{O}^{6}\\x_{4}^{6} & x_{4}^{4}x_{5}^{2}+x_{0}^{2}g_{4}\end{array}\right)$ . (28)

We denote this system of $\sigma$-transition matrices by $\{B_{ij}\}$ and its initial datum by $B$. The
vector bundle which is determined by this system of transition matrices is essentially
equal to $E$ (cf. sect. $7^{*}6- 2$).

In order to compute the standard $\sigma$-matrix which has $B$ as its initial datum, let us
consider the following polynomials and relations. Let

$h=x_{0}^{4}x_{1}^{2}+x_{5}^{2}g_{0}=x_{O}^{4}x_{1}^{2}+x_{5}^{4}x_{4}^{2}+x_{5}^{2}x_{0}^{2}\tilde{x}$ and
$f=x_{O}^{2}x_{1}^{2}x_{2}^{2}+x_{3}^{2}x_{4}^{2}x_{5}^{2}+(x_{0}^{2}x_{3}^{2}+x_{2}^{2}x_{5}^{2})\tilde{x}$ .

For all element $\tau$ of $G$ we denote $\tau h$ by $h_{\tau(0)}$ and denote $ff$ by $f_{\tau(0)}$ . Then accordingly
$fh_{i}=h_{\tau\langle i)}$ and $J_{i}=f_{\tau(i)}$ hold. By direct calculation we have the following two relations

$h_{4}h_{2}+x_{0}^{6}x_{2}^{6}+x_{4}^{6}f_{0}=0$ and $x_{3}^{6}h_{4}+x_{2}^{6}h_{5}+hJ_{0}=0$ .
Acting all elements of $G$ to these polynomials and relations, we have the following
relations:

RELATIONS.
$h_{0}=x_{0}^{4}x_{1}^{2}+x_{5}^{4}x_{4}^{2}+x_{5}^{2}x_{0}^{2}\tilde{x},$ $f_{0}=x_{0}^{2}x_{1}^{2}x_{2}^{2}+x_{3}^{2}x_{4}^{2}x_{5}^{2}+(x_{O}^{2}x_{3}^{2}+x_{2}^{2}x_{5}^{2})\tilde{x}=f_{3}$ ,
$h_{4}=x_{4}^{4}x_{5}^{2}+x_{0}^{4}x_{2}^{2}+x_{0}^{2}x_{4}^{2}\tilde{x},$ $f_{4}=x_{O}^{2}x_{1}^{2}x_{2}^{2}+x_{3}^{2}x_{4}^{2}x_{5}^{2}+(x_{4}^{2}x_{1}^{2}+x_{3}^{2}x_{O}^{2})\tilde{x}=f_{1}$ ,
$h_{2}=x_{2}^{4}x_{0}^{2}+x_{4}^{4}x_{3}^{2}+x_{4}^{2}x_{2}^{2}\tilde{x},$ $f_{2}=x_{0}^{2}x_{1}^{2}x_{2}^{2}+x_{3}^{2}x_{4}^{2}x_{5}^{2}+(x_{2}^{2}x_{5}^{2}+x_{1}^{2}x_{4}^{2})\tilde{x}=f_{5}$ ,

$h_{3}=x_{3}^{4}x_{4}^{2}+x_{2}^{4}x_{1}^{2}+x_{2}^{2}x_{3}^{2}\tilde{x}$ , $h_{1}=x_{1}^{4}x_{2}^{2}+x_{3}^{4}x_{5}^{2}+x_{3}^{2}x_{1}^{2}\tilde{x}$ ,
$h_{5}=x_{5}^{4}x_{3}^{2}+x_{1}^{4}x_{0}^{2}+x_{1}^{2}x_{5}^{2}\tilde{x}$ ,

$h_{4}h_{2}+x_{0}^{6}x_{2}^{6}+x_{4}^{6}f_{0}=0$ ,
$h_{2}h_{3}+x_{4}^{6}x_{3}^{6}+x_{2}^{6}f_{4}=0_{s}$

$h_{3}h_{1}+x_{2}^{6}x_{1}^{6}+x_{3}^{6}f_{2}=0$ ,
$h_{1}h_{5}+x_{3}^{6}x_{5}^{6}+x_{1}^{6}f_{3}=0$ ,
$h_{5}h_{O}+x_{1}^{6}x_{O}^{6}+x_{5}^{6}f_{1}=0$ ,
$h_{0}h_{4}+x_{5}^{6}x_{4}^{6}+x_{0}^{6}f_{5}=0$ ,

$x_{3}^{6}h_{4}+x_{2}^{6}h_{5}+hJ_{0}=0$ ,
$x_{1}^{6}h_{2}+x_{3}^{6}h_{0}+h_{1}f_{4}=0$ ,
$x_{5}^{6}h_{3}+x_{1}^{6}h_{4}+hJ_{2}=0$ ,
$x_{0}^{6}h_{1}+x_{5}^{6}h_{2}+h_{\alpha}f_{3}=0$ ,
$x_{4}^{6}h_{5}+x_{0}^{6}h_{3}+h_{4}f_{1}=0$ ,

$x_{2}^{6}h_{0}+x_{4}^{6}h_{1}+h_{2}f_{5}=0$ .
Using these relations, matrix (28) and relation (1), we can calculate $\{B_{ij}\}$ . Hence

by virtue of the method of Proposition 2, we have the following standard $\sigma$-matrix $A$
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which has $B$ as its initial datum:

$A=\left(\begin{array}{llllll}x_{O}^{6} & x_{5}^{6} & f_{3} & h_{5} & h_{4} & 0\\0 & h_{0} & h_{2} & f_{1} & x_{4}^{6} & X_{0}^{6}\end{array}\right)$ . (29)

Actually since

$\sigma_{A=\left(\begin{array}{llllll}0 & h_{O} & h_{2} & f_{1} & x_{4}^{6} & x_{0}^{6}\\x_{4}^{6} & f_{5} & x_{2}^{6} & h_{3} & 0 & h_{4}\end{array}\right)}$

we can easily verify that the formula
$\sigma A=BA$

holds.
Let $\{A_{i}, B_{ij}\}$ be the $\sigma$-data of $A$ , and let us compute $\{A_{i}\}$ .

$A_{0}=A=\left(\begin{array}{llllll}x_{O}^{6} & x_{5}^{6} & f_{3} & h_{5} & h_{4} & 0\\0 & h_{0} & h_{2} & f_{1} & x_{4}^{6} & x_{O}^{6}\end{array}\right)$ ,

$A_{4}=^{\sigma}A_{0}=\left(\begin{array}{llllll}0 & h_{O} & h_{2} & f_{1} & x_{4}^{6} & x_{O}^{6}\\x_{4}^{6} & f_{5} & x_{2}^{6} & h_{3} & 0 & h_{4}\end{array}\right)$ ,

$A_{2}=^{\sigma}A_{4}=\left(\begin{array}{llllll}x_{4}^{6} & f_{5} & x_{2}^{6} & h_{3} & 0 & h_{4}\\h_{2} & h_{1} & 0 & x_{3}^{6} & x_{2}^{6} & f_{O}\end{array}\right)$ ,

$A_{3}=^{\sigma}A_{2}=\left(\begin{array}{llllll}h_{2} & h_{1} & 0 & x_{3}^{6} & x_{2}^{6} & f_{0}\\f_{4} & x_{1}^{6} & x_{3}^{6} & 0 & h_{3} & h_{5}\end{array}\right)$ ,

$A_{1}=^{\sigma}A_{3}=\left(\begin{array}{llllll}f_{4} & x_{1}^{6} & x_{3}^{6} & 0 & h_{3} & h_{5}\\h_{O} & 0 & h_{1} & x_{1}^{6} & f_{2} & x_{5}^{6}\end{array}\right)$ ,

$A_{5}=^{\sigma}A_{1}=\left(\begin{array}{llllll}h_{0} & 0 & h_{1} & x_{1}^{6} & f_{2} & x_{5}^{6}\\x_{O}^{6} & x_{5}^{6} & f_{3} & h_{5} & h_{4} & 0\end{array}\right)$ .

By the relation

$A_{i}=B_{ij}A_{j}$

we can easily compute $\{B_{ij}\}$ . For example,

$\left(\begin{array}{llllll}h_{O} & 0 & h_{1} & x_{1}^{6} & f_{2} & x_{5}^{6}\\x_{O}^{6} & x_{5}^{6} & f_{3} & h_{5} & h_{4} & 0\end{array}\right)=B_{53}\left(\begin{array}{llllll}h_{2} & h_{1} & 0 & x_{3}^{6} & x_{2}^{6} & f_{O}\\f_{4} & x_{1}^{6} & x_{3}^{6} & 0 & h_{3} & h_{5}\end{array}\right)$

shows that

$B_{53}=x_{3}^{-6}\left(\begin{array}{ll}x_{1}^{6} & h_{1}\\h_{5} & f_{3}\end{array}\right)$ .

Collecting all different rows of $\{A_{i}\}$ , we have the following matrix of rank 2:
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$\text{{\it \’{A}}}=(x_{4}^{6}h_{2}f_{4}x_{0}^{6}h_{0}0f_{5}x_{1}^{6}x_{0}^{6}h_{1}h_{0}5f_{3}x_{3}^{6}x_{2}^{6}h_{1}h_{2}0f_{1}x_{1}^{6}x_{3}^{6}h_{3}h_{5}0f_{2}x_{2}^{6}x_{4}^{6}h_{3}h_{4}0f_{0}x_{5}^{6}x_{0}^{6}h_{5}h_{4}0)$ . (30)

In general, when $D$ is an $s\times(n+1)$ matrix such that rank$D=r$ and all components of
$D$ are homogeneous polynomials ($D$ has no null rows), for general point $(x_{0}x_{1}\cdots x_{n})$ ,
we denote by $D^{\sim}$ the points of $Gr(n, r-1)$ which corresponds to the linear $(n-1)$-space
of $P^{n}$ spanned by s-points given by s-rows of $D$ .

Under this notation, we have

$\text{{\it \’{A}}}^{\sim}=A^{\sim}=A_{0}^{\sim}=A_{4}^{\sim}=A_{2}^{\sim}=A_{3}^{\sim}=A_{1}^{\sim}=A_{5}^{\sim}$

This shows that the rational map $\Psi$ from $P^{5}$ to $Gr(5,1)$ which is defined by

$\Psi(x_{0}x_{1}\cdots x_{n})=A^{\sim}$

is a morphism. Thus we have

THEOREM 3. There exists a non-constant morphism $\Psi$ from $P^{5}$ to $Gr(5,1)$ which is
defined by

$\Psi(x_{0}x_{1}\cdots x_{n})=A^{\sim}$ ,

where $A$ is the matrix given in (29) and the defining field is a field of characteristic two
(cf. sect. $7^{*}6- 3$).

Theorem 3 suggests that there exists a system of $\sigma$-transition matrices of rank 4.
In order to seek such matrices, let us consider the following matrix $A^{\prime}$ of rank 6 which
has $A$ as its submatrix, and its inverse $A^{\prime-1}$ . Let

$A^{\prime}=(x_{0}^{6}00^{o}00x_{0}^{6}x_{0}^{6}h_{O}o^{0}5f_{3}x_{0}^{6}ho_{0}^{2}0f_{1}x_{0}^{6}h_{5}00^{0}x_{0}^{6}x_{0}^{6}h_{4}o^{4}0x_{0}^{6}0000^{o})$ . (31)

Since
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$x_{0}^{-12}(x_{0}^{6}00^{0}00x_{0}^{6}x_{0}^{6}h_{0}o^{0}5f_{3}x_{0}^{6}h00_{0}^{2}f_{1}x_{0}^{6}h_{5}00^{0}x_{0}^{6}x_{O}^{6}h_{4}00^{4}x_{0}^{6}000^{0}0)(x_{0}^{6}000^{0}0x_{0}^{6}00000x_{0}^{6}x_{0}^{6}h_{O}o^{0}5f_{1}x_{0}^{6}ho_{0}^{5}0f_{3}x_{0}^{6}h_{2}00^{o}x_{0}^{6}x_{4}^{6}h_{4}000)=I_{6}$ ,

we have

$A^{\prime-1}=x_{0^{-2}(0}x_{0}^{6}o^{0}00x_{0}^{6}00000x_{0}^{6}x_{0}^{6}h_{0}o^{0}5f_{1}x_{0}^{6}ho_{0}^{5}0f_{3}x_{0}^{6}h_{2}00^{0}x_{0}^{6}x_{4}^{6}h_{4}000)$ .

The relation
$\sigma_{A^{\prime}=(A^{\prime}A^{\prime-1})A^{\prime}}\sigma$

shows that $A^{\prime}$ is a standard $\sigma$-stable matrix with initial datum $\sigma A^{\prime}A^{\prime-1}$ . Corollary 1 of
Theorem 2 shows that $A^{\prime}$ is a $\sigma$-matrix. Let us compute its initial datum $\sigma A^{\prime}A^{\prime-1}$ :

$x_{0}^{-12}(x_{0}^{6}000^{4}0f_{5}x_{0}^{6}h_{0}00^{4}x_{0}^{6}x_{4}^{6}h_{2}o^{2}0f_{1}x_{0}^{6}ho_{4}^{3}0x_{0}^{6}o^{4}000x_{0}^{6}h_{4}x_{0}^{6}o^{4}0)(x_{0}^{6}00^{0}00x_{0}^{6}00000x_{0}^{6}x_{0}^{6}h_{0}o^{o}5f_{1}x_{0}^{6}h_{5}000f_{3}x_{0}^{6}h_{2}00^{0}x_{0}^{6}x_{4}^{6}h_{4}000)$

$=x_{0}^{-12}[0000x_{4}^{6}x_{0}^{6}x_{0_{0}}^{6}h_{4}x^{12}000x_{4}^{6}x_{0}^{6}x_{4}^{6}h_{0}0000x_{4}^{6}x_{0}^{6}x_{4}^{6}f_{1}0000x_{4}^{6}x_{0}^{6}x_{4}^{6}h_{2}0000x_{0}^{12}00004)$ . (32)

Lemma 3 (3) and (4) show that there exists a system of $\sigma$-transition matrices which
has the following matrix $E^{\prime}$ as its initial datum:

$B^{\prime\prime}=x_{O}^{-6}\left(\begin{array}{llll}h_{O} & f_{1} & h_{2} & \chi_{4}^{6}\\x_{O}^{6} & 0 & 0 & 0\\0 & x_{O}^{6} & 0 & 0\\0 & 0 & x_{0}^{6} & 0\end{array}\right)$ .
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Therefore, there exists a vector bundle of rank 4 on $P^{5}$ (cf. sect. 7 $*6- 4$). Using the
method of Proposition 2, we have the following three standard $\sigma$-matrices which have
$B^{\prime\prime}$ as their initial datum:

$A^{\prime\prime\langle 1)}=\left(\begin{array}{llllll}x_{O}^{6} & x_{3}^{6} & 0 & 0 & 0 & h_{5}\\0 & h_{1} & 0 & x_{2}^{6} & 0 & x_{5}^{6}\\0 & x_{1}^{6} & x_{4}^{6} & h_{3} & 0 & 0\\0 & 0 & h_{2} & x_{3}^{6} & x_{O}^{6} & 0\end{array}\right)$ ,

$A^{\prime\prime(2)}=\left(\begin{array}{llllll}0 & h_{3} & 0 & 0 & x_{4}^{6} & f_{3}\\x_{0}^{6} & f_{2} & 0 & h_{2} & 0 & 0\\0 & 0 & h_{4} & f_{4} & 0 & x_{5}^{6}\\0 & x_{1}^{6} & f_{O} & 0 & h_{O} & 0\end{array}\right)$

$A^{\prime\prime\langle 3)}=\left(\begin{array}{llllll}0 & f_{1} & x_{2}^{6} & 0 & 0 & h_{4}\\0 & h_{O} & 0 & f_{3} & x_{4}^{6} & 0\\x_{O}^{6} & 0 & f_{2} & h_{5} & 0 & 0\\0 & 0 & h_{1} & 0 & f_{4} & x_{5}^{6}\end{array}\right)$ . (33)

Finally let us consider the following matrix $\overline{A}$ which has $\hat{A}$ as a submatrix:

$\overline{A}=(x_{0}^{4}\tilde{x_{0}}^{2}g_{4}g_{0}5x_{0}^{4}0000^{o}x_{0}^{4}000^{0}0x_{0}^{4}000_{0}0x_{0}^{4}x_{0}^{4}g_{5}g_{0}05x_{0}^{4}x_{0}^{4}g_{4]}g_{4}00$ .

Computing $\sigma\overline{A}\overline{A}^{-1}$ , we have

$x_{0}^{-8}(x_{4}^{4}g_{2}x_{0}^{4}g_{4}02x_{0}^{4}00^{4}00x_{0}^{4}x_{4}^{4}g_{0}g_{4}0ox_{0}^{4}000^{4}0x_{0}^{4}\tilde{x}_{4}^{2}g_{2}g_{0}0x_{0}^{4}0000^{4}](x_{0}^{4}0000_{O}x_{0}^{4}000_{O}0x_{0}^{4}00_{0}00\tilde{x_{0}}^{2}x_{0}^{4}g_{4}g_{5}0x_{0}^{4}x_{0}^{4}g_{0}g_{5}05x_{0}^{4}x_{4}^{4}g_{4}g000)$

$=x_{O}^{-8(0}x_{o_{0}^{X_{4}^{4}}}^{4}000x_{4}^{4}x_{0}^{4}x_{o_{0}}^{4}g_{0}x^{4}o_{0}g_{4}0x_{0_{0}0}^{4}x_{4}^{4}x_{0}^{8}0ox_{4}^{4}x_{0}^{4}x_{4}^{4}g_{4}0000x_{4}^{4}x_{0}^{4}x_{4}^{4}g_{0}0000x_{4}^{8}00000)$ . (34)
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Lemma 3 (3) and (4) show that there exists a system of $\sigma$-transition matrices which
has the following matrix $\overline{B}$ as its initial datum (cf. sect. 7 $6- 5$):

$\overline{B}=x_{O}^{-4}\left(\begin{array}{lll}0 & x_{0}^{4} & 0\\g_{4} & g_{0} & x_{4}^{4}\\x_{O}^{4} & 0 & 0\end{array}\right)$ .

It is remarkable that

${}^{t}\overline{B}^{-1}=x_{4}^{-4}\left(\begin{array}{lll}g_{O} & \chi_{4}^{4} & g_{4}\\0 & 0 & x_{O}^{4}\\x_{O}^{4} & 0 & 0\end{array}\right)$

and

$\left(\begin{array}{lll}0 & 1 & 0\\0 & 0 & 1\\1 & 0 & 0\end{array}\right)\overline{B}\left(\begin{array}{lll}0 & 0 & 1\\1 & 0 & 0\\0 & 1 & 0\end{array}\right)=x_{0}^{-4}\left(\begin{array}{lll}g_{0} & x_{4}^{4} & g_{4}\\0 & 0 & x_{O}^{4}\\x_{O}^{4} & 0 & 0\end{array}\right)$

(cf. sect. 7 $*6- 6$).

7. Remarks.

In this section we give some remarks without proofs. We use the following notation.
$WhenEisavectorbundleofrankronP^{n},$ $andc_{i}$ is the degree of the i-th Chem

class of $E$, we denote the polynomial

$1+c_{1}t+c_{2}t^{2}+\cdots+c_{r}t^{r}$

by $c(E)$ and call it the total Chem class of $E$.
Let $E$ be avector bundle of rank 4on $P^{n}$, where $3\leq n$ , and let

$c(E)=1+c_{1}t+c_{2}t^{2}+c_{3}t^{3}+c_{4}t^{4}$

When $8c_{2}-3c_{1}^{2}\neq 0$ we denote

$\frac{(8c_{3}-4c_{1}c_{2}+c_{1}^{3})^{2/3}}{8c_{2}-3c_{q}^{2}}$

by $\nabla_{3}^{4}(E)$ . $\nabla_{3}^{4}(E)$ is an invariant of $E$ which has the following properties.
(1) $\nabla_{3}^{4}(E)=\nabla_{3}^{4}(E)$ where $E$ is the dual vector bundle of $E$.
(2) $\nabla_{3}^{4}(E(m))=\nabla_{3}^{4}(E)$ for an arbitrary integer $m$ .
(3) $\nabla_{3}^{4}(\psi^{*}E)=\nabla_{3}^{4}(E)$ for an arbitrary non-constant morphism $\psi$ from $P^{n}$ to $P^{n}$ .

These properties show that if $E$ and $E^{\prime}$ be two vector bundles of rank 4 on $P^{n}$ and
$\nabla_{3}^{4}(E)\neq\nabla_{3}^{4}(E^{\prime})$ , then $E$ differs essentially from $E^{\prime}$ .

We denote by $L_{4}$ the line in $P^{5}$ defined by
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$x_{1}=x_{2}=x_{3}=x_{5}=0$ ,

by $L_{2}$ the line in $P^{5}$ defined by

$x_{1}=x_{3}=x_{4}=x_{5}=0$ ,

and by $L_{3}$ the line in $P^{5}$ defined by

$x_{1}=x_{2}=x_{4}=x_{5}=0$ .
$IfLisalineinP^{5},$ $wedenotebyE|_{L}$ the restriction ofE to L.

$(^{*}4- 1)$ This bundle is $\Omega_{pn}$ . This initial datum shows that $\Omega_{P^{n}}(2)$ is generated by
its global sections. Matrix (17) shows that there exists the following exact sequence of
vector bundles

0– $\Omega_{P^{n}}\rightarrow\oplus O(-1)6\rightarrow O\rightarrow 0$ .
$(^{*}4- 2)$ This bundle is the tangent bundle $T_{P^{n}}(-2)$ .
$(^{*}5- 1)$ This bundle is $S(-1)$ , where $S$ is the null-correlation bundle on $P^{5}$ . This

bundle has the following properties:

$c(S)=1+t^{2}+t^{4}=(1-t+t^{2})(1+t+t^{2})$ ,

$\nabla_{3}^{4}(S)=0$ ,

$S|_{L_{4}}=O(1)\oplus O\oplus O\oplus O(-1)$ ,

$S|_{L_{3}}=O\oplus O\oplus O\oplus O$ .
(Hence $S$ is indecomposable.)

$(^{*}5- 2)$ Let us denote by $E_{1}$ the vector bundle of rank 4 on $P^{5}$ which is defined
by the initial datum (22). Then we have

$c(E_{1})=1-9t+33t^{2}-59t^{3}+42t^{4}=(1-3t)(1-2t)(1-4t+7t^{2})$ ,

$\nabla_{3}^{4}(E_{1})=\sqrt[3]{9}/21$ ,

$(E_{1})|_{L_{4}}=O(-1)\oplus O(-1)\oplus O(-2)\oplus O(-5)$ .
$(^{*}5- 3)$ Let us denote this bundle by $E_{2}$ . Then

$c(E_{2})=1-9t+30t^{2}-36t^{3}=(1-3t)(1-6t+12t^{2})$ .
There exists the following exact sequence of vector bundles

$0\rightarrow O(-3)\rightarrow E_{1}\rightarrow E_{2}(1)\rightarrow 0$ .
$(^{*}5- 4)$ (characteristic of $k$ is two). Let us denote this bundle by $E_{3}$ . Then
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$c(E_{3})=1-6t+12t^{2}$ ,

$(E_{3})|_{L_{4}}=O\oplus O(-6)$ ,

$(E_{3})|_{L_{2}}=O(-2)\oplus O(-4)$ .
There exists the following exact sequence of vector bundles

$0\rightarrow E_{3}\rightarrow E_{2}\rightarrow O(-3)\rightarrow 0$ .
$(^{*}6- 1)$ (characteristic of $k$ is two). Let us denote this bundle by $E_{4}$ . Then

$c(E_{4})=1-8t+24t^{2}-24t^{3}$ ,

$c(E_{4}(4))=1+4t+8t^{2}+8t^{3}$

$E_{4}(4)$ is generated by its global sections, and using these global sections we can construct
a non-constant morphism from $P^{5}$ to $Gr(5,2)$ .

$(E_{4})|_{L_{4}}=O\oplus O(-4)\oplus O(-4)$ ,

$(E_{2})|_{L_{2}}=O(-2)\oplus O(-2)\oplus O(-4)$ ,

$(E_{2})|_{L_{3}}=O(-2)\oplus O(-3)\oplus O(-3)$ .
Hence $E_{4}$ is indecomposable.

$(^{*}6- 2)$ (characteristic of $k$ is two). This bundle is $E_{3}$ . $E_{3}(6)$ is generated by its
global sections. Using these global sections we obtained the morphism $\psi$ from $P^{5}$ to
$Gr(5,1)$ , which appeared in Theorem 3. Matrix (27) shows that there exists the following
exact sequence of vector bundles

$0\rightarrow E_{3}\rightarrow E_{4}\rightarrow O(-2)\rightarrow 0$ .
$(^{*}6- 3)$ (characteristic ofk is two). By virtue ofthis theorem, the following holds:
When $n>2d>0$ and $10>d$, there exists non-constant morphism form $P^{n}$ to $Gr(n, d)$

if and only if

$(n, d)=(3,1)$ or $(5, 1)$ or $(5, 2)$

(cf. [8], [10] and [11]).

$(^{*}6- 4)$ (characteristic of $k$ is two). Let us denote this bundle by $E_{5}$ . Matrix (32)
shows that there exists the following exact sequence of vector bundles

$0\rightarrow E_{5}(-6)\rightarrow\oplus O(-6)6\rightarrow E_{3}\rightarrow 0$ .
Matrix (33) shows that there exists the following exact sequence of vector bundles

$\oplus O(-6)18\rightarrow E_{5}\rightarrow 0$ .
$E_{5}$ has the properties
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$c(E_{5})=1-6t+24t^{2}-72t^{3}+1ut^{4}=(1-6t+12t^{2})(1+12t^{2})$ ,
$\nabla_{3}^{4}(E_{5})=3/7$ .

The dual vector bundle $\check{E}_{5}$ of $E_{5}$ is generated by its global sections and
$c(E_{5})=(1+6t+12t^{2})(1+12t^{2})$ .

Since there exists no vector bundle which is generated by its global sections and whicl
has Chem polynomial $1+12t^{2}$ (cf. [8]), $E_{5}$ is indecomposable.

$(^{*}6- 5)$ (characteristic of $k$ is two). Let us denote by $E_{4}^{\prime}$ the vector bundle determinet
by this matrix $\overline{B}$. Matrix (34) shows that there exists the following exact sequence $0$

vector bundles

$0\rightarrow E_{4}^{\prime}(-4)\rightarrow\oplus^{6}O(-4)\rightarrow E_{4}\rightarrow 0$ .
$(^{*}6- 6)$ (characteristic of $k$ is two). That equation shows that $E_{4}=E_{4}^{\prime}(4)$ . Thus $i$

we put $E=E_{4}(4)$ , we have the following type of exact sequence of vector bundles

$0\rightarrow E\rightarrow\oplus O6\rightarrow E\rightarrow 0$ .
$(*-)$ In [9], we gave an example of indecomposable vector bundle of rank $\ell$

on $P^{5}$ . Let us denote this bundle by $E_{6}$ . Then

$c(E_{6})=1+4t+9t^{2}+14t^{3}+14t^{4}$ ,

$\nabla_{3}^{4}(E_{6})=\sqrt[3]{2}/3$ .
Thus, four vector bundles $S,$ $E_{1},$ $E_{5}$ and $E_{6}$ are essentially different from each other.
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